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ON JORDAN DOUBLE SUMS AND
RELATED SUMMATORY FUNCTIONS

SANYING SHI-—MICHEL WEBER

School of Mathematics and Physics, Queen’s University Belfast, Belfast, UNITED KINGDOM

ABSTRACT. We study the Jordan double sums
Z Je(d)J:(0)
+2e

sy (4017

which are connected with usual zeta approximating sums. Some other related
summatory functions involving Jordan’s function are considered and estimated
in this paper.

Communicated by Florian Luca

1. Introduction

Consider the following double sums

SN [d’ 5}0+25+it )

in which J.(d) is the generalized Jordan function, J.(d) = >, 4 heu(), p being
Mébius function.
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These sums are naturally connected with zeta approximating sums, hence our
interest in their study. Consider indeed two different zeta approximating sums
N M 1
Do ad Y
n=1 n=1
where N > 1, M > 1 and o,¢,t are real numbers. By perturbating the first
of a factor n® and using Md&bius inversion formula, we get

N L7 1
Z n”ﬂt Z da+a+zt Z mo+etit’ (1.2)
n=1 1<d<N m=1

Replacing € by 2¢ in (2) yields similarly,

N
N [d,

1 Jo(d)J=(9)
Z notit Z [d, o] T2etit Z ma+2€+zt (1.3)
n=1 [d,6]<N 0
For o = 0 this gives, .
1 Jo(d)J-(0) N~ 1
Z nit Z [d, 8]+t m2etit’
n=1 [d.s]<N M7 m=1

The notation (d,d), [d,d], respectively, stands for the greatest common divi-
sor and least common multiple of the numbers d and §. This provides a way
to connect a zeta approximating sum with another oflarger exponent, thus
of a smoother behavior, and thereby, by approximation, to connect the Riemann
zeta function ((o + it) at two different values of o, which is is a quite important
question. It is expected from the study made in our paper that in a subsequent
work, new results for zeta approximating sums and the Riemann zeta function
can be derived.

ProrosIiTION 1.1.
(i) For any N > 1, k > 1 and any real numbers o,¢,t,

N
N [dy,..., ]
3 1 B 3 Jo(dv) ... J(dy) “zj“ 1
no+it - [dh o ’dk]a-l-ks—i-it motketit
n=1 [di1yeenydi] <N m=1

(ii) For any N > 1, and any real numbers o,e,t, we have

i 1 5 Jo(d)J.(5) i 1
na’+it [d7 6]U+2€ MEE(N) ma+2€+it ’
n=1 [d,0]<N m=1

where E(N) denotes the set of integers of the form L%J, d integer, 1 < d < N.
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(iii) Let ((o+it) be the Riemann zeta-function. Let oo > 0. Then for any |t| > 1,
o= 00,

) Jo(d)J(5) M 1
t) < = —_—
|<(0— + v )| — [dé]z<t| [d’ 6}0-}-26 Mrélg(‘tl) Tnz:l ma’+2€+1t
+ CUO“‘_(T?

where Cy, depends on oy only.

Proof. Assertions (i) and (ii) are immediate. Now from the approximation
formula for the Riemann zeta-function we have

Il
1
sup  [t|7 (o +it) — E — | < 0.
[t21,0>00 = ko

See [0, Th. 4.11]. The third inequality then follows from (ii). O

We study the double sums
3 Je(d) Je(9)
o+2e
woen 149]

as well as the related summatory functions

m > 2D

1<d<z
(IT) > <#>2
n<x
N
J2(n)
(I11) > e 0<f<1.
n=1

We obtain in the following sections sharp estimates of these sums.

2. Estimates of the double sum Z[d’5]<N %

For some range of values of o, ¢ at least, these sums can be estimated directly

starting from (L2) and (3]).
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THEOREM 2.1.
(i) Assume that 0 < e < 1/2. Then,

ci(e) N* < Z % < ca(e) N*.

)

[d,0]<N
Also,
=(d
63(2’5)]\7‘S S Z Jc(l ) S 64(6)]\]5 .
1<d<N

Ife > 1/2, then

Je(d)J(6) 2%

< — 7

N < g .0 < c5(e)N
[d.6]<N

(i) If 0 < o < 1, then

1 31
E =— . ——N"7(log N)?
SN [d,6]° 7% 1—0

+ O (Nl_”(logN)) ,
and

—c(s)%’giﬁgl’a -0 2 Je(d)Je(6)
c6 (0—) e loglog N |V (log N) < Z 7[d, 5]0+26
[d,0]<N

< cr(o) N' 77 (log N)2.
Further, if c =1,

1 1
Z a0 :ﬁ(logN)3+(9((logN)2),
[d,0]<N V7

and

e(e) oz N)1=E Je(d)J (O
cs(e) e &) Tosioa v (log N)? < Z % < co(e)(log N)>.
[d,0]<N 7

(iii) If o 4 2e > 1, then

ero(0) e=oO) kg N1=7 < 3 Jo(d)J. ()

4,37+
[d,0]<N

S 011(0') Nl_g.
Here ci(e) (resp. cj(0)) are positive constants depending on € (resp. o) only.
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Before doing the proof, we notice that

N L) 1
ZF = Z dff(-‘ra) Z_lmo+s <2'1)

n=1 1<d<N

N
ld,

= Z 0‘+2€ Z U+2£

ld, 6]<N d,0 m=1
which follows from (2]), (L3]), letting ¢ = 0.

Proof. Using 1)) with o = 1 — 2¢ yields, for € > 0,

N [d.4]

1 Je(d)J<(9)

N > Z -2 Z -
= [d.0]<N d,9]

J.(d).J.(6)
2 > T
[d.8]<N

(i) Assume that ¢ < 1/2. Using ([21]) with o = 0 gives

[d,8]<N d,0 m=1

1
m
m=1

J.(d)J.(0) { N \
<CE) 2. T <Wﬁ0

[d,0]<N

=C(e)N'~* Z

[d,6]<N

Je(d)J=(9)
[d, 4]
Thus J.(d).(6)
ZENTEENT N3¢
2 Tlag 2@
[d.6]<N
So that
c1(e)N* < Z < co(e)N%.
[d,6]<N d,0
Now trivially J.(d)

> T < Cle)N".

1<d<N
Next, by letting o = 1 — 2¢ in [21]),
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Consequently, J.(d)
>4

If € > 1/2. Similarly,

1 Jo(d)J: (6
= Zﬁ Z [(d’)(g}zi )
m>1 [d,6]<N
Whence
C(E)N2E > Z Jf(d>‘]€<5) > Z J6<d)<]6(5) > N.

2 -

(ii) Assume that 0 < o < 1, and let R(u) = #{(6,d) € N? : [d,0] = u}.
Clearly, R(u) < d?(u) (in fact Zv‘u R(v) = d?(u), where d is the divisor function;
which by Mébius inversion formula implies R = p* d?, whence R is a multiplica-
tive function). Consequently,

-y uia#{@, d) € N2 - [d, 6] = u}

2 @9

[d,6]<N u<N
-3 D S (3)
Yyl z‘”). 22)
d<N u<N/d

For 0 < o <1, by using Abel summation, and the formula ([7]),

Z d*(n z(logx)® + Bxz(logz)? + Cxlogz 4+ O(z),

n<x

where B, C' are the constants.
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We get

d2
> # = DIN*7(log N)3+ DyN'=7(log N)?
u<N u
+ D3N'™7log N + O(N'79),
where
1 1 oB 3o
D, = L D> =B _
T -0 7 2 - w2 (1 —0)?
d

o b, C _ 2B 60

T1-o (170)24_7?2(170)3’

S (2 (0) (7))

N
d
+ DNy @ <log (%))2

d<N

+ DsN'"7 > @ <log (%)) +0O (N7 (log N))

d<N
=3D;N'""7(log N)* + O (N'"?(log N))

_ 3 .LNl—O(logN)Q+(9(N1—0(1ogN)),

™ 1—0o

where we have used the estimates for k = 2,3 (see [5])

k—2
Z @ (log %)k: k(logz)k1 4 chk) ((logz)") + O(1),

and "=
Z Mlogf =0(1).

n n
n<x
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For o = 1, a similar proof of the case 0 < ¢ < 1 yields

S s = s M)+ O (0B NY).
[d,8]<N

The remainding lower bound part is trivial. It is obvious now that for any
e >0,

Z Js(d)JE((S) < (10gN)3.

[d, o] T2
[do]<N 27
As to the claimed lower bound, it now follows from Lemma [3.11

(iii) If 0 +2e > 1, then

L

3]
_ Je(d)J:(9)
1l—o __
(N7 =D [ 0+26 Z o2 < clo+2) ) [d,o]7+2
[d,0]<N )0 m=1 [d,6]<N V7
Also we have
2
_ (d)J(6) <= 1 J.(d)J.(0)
l—0 __ 5 €
c(o)N —[MZ];N [d, 8]0 +2e Zma-i-ZE [déz];N [d, 6]o+2e :
Then we obtain
ca(o)NT77 < Z 0+25 < c3(o)NO. O
[d, 5]<N d,0

3. Estimates of J.(n) and >, 4. Jed(ed)

Recall before continuing that J.(n) is a multiplicative function, J.(1)=1,
Je(p*) = p*(1 — p=¢) for p prime, a > 1. Further recall that J; = ¢,
the Euler totient function and Jy = §, the inverse Mobius function. We first
collect individual estimates.

LeMMA 3.1. We have v
(v) <w
loglog v
If0<e<l,
v° exp ( )(logv) - (v) <0f
loglog v =
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Further,
Je(d) 1

de 1+e¢)

z+ O(x'7°),
1<d<z o

and as € — 0,

> ER =Y R rom <t

1<d<z

Proof. The first estimate is well-known and is proved in 4} p. 55] using “record’s
breaking numbers”. The second estimate can be proved using the same method.
Now,
Je(d U _
s(): M():H(l_p 9.

ds uf
u|d pld

Further,

p) L o, (3.1)

J&(d) i ,LL(’LL) 1—¢ 1 1—¢
D T T et 0T = 2+ O('~)
1<d<z u=1 ut® <'<1 + )
Letting x — oo in B,
o i(n) 1
Zn1+s<<g+1- (3.2)
n=1
Then for € — 0,
Je(d) o Alw)
> Zs :xzu1+€+(9(x)<<—+(9(x)<<— O
1<d<z u=1
NOTE. When £ =0, the series in the right-term is formally equal to >, “Tu) =0
and we recall [1l p.209] that
> 1 — o (Vioge) o),
u<zx u
Obviously, Jil(gd) — 0 as e — 0. The summatory function ), <d<z ']Ed@ naturally

tightly depends on the smallness of €.
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Jo(n) )

ns

4. The summatory function Zn<m(

THEOREM 4.1. Fore >1/2,

5 (Jgn(?) )2 Z \uJ2|<z> (t)

n<z 1+£

o (Ji%@)

+ (’)(As(x)),

where ¢~ (t) denotes the inverse of ¢(t) and A.(x) is defined by @I).

THEOREM 4.2.

(logx)'~* Je(d) Y
x exp{ c(e) loglog 2 <<1§x E L .

Proof of Theorem [A1l As LE”) =5 Lﬁ‘) we have

n uln wuf

Thus

> (5

n<z

-y Z p(u _ u(z)vuiv) S
= (uv)
@ [

n<z uln

=3 " Igvu . <[uxv} *O(U)

u<xz
v<x

Sex s o (o))

- xz (ZS;M[LIEU 2} +0(A:(@).
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where
2272 for % <e <1,
A (x) =X logz for e=1, (4.1)
1 for > 1.
Now
5 p(uw)p(v) Sd Y p(uw)p(v)
= (w)*[u, v] (uv)t+e
uga d<z w<w,v<w
vZx = (w,v)=d
1 ' d) (' d)
Z d1+26 Z (u/,vl>1+6
d<z w'<z/d,v'<z/d
(u’,v')=1
1 p(u'd)p(v'd)
Z J1+2e Z (uv)ite Z p(w)
d<zx w<z/d,v'<z/d wl‘u:
2
1 p(u'd)
> dit2e Do nw) X (w)1+e
d<wz w<z/d u/g‘zl/d
1 '\
1+e 1%
SR IRIEIVED b )
d<z w<x/d h<=z
dw|h
2
p(h)
S0 Y uw | 3 2
d<z w<z/d h<z
dw|h
We shall first estimate for a given integer 6 the sum
p(h)
hlte’
h<z
olh
Let P, denotes the collection of prime numbers less than = and P = P..

If 0 is not squarefree, then p(h) = 0 and this sum reduces to 0. Otherwise,
let Q. denote the set of integers 6 such that

Gzpl

Dr where p;j €Py, 0L .
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Only those integers h of type h = p1 ... pq q1 - . . gs, with g¢; € P, \{pi}, contribute
to the sum. We thereby get the sum

n(®) (k)

Qlte flte”’

E<z
(k,0)=1

if 6 € Q,, and this sum is 0 otherwise. Thus

k
, He Zf+> . beq,,
,u1(+z = (o (4.3)
h<z h
o 0, 0¢Q,.

Let r be a squarefree positive integer. By formula p. 196 in [3], for s > 1,

— p(nr) — p(n)  p(r)rs
D OB D e XOROR (44)
(n,r)=1
Thus
p(h) _ p(0) B p(k)
hlte Plt+e kl-i-s klte
he\gff (k 9) 1 (kk,6>)1=1
~u(0) gt+e —e
"o T e T >
_ n(0)
J14+(0)C(1 +€)
+ O (h~ I+ ge), (4.5)

In [@2), & = dw and thus must belong to Q,, in particular we must have
(d,w) = 1. Thus

dh, wlh, dweQ, and (d,w)=
Whence

uih) _ (d)p(w) 1
hqh”f‘h%WAﬁwxu+a+Q<wmwa'
dw|h
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By reporting

p(h)
Z( =2 d > uw T¥e
u<lz d<z w<z/d h<w
v<aw (d,w)=1 dwl|h

2
_ . p(d)p(w) 1
R )<J1+5< Rt i >>

d<z w<z/d
- (d,w)=1

dp(d p(w)]
1 +€ 2 Z ‘]1+6 W;d J12+£(w)

(dw)=1

Y o
d) w<a/d w1 e (w)
(d,w)=1

1 1 1
+O: ﬁzdwza Z w2(+e)

d<z w<x/d
- (d,w)=1

()
1+E2ZJ%+E 2 .

w<x/d 1+e
(d,w)=1

1 1
"o <e<<1+e>xf> "o <T>

dp(d)
1+E 2 Z 1+6 ) d;w J12+6(d)
(d,w)=1

vo (o). wo

For the main term we have

dp(d)
1+6)2ZJ12+6 (w) 2. 7 @ 1+52 ZJ12+€ (t) 2 dud)

d<z/w 1+e w<z,d<z/w
(d,w)=1 (d,w)=1,dw=t

1+52ZJ12+€ Zd

d<z,
alt

O-
+ 1 + 6)1‘5 Z dEJH_E
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where we have used |u(d)] = pu(d)?, p(w)|p(d)] = p(w)®|p(d)| = |u(wd)|p(w)
for (w,d) = 1; and J.(n) is multi-function. Further the inner sum

> du(d)

d<z
d|t

Y du(d) = ¢~ (1),

d|t

simplifies as follows

since ¢t < z. Thus

()] du(d) lu(t)|g~!
+E2 wz:J%-i-s Z J? (d) 1+5 ; J12+s

d<z/w 1+e

(d,w)=1
So that
() p(v) u(t)|¢~! 1
; (uv)f[u,v} B 1—|—6)2 Z JE (1) + O <€C(1 —|—€)x5> ’

Therefo_re

J(m)\ _ p(w)(v)

2 (% > - Z (wyefuo] OB
()]~ ale >
1+5 ; JE . (t) +0e <5C(1+5) +O(Ae(2)).

This achieves the proof. O

Proof of Theorem Theorem immediately follows from Lemma [3.]
and Theorem [£.11 O

5. The summatory function Zgzl ;}jﬂ;ﬁ, 0<0<1.

THEOREM 5.1. Let 0,¢ be positive reals such that 0 < 0 +¢ < 1. Then,

2
Z ief—zz <C.y <N1—0 <exp{H(5)} + 5]175> + N1—0—6(10gN)2>’

n=1

where C_y is defined in (B3)) and

Z 1+s

P
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Jiff> —I—Nl_g_s(logN)z). (5.1)

1 1
H(e) = 5 -——log<g>+(’)(1), ase — 0.

Proposition applies notably when ¢ is small, depending on N, the typical
range of values being given by the interval [1/log N, 1/loglog N].

Proof of Theorem [l Use the simple notation P = P(p) = 2_”;,5, and
note that 1 — P71 = (1 — p=9)%

Define an auxiliary (completely multiplicative) arithmetical function h as
follows,

h(p®)=P*,  hn)= [] P (5.2)

Besides,

n=1 n=1"" dn d<N ne1
N/d
_ p(d) 3 1
Wd)d? 2= m?
d<N m=1

Let —1 < a < 0. Then for M > 1,

Z

k=

Ma+1
- a+1

+Co+0(M?),
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where
1 1 t—t2
= = (k+t)*2dt. .
Ca=35= 77 + (5.3)
Thus
) Nz/dl—l N1_6+C +0 N
Lamf T 1-6\d - d
Whence,
N
n N1-0
Ze+2s_ iy h()“LC@Zh
n=1 d<N d<N
_ d)|
N—Y )] . 4
FOINT D T (5.4)
d<N

We first estimate the sum >,y h((dcg)d Now

d=1 P P
Thus 0 < Y52, 440 < oo and
o~ A(d) 2-p7°) )
= exp{—H(e)}
We have P @ ne
:HP :H<2p—s>> 2Q(n)
pIn p|In

where ©(n) is the sum of prime divisor function. Thus
28 (d)

Zh d* < dite’

d>N
We use the fact that
Z 29U = Cya(log x)? + O(zlog ),

n<x

where Cj is numerical. Applying Abel summation gives,

22 fo (logp)* | (log(M + N))*
dite — plte (M + N)e
m=N+1 p=N-+1
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Hence, by letting M tend to infinity,

(logp)? _ C
< .
> i = 0% <

d>N

Zhd)d

d<N

We deduce that
C

eNe’

<exp{—-H(e)} +

Consider now the second sum ) d<N% in the right-term of (5.4),
we have by using Abel summation again,

2Q(d) o
Z h(d de = Z do+e < CypN 6(logN)

d<N

Finally, the third sum ), % is special case (6 = 0) of the previous and

we have,
-6 1(d)| N 1 1—6—¢ 2
— < N log N)~°.
Z h(d) > hd) = Co.e (log V)

d<N d<N

By combining these estimates, we get

N 20
Z Z‘Zizz < Co (Nl_e <eXP{H(5)} + 5]{]5> + Nl_e_s(logN)2>. O

n=1

Proof of Proposition Set

Ax) =) a(n). f(2) = =,

n<z

and a(n) =1 for n is prime, otherwise a(n) = 0. Then we have

x
Alw) = logx +0 <log2 x) '

Applying Abel’s identity,

> i = X A =A@ - [ A @) d

p<z n<x

Lo ! +(1+ )/x !
E S —
¢ logx xe long 2 tite logt

1
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o1
dt =
L tl-l—s log t

1 /” 1
log 2 tl+e

1 logt 1
ElOgQ( / t1+ / ™ du dt

1
1 (2_6 B x—f) 7 / ogx 1
clog?2 log2 U2

!
dt+/z v )dt

1 1
logt log2

dt

1
du /u e

1 1 logx 1
— (2—5 _ l‘_s) + _/ _(x—s o €—u6> du
clog?2 & Jioga U2
1 € 1 1 1 logz  —ue
= ( —S_l,—S) T <_ N >+_/ e . du,
elog?2 e \log2 logx € Jlog2 U
(5.6)

and for € > 10gm7

log x e—ue
/log 2

for e <

logz?

1 _
/ 0gT ,—uc
2
log 2 U

du =

74

du

10g1'e—us
/ /1 u?
log x
/ o (1—ue+ 0(w’e?)) du+ 0 52/ e~ du
10g2 é

(loglog 2)5—<€— 8) ’

log2 (loge)e)+O(e)+0O (ex™

(5.7)

(1 —ue + O(u252

)) du

(loglog w)s) +O(e)

log x 1
u2
/log 2 U

1
+ (loglog2)e — <_ +

log 2 log =
— loglog2)e —
log 2 + (loglog2)e log x
+ O (loglogx) e + O(¢)
1
log 2 + (loglog2)e logz <10gw og ogx) + O(e)

log 2

. log log x> + O(e), (5.8)

1
+ (loglog2)e + O <10
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then by (©.3)-ES),
1 1 1
B e
ptte  aflogu x¢€ log” x

b +(1+5)< = (2—fx—f)+x_6< ! ! )

elog?2 e \log2 B log x

+ (loglog 2) — (1 —loge)

elog?2
1
+(9< loglogx> + (’)(1)—!—(’)(:0_8))
elogx
r 1
+ 0O / 7> dt. 5.9
(2 t1+elog?t 59)
Let x — oo in ([B9)), thus
Sl (2L 1) o (5.10)
p:1p1+€_ elog2 = eclog?2 & ' '
For ¢ — 0, (510) yields
=1 2 1
= —1 - O(1). 5.11
;p“rs clog?2 Og(s) +0) ( )
By G.I0),
00 2_p= 2
H(e) = = —1 - 1
() 1; plte 2(510g2 Og( )+O( )>
1 1
— —1 - O(1
(elog2 °g<e>+ ()>
3 1 1
- = —log (=) +0(1). U
log2 ¢ Og(6>+ L
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