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ABSTRACT. In this paper we study the distribution of leading digits of imag-
inary parts of Riemann zeta zeros in the b-adic expansion.

Commaunicated by Vladimir BaldZ

Introduction

Throughout this paper, for x € R, let [x] = max{n € Z : n < z}, {z} =
x — [x] = x mod 1. For fixed sequence of real numbers x1,xs,...%,,... and
arbitrary integer sequence N7 < Np < --- < N; < --- denote
< N;; dle|o
Fn,(z) = #n < “xn;fno €l ,x)}
i
The set of all possible limits g(x) = limy, o0 Fiv, () for continuity points x
of g(x) is called G(x,, mod 1) —the set of all distribution functions g(x) of the
real sequence x,, mod 1.

Let b > 2 be an integer considered to be the base of the numeral system used
for the representation of a positive real number z > 0 and M,(z) be a mantissa
of z defined by z = My (z) x b™*) such that 1 < My(z) < bholds, where n(z) is a
uniquely determined integer. Let K = kiks ...k, be a positive integer expressed
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in the base b, that is
K=k xb "4 kox b 24 4+ k1 xb+ky,

where k1 # 0 and at the same time K = kjks ...k, is considered to be an
r—consecutive block of integers in the base b.

Qualitative result

It is clear that the following basic equivalences hold.
K< My(z) x b < K +1

K+1

b1 < My(z) < = (1)

K
< log, <b7—_1> < logb(Mb(x)) < logb<b7v—_1

—

K K+1
<= log, <b7—_1> <log,z mod 1 < logb<bT—J_rl>. (2)

Note that for = of the type x = 0.00...0k1k> ...k, ..., we shall omit the first
zero digits and My(x) = k1. ko... k... Let

T, >0,n=12,...,9(x) € G(logy(z,) mod 1) and g(z) = lim Fy,(z),

1—»00
where #{n < N;;log, z, mod 1 € [0,z)}
Using equivalent inequalities (Il) and (@), then for fixed N; we have
#{n < N;; first r digits of My(x,,) are equal to K }
N;
_ #{n < Nj; log, (bffl) <log, z, mod 1 < log, (ffrfll)}
N;

K+1 K

For the following Benford’s law we use Theorem 47, page 78, in [3].

THEOREM 1. Let g(x) € G(log, z, mod 1) and lim;_, Fn,(x) = g(x). Then
. #{n < Ny; firstr digits (starting with a non-zero digit) of x, = K}
im =

N;—o00
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Let v, n = 1,2,..., be the sequence of all positive imaginary parts of non-
trivial zeros of the Riemann zeta function ((s) in ascending order. For a positive
integer N let

1
Fn(z) = N#{l <n < N;log, v, mod 1 €[0,2)} for 0 <z <1
We need find the set G(log, v, mod 1) of all distribution functions of log, v,
mod 1. To do this we use Kemperman’s theorem [2].
THEOREM 2. Assume that
lim,, e n(f(n—|— 1)—f(n)) =t.
Then the set of all distribution functions G(f(n) mod 1) has the form

eHe—u)/t_(1=u)/t

el/t_1 if0<x <,

e1=w)/t_g(a—u)/t

T ifu<zxz<l.

1—
Furthermore, Fn,(x) — gu(z) if and only if f(N; mod 1) — u. In this case
_ #{n < Ni; f(zn) mod 1 € [0,2)}

For the sequence 7,,n =1,2,... (see M. Hassani [I]) we have
2mn 1 1 . loglogn < < 2mn § . loglogn . (3)
logn 12 logn logn 12 logn

Using Theorem 11 page 25 in [3] we have

THEOREM 3. Let z,, and y,, be two real sequences. Assume that all distribution
functions in G(x, mod 1) are continuous at 0 and 1. Then the zero limit
1 N

lim N ; |zp, —yn| =0 implies G(z, mod 1) = G(y, mod 1).
From Theorem B and formula () it follows that

2

G(logb T mod 1> = G(log; v, mod 1).
logn

For Benford’s law we need find distribution functions of the sequence
log, 7, mod 1. To do this we find distribution functions f(n)=1log, lffg”; mod 1
using Kemperman’s theorem 21 Here

lim,, 0o (logb(i;(&ill))) — 10gb(1i7;2)) =0,

i (108 (52 — o8 (#22)) = o
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Thus from Theorem [ we have

(4z—u)_pl—u .
% if 0 S X S u,

gu(x) - p(l—u) _pz—u . (4)
11— if w<azx<l1.

THEOREM 4.

#{n < Ny; first v digits (starting with a non-zero digit) of vn, :K} B

lim
N;—o00 Nz
K+1 K
gu | logy 1)) s log,, 1))
where

. 27TNZ
U —Nlili)noo log,, log I, mod 1.

Note that the equation () is equivalent to

16 -1 bmin(x,u) -1
G R T
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