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UNIFORM DISTRIBUTION MODULO 1 OF THE
HARMONIC PRIME FACTOR OF AN INTEGER

IMRE KATAI — FLORIAN LucA

ABSTRACT. Define the harmonic mean prime factor of n as the harmonic
mean of the distinct prime factors of n. In this note, we show that the harmonic
mean prime factor of n is uniformly distributed modulo 1.

Communicated by Michael Drmota

1. Introduction

Let n be a positive integer. Let Q(n) and w(n) count the number of prime
divisors of n counted with and without multiplicity, respectively. The arithmetic
properties of various averages of the prime factors of n has been studied in
various recent papers. For example, it was shown in [I] that if one puts

1
Pa(n) = m;;p

for the arithmetic mean of the distinct prime factors of n, then p,(n) is uniformly
distributed modulo 1. Furthermore, it was also shown that for large x the number
of n < x such that p,(n) is an integer of order of magnitude O(z/ loglog x). This
was made more precise by the first author in [4], who showed that the counting
function of the above n is asymptotically equal to (c+o0(1))z/ loglog x as = tends
to infinity with some positive constant ¢ which he did not compute. In [6], it was
shown that the counting function of the composite n < x fulfilling the stronger
condition that p,(n) is a prime factor of n is of size x exp(—c,v/log zloglog ),
where 1/v/2 + 0o(1) < ¢, < 2+ 0(1) as x tends to infinity. We expect similar
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results to hold if one works with the function

1
paln) = oy 27
n
p>1
although we have not seen them anywhere in the literature. In [7], it was
shown that both geometric mean prime factors py(n) = (lenp)l/w(") and

pa(n) = n/" of n are uniformly distributed modulo 1. Observe that by unique
factorization these numbers are integers if and only if n is a prime power. In this
paper, we look at the functions

O GO o) = M)
ph( ) Zp'n% d pH( ) Zp:’\nl%

and show that these functions are uniformly distributed modulo 1, too. Observe
also that none of these numbers is an integer except when n is a prime power.

Throughout we write p(n) and P(n) for the smallest and largest prime fac-
tors of n. We also put ¢(n) and o(n) for the Euler function of n and sum
of divisors function of n, respectively. We use the Landau symbols O and o
and the Vinogradov symbols > and < with their usual meanings. We write
log z for the natural logarithm of z and for a positive integer k we let log; x
to be the recursively defined function given by log; x = max{l,logz} and
log;, © = max{1,loglog;,_, z} for k > 1.

2. Main results

In this paper, we prove the following theorem.

THEOREM 1. Let g(n) be an additive function such that g(p) < ¢1/p and 0 <
g(p*) < cq for all primes p and positive integers a with some positive constants
c1 and cy. Let

v(n)=——= an n:M
() a =T

Then
(i) v(n) is uniformly distributed modulo 1;
(ii) p(n) is uniformly distributed modulo 1.
The same holds when w(n) is replaced by Q(n).
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UNIFORM DISTRIBUTION MODULO 1 OF THE HARMONIC PRIME FACTOR

Our theorem applies to the functions g(n) = >_,,1/p, g(n) = > pen 1/p,
>1

g(n) =log(n/¢(n)) and g(n) = log(o(n)/n), from where we deduce, in i)articu-
lar, the uniform distribution modulo 1 of the harmonic mean prime factors.

We close this section by describing the ideas behind the proof of Theorem [1
In [I] and [7] the uniform distributions modulo 1 of p,(n) and py(n) were proved
in the following way. Most integers n have a large P(n) which appears with
exponent 1 in their prime factorization. Thus, we can write n = Pm, where
P > P(m). Fix m. Then both

w(m)pa(m) + P
w(m) +1
are very sensitive to variations in P since P varies in a large interval. Fixing m,
it was then argued that p,(n) and p,(n) were uniformly distributed modulo 1 via
H. Weyl’s criterion using exponential sums in [I] for the function p,(n) and in
a direct way from the definition of uniform distribution for py(n) in [7]. In fact,
that method is strong enough to give nontrivial upper bounds on the discrepancy

of these sequences.

w(m)/(w(m)+1) p1/(w(m)+1)

Pa(n) = and  pg(n) = py(m)

The current problem is different since
w(m) +1
m) =
P = o) fpn(m) + 1/P

is not sensitive to variations in P. In fact, the difference py(n)—pp(m) approaches
zero as n tends to infinity in a set of asymptotic density 1, which explains why
the methods of [1] and [7] do not apply to the current problem. In fact, quite
oppositely, the value of py(n) is controlled by the small primes in n not by the
large primes in n. So, in the next section, we shall prove that the values of v(n)
and p(n) appearing in Theorem [I] are controlled by the prime factors of n less
than log, n on a set of n of asymptotic density 1. Along the way, we are also led
naturally to consider the problem of estimating the number of n < x, where z
is a large real number, which have a fixed number k of distinct prime factors
in the normal interval for the function w(n) and which additionally are free of
small primes, which is what we do next.

3. Integers free of small primes with a fixed number of
prime factors

We let x be a large real number. We let 2 < y < x be some parameter which
tends to infinity with = and which will be specified later. For a positive integer
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n we put

Ay(n) = H p* and By(n) = H pe.

p%[n p*lln
p<y P>y

For a positive integer k we write

Ni(z) =#{n <z:Q(n) =k} and I (z) = #{n <z : w(n) = k}.

We put
Ni(zly) = #{n<z:Q(n)=Fkand p(n) >y},
Oy(zly) = #{n<z:wn)==kand p(n)>y}.
Now let y = O(log, x). Put P, = [[ -, p. Since for any complex number z we
have -
S LYY = Y ) Y
n<x n<x d|gcd(n,Py) d| Py dm<zx
ged(n,Py)=1

we obtain, by identifying coefficients and observing that w(d) = Q(d) for all
d | P, since P, is square-free, the identity

Ni(zly) = Y w(d)Ne—wa(z/d). (1)
d|p,

In the above formula, we understand that N;(x) is 1 or 0 whenever ¢ is zero
or negative, respectively. The largest value of w(d) and d occurring in the right
hand side in formula () above is

2 1
mly) < —L = o 2522 and P, <4Y < ¢ = (loga)°W),
logy logs x

respectively.

For suitable values of k, the summands Nj_,q)(x/d) will be estimated by
using the formula of Sathe-Selberg (see [§]), namely that

me = e (o (L)

Ne(z) = 102 x(k(’]f?_x)l];_l <1+0 (@)) 2)

provided that 1 < k < (2 — §) log, «, where 6 > 0 can be arbitrarily small but
otherwise fixed. The constants implied in the above O’s depend on §.
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Now, let z = O(log, =) and let k be such that |k — log, x| < z4/logs x. Then
for large x the condition k < (2 — J) log, x is satisfied with § = 0.5. Now observe
that for d | P,, we have

logd
logy(z/d) = log(logx —logd) =log,x + O (%)

1
= log2x+0<0g2x>—log2x+o(1) as T — 00,
log x

so the condition
k—w(d) < (2—9)logy(z/d)

holds for all the numbers k that we are considering and for all d | P, with § = 0.4
once z is sufficiently large. Observe that for such k and d we also have that

1
k—w(d)—1 = logyz+ O(zy/logyx +7m(y)) =logyz+ O (M)
logs
= (140(1))logex as z — oo, (3)

so, in particular, all the numbers k& — w(d) — 1 are positive. Thus, according to
@), we have

___x (loglog(a/d))h(t L

Observe that

1 1 logd 1 log,
e~ ez (0 () = (0 (R7)) 0

while

oty /)@ = (logy a1 (140 (28L)) 7
2 2 log

(log, z)k~w(@~1 (1 +0 (M)) . (6)

log

Thus, using the estimates (2), @), (&) and (@) and observing that the error term
in ([2) dominates the error terms in estimates () and (6]), we get
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Ny ooy (a/d) = —~— 1082 ) A <1+o (L» (7)

~dlogz (k—w(d) —1)! log, @
Now we put

54/1 101
Y, = 082 T and Yy = M

(logy x)? logyx

and split the set of divisors of d of P, into three subsets as follows:

D1 = {d|P,:w(d) >V},
Dy = {d|PyIYQ<UJ(d)SY1},
Dy = {d|P,:w(d) <Ys). (8)

Observe that by the multinomial formula we have
¢

1 1 1
s=y <y iyl )

deD; L>Y; P<y P
for all i = 1, 2 and 3, where we put Y3 = 0. By Mertens’ formula, we have
1
> 5 = logay +0(1),
p<y

therefore in the sum appearing in the right hand side of (@), the ratio between
the term corresponding to ¢ + 1 and the one corresponding to ¢ is

1 1 log,z+0(1) 1
- il P et == e il Sl Al
£+1<2p>— Y, <10

p<y

for large x and both ¢ = 1 and ¢ = 2, which shows that the first term dominates
the entire sum. Thus, using also the elementary estimate L! > (L/e) with
L=L;=|Y;]+1andi=1 and 2, we get

L;

1 1 elogyx+O(1)\ "
Si € I Z]; s(L—i < exp (~0.5Y; log ¥;)

p<y
for x sufficiently large and for ¢ = 1 and 2 since for large values of x we have

elog, x4+ O(1) 1
<
L; L2

for both i =1, 2.
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In particular, we get

v/logy zlogs
S, < B Y R Rk
Lo exP( (log, 2)?
1
< 1
SQ = longa ( 0)

uniformly in our range for k. For Ss3, we just use the trivial estimate
S <ZE—H 1+1) <o
35 qd- p gY.
d| Py p<y

Now we use the above sums to estimate Nj_,(q)(x/d) depending on which of

the three subsets D; for ¢ = 1,2, 3 contains d. When d € D7, we use the trivial
fact that Ny_,(q)(z/d) < x/d to get

log,
deD, deD, 84

1 \/log, xlogs x
> Nt (@/d) S 7 = =S < wexp (—M> SNGEY

We show that in our range the above right hand side is smaller than

Ni(x)/(logy )*.

Indeed, observe that by the Stirling formula for approximating the factorial, the
estimates

N () > o k (logy @ "
— e
(log, x)? log z(log,, x)5/2 k—1

O(log, x
z 60(\k710g21‘\) 14+0 ‘k — 1Og2.’E| (log2 ©)
(logs 2:)5/2

log,
x

Weo(\/logQ zlog, @) < 4 exp (—01 v/log, xlog, x) (12)
08y T

hold for large = with some appropriate positive constant ¢;. Comparing estimates
(II) and ([I2), we see that estimate

(13)

2
deD, log, )

Y Niw(z/d) =0 (M)
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holds. We now study the values d € Dy. Observe that for such values of d we
have

(log x)kfw(d)fl B (10g x)kfl k O(w(d))
T-w@ 17 @Aﬂx< )

(logya)** () ( Ik —logy ]\ )7
(k—1)! log, =

_ (log, z)k-1 exp (O (z\/log2 :z;Y1>>

(k — 1)l

(1+ 0(1))W as T — oo. (14)

The above calculation together with estimate (@) shows that

k—1
v (ogy2)"™  Nuz)
dlogxz (k—1)! d

Ni—way(z/d) <

Thus, using estimate ([I0) we get

> Nj—wa)(@/d) < Ni(2) Y % <« Ni(2)Sy < Ni(@) (15)

log, x
deD, deD, 62

Now we deal with d € D3. We repeat calculation (I4), but for d € D3 we get

(logy 2)* D=1 (logya)** (1 [k~ logyx] ) 70
(k —w(d) —1)! (k—1)! log, =
(logy z)*—1 exp [0 z+/log, TYs
(k—1)! log, @

%(1+O<®Zg%>>’

which via estimate (I0) leads to the conclusion that

Ni—wa (@/d) = N’“C;x) (1 +0 (@%)) for deDsy.  (16)
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Going back to formula (), and using estimates (I3)), (IZ) and (I6]), we get that

deDs deDs
1 1 1
= ZM O ( Ni(z) + 83T O8Y | g4+ S,
logyz ~ (logy )!/2
d|P,
1 (logy 515)2
= Ne(a) | ] (1 - —> +0 <72 : (17)
A (log, )17
Observe that since
1 1 1
11 (1 - —> > > ,
<y p ogy 0g3 T

the above estimate (7)) is in fact an asymptotic.

We now turn our attention to Iy (x|y). If n is counted by Il (z|y) but not by
Ny (z|y), then there is a prime p > y such that p? | n and n/p? is counted by
one of Il (z/p?) for some ¢ € {k — 1, k}. In particular,

#{n<z:wn) =k, p(n)>yand Q(n) >k} < Z Z T, (2/p%).

=k—1y<p<Vam

In the range p < logx, we have that the inequality ¢ < (2 — §) logy(z/p?) holds
for all our numbers ¢ € {k — 1, k} and primes p with § = 0.3 and the condition
y = O(logy(x/p?)) still holds once x is large. Applying now estimate (2)), we get
that
(x/p ) € (10g2($/p2))£_1
p*log(z/p?)  (£—1)!

However, log(z/p?) = logz — 2logp = logx + O(log, *) = (1 + 0o(1))logy = as
T — 0o, while

(logy(z/p?))"t = (log(logz + O(logy x))) ™"
= <log2x+0 (11?;; >E—1
~ (og) (140 ))O“)
—  (log, )’ ( ( ))
= (I+o()(logyz)™"  as & — oo,
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Thus,
x  (logyz)™"  Ny(x)
p*logz (£ —1)! p?
In the range p > logz we use the trivial estimate Ny (z/p?) < z/p?. Thus, we
get

e(x/p?) <

#{n<z: wn)=k, p(n) >y and p(n) =0} < Ni(z) Z %
y<p<logz

1N
T D\ .

2 .
log z<p<z1/2 p ylogy logxlog, x

The term z/(log x log, ) above is of a much smaller order of magnitude than
Ni(z)/(y(logy)) (compare with (I2]), for example), showing, via the asymptotic
estimate (7)), that in fact

Ni(xly)
ylogy

|Ne(xly) — T (2]y)| <

Thus we get

I (x]y) = Ni([y) (1 +0 (ylolgy>> '

Therefore we have proved the following statement.

LEMMA 1. Letx > 2, y = O(logy x), z = O(log, z) and |k —logy x| < z4/log, .
Then

Miat) = M) (T (1-2) vo (22 )

p<y

Mialy) = Niely) (1 +0 (@» |

4. The proof of Theorem 1

We let x large and put y = logy, x and z = log, x. We start by discarding
some positive integers n < x. We discard the set N of positive integers n < x
such that p? | n for some prime p > y. For a fixed prime, the number of such
positive integers n is at most |z/p?] < x/p?, so that

x x
#N < Y S < ———— =o(z) (18)

ol D y(logy)
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UNIFORM DISTRIBUTION MODULO 1 OF THE HARMONIC PRIME FACTOR

as & — oo. Next we discard the set Ay of positive integers n < x for which we
have |w(n) — logy x| > z4/log, x. By the Turdn-Kubilius estimate

S (w(n) ~ logy ) = O(wlog, v),

n<a
it follows easily that

#N <€ 5 = ofx) (19)
as £ — oo. Next we let N5 be the set of n < z not in N7 U Ns such that
w(Ay(n)) > 10log, y. For such n, it follows that if we write 7(m) for the num-

ber of divisors of m, then we have 7(A,(n)) > 2191982¥ > (logy)® because
10log2 > 6. However, observe that

S = Y Y =Y A <e 3 t=e (1—1>1

n<z n<z dn d<z P(d)<y p<y p
P(d)<y P(d)<y
< zlogy,

from where we immediately deduce that

X

#Ns < (iogy — @

(20)

as © — 00. Observe that when n ¢ N3, we have A,(n) < y'?1°€29. Moreover, if
also n ¢ N1, then n = A,(n)m, where m is square-free and free of primes < y.
Furthermore, w(m) = w(n) — w(A4,(n)) > w(n) — 10log, x, while m < z/A,(n)
and

logy(x/Ay(n))

log(Ay(n))\ _ log, ylogy
10g2x+O<W —log2x+0 W

log, = + o(1)

as ¢ — oo. From the above estimates we deduce that if additionally n € N3,
then the inequality

w(m) —logy(x/Ay(n))| < 224/logy(x/Ay(n)) (21)
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holds. Next we let g,(n) to be the additive function given by g¢,(p*) = g(p®) if
p <y and be zero otherwise. We put h,(n) = g(n) — g,(n). Observe that

Yoh) = N9 < Y 9> 1< Y g

n<lz n<z p®|n p<z n<lz p<z p
P>y P>y p%|n P>y
@ x T
< ng(p)+ng(12)<< 1 = 1 ’
—p & ylogy  logywlogyx
a>2
which shows that if we put N} for the set of n < x such that
1
hy(n) > ——————,
v() log, x+/logs =
then .
#N; €« ——— = o(x) (22)

\/1ogs x

as £ — oo. From now on, we assume that n ¢ U?le\/'i. Thus, if we put

vy (n) = 20
y(n) )’
then
w(n) wn)  hy(n)w(n) 1

= — = << .
gy(n) g(n)  g(n)gy(n) — g(n)gy(n)\/logsx

Since most positive integers n have a “small prime power”, where by “small” we

mean smaller than any function tending to infinity arbitrarily slowly, and g(p®)

is positive for all prime powers p®, it follows easily that if we put N5 for the set

of positive integers n < x such that

vy(n) —v(n)

1
g(n)gy(n) < W,

then #N5 = o(x) as  — oo. Thus, if n € N5, then

! )1/4 = 0(1)

0 <wy(n)—v(n) < (logg 21/

(23)

as r — 0oQ.

We are now ready to prove part (i) of Theorem[Il We fix any positive integer ¢.
In order to show that v(n) is uniformly distributed modulo 1 it suffices, via H.
Weyl’s criterion, to show that

T= Z e(tv(n)) = o(x) as T — 00,

n<x
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where, as usual, we put e(a) = exp(2mia). Observe that by the above remarks
we have that

T= Z e(tvy(n)) + o(x) as x — 00,

"QU?Zl N

that is, in the above exponential sum 7" we may replace v(n) by v, (n) and we
may discard sets of n < z of cardinality o(x) as * — co. By the Erdés-Wintner
theorem (see [3]), we know that the function g(n) has a limiting distribution;
that is,

F(s)= ~#{n <z g(n) < s)

exists for any real number s. By Lévy’s theorem (see Lévy’s original paper [5]
or Lemma 1.22 on page 46 in [2]), we know that F' is continuos and F'(0) = 0.
Define the function

Hi(s) = xh_}rrolo #{n<z:t/(g(n) <s}=1-F(t/s).

Since F'(0) = 0, F' is continuous and strictly monotonic over the nonnegative
reals, therefore for each € > 0 there exist 6 > 0 and K < oo such that

limsup%#{n <z:g(n) ¢ K]} <e.

T —r00
Let 61 be so small such that
[t/3]
> (Hi(m+61) — Hi(m—6)) <e.
m=|t/K|
We now get, by denoting with ||s|| the distance from s to the nearest integer,
that

1
lim sup E#{n <z:|t/g(n)] < and g(n) € [, K|} < 2e.
Tr—r 00
Using also estimate (23)), it follows that
1
lim sup ;#{n <uz:|t/g(Ay(n))| < 61/2 and g(n) € [0, K|} < 3¢
Tr—r0o0

once x is sufficiently large (depending on ¢). Thus, for = large, putting N for
the set of n < x such that either g(n) & [, K] or ||t/g(Ay(n))|| < 61/2, then the

cardinality of U?:1 N; is < 4ex. Put
6
Sy={Ay(n):n<zandn ¢ Uﬂle’i}‘
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For each number A € S, we put n4 =t/g(A), and
B(A) = {n <z :n = Am where p(m) >y and p(m)* = 1}.
Observe that for n € B(A) we have
wn) _ w(A) +w(m)

O N T R )
Thus,
T= Y Y eln(m) = Y elnaw(d) Y elnawim) +Or).
A€S, meB(A) Aes, neB(A)

Since € > 0 is arbitrary, it certainly suffices to show that the inner sums satisfy

Y e(naw(m)) = o(#B(A)) (24)

neB(A)

as x — oo uniformly in A € §;. To this end, we split the inner sum according
to the number of distinct prime divisors of m. We get

> e(naw(m)) = > e(kna)lly(z/Aly) + o(#B(A))
neB(A) |k—log, x\<z\/@
< > e(kna)Nip(z/Aly) + o(#B(4)) as x — o

|k—log, (2/A)|<22/Tog, (2/A)

(see Lemma [T and formula (21))). The crucial point which will take care of the
problem is to observe that the function Ny (z|y) does not vary much “locally”
in the parameter k in our range. Indeed, if ¢ < z, then, by Lemma [Tl we have

~ (1+0(1)) ~ 2(1+0(1)) (log, g)k+e-1
Niye(zly) = WNk(l‘) = Togrlogy (k1)

(14 0(1)) Ny (z|y) <1 +0 <M>>é

logy

-+ oyately) (140 (=) )
(1+0(1))Np(zly) as x— oo,

and the same estimates hold with z replaced by z/A for all values of A € S,,.
We split the interval |k —logy(z/A)| < 22+/logy(x/A) into subintervals [k;, kit1]
of length L = |z| for i = 1,2,...,i4, except that the last one might be shorter.
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Clearly, i4 < 1/logy x. Then we get

T < Y Nyl(zly) k ;;C e(kna) + o(#B(A))
i=1 i<k<k;+1
e(kiy1 —ki)na) — 1
e(na) —1

— Z Ny, (z]y)e(kina) ( ) + o(#B(A))

< ot Z Ni, (zly) + o(#B(A))

=1
1
- L > Ni(aly) + o(#5(4))
|[k—log,(z/A)|<22z4/logy(z/A)
1
- L 3 Tk (2ly) + o(#5(A))

[k —log, (a/A4)| <22+ /log3 (2 A)
= é#B(A) +o(#B(A)) = o(#B(A)) as z— oo,

which completes the proof of the estimate (24) and, in particular, of the fact
that v(n) is uniformly distributed modulo 1. It is also clear that the argument
works if instead of w(n) in the definition of v(n) we take (n). In fact, the result
remains also true if we replace w(n) by log7,.(n) for some integer r > 2, where

7-(n) = #{n =x1 -+ x, : x; positive integers for all i = 1,...,r}.

Now we prove part (ii) of Theorem [Il We work with the same subsets A; for
i1 =1,...,7 and with n < z not in these subsets. We also ask that n + 1 does
not belong to U?:1 N;. Furthermore, instead of the function v, (n) we work with
the function

w(n+1)
py (n) gy (n) .
In particular, M5 will now consist of the positive integers n < x such that the
condition (23]) holds with the function v(n) replaced by the function p(n). We
write

n=Am and n+1=A41m (25)
for some coprime A, A; € S, one of which is even and some m < x/A, m; <
x /Ay with p(mmq) > y. We let B(A, A1) be the set of m < z/A coprime to P,
such that with n = Am we have n +1 = A;m; for some m; coprime to P,.
Following the arguments for the proof of the part (i), it follows easily that it
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suffices to show that the estimate

tw(Am +1)\ .

meB(A,A1)

holds uniformly for coprime A, A; € S, one of which is even as £ — oco. Now
observe that for fixed A and A;, condition (25]) puts m into a certain arithmetic
progression C' (mod A;). Since m is also coprime to P, this progression can be
extended to C1, ..., Cy residue classes modulo lem[A;, PyQ} The residue classes
C4,...,Cy are such that the numbers

mi =

Am+1 z‘llcrn[z‘h,Pj}gjL AC; +1
Al o A1 Al

are also coprime to P,. We also fix the class C' = C; and write B(A, A;,C) for
the set of such n. It clearly suffices to show that the estimates

tw(Am + 1)
e ——n— ) =o(#B(A,4,,C
mEB(A;cll’o) < g(A> > ( ( ))

hold uniformly in our range for A, A1, C' as x — oo. In order to prove the above
estimate, we slice again the interval |k — log, 2| < z4/log, x into subintervals of
length L = |z]| as in proof of part (i) of the theorem. Assume that w(n) = k.
Then ¢ = w(my) = k —w(A;) = k+ O(z). The ingredient that we use is a result
of Wolke and Zhan (see [9]), who showed that for all ¢ > 0 and constant K > 0
there exists a positive constant n = n(e, K) depending on € and K such that the
estimate

1
O e IED DRSS ID DIE| By e D

d<zl/2-¢ n<w n<w
w(n)=k (n,d)=1
n=a (mod d) w(n)=k

holds uniformly in 1 < k < nlogz/(log, x)?. We take ¢ = 1/2 and K = 10.
We also take d = lem[Aq, PyQ]/Al < Py2 < e = (logz)?*, and observe that the
condition (z/A;)Y/* > d holds for large = because A; < y'0°82¥ < logz for
large z. Observe also that ¢ = w(mq) satisfies the inequality

¢ < nlog(x/A1)/(logy(x/A1))?
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for large values of x with n = n(1/2,10). We deduce from estimate (26) that

1 Hg(x)
> - ——M(x/Aily)| € 75 (27)
mestan.c) 2@ (log )
w(m)=¢
Since
Me(z/Arly) o Me(/A1) o () I ()
¢(d) (logz)*logy = Ai(logz)tlogy ~ (logx)s’
it follows easily from estimate (27)) that
My(x/A
S 1= (o) e(;(/d>1|y)
mEB(A,Al,C)
w(m)=¢

uniformly in our range for k as * — co. Now we proceed as in the last part of
the proof of the part (i) and conclude the proof of (ii). The theorem is therefore
completely proved.
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