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LOWER BOUNDS ON THE LARGEST
INHOMOGENEOUS APPROXIMATION CONSTANT

BisuNU PAUDEL — CHRIS PINNER

Department of Mathematics, Kansas State University, Manhattan, USA

ABSTRACT. For a given irrational number o and a real number + in (0, 1) one
defines the two-sided inhomogeneous approximation constant

M (a,) o= liminf n|[ne— 7]

and the case of worst inhomogeneous approximation for «

pla) = sup M(a, 7).

yE{m+la : m,lEL}
We are interested in lower bounds on p(«) in terms of R := lim inf;_, . a;, where
the a; are the partial quotients in the negative (i.e., the ‘round-up’) continued
fraction expansion of a. We obtain bounds for any R > 3 which are best possible
when R is even (and asymptotically precise when R is odd). In particular when
R>3 1 1
) > =
ple) 2 6v3+8 18.3923...

and when R > 4, optimally,
1

1
> =
pla) 2 4/3+2  8.9282...

Communicated by Florian Luca

1. Introduction

For an irrational number o and a real number 7, we define the two-sided
inhomogeneous approximation constant by
M (e, ) := liminf |n|||na — 7]],

|n|—o0
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B. PAUDEL—C. PINNER

where ||z|| denotes the distance from x to the nearest integer. Plainly this reduces
to the classical homogeneous problem v = 0 if v = m + la for some m,l € Z.
The homogeneous problem is well understood, with M («, 0) readily determined
from the usual regular continued fraction expansion of « = [ag; a1, as, .. .|,

1

M(e,0) = =
( ) lim SUpP; 00 (ai + [0, Ait1,Ai+2, - - ] + [07 Aj—1,A5-2,.. ]

< 1
) B \/_5’
leading Ilatllrally to b()llnds in terms ()f the largest partial qll()tients

1 1
——— < M(o,0) < ——, r := limsup a;,
V2 +4r (e,0) r2 44 i—>oop '
with equality for oo = [0;1,7] = 3(vVr? +4r—r) and o = [0;7] = (V2 +4—7).
For any a, we define the worst inhomogeneous approximation
pla) = sup M (e, 7).
yE{m+lo : m,l€L}
By contrast with the homogeneous case, the inhomogeneous constant p(«) will
be affected by the smallest partial quotients
R :=liminf a;. (1)

1— 00
In subsequent sections the a; in this definition will refer to the partial quotients

in the negative ‘round-up’ continued fraction expansion rather than the regular
expansion. From a well-known theorem of Minkowski we have

1
< - 2
plo) < 7. @
see, for example, [I, Chap. III] or [I2] IV.9], Grace [5] giving examples with
R = oo and p(a) = . We are interested here in the lower bound for p(a).
Absolute bounds
pla) =2 C (3)

have some history. Davenport [2] obtained () with C'= 13z, Ennola [3]
1 1

C: p— B
16 +6v6  30.69...

and in [9] the absolute lower bound was improved to

C_(\/ﬁf3)(7f\/ﬁ)_ 1 @

(31 — 210 — 3/13)  25.1592...
See Rockett and Sziisz [12] for a simpler proof with C' = g5. The smallest known
value of p(«), and hence an upper bound on the optimal absolute lower bound C,
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is still an example of Pitman [I1]

V3122285 — 1097\ 547 1
P 1094 T 43122285 12.9213...

More generally, [9] obtains bounds of the form p(«) > C*(R), where the a; in ()
are the partial quotients in the nearest integer continued fraction of o and so
R > 2 (giving @) when R = 2 and an improvement when R > 3). The bound
comes by constructing a v* with M (a,~*) > C*(R). The values for small R
are given in (7)) below and the asymptotic behavior in (2II). The goal here
is to improve these R > 3 bounds when the a; > 2 in (I]) are the partial
quotients in the negative continued fraction expansion of « rather than the
nearest integer expansion. Of course, when R > 2 in the regular expansion or
R > 3 in the negative expansion, the expansion eventually becomes the nearest
integer expansion (in the remaining cases, R = 1 for the regular expansion and
R = 2 for the negative expansion, the value of R can be much larger, even
infinite, if one uses the nearest integer expansion). From this point on the a;
in our definition of R will refer to the negative expansion and we will assume
that R > 3.

2. Preliminaries

Different algorithms have been used for computing M («, ), see Komatsu [0].
In this paper we will follow the approach of [§], which showed how M («, ) can
be expressed in terms of the negative continued fraction expansion of o and a
corresponding a—expansion of v & {m + la : m,l € Z}. We start by recalling
some notations and results from [8]. Since ||m + z|| = ||z|| for any integer m, we
may assume that o,y € (0,1). For an « € (0, 1) we define the negative continued
fraction expansion

1
o= =:[0;a1,a2,a3,---]7, (5)

S
! 1

ag — ———
a37"'

where the integers a; > 2 are generated by the algorithm

1 1 1
ap :={a} =q, pi1 = ’V—-‘ , Qpa1 = [—-‘ -,

Qnp
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and the corresponding convergents Pn := [0;a1,as,...,a,]”. Here the p, and

dn
qn are increasing sequences generated by
Pn+1 = Qn1Pn — Pn—1, po=0, p1=-1,
dn+1 ‘= Gn+14n — 4n—1, 0=1 q¢-1=0.

For the negative expansion the convergents p, /¢, form an increasing sequence
converging to «. Notice, increasing the size of any partial quotient decreases
the size of «, that is, for any ¢ > 1

0;a1,...,a,-1,a; +¢,...]” <[0;a1,...,a;—1,0a;...]". (6)
We define
=105 an41,Gnro, -7, A = [0;an,an-1,...,01] ", D, := ¢na—pn,
so that
D, = agary - oty = anDp_1 — Dy, Gn = (d1d2-~-dn)_l.

We observe that
(ar —1)Dy + Z(ai —-2)D; =1, Pnt1qn — PnGnt+1 = 1. (7)
i=2

For any real number v € (0, 1), we generate the integers b; by the algorithm
Y :={7}=" bit1 = {EJ . Vi1 = {l} )
Q; Q;

so that
v = ZbiDi—l +YnDp—1 = ZbiDi—l
i—1 i=1

gives the unique expansion of ~ of the form >~ b;D;_1, called the a—expansion
of v, with the following properties [g]:

(1) 0<b; <a; —1 for all 4,

(2) the sequence {b;}; does not contain a block of the form by = a;—1 for some
s, with b; = a; — 2 for all j > s or with by = aj — 1 for some k£ > s and
bj=a; —2forall k>j>s.

We define the sequence of integers t; by by = %(ak — 2+ tg). Then

)
=2
=1

(ai —2+t;)Dj1, (8)

DO | =
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and
_ qj—1 _ o o _
dy, = E :tj <Z]—k> =trap + 100k —1 + g 200 102+ -,
j=1
- D

j—1

dﬁ = E : 2 (Di ) =tpr1ap + tpoapp1 + by 3102 + -
-1

j=k+1

Notice that ¢, and aj have the same parity, and —(ar — 2) < t < ag. It was
observed in [8] that

—(I—ay) <dy <(I4ag), —(1—ap)<df <1+, 9)

with d > 1 — ay (respectively d;; > 1 — @&,) if and only if the sequence
tht1, thto, ... (respectively ty,tr_1,...) has the form t; = a; for some j > k
(respectively j < k) with ¢; = a; — 2 for any k < i < j (respectively j < i < k).
Note that ¢; = a; if and only if b; = a; — 1. When only finitely many of the
b = a; — 1, it was shown in [§] that the sequence of best positive and negative
inhomogeneous approximations lies amongst the

k
Qri=Y bigi1,  Qr+a, —(g—a1—Qr)  —(g— Q)
i=1
We will work with the value of |n| || na—+y || for these four values of n expressed
in the symmetrical form sq(k), ..., s4(k) of [8, Theorem 1].

LEMMA 2.1. If v ¢ {m+la : m,l € Z} and the a—expansion of vy has t; = a;
at most finitely many times, then

Mo, ) = likm inf min{s; (k), s2(k), s3(k), s4(k)},

— 00

where

su(k) = i(l Can - dp)(1 - ap+ d5)/(1 - aran),
sa(k) = 3(1 + a4 dD) (1 + o — dH)/(1 - agan),
(k) = (01— a — d) (1 — o — df)/(1 — axene),
sa(k) = i(l b — )1+ g+ )/ (1 — ara).

We set R := liminf; .., a;, where the a; are now the partial quotients in the
negative expansion ().
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In [8, Corollary 1] and [7] we gave the upper bounds,

1 1
<-[1——= 10
s < (1-7) (10)
when R > 4 is even, and

@i (-3 (R med)

when R > 3 is odd. These are both best possible upper bounds on p(«) in terms
of R, equalling
Jim o ([0;R, RN]™) .

When R = 2 the Minkowski bound (@) cannot be improved (the examples
of Grace have infinitely many two’s in their negative expansions).

Our goal here is to obtain a lower bound for p(«) when R > 3. For this,
we first construct a v* € (0, 1) and then we use Lemma[2.1] to compute M (o, v*),
which gives a lower bound p(a)) > M (c,v*).

3. Main results

Consider a real number v* € (0, 1) which has the unique a—expansion
o0 o0 1
v = ZbiDi—l = Zi(ai —2+1t;)D;_1, (12)
i=1 i=1
where the sequence {t;} is given by
b 0 if a; is even,
—1)7 if a; is the jth o artial quotient.
! 17+t if the jth odd partial quotient
Notice that any two nonzero consecutive ¢; have opposite signs and hence
| |<aw, 4| <an, dgd <O0. (13)

We define two numbers § and §

B:=[0:R,] = % (R* - R2 74> , §:=[0; Ry, R.]” = ﬁa (14)

where
R, R+1 if R is even,
R*7 R** =

R+1, R if Ris odd.
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We set

(1—20)(1 - p)

CR) =0

(15)

observing that if R is even
1 R-2
CR)=-| ——— ),
®) 4<\/R2—4+1>

C1(2R-2-/(R+1)* 4
C(R)_4< (R+1)2—-4-1 >

and if R is odd

The value of M («,v*) gives us a lower bound for p(a).

THEOREM 3.1. Suppose that ([Bl) gives the negative continued fraction expansion
of @ and R = liminf, .., a; > 3. Then, with v* as in (I2)) and C(R) as in ({5
we have
pla) = M(a,77) = C(R). (16)
In particular, when R = 3,
pla) > C(3) = —= :

T 6V3+8  18.3923...

and when R > 4
_ 1 B 1
43412 8.9282...

For R > 3 the value of C'(R) improves the lower bound C*(R) of [9, Theorem 4]:

pla) = C(4)

R| c*®R)  C(R)

2 | 25.1592... —

3 120.4874... 18.3923...

41 9.3372... 8.9282... (17)
5| 82500... 7.9497...

6 | 6.8120... 6.6568...

7 6.4643... 6.3431...

8| 5.9109... 5.8306...

Of course, if all the a; > 3 in the negative expansion the negative and nearest
integer continued fraction expansions coincide. That is, the lower bound C*(R),
R > 3, actually applies to a much larger class of a than C(R) (and so is not
surprisingly smaller). Better bounds are also given in [9] when the nearest integer
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expansion coincides with the regular expansion. Notice that the bound C(R)
increases to 1/4 as R — oo; in particular, from (I0) or (IIl) and Theorem [B.1]

when R > 3 1
pla) = 1 if and only if R = oc. (18)

Fukasawa [4] showed that (I8) holds without the R > 3 condition when using
the nearest integer continued fraction expansion (the restriction is needed here
since large partial quotients in the regular expansion will cause long strings
of 2’s in the negative expansion). We note the asymptotic behavior of C'(R);
when R > 4 is even

1 ( 3 5  Ei(R)

- (1-Z4+ =
CR) 4 R * R? R3

) . 73268 < Ey(R) <11,  (19)

and when R > 3 is odd
1 ( 3 4 Ey(R)

CR)=-[1-2+—

. FtE T s ) 6.1279 < E(R) < 10. (20)

For comparison, we note the [9] bounds

C*(R) =

{i (1-2+ 3 +0(R™), if Riseven, 21)

1(1-2+ 32 +0(R™?), if Risodd,
with this lower bound asymptotically optimal (and hence C*(R) inevitably

smaller than C(R)) when R is even. When R is odd, it is not known whether
the 3 in the 3/R? term in (1)) is optimal.

Our lower bound C(R) for p(«) is optimal when R is even.
THEOREM 3.2. If a has negative continued fraction expansion of period

R+1,R,....R, (22)
——
| times

with R > 4 even, then p(a) — C(R) as | — co.

When R > 3 is odd, it will be clear from the proof of Theorem [B.] that if «
has negative continued fraction expansion of period

R,R+1,...,R+1, (23)

I times

then M (o, v*) — C(R) as l—00. So the bound M («,v*) > C(R) in Theorem B.1]
is still best possible. However v* is no longer the best choice of «; as we observe
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at the end of the paper, for R > 5 these a have

‘ 1—26+ 2831 - p)
ggpm)z( 4aﬁg) :i(l%+§%+CNRQD' (24)

We need a more complicated example to show the asymptotic sharpness of our
lower bound when R is odd.

THEOREM 3.3. If R is odd and o has negative continued fraction expansion

a=[0;R,R,R+1,RRR+1,R+1,RRR+1,R+1,R, R+1]7,
then

m@:iﬁ—%+i%+omﬂv.

For R = 3,5 and 7 the period two examples

(OF5) = —o =
P T 11165 10.8690...°
589 1
0:5.6]) = ——00 = —
ol ) 3124/195 7.3970.. ..
3649 1
0T8T = —— =
Al ") 1664+/182 6.1519. ..

from [I0] give upper bounds on the optimal C(R).

4. Proof of Theorem [3.1]

We shall make frequent use of the following simple observation.

1
% s decreasing for 0 < Az < 1.
1—pz

LEMMA 4.1. If A > > 0 then f(z) =

In particular, if A\, Ao > T and 0 < x < o, 0 <y < 8, with Mo, A28 < 1,
then
1—A 1—A 1-— 1-— 1-—
(1= Miz)(1 = Aoy) Ao (1— ay) > (1 —Ma)(1—Ap)
11—y 1—ay 1—ap

Proof. Plainly f/(z) = —(A—p)/(1 —2zp)? <0 for 0 < z < p~ L. O

85



B. PAUDEL—C. PINNER

Proof of Theorem BI From (I3) and @) we have sa(k), sq(k) > % >
M (o, v*), and Lemma 2] becomes

M(a,v*) = liknig}f min{s; (k), s3(k)}. (25)

Since we are evaluating liminf on k, from now on whenever we see the index
k, it will be understood that we are letting kK — oo. Also, we may assume that
a; > R for all 4.

Observe that changing the signs of ¢; only interchanges s1(i) with s3(i).
Hence, as long as we check both signs on the t;, it will be enough to show
that

s3(k) > C(R).

We also observe that interchanging the pairs (ag—;, tx—;) with (ax+144, tkr144)
for all 7 > 0 only interchanges o with oy and d;; with d;r.

The proof when R is even is straightforward.

CASE I: R 15 EVEN. In this case we have R, = R, R.. = R+ 1, and (I4)
becomes

— 1
=[0;R]” and § = ——
B [ ) ] an R+ 1 o B
with =848 > ¢.
If ay, is odd and tj, = 1, then d,, < &y, d <0, and
(1 —20)(1 —on) (1 =26)(1—05)
4(17@]40114) - 4(17(5&) ’
where the last inequality follows from the Lemma 1] since ap < 6, < 3 by
property ([Bl). As observed above this also covers the case ax+1 odd with t;41 = 1.

=[0;R+1,R]",

Sg(k‘) 2

If ay, is odd and ¢;, = —1 with ap41 even (likewise agy1 odd, tp41 = —1 with
ay, even) we have d, <0, d; < aparr < apf and Lemma T with ay, a, < 8
gives

(1-a)(1-(+fo) L (1-F(-B-F) _ (1-B(1-2%)
A(1 — agon) =T 11— = 41— 0p) (56)

Sg(k‘) 2

since § < 3 and 8 + 3% < 24 (equivalently R > 2 + 273).
This just leaves the case that aj and ag41 both are even. If d;; < 0 and d; >0
(likewise d; > 0 and dz < 0) then d; < agopr1 < aif and again we have (26]).

CAsE II: R 1s oDD. In this case we have § = 5+ §8 > 3, where

B=[0;RF1" and 6— ﬁ _ 0 REEI]"
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We first establish some lemmas. Assume in both that R > 3 is odd and
v=7"
LEMMA 4.2. Suppose that 0 < 1. If ap+1 is odd and tpy1 =1, then
l—ap—df _ 1-—
(3% k > 2(5

. 27
1 —Oay, —1-06 ( )

Likewise, if ay, is odd and t, = 1, then
l—ap—d, _1-20 (28)

1—60ar, —1—-66
Proof. Notice that it suffices to show the inequality (27) when k = 0. That is

v — AT _
A;:l « d021 26’
1—fu 1—65

where ag = « = [0;a1,a9,---], and dar =tia+toaag + - -
If o« < § (for example the case when the a;, i > 2, are all even), then
1—2a _ 1-26

> >
A*I—Haflf%’ (29)

from ([I3]) and Lemma [l

So suppose that a > § and let a,,+1, n > 1, be the odd partial quotient such
that a; is even for all 1 < i < n + 1. Notice we must have a; = a,+1 = R and
a;=R+1forl<i<n+1,else a<d. Since t; =1 and t,,01 = —1,

d(‘)"§a—aa1-~-an—|—aa1~-~anan+1Sa—§aa1~-~an,

and
1—2a+ taay---ay, 1—2a+ taay---ay,
A> 2 2 30
= -0 ~ [ (30)
Setting v := [0;a1,a2,...,0n, Gpt1 + 2, Gnt2,...]” we have v < §, and we just
need to show that 1
afygzaa1-~-an, (31)
to obtain 172a+%aa1-~-an >1—-2v>1-26 and 27).
Recall that
o — Pnt+1 — PnOn+1 _ Pn — pn—lan. (32)

dn+1 — qnQni1 dn — n—1Qn
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Similarly, L, Pnt1l = PnOng1 + 2pn

Unt1 — qnOnt1 +2¢n
and pp41qn — Pngnt+1 = 1 gives
2 B 2ecay -,
(@n+1 = @nOn+1)(@n+1 — @n@nt1 + 2¢n) B (Gn+1+ (2 = ang1)qn)’

o — UV =
and @) just needs gpni1+(2—ng1)gn > 8. Plainly ¢up1 > ¢2 > 3-3—1=8. [0

LEMMA 4.3. Suppose that 0 < 1. If apy1 is even and d;i' <0, then
1— oy —df L 1-8
1—0ar, ~—1-035

Proof. We proceed as in the proof of Lemmal.2l Suppose k=0. Then we show
v —dt _

1—a—d; < 1-p5 '
1—-0a —1-6p

Astza 16

“1—0a — 1-0p

Assume « > 8, and let a,+1,n > 1, be the odd partial quotient such that a; is

even for all 1 <4 < n. Then, since {1, %3,...,t, =0 and {,41 = —1, and trivially
Qp41 S [0,3]_ < 1/2,

A=

If < then

(33)

di < —aay - a,+aarapapi < —5aa1- - an,

and "
AZ 170[+501011"'O[n
1-6p
Set v := [0;a1,a2,...,0n,Gnt1 + 2,an42,...]” < [. This time we just need
to show a — v < %aay--an, which reduces to ¢n+1 + (2 — @pt1)gn > 4.
Plainly, ¢n+1 > ¢2>3-4—1=11. (]

Proof of Theorem B when R is odd.

We set o := [0; R]~. We need to show that s3(k) > C(R). If a; and aj41 both

are odd, then without loss of generality we can assume t; = —1 and t;4+1 = 1.

Plainly d,, < —ay + apap—1 < —ay + oo, and by Lemma [£2] and Lemma AT

(using o > 0 and ay, < o) and o > f3

(1 —26)(1 — axo) - (1-25)(1—-02) (1-20)(1—0c?)
4(1 — ay9) - 4(1 — 09) 4(1 — 39)

s3(k) > > C(R),

; 2 _ 1
since 0° < 50 < f3.
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Now it suffices to consider the following three cases: (i) ay and agy1 both are
even, (ii) (ag,tx) = (odd, —1) and a1 is even, (iii) (ag,tx) = (odd, 1) and a1
is even. For (i) and (ii), it can be readily seen that
1

4(1—20+03) >

ss(k) > %(1-@(1—0—0—2): (1-25) > C(R),

|

using that

oc—0=(0—B)od=(1-B+0c)0%p < gﬁ03 < %as.

For (iii), we apply Lemmas and

s3(k) = (1 —ay —dg)(1 — oy —df)

4(1 — @kak)
(1-28)(1—ar—d) _ (1-20)(1—p)
i IR -

It remains just to demonstrate the asymptotics (I9) and (20). For R > 4 even,
one can use RB3 = 1+ (2 to write

11-28(6—-33+p3%) 1
T+ (1-20)/R ‘1”0<E>’

with By (4) = (524 — 256/3)/11 = 7.3268 ..., E1(R) 11, and (@) is clear.
For R > 3 odd, one can use R3 =1 — 3+ 3% to write

102811 —-78+287) 1
Ey(R) = I 9/R _10+O<E>’

with F5(3) = (348 — 162v/3)/11 = 6.1279.. .., E3(R) 7 10, and (@0) is clear. O

Ei(R) =

5. Proof of Theorem

We assume that a has expansion () of period [22)) with R > 4 even.
Suppose first that v has an expansion (§) with ¢; = 0 when a; = R and
t; = £1 when a; = R + 1, for all sufficiently large i. If ap, = R+ 1 and t; = 1

then
a =06, ap, = B, d, =0, df =0, s3(k) = C(R), as k,l— cc.

Likewise, if ap, = R+ 1 and ¢, = —1, then s;(k) — C(R) as k,l — oo. Hence
these  cannot contribute a value M («,y) strictly greater than C(R) to p(«)
as | — oco. By Theorem [B1] we have M («,y*) > C(R) and hence

ll_lglo M(a,v*) = C(R). (34)
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It remains to show that M(«,v) < C(R) as | — oo for the remaining v ¢
{m + la : m,l € Z}; that is, those v having an expansion (8) with [¢;| > 2
infinitely often.

~
>

Observe that changing the signs of ¢; only interchanges s (i) with s3(¢) and
s2(7) with s4(¢). Thus, if we eliminate any block of ¢; from consideration, then
the same will be true for its negative. Also, interchanging aj; with aj and
d, with dif does not change s1(k) and s3(k) (and interchanges s2(k), sa(k)).
Hence, if we eliminate a block of ¢; from consideration, then the same will be
true for the reversed block of ¢; (on a reversed block of a;).

If t, = ay, infinitely often, then from [8, Lemma 1]

. Qg
M(a,7y) < lzgzgf 10— anon)’
and hence
B (B+B%—0p)
M) < 305 < 10—+ 52 - 69)

on observing that (1 — 28)(1 — 8) = 1 — 33 + 4683 and 48 + B2 — 5583 < 1
(equivalently R >4 — §(3 — 25)).

Thus, we may assume that t; = a; at most finitely many times and the
|d,| <1—ay and |dff| <1 — ay for suitably large k. Hence the terms in the
s;(k) are all positive, and we notice that

< C(R),

(1 =dy)? = a7)(1 = (o +df)?)
sa(k)sa(k) = \/ : 4(1 —k&kak) — ’

giving
1—d;
i k V< —— Tk
min{sz(k), s4(k)} < 10— arar)’
since plainly
0<(1-dy)*—ai<(1-dy)* and 0<1-—(ap+df)* <1

We establish the following lemmas. In each case we are assuming that ¢; = a;
at most finitely many times.

LEMMA 5.1. If the sequence {t;}; in the expansion &) of v has infinitely many
blocks of the form ty,ti4; > 0, for some j > 0, with at least one of ay, ap+j
even, and t; =0 for any k <1i < k+ j, then M(a,v) < C(R) as | — 0.
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Proof. Without loss of generality suppose that ay is even. Then ar = R, tj, > 2,
and with 6 = [0; R+ 1]~ we have

> 0

"SR-0 10

Plainly d; > 0, while d;; > 2ay, + ard,_, > a; by [@), and we get

(1 —2a)(1 — o) _ (1-2%)(1-9)
4(1 76[]4&]9) - 4(1 7(56)
- 1—-360
= 11-0p)
the second inequality from Lemma ] and 6/(1 — 0) < j3, the third from § > 0,

and the last since 1—30 = 1—35+300(8—0) while (1—26)(1—8) =1-30+45.
The result follows from Lemma 211 O

ap >0 as | — oo.

Sg(k) S

< C(R),

We can now assume that the sequence {t;}; in the expansion (§) eventually
does not contain any block (or its negative) of the type excluded by Lemma [5.1]

LEMMA 5.2. If v has infinitely many ti, > 3, then M («,y) < C(R).
Proof. If ay = R and t; > 4, then d,, > 4a; + ayd,_; > 3a;, and by (30)
1—3ay 1-36
M(a,v) < - <
@< T—ad) < 1=
1—-20—p8+468

T T 41-63) ° CR),

and hence we can assume that |t;| < 2 if a; = R. Suppose ar, = R+1 and t;, > 3.
Then, d,; > 3ay — 20xak_1, d;’ > —2ag, and as | — o0

(1 — 4day + 2apa5-1)(1 + ay) . (1—-46+258)(1+B3)

sa(k) < 11— aran) 11— 08)
 (1—46+ B —26B+2632)
4(1-0B)
_ (1-26—B+258%)
= 11-08) < C(R).

So M(a,v) < C(R) from Lemma 2] if this happens for infinitely many k. O
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We now also assume that |t;] < 2 for all sufficiently large i.

LEMMA 5.3. If v has infinitely many of the following blocks, then
M(a,vy) < C(R).
(i) ty =1 and tg41 = —2, or

(ii) tk =0 and tk-‘,—l = —2.

Proof.

(i) Plainly d,, < oy, d; < —2ay + 2aak11, and as | — oo

(1 — 3y, + 2akak+1) . (1 — 38+ 2ﬂ2)
4(1 — @kak) 4(1 — (Sﬁ)

(1—26 — B+ 268?%)

= 10-09) < C(R).
(ii) With 0 = [0; R + 1]~ we have ay, > o A. Since
d,; <201 < 2Bay, d;: < 20 + 20041 and o <
(1 - (1 — QB)dk)(l — 3ag + 252)
s1(k) < 11— axp)

- (1 —6+286)(1—3)+252)

- 4(1—-46pB)
(1—3X+28?)

ST W

using Lemma [l and aj > 0 for the second inequality. For the last inequality
observe that

—A=BAB-0) <3’
so that B BME=0) B
1-3M 4282 < 1-384+6%(24+3)\) while (1—26)(1—8) = 1-33+3%(4—49).
Infinitely many such k& would give M («,v) < C(R) by Lemma 211 O

From Lemmas and we see that a v with infinitely many |¢;| > 2 has
M(e,v) < Cy(R) < C(R) asl — oo (where Cy(R) is made explicit in the proof).

Hence
lim p(a) = lim M(«o,v*) = C(R).
[—00 l—00
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6. Proof of Theorem
Suppose that
a=[0;R, R R+1,RRR+1,R+1,R,R+1,R+1,R,R+ 1] with R odd.
By Theorem B and ([20) we have

p<Oé) > M(a’ry*) > C(R) — % (1_ é +i+O(R_3)>’

so we just need to show that all v have

1 3 4
M <-(1-=+—= 3.
@ =g (1§ + g+ OE) (37)
We observe the following
1
[0;R,RorR+1,-~-]_:E+O(R_3),
_ 1 1 _3
[0;R+1,Ror R+1, -] :EfﬁJrO(R ),
and so for a we have
1
S — R A 24— -3y
T~ aron + aray + (arag)” + +R2+O<R ) (38)

Now if 7 has t; = aj, infinitely often, then from (BH)
M) <= (L ror®) (1+ 2 +0E?) =2 (Liom>?
“V=4\R R? ~1\R ’
so we can assume that v has only finitely many ¢; = a;. In view of ([B8) we write
g](k):4(1iakak)8](k)7 J= 17747
and (7)) amounts to showing that there are infinitely many k& with an
_ 3 3 _3
sj(k)gl—EJrﬁJrO(R ). (39)
We proceed as in the proof of Theorem successively eliminating blocks of ¢,
recalling that when we eliminate a block we also eliminate its negative or reverse
(by interchanging s;(k)).
By B0l we will get (39) if v has infinitely many k with
__ 3 3
“ERT®
We use this to rule out large |¢;|. If ¢, > 5 then we have

+ O(R™3). (40)

4
d, > 5oy, + axdy, | > day > 7t O(R™3?).
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If we have ¢, = 4 with |t;_1| < 4 then d;,_, = O(R™!) and again

4

So we can assume that |¢t;| < 3 for all but finitely many i. If we have infinitely
many blocks ay,ap—1 = R, R+ 1 (or their reverse) with t;, = 3, then

2
d,; > 3ap — 20,0 —1 + O(R_B) = % — ﬁ + O(R_B).

Hence we can assume that (all but finitely many) ¢; = +1ifa; = Rand t; = 0, £2

First we rule out infinitely many consecutive positive or consecutive nega-
tive ¢;. If ¢, tiy1 > 0 then d, > oy + O(R‘2),d; > ap +O(R™?) and

$3(k) < (1-2a,+O(R™?))(1 —2a,+O(R™?)) =1— % + O(R™?).

Next we rule out infinitely many blocks tx_1,tg, tg+1,tk+2 = 0,1,0,0 (or their
reverse 0,0, 1,0 or their negatives) since d,, = ay + O(R™®), df = O(R™?) and

$3(k) = (1 —2a,+ O(R™®)) (1 — o + O(R™?))

_ (1 _ % + 0(3—3)> (1 — % + % + O(R_3)>

3 3
=1— =+ —+0O(R™®.
If tg, tp1 = 2,0, then d, = 2a;, + O(R™?), df = O(R™?) and

$3(k) = (1=3ar+O(R?)) (1 —ax +O(R™?))

_ (1 _3s O(R‘2)> (1 Lt 0<R—2>)

4
=1-——+O0O(R™?.
R+( )
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Hence blocks R+ 1, R+ 1 must eventually have tx,tx+1 = 0,0 or 2, —2 or —2,2.
Iftp_1,te, tear = —2,1,—2, then dk_: = Qp — 2001 + O(R_3), d; < 20+
200541 + O(R™3) and

51(k) < (1 = 2aga—1 + O(R™?)) (1 — 3ay + 2apaks1 + O(R™?))
2 3 5
— (1= = -3 1—- = v -3
( 2 L OR )( o Q
3 3
=1— =4 =+ 0O(R™®).
Hence if we have a block ag_o, ag—1, ar, ax+1, agro = R+1, R+1, R, R+ 1,

R+1 with ¢t = £1 then we must have tx41,tk+2 = 0,0 and tg—_1,tx—2 = F2,£2
(or vice versa in which case we use the reverse). Consider then the block

Ak4+1y- -5 Ak+6 :R+1, R+1, R,R+1, R, R, tk+1, tk+2 :0,0

Assuming that tx13 = 1 (or use the negative), then having ruled out 0,0, 1,0,
we must have tgy4, k45, tke6 = —2,1, —1 and finally

S1(k +4) = (1 = 3@p44 + Qpradpys + O(R™?)) (1 — agyacuss + O(R™?))

3 4 1
_ 1—- = - -3 1— — -3
( > 4 O(R Q( o+ O(R >
3 3
-1- =4+ = -3
R+R2+O(R ) .

7. Proof of (24))

If in the previous proof we had taken « to have period ([23]) with R > 5 odd,
then (B7)) would still hold, except for those v whose ¢; eventually consist of zeros
one side of the £1 and blocks of F2, £2 the other. For these ~, if {5 = 1 inside
a block ...,0,0,1,—2,2,..., then

d, =0, df —--28/(1+8) and d__ ,—0, df  —6-208/(1+8) as |—o0

and 1_35_’_% (1_254—%)(1—5)

01<R)7
with
si(k—1) > s3(k—1) and s3(k) > (1—29)/4(1 —aB) > C1(R).
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Likewise for the negatives and reverses. At all places
so(k), s4(k) > (1 — ag)(1 — ag)/4(1 — Bay) > (1 — 6)%2/4(1 — 68) > C1(R).
If tg, tp41 = 0,0 and d;, — 0, &y, — B (likewise if dif — 0, ax — B3), then

(1-p5)(1 = ax(1+9))

s1(k), s3(k) >

4(1 — Bak)
1-B)(1—-6-20%
4(17(55) >Cl(R)

If tg, tgy1 = —2,2, then di—1 > (either t,_q1 =2o0r ty_1 =1 with dp_1 — 5)
and

(1—axB-p)) (1 +501 - 20))

Sl(k) = 4(1 — 5%5)
(1-35+38)(1+ 5 — 256)

for R > 9 using
(1—35+08)(14+3—2868) = (1—38+26% + B(1 — 98 +46%3),

replacing ay by 1/(R+1—¢) instead of ¢ in the second inequality and checking
numerically for R = 5 and 7. Likewise for s3(k) and for 2, —2. Hence these ~
have M(a,v) — Ci(R) as | — oo. The proof of Theorem immediately
gives (24)) for suitably large R. To see that it is true for all R > 5 we show that
M (a,7y) < C1(R) for the other ~. Notice, if we let [ — oo, then (1 — ajpar) ™! <
(1 —6B)71; so it will be enough to show that the remaining « have infinitely

many )
28 260 A
115 (125+—> (1-7p) =:C1(R).

1+ 5
We repeat the steps of the proof of Theorem B3} successive ruling out certain
blocks of ¢; (or their negatives and reverses) occurring infinitely often. We can
rule out t; = ay, since 6 <1-35<C1(R). To eliminate large |t;| we replace (@0

5j(k) <1-38+

by
232
d, >38—
|
successively ruling out infinitely many ¢ > 4 using d,, > 3/3, then ¢, = 3 using
2003
d, >36— —— > 30.
k2 -3 > 35
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Now if ¢, = 2 and t;4; > 0 for some j > 1, with t; = 0 for any k < i < k+ 7,

then
d, =20y + agdy_, > Ay + apag_1,d; >0,
and
53(k) < (1—28—-82)(1—-8)=(1-204268— %1 —8) < Ci(R).

If tg, tea1 = 2,0, then

53(k) < (1—38+2B8)(1—pB+2B8) =1-38+282—-28° -\ < Ci(R),
with

A= B(1-58+2p8%1-25%) > 0.

If tp_1,tk,tke1 = 0,1,0, then as | — oo,
S3(k) = (1—20)(1 = B) < C1(R).
Finally, if tx_1, tg, tgr1 = —2,1, —2, then

- 208 232 -

O
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