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UNIFORM DISTRIBUTION OF an MODULO ONE
FOR A FAMILY OF INTEGER SEQUENCES

ANDREAS WEINGARTNER
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ABSTRACT. We show that the sequence (an), g is uniformly distributed mod-
ulo 1, for every irrational «, provided B belongs to a certain family of integer
sequences, which includes the prime, almost prime, squarefree, practical, densely
divisible and lexicographical numbers. We also give an estimate for the discrep-
ancy if a has finite irrationality measure.

Communicated by Friedrich Pillichshammer

1. Introduction

We say that a sequence (ap)nen of real numbers is uniformly distributed
modulo 1 (u.d. mod1) if

iy {2 {an} € [a, b}

T—00 T

=b—a

forall0 < a < b <1, where {u} denotes the fractional part of u. Weyl’s criterion
asserts that this is equivalent to

o1
xlgr;o - Z: e(la,) =0,

for every fixed non-zero integer [, where e(y) := e2™%.
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A. WEINGARTNER

Let a be any irrational real number. Weyl’s criterion shows at once that the
sequence (an)nen is u.d. modl. Vinogradov [I1, Ch. XI] proved that the same
holds for the sequence (ap),ep, where p runs through the prime numbers.

We consider the following family of integer sequences. For each natural num-
ber n, let I(n) be an arbitrary interval of real numbers, possibly empty, or the
union of a bounded number (uniformly in n) of such intervals. Let B = By be
the set of positive integers containing n = 1 and all those n > 2 with prime
factorization n = py - - - pr, p1 < P2 < ... < pi, which satisfy

piel| I] v (1<j<k).
1<i<j

This setting is more general than in [12], where I was of the form I(n) =
[1,6(n)] for some function O(n). If I(1) = [1,00) and I(n) = @ for n > 1,
then B\ {1} is the set of primes. If I(1) = I(p) = [1,00) for primes p and
I(n) = 0 for composite n, then B is the set of integers with at most two prime
factors, counted with multiplicity. Similarly, one can obtain more general almost-
primes. Squarefree numbers can be generated with I(n) = (P(n),00), where
P(n) denotes the largest prime factor of n > 1 and P(1) = 1. Integers whose
divisors grow by factors of at most ¢, which are called t-densely divisible [7]
or t-dense [14], arise from I(n) = [1,nt|, while the practical numbers result
from I(n) = [1,0(n) + 1], where o(n) is the sum of the positive divisors of n.
This family also includes the lexicographical numbers [9], where I(n) = {P(n)}U
(n, 00). Define

B(z) :=BN[l,z], B(x):=|B(x)|,

Bg(z) :== |{n € B(z) : d|n}|.

THEOREM 1.1. Let a be any irrational real number. Assume there exist constants
A >0 and d > 0 such that

B(z) > z(logz)™4, By(z) < d™°B(x), (z,d > 2). (1)
Then the sequence (an)necp is u.d. modl.

When a > 1, the integer sequence (|an]),en contains a proportion of +
of the natural numbers. Corollary [[2] which follows easily from Theorem [Tl
(see Sec.[d), shows that it contains the same proportion of members of 5.
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UNIFORM DISTRIBUTION OF an MODULO ONE

COROLLARY 1.2. Suppose that the assumptions of Theorem[I 1l are satisfied and
a>1. Then 1
H{n eN: |an] € B(x)}| ~ EB(x) (x — 00). (2)

If I(n) = [1,6(n)], the following assumption implies (), by Lemma AT}
There exist constants C, J, K > 1 and 0 < n < 1, such that for all m,n € N,
9(n) < O(mn) < Cm7O(n), max(2,n) <O(n) < Knexp((logn)?). (3)

COROLLARY 1.3. Let «v be irrational. Assume I(n) = [1,0(n)] and @) holds.
Then the sequence (an)nep is u.d. modl. If a > 1, then ([2) holds.

TABLE 1. Examples of B with (an),cp u.d. modl. It’s easy to verify ()
for the first two examples, and for the third with [9] Thm. 2]. For the others
it follows from Corollary [[3l

Sequence B ‘ I(n) ‘ OEIS [0] ‘
almost prime see above A037143
squarefree (P(n),00) A005117
lexicographical {P(n)} U (n,o0) A361232

t-dense (t > 2) 1, nt] A174973 (t = 2)

practical [1,0(n) +1] A005153
practical & p-practical [1,n+ 1] A359420
inverse prime numbers | [1, max(2,n)] A047836

COROLLARY 1.4. Let a be irrational. If B is one of the sequences in Table [,
then the sequence (an)nep is u.d. modl. If a« > 1, then (@) holds.

The proof of Theorem [Tl is divided into two cases. If « is very close to a
rational number a/q with a small denominator ¢ (relative to ), we say o belongs
to the major arcs. If not, we say «a belongs to the minor arcs.

THEOREM 1.5 (Major Arcs). Let g(x) = logxloglogz. There exists a constant
¢ > 0 such that the following holds. Let U > 0 be fived. For q < (logx)Y,

a=a/q+ B3, where (a,q) =1 and |8 < exp(c{/g(x))/x, we have
Z Z K Q/ n:q)) e(Bn) + O(.Z' exp(f2c Y g(w))), (4)

neB(x) nEB(z) q/ m, q

where (n,q) = ged(n,q), p is the Mébius function and ¢ is Euler’s totient
function.
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A. WEINGARTNER

If, in addition,
B(z) > zexp(—cy/g(z)) and By(z) < d°B(x)
for x,d > 2 and some constants 0 < e < < 1, then

B(z
Z e(an) <« 5(_2.

neB(x) q

THEOREM 1.6 (Minor Arcs). Let k < 1/v/6 be a constant. Let L =logx and

1 < R < exp(k+/logxloglog z).

Then, for
12 726 x
h,a,ge N, h<R, R*“L <QSW
and
|aia/Q| S 1/q27 where (a7q) = 17
we have

Z e(ahn) < %

neB(x)

Theorem [ leads to an estimate for the discrepancy of the sequence ({an})nes,
assuming the denominators of the continued fraction convergents a;/q; of a do

not grow too quickly. The irrationality measure of an irrational number « can
loggj+1
log q;

« satisfies pu(a) = 2, as well as u(e) = 2, while the constants 7,72, log 2, log 3
and ((3) are all known to have finite irrationality measure [15]. For 0 <y < 1,

define

be defined as pu(a) = 1+ lim SUp,>1 . Every algebraic irrational number

B(z,y,a) == |{n € B(z) : {an} < y}|.

The following estimate for the discrepancy follows from Theorem and the
Erdds-Turdn inequality (see Lemma [0.T]).

THEOREM 1.7. Let k < LG and assume « is irrational with finite irrationality
measure. Then, for all v > xo(a),

sup |B(z,y,a) — yB(z)| < -

0<y<1 exp(rv/logzloglogx)

In particular, the sequence (an),ep is u.d. mod 1 provided B(x) satisfies B(x) >

x exp(—ry/logxloglogx) for some k < ﬁ.
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2. Derivation of Theorem [I.1] from Theorems and

By Weyl’s criterion, we need to show that

1
T:= B ne%x) e(lan) -0 (z — o0)

for every fixed non-zero integer [. It suffices to consider [ = 1, since the following
is equally valid if « is replaced by la. Let (a;/q;);>1 be the sequence of continued
fraction convergents of a. Then ¢; < ¢2 < ... and

1
a—a;i/qi| < 7>1).
o=/l < e (121)

Let = be sufficiently large and let R = (logz)?*! and h = 1 in Theorem

Define
Q = R¥2L% = L2438 where L =loguz.

If there is at least one j such that Q < ¢; < /Q, Theorem (with ¢ = ¢;)
shows that we have

T < z(logz) 471 /B(z) < 1/ logx.

If there does not exist a j such that Q < ¢; < x/Q, let i be such that ¢; < @
and ¢;+1 > x/Q. We have

lo —ai/qi| <1/(qiqi+1) < 1/qis1 < Q/x.

Theorem [LH] with U = 124 4 38 and ¢ = ¢;, shows that T' < qi_é/z. As 2 — o0,

i — 0o and ¢; — 0o. Thus T"— 0 as x — .

3. Derivation of Corollary from Theorem [1.1]

Let A = = < 1. Since (AMmn)mep is u.d. modl, we have
éB(x) — AB(2) ~ [{m € B(x) : 1= A < {Am} < 1}]
=|{m e B(x):In e N,Adm <n < Am+ A}
=|{me B(x):3In e Nym = |an]|}|
=|{neN: [an] € B(x)}|.
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A. WEINGARTNER
4. Derivation of Corollary from Theorem [1.1]
LEMMA 4.1. Assume 0 satisfies @) and I(n) = [1,6(n)]. For z,d > 2, we have

B(z) = lz“gx (1 +0 (W)) Bu(z) < B(x)lOgd2d,

where cg > 0.

Proof. The first claim follows from [I4, Thm. 4]. Lemma 8 of [I3] shows that
{m :md € By} C By, where f4(n) < (dn) for all n > 1. Since 8(dn) < Cd’0(n)
for some constants C, J, by (3,

{m<z/d:mde By} C{m<x/d:m e Bcgip}-
The result now follows from [8, Prop. 1]. O

5. Lemmas for the major arcs

Let P(n) denote the largest prime factor of n > 2 and put P(1) = 1.
The following estimate follows from [I, Egs. (1.3), (1.4), (1.5)].

LEMMA 5.1 (de Bruijn). Fory > (logz)? and u = E& > 1, we have

U(z,y) Z 1 < zexp(—ulogu).

n<x
P(n)<y

A key ingredient for the major arcs is the Siegel-Walfisz theorem (see [5l
Thm. 6.9 and Cor. 11.21]).

LEMMA 5.2 (Siegel-Walfisz). There exists a constant ¢; > 0 such that the fol-
lowing holds. Let A > 0. For q < (log x)A and (a,q) =1,

(x,a,q) Z 1 = =22 4 Op(zerVIosT)

p<x
p=a mod g

where w(x) := w(x,0,1) and @ is Euler’s totient function.

LEMMA 5.3 (Ramanujan’s Sum). Let a,q,d € N with (a,q) =1 and d|q. Then
q

Z e(na/q) = p(q/d),

(n,q)=d

where 1 is the Mobius function.
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Proof. Writing n’ = n/d and ¢’ = ¢/d we have (a,q") = 1 and

’

q q
Y elnajaq) = ) e(n'a/d) = n(d) = pla/d).
("Tqu:) 1: d ( nzl,/q?;: 1
The last sum is called Ramanujan’s sum and is evaluated in [5, Thm. 4.1]. O

6. Proof of Theorem

If n € B, n> 1, we write n = mp where p = P(n) and m € B. We have
fla) = Z e(an) = Z Z e(apm)
neB(x) meB(z) peJ(xz,m)
where J(xz,m) is the (possibly empty) union of a bounded number of intervals
J(x,m):={yeR:P(m) <y <az/m}nI(m).
Define g(z) := log x loglog z. If Ey denotes the contribution to f(«) from primes
p < exp(g(x)?/3), then
Bl < (,exp(g(2)*?) ) < wexp(~g(2)"/?/4),
by Lemma [B.Jl Thus we may replace J(x, m) by
J(z,m) == J(z,m)N (exp(g(x)2/3), oo)
Note that if mp = b mod ¢ where (b, q¢) = d and the prime p satisfies p > ¢, then
(m,q) = d. In this case we write ¢ = ¢/d, ¥/ = b/d and m’ = m/d. For r with
(r,q) =1, let 7 be such that 7r = 1 mod q.
We have

fla/q+ B) E0+ZZ > X (2 +pwm)

d b=1 meB(z) peJ(z,m)
|q (b,q)=d (m,q)=d mp=b mod g

—Br Y Y« (20 > > elBpm).

d|q b=1 meB(x) pEJ(z m)

(b,q)=d (m,q)=d p= b/ m’ mod q’

Since p>exp(g(z)*?), we have ¢< (logz)V < (log p)*Y/2. By the Siegel-Walfisz
theorem, in the form of Lemma 5.2 the sum over p is

/  e(Bom)d(n(p, b, ) = /  eBomd(n(p)/o(d) + By,
peJ(xz,m) peJ(xz,m)
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A. WEINGARTNER

where E; < pe=“VI°8P TLet 0 < ¢ < ¢;/3. Integration by parts applied to the
error term shows that

1
> e(Bpm) = = > e(Bpm) + B,

pEJ(x,m) peJ(z,m)
pEanfl mod q/ ’

where

B, < %e_cwlogm/m—l— |5|x/ evilosrgy — By + Ey,
J(xz,m)

say. Since m < xexp(—g(z)?/3) if J(x, m) is non-empty, F3 contributes

<q Z % exp(—cl Y g(x)) < xexp(—chs/g(x)) =: Es.

m<xz

The contribution from Fj is

<afle Y [ eV Rdp < glfla 3 exp(-e Vo) < B,

J(x,m)

m<x m<x

since |B|z < exp(c{/g(x)) and ¢ < ¢1/3. Thus

fla/q+B) = ZZ b) > q/d) > e(Bpm) + O(Es).

— pap “
d|q . q) u ity q)<’” pEJ(x,m)

The two inner sums are now independent of b. Thus we can evaluate the sum
over b with Lemma We combine the two inner sums, writing n = mp, and
put back the contribution from P(n) < exp(g(z)?/?), with an error < Es5. Thus

_ N Ale/d) (B
fla/q+B) —%m/d) ZU (Bn) + O(Es),

(n,q)=d

which is ({#]). Since |p(g/d)| < 1 and |e(8n)| < 1, the modulus of the main term is

1
SZ<p(q/d) Z Zd

dlq neB() )
(n,q)=

With the assumption By(z) < d~°B(x), where 0 < ¢ < § < 1, this is

B B
< (x) Zd1_6 < £

pla) 4=
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7. Lemmas for the minor arcs

LEMMA 7.1. Assume |ay|, |b,| <1 forn>1andh,a,q € N. For |a—a/q| < 1/q?
with (a,q) =1, we have

h he O\
E g anbme(ahnm) < (_x TR q) (hx) 2 (log 2hax)?.
M Ny
n>N m>M

mn<x

Proof. If h = 1, this is [3, Lemma 13.8]. The general case follows from this
case with n' = hn, 2’ = hx, N' = hN, al,, = a, if hln', and a], = 0
otherwise. g

LEMMA 7.2. Let h,m,a,q € N. For |a —a/q| < 1/¢* with (a,q) = 1, we have

Z e(ahmp) < (log 2hz)” (hxq_% + (thx)g + (h:cq)%) .

p<z/m
Proof. This follows from [I0, Thm. 1], with the substitutions
H=hm, N=xz/m, D<H=hm.

The factor logp in that result can be removed with partial summation. ([l

8. Proof of Theorem

If n € B, n> 1, we write n = mp where p = P(n) and m € B. We have

Z e(ahn) = e(ah) + Z Z e(ahmp).

neB(x) meB(z) PO <p<s/m
P m

We write L := log x. Lemma [5.1] shows that when

R = exp(k/logzloglogz), Kk <1/V6,

U(x, R®LY) < z/R.

then

This upper bound must also hold for any smaller value of R. Thus the contribu-
tion from p < R3LY is < z/R.
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A. WEINGARTNER

By Lemma [Z the contribution from m < R*LS is

< Z Z e(ahmp)

m<RALS | Pm)<p<az/m
pel(m)
x
< RULSLT (hxq_% + st 4 (hxq)%> <3
provided

12 126

Let M = RYLS, N = R3LS, and a,, (resp. b,) be the characteristic functions
of B (resp. of the primes). It remains to estimate

S = Z Z ambpe(ahmn),

m>M p> N, nel(m)
mn<x
where I(m) = I(m) N [P(m), o). Applying a strategy called cosmetic surgery
in [2, Sec. 3.2], we can remove the condition n € I(m) at the expense of a factor
< log x. This leads to

S <« (logx) Z Z ambne(ahmn)| + O(1),

m>M n>N
mn<x

for suitable é,,, b, With ||, |b,| < 1. An application of Lemma[Z Il with R*LS <
q < z31e and h < R yields S < z/R.

9. Proof of Theorem [1.7]

For the following upper bound see [, Thm. 2.5 of Ch. 2].

LeEMMA 9.1 (Erdés-Turan). With the notation of Theorem [I.] and m € N
we have

sup |B(z,y,a) —yB(z)| < 6B(x1) + % Z <l - #> Z e(ahn)| .
h=1

0<y<1 m + h m—+1 neB)

Proof of Theorem [T Let £ < 1/\/6 and pick 7 > 0 such that
k+n<1/v6. Let R= exp((r+n)yvIogzloglogz). Since a has finite irrational-
ity measure (1, the continued fraction convergents a;/q; of « satisfy ¢j4+1 <o qf .
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It follows that for all x > x¢(a), there is a ¢; satisfying the condition

Q<qg < 2 Where Q := R*(logz)?°.

Q

Theorem [[L6] shows that for h < R and |a — a;/q;| < l/qu,

Z e(ahn) < z/R.

neB(x)

The result now follows from Lemma 0.1 with m = | R]. O

1]

(12]

(13]
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