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On the basis of the work of Wilson et al. [J. Acoust. Soc. Am. 84, 350–359 (1988)], a more exact

numerical approach was constructed for predicting the nonlinear sound propagation and absorption

properties of rigid porous media at high sound pressure levels. The numerical solution was

validated by the experimental results for sintered fibrous porous steel samples and its predictions

were compared with the numerical solution of Wilson et al. An approximate analytical solution

was further put forward for the normalized surface acoustic admittance of rigid air-saturated porous

materials with infinite thickness, based on the wave perturbation method developed by Lambert and

McIntosh [J. Acoust. Soc. Am. 88, 1950–1959 (1990)]. Comparisons were made with the numerical

results. VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4739439]
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I. INTRODUCTION

Recent developments in porous materials, especially po-

rous metals, have shown that they have great potential for use

as sound absorbers in high sound pressure level environments.

For example, porous metals have been used as acoustic liners

in aero-engines,1–3 because of their durability in harsh condi-

tions. However, most studies on the sound absorption proper-

ties of porous metals have been conducted under normal

conditions, i.e., at room temperature and in normal pressure

air, e.g., sound absorption of open-cell foams,4,5 semi-open-

cell foams6 and sintered fiber metals,7 and acoustic parameters

of porous aluminum.8,9 Much less attention has been paid to

high-intensity sound absorption. The studies to date on high

intensity sound propagation and absorption in noise control

engineering have largely been focused on perforated sheets,

e.g., the works by Thurston et al.10 and Ingard and Ising.11

The sound propagation and absorption properties of po-

rous media under high sound pressure level conditions have

been studied by a number of authors.12–20 Zorumski and

Parrott12 introduced the concept of temporal impedance,

which contains resistance and reactance, in their theoretical

and experimental studies on the acoustic nonlinearity in rigid

porous materials. The instantaneous resistance of rigid po-

rous materials was found to be independent of the testing fre-

quency and equal to the flow resistance of the materials, and

the instantaneous reactance is a function of the acoustic fluid

velocity. Although their measurements were conducted on

thin rigid porous samples where distortion of waveform

could be observed, wave distortion was not considered in

their analysis. Kuntz and Blackstock13 pointed out that

acoustic losses inside the porous materials are so large that

waveform distortion produced by the acoustic nonlinearity is

negligible, but excess attenuation and saturation still occur

and can be regarded as an entirely different acoustic nonli-

nearity. They also showed that the acoustic nonlinearity and

the excess attenuation inside the porous materials may be

predicted directly from dc flow resistivity data.

Wilson et al.14 considered the nonlinear effects of the

Forchheimer-type through a complex density operator and

developed a simplified nonlinear theory, which is an exten-

sion of the classical rigid frame theory. The simplified non-

linear theory is very convenient to use in practical

engineering applications, because only one nonlinear For-

chheimer static coefficient is normally introduced into the

extension in comparison with the existing classical models.

Good agreements between the predictions and experiments

were obtained for many types of air-saturated fibrous porous

materials.14 Further studies15–17 showed that there are two

flow regimes for air in rigid porous materials: at low veloc-

ities, the resistance coefficient increases with the square of

the fluid velocity; at high velocities, the resistance coeffi-

cient increases linearly with the fluid velocity. It was sug-

gested that similar regimes also exist in the mass coefficient.

Aurégan and Pachebat18 measured the flow resistivity of

rigid porous materials and observed the two types of nonlin-

ear behavior, which depend on the Reynolds number.

Wilson et al.14 also presented a numerical solution for

nonlinear wave propagation and attenuation inside rigid
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porous materials restricted to pure tone excitation. Peng

et al.19 put forward another one-dimensional model to pre-

dict nonlinear acoustic performance of a porous metal plate

with a finite thickness at high sound pressure levels, using a

linearization and finite difference method to solve the parti-

cle velocity inside the porous plate. As the latter model does

not add any new major insights into the problem, the solu-

tion of Wilson et al.14 is still widely accepted as the best

model so far.

Lambert and McIntosh17 developed an approximate ana-

lytical solution for surface acoustic admittance using a wave

perturbation method for infinite rigid porous materials at

high sound pressure levels. Although this analytical solution

gives a reasonable approximation to the numerical solution

at high frequencies, it is not satisfactory at frequencies below

500 Hz for high surface particle velocity situations. Umnova

et al.20 developed a model for the propagation of high ampli-

tude continuous sound through a hard-backed rigid porous

layer, based on a modified equivalent fluid model by intro-

ducing a flow velocity dependent flow resistivity. Although

the model can give good predictions of both the impedance

and the reflection coefficient at sound amplitudes up to

500 Pa over a wide range of frequencies, particularly near

layer resonance, it is mainly suitable for acoustic wave with

slow varying amplitude.

This paper provides an improved numerical solution to

that of Wilson et al.14 for nonlinear acoustic propagation and

sound absorption in porous media at high sound pressure lev-

els and validates it by experimental data on three porous

media available in the literature and on one type of sintered

fibrous porous steel purposely manufactured for comparison.

This paper further develops an analytical model, with an aim

to improve the model proposed by Lambert and McIntosh,17

and compares its predictions with the numerical solutions.

The numerical and analytical solutions are described in

Secs. II and III, respectively.

II. NUMERICAL MODEL

A. Basic theory

The fluid flow inside a porous material at high velocities

can be described by the law of Forchheimer and by treating

the nonlinearity effect with further modifications of the

effective density of the fluid in the pores. The effective den-

sity of the fluid, qn
eff , and the Euler equation can be given,

respectively, as14

qn
eff ¼ ½Mp þ fMgðuÞ� þ ½Rp þ fRf ðuÞ�

ix
; (1)

� @p

@x
¼ ½Rp þ fRf ðuÞ�uþ ½Mp þ fMgðuÞ� @u

@t

� �
; (2)

where Rp is the linear acoustic resistance, Mp the linear acous-

tic reactance, u the acoustic velocity, p the acoustic pressure,

x the position coordinate, t the time, x the angular frequency,

and i¼
ffiffiffiffiffiffiffi
�1
p

, with the time dependence being exp(ixt);
fR and fM are the nonlinear factors for resistance and react-

ance, respectively. f(u) and g(u) are the velocity-dependent

nonlinear functions for acoustic resistance and reactance

terms, respectively, and are defined by Wilson et al.14

To facilitate the extending of linearity to nonlinearity,

Eqs. (1) and (2) can be rewritten as the following compact

forms:

qn
eff ¼ qeff þ fMgðuÞ þ fRf ðuÞ

ix
; (3)

� @p

@x
¼ qeff

@u

@t

� �
þ fRf ðuÞuþ fMgðuÞ @u

@t

� �
; (4)

where qeff is the linear effective density of the fluid and is

equal to

qeff ¼ Mp þ ðRp=ixÞ: (5)

Once the definite forms of f(u) and g(u) have been deter-

mined, the nonlinear correction of the effective density of air

in the porous material can be made. For the Biot–Allard

model,21 for instance, the corresponding nonlinear correction

is given by

qn
eff ¼ a1q0 1þ r0/

ixq0a1
GcðsÞ

� �
þ fMgðuÞ þ fRf ðuÞ

ix

(6)

and

GcðsÞ ¼ �
s

4

ffiffiffiffiffiffi
�i
p J1ðs

ffiffiffiffiffiffi
�i
p
Þ

J0ðs
ffiffiffiffiffiffi
�i
p
Þ

�
1� 2

s
ffiffiffiffiffiffi
�i
p J1ðs

ffiffiffiffiffiffi
�i
p
Þ

J0ðs
ffiffiffiffiffiffi
�i
p
Þ

 !
;

s ¼ c
8xq0a1

r0/

� �1=2

; (7)

where a1 is the tortuosity, q0 the static equilibrium density

of air, r0 the static flow resistivity, / the porosity, s the

acoustic Reynolds number [Eq. (4.157), p. 70 in Ref. 21; c is

the viscous shape factor of the porous materials], and J0 and

J1 the zero and first order Bessel functions, respectively.

Wilson et al.14 extended the expression of the static

flow resistivity of porous materials according to the law of

Forchheimer and suggested that f(u)¼ jUj, fR ¼ g0, and

fM ¼ 0. jUj is the amplitude of complex particle velocity U,

u is the instantaneous particle velocity and satisfies the rela-

tion: u¼Re(U). Besides, g0 is the nonlinear static For-

chheimer coefficient of the porous material which can be

obtained by means of measurement of the dynamic flow re-

sistance of the porous material. The corrected effective den-

sity therefore becomes

qn
eff ¼

a1q0=/

1� 2Teðs
ffiffiffiffiffiffi
�i
p
Þ=ðs

ffiffiffiffiffiffi
�i
p
Þ
þ ðg0jUjÞ

ix
; (8)

where Teð� � �Þ ¼ J1ð� � �Þ=J0ð� � �Þ, s ¼ aeðx=�Þ1=2
for cylin-

drical pores, v is the kinematic viscosity, and ae is the mean

radius of the pores or the characteristic length and satisfies

the relation14 r0 ¼ 8ðq0�=/Þða1=a2
eÞ. It should be noted

that Eq. (8) is only applicable in the case of high flow veloc-

ities, where the dynamic flow resistance increases with the
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fluid velocity. The good agreement between theoretical pre-

diction and experiment in Ref. 14 may be attributed to the

measured samples having a relatively low critical velocity

(i.e., the velocity at which the dependence of the acoustic re-

sistance upon jUj changes from quadratic to linear), such

that the Forchheimer-type nonlinearity turns out to be the

dominant regime for sound propagation in those types of air-

saturated porous materials.

McIntosh and Lambert16 further suggested that for rigid

porous materials in air two separate nonlinear flow regimes

may appear, the descriptions of which may be summarized

as follows:

qn
eff ¼

Rpðx; jUjÞ
ix

þMpðx; jUjÞ; (9)

Rpðx; jUjÞ ¼
r00ðxÞ þ ð8=3pÞr1ðxÞjUj ðjUj > UcÞ
r0ðxÞ þ

3

4
r2ðxÞjUj2 ðjUj � UcÞ;

(

(10)

Mpðx; jUjÞ ¼
m00ðxÞ þ ð4=3pÞm1ðxÞjUj ðjUj> UcÞ
m0ðxÞ þ

1

4
m2ðxÞjUj2 ðjUj � UcÞ;

(

(11)

where Uc is the critical velocity, r0ðxÞ and m0ðxÞ satisfy the

relation qeff ¼ m0ðxÞ þ r0ðxÞ=ix, r1ðxÞ is a coefficient of-

ten regarded as related to the nonlinear static Forchheimer

coefficient g0, and r2ðxÞ, m1ðxÞ, m2ðxÞ, r00(x), and m00(x)

are the nonlinear coefficients in relation to angular frequency

x. The coefficients 3/4, 8/3p, 1/4, and 4/3p in the above

equations are obtained by means of a harmonic balancing

operation. In accordance with the mathematical restrictions,

i.e., the continuity condition of Rpðx; jUjÞ and the piecewise

continuity requirement of its first-order partial differential

form with respect to jUj, the nonlinear coefficients men-

tioned above need to satisfy the following relationships16

r2ðxÞ ¼ ð16=9pÞ½r1ðxÞ=Uc�; (12)

m2ðxÞ ¼ ð8=3pÞ½m1ðxÞ=Uc�; (13)

r00ðxÞ ¼ r0ðxÞ � ð4=3pÞr1ðxÞUc; (14)

m00ðxÞ ¼ m0ðxÞ � ð2=3pÞm1ðxÞUc: (15)

In these expressions, there are only five independent

coefficients, namely, r0ðxÞ, r1ðxÞ, m0ðxÞ, m1ðxÞ, and Uc,

which are sometimes frequency-dependent. From a theoreti-

cal point of view, all five coefficients are necessary for a

solution. In practice, the coefficient m1ðxÞ often goes to zero

for air-saturated porous materials.14,16

B. Numerical approach

Compared with linear wave propagation, nonlinear

wave propagation through porous media at high pressure lev-

els is much more complex. Because the effective density of

fluid and the complex acoustic impedance inside the porous

media vary from point to point, numerical techniques are of-

ten needed to obtain accurate solutions.

The complex acoustic impedance, Z, in porous media

can be expressed by the following Ricatti equation:

dZ

dx
þ ix/

Kn
eff

� �
Z2 � ixqn

eff ¼ 0; (16)

where Kn
eff is the nonlinear effective bulk modulus of air in

the pores, which can be regarded as equal to its linear coun-

terpart, Keff.
14,16,17,21 Similarly, the acoustic admittance, Y,

can be expressed as follows:

dY

dx
þ ixqn

effY
2 � ix/

Kn
eff

� �
¼ 0: (17)

Given the boundary condition Y(0)¼ 0 for the case of a

porous medium backed by a rigid wall and given appropri-

ately chosen expressions for qn
eff and Kn

eff , Eq. (17) can be

solved numerically to give the acoustic admittance, Y. The

normalized surface acoustic admittance, y0, the surface

acoustic impedance, Zf, and the sound absorption coefficient,

A0, can thus be obtained.

In developing a numerical technique to solve the nonlin-

ear acoustic propagation problems, Wilson et al.14 divided a

porous sample into N discrete segments and took the effec-

tive density as constant in each segment. In other words, the

backscattering term ½�ð@qn
eff=@xÞð@U=@tÞ� in the nonlinear

wave equation due to the density variation in each segment

was ignored. When the density gradient in the porous sample

is large, this treatment can result in significant errors. In our

work, we assume that the effective density in each segment

within the porous medium varies linearly and the normal

fourth-order Runge-Kutta (RK) algorithm22 is employed in

each segment, i.e., Z(n)¼RK[Z(n� 1)], with n increasing

from 1 to N (n is the number of segment, using the same

notations as those by Wilson et al.14). The effect of backscat-

tering terms in the wave motion equation is also considered

fully in each segment. Instead of exponentially distributed

segments, uniform-sized segments were used throughout the

porous media. In the computations of the remote sound pres-

sure level of infinite porous media, the thickness of the sam-

ple was set to be 1 m and the number of segments was set to

be more than 100, which can be adjusted according to the

requirements for an infinite medium. In the computations of

the acoustic characteristics of porous samples with finite

thickness (e.g., 9.25 cm), 50 uniform segments were found to

be sufficient to obtain good fits with measurements.

C. Comparison with the results of Wilson et al.
(Ref. 14)

Table I lists the porous materials selected for compari-

son with the numerical solutions, including an open-cell

foam (nominal 100-ppi), a partially reticulated polyester ure-

thane foam, a batted Kevlar sample and three sintered fi-

brous porous metal (316 L stainless steel) samples. The

acoustic parameters of the open-cell foam are obtained from

Ref. 14, and those of the batted Kevlar and the reticulated

foam are obtained from Ref. 13.

Figure 1 shows the experimental data and the numerical

solutions for the normalized surface acoustic admittance and
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sound absorption coefficient of the open-cell foam, obtained

by solving Eq. (17) numerically. Figures 2(a) and 2(b) show

the experimental data and the numerical solutions for the

remote sound pressure level of the partially reticulated foam

and the batted Kevlar samples, respectively. For the purpose

of direct comparison with the numerical solutions by Wilson

et al.,14 Eq. (8) was used in the computations of the nonlin-

ear effective density, qn
eff , and Eq. (6) in Ref. 14 was used in

the computations of the nonlinear effective bulk modulus,

Kn
eff [note that i in Eq. (6) in Ref. 14 was replaced by �i].

Although acoustic impedance is more widely used in noise

control engineering, acoustic admittance was used in the

comparison because only acoustic admittance data is directly

available in Ref. 14. All the computations were conducted at

the same frequencies as in Ref. 13 and 14.

As shown in Figs. 1 and 2, the numerical results for the

surface acoustic admittance, sound absorption coefficient

and remote surface pressure level using the new algorithm

have closer agreements with the measured results than those

of Wilson et al.14 This is likely because the new algorithm

included the backscattering term in each segment. Rigid po-

rous materials at sufficiently high sound pressure levels can

be considered as an inhomogeneous media. In general, the

normal fourth-order RK algorithm is a more exact numerical

approach for evaluating physical variables for inhomogene-

ous media.

The algorithm is relatively efficient. The computational

results of the acoustic admittance or impedance of porous

materials with a finite thickness began to converge when the

iterations exceeded 10. The criterion for convergence in

our work is the same as in Wilson et al.:14 ðg0=xÞjUðnÞ
�UoldðnÞj � Im½qn

effðnÞ� for all n, where UðnÞ and UoldðnÞ
are the velocities from two consecutive iteration steps, and

Im½qn
effðnÞ� is the imaginary part of qn

effðnÞ. Increasing the

number of iterations would reduce the relative error, which

is defined as: jwj � w1j=w1 � 100%, where wj is the com-

putational value (conductance, susceptance, or sound absorp-

tion coefficient) of the current iteration step j and w1 is the

corresponding value after a sufficiently large number of iter-

ations (384 iterations in this study). Take the open-cell foam

in Table I, with a thickness of 92.5 mm, as an example. At

508 Hz, when the numbers of iterations were 13, 43, 62, 106,

and 241, the maximum relative errors for the conductance

were 22.1, 9.24, 3.17, 0.81, and 0.01 %, for the susceptance

were 12.4, 10.16, 4.52, 1.42, and 0.02 %, and for the sound

absorption coefficient were 35.49, 2.20, 1.21, 0.25, and

0.01 %, respectively. Using uniform-segment dividing

instead of exponentially distributed segments does not affect

the accuracy significantly. For very thick or infinite porous

media, however, uniform segments are less efficient than

exponentially distributed segments, because nonlinearity is

only significant in the surface region.

Figures 1 and 2 show that the improvement of the nu-

merical solution compared to that of Wilson et al.14 is lim-

ited, indicating that the influence of backscattering in

porous media can be neglected to some extent, at least for

the samples under consideration. The results reflect that the

velocity distribution inside these porous samples at high

pressure levels does not vary sharply from the surface to

the interior of the porous media. However, the effect of

backscattering cannot always be neglected, e.g., in thermo-

acoustics.23 In fact, when the higher intensity sound

impinges upon the surface of a porous medium, the gradient

of particle velocity inside the porous medium can be very

large; the backscattering effect in wave motion equation

will become important.

In thermo-acoustics, for instance, the temperature gradi-

ent in the stacks in a thermo-acoustic engine, which is

approximately analogous to backscattering in porous media,

has an important effect on the internal acoustic field. In a

thermo-acoustic engine, different temperature gradients

across the stacks can be achieved by intentionally varying

the heat source temperatures in the thermo-acoustic tubes.

As a result, the temperature fields inside the stacks are often

regarded as known when the acoustic impedance of the

stacks is evaluated. The air particle velocity inside the po-

rous media at high sound pressure levels, however, cannot

be exactly obtained before starting the numerical computa-

tion. The sound saturation behavior also makes the computa-

tion more complex. As a consequence, many computational

iterations are needed before the particle velocity distribution

inside the porous media begins to converge.

TABLE I. Acoustic parameters of porous samples.

Samples

Sintered fibrous metal

Open-cell

foamb

Partially

reticulated

foamc

Batted

Kevlarc
#1 #2 #3

Thickness d (mm) 23.31 24.68 25.72 92.5 1000d 1000d

Porosity / (%) 90.94 90.89 86.50 0.974 0.971 0.980

Tortuosity a1 1.513 1.664 1.146 — — —

Pore radius ae (mm) — — — 0.167 0.3 0.0939

Viscous shape factor c 1.08 1.2 2.2 — — —

Resistivity r0 (N m�4 s) 18 980 20 610 32 653 5250 6100 10 800

Nonlinear coefficient g0 (kg m�4) 8000a 15 000a 18 000a 5100 19 000 2370

aObtained from curve fitting of the measured data.
bFrom Ref. 14.
cFrom Refs. 13 and 14.
dAssumed for the computation of the remote sound pressure levels in porous media.
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D. Validation with measurements

Acoustic measurements were conducted on the three

sintered fibrous porous steel samples using a two-

microphone apparatus as described in Ref. 19 and their

acoustic parameters are listed in Table I. Only the normal-

ized surface acoustic impedance and sound absorption coef-

ficient at a fixed acoustic frequency, with varying incidence

sound pressure levels, were measured. The experimental

measurements were restricted to pure-tone excitation

because of the coupling effects among acoustic waves with

different frequencies under high pressure level conditions.

The testing range of frequency was from 500 to 850 Hz and

the exciting sound pressure levels varied in the range of

120–150 dB (the maximum sound pressure level achievable

in the tests was limited by the testing system). The samples

were either backed by a stiff wall or had an air gap of 20 mm

or 40 mm.

In constructing the numerical algorithm for the sintered

fibrous steel samples, the nonlinear effective density, qn
eff , at

each computational point inside the porous media was eval-

uated by the following expression:

qn
eff ¼ a1q0 1þ r0/

ixq0a1
GcðsÞ

� �
þ g0

jUj
ix

; (18)

where Gc(s) and s have been defined in Eq. (7). This expres-

sion avoids some of the nonlinearity coefficients involved,

such as Uc, that need to be determined by means of compli-

cated and elaborate measurements beforehand. It is a

Forchheimer-type extended form very similar to that pre-

sented by Wilson et al.19 and is more suitable for practical

FIG. 1. (Color online) Comparisons

between the measured and numerical

data of the normalized acoustic ad-

mittance (Re—conductance, Im—

susceptance), y0, and the sound

absorption coefficient, A0, for the

open-cell foam.
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engineering problems because only one extra coefficient,

i.e., g0, is introduced. In the computations, the expression

presented in Ref. 7 for the effective bulk modulus, Keff, was

employed.

The experimental data and the numerical solutions of the

acoustic characteristics of the sintered fibrous porous metals

are shown in Figs. 3–6. Figures 3–5 show the surface acoustic

impedance of the samples backed by a stiff wall, the surface

acoustic impedance of the samples backed by an air gap and

the sound absorption coefficient as a function of sound pres-

sure level, respectively. Figure 6 shows the surface acoustic

impedance and the sound absorption coefficient, A0, as a

function of frequency for sample #3. There are good agree-

ments between the numerical and experimental results for the

sintered fibrous porous steel samples, showing that the nu-

merical algorithm is a good approach for the sound absorp-

tion properties of porous media at high pressure levels.

With regard to the three porous samples considered here,

the general tendency is that the sound absorption coefficient of

each sample backed with a rigid wall increases with increasing

incidence sound pressure level, as shown in Fig. 5. When the

incidence sound pressure level reaches a critical value (around

165–170 dB), the sound absorption capacity reaches a maxi-

mum and then drops subsequently. The incidence sound pres-

sure level has a significant influence on the acoustic resistance

of the samples without an air gap, but has little effect on the

acoustic reactance, as shown in Fig. 3. The measured imped-

ance values of these materials do not change very much

(<2%) with sound pressure level. This is because the sound

pressure level in the tests, limited by the testing system, was

not high enough for the nonlinearity effect to be noticeable.

Both the experimental and numerical results show that

the acoustic nonlinearity behavior becomes more evident for

the test samples with an air gap than those backed by a stiff

wall. Taking sample #3 as an example, the first resonant

frequency of the sample backed by an air gap of 40 mm is

around 777 Hz, as shown in Fig. 6(c). When the pure-tone

frequencies were adjusted to be close to 777 Hz in the meas-

urements, specifically 784 and 850 Hz, the corresponding

sound absorption coefficient curves fell relatively sharply, as

shown in Fig. 5(f). The effect of the enhancement of sound

pressure level on the sound absorption coefficient at around

the resonant frequency (e.g., 784 Hz) is more pronounced

than at the non-resonant frequencies. When the sound pres-

sure level was increased from 120 to 150 dB, for example,

the sound absorption coefficient at 500 Hz was reduced by

0.037, whereas at 784 Hz it was reduced by 0.063. Above a

critical sound pressure level (approximately >150 dB for

sample #1, 150 dB for #2, and 140 dB for #3), the acoustic

resistance increases and the reactance decreases with the

sound pressure level, as shown in Figs. 3 and 4. In compari-

son with the surface acoustic impedance curves of the sam-

ples without an air gap, the amplitudes of the acoustic

reactance of the samples with an air gap increase more

significantly at the near resonant frequencies than at the non-

resonant frequencies, see Fig. 4(f).

The enhancement of the nonlinear effect by an air gap is

mainly due to the resonance induced by the air gap.16 The

introduction of an air gap reduces the attenuation of the par-

ticle velocity in the porous material. The nonlinear effect

therefore starts to become evident at a lower sound pressure

level than without an air gap. In addition, the ejection of the

air flow from the surface of the porous material to the air gap

also contributes to the enhancement.

The effects of sound pressure level on the surface acous-

tic impedance and sound absorption of the samples with an

air gap at resonant and anti-resonant frequencies are shown

more clearly in Fig. 6. At the resonant frequencies, the sound

absorption coefficient drops significantly with increasing

sound pressure level. The sound absorption coefficient at the

first resonant frequency can even be lower than that at the

first anti-resonant frequency. This is mainly a result of

FIG. 2. Comparisons between the

measured and numerical data of the

remote sound pressure level for

the partially reticulated foam (a) and

the batted Kevlar samples (b).
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the large increase in acoustic damping at the resonant fre-

quencies, due to increasing particle velocities inside the

materials. The variations of the amplitude of the resonant

peak may be regarded as an embodiment of the sound satura-

tion characteristics in porous materials and deserve some

attention in engineering applications.

Moreover, the acoustic reactance of the sample with an

air gap also increases with the incidence sound pressure

level, causing the resonant peaks to move gradually towards

lower frequencies, as shown in Fig. 6(c). According to low-

frequency acoustics, this move is mainly due to the increase

of acoustic mass of materials, as shown in Fig. 6(b).

III. APPROXIMATE ANALYTICAL SOLUTIONS

A. Lambert’s solution

The approximate analytical solution by Lambert and

McIntosh17 used the following approximate equation for the

non-linear effective density:

qn
eff ¼ qeffðxÞ þ

8

3p
r1ðxÞjUj=ix ðjUj > UcÞ; (19)

qn
eff ¼ qeffðxÞ þ

3

4
r2ðxÞjUj2=ix ðjUj � UcÞ; (20)

which was obtained by assuming m1ðxÞ ¼ m2ðxÞ ¼ 0

and r0ðxÞ ¼ r00ðxÞ. In theory, however, qeffðxÞ 6¼ m0ðxÞ
þ r0

0 ðxÞ=ix and the complete forms of Eqs. (12)–(15)

should be used to evaluate the coefficients in order to mini-

mize the errors caused by this assumption.

Lambert and McIntosh17 obtained an approximate ana-

lytical solution for the normalized surface admittance, y0, by

means of a wave perturbation method:

y0 ¼ iq0c0

x/

Kefffl0ð0Þ þ ih0ð0Þg ; (21)

where c0 is the sound speed in free air and l0ð0Þ and h0ð0Þ
are the attenuation and the wave number constants at the sur-

face of the porous media, respectively. The attenuation con-

stant in their work was

l0ð0Þ ¼ a0 þ b1U0 ðU0 > UcÞ; (22)

l0ð0Þ ¼ a0 þ b2U2
0 ðU0 � UcÞ; (23)

FIG. 3. (Color online) Measured and computational normalized acoustic surface impedance (Re—resistance, Im—reactance) for the sintered fibrous steel

samples #1 (a), (b); #2 (c), (d); and #3 (e), (f), backed by a stiff wall.
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where a0 is the linear attenuation constant, b1 ¼ n1cos/K=
2k0, b2 ¼ n2cos/K=2k0, n1 ¼ ð8=3pÞr1ðx/=jKeff jÞ, n2

¼ 3
4

r2ðx/=jKeff jÞ, k0¼x=c0 is the linear phase constant, or

wave number, of the porous media, and /Kis the phase angle

of Keff such that Keff ¼ jKeff jei/K .

The wave number constant was in the following form:

h0ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ c1U0 þ c2U2
0

q
ðU0 > UcÞ; (24)

h0ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ s1U0 þ s2U4
0

q
ðU0 � UcÞ; (25)

where U0 is the particle or acoustic velocity of air at the sur-

face of the porous media and the coefficients

c1 ¼ 2a0b1 � n1sin/K

c2 ¼ b2
1

s1 ¼ 2a0b2 � n2sin/K

s2 ¼ b2
2:

8>><
>>: (26)

The surface acoustic admittance or impedance of porous

media can hence be analytically obtained using Eqs.

(21)–(26). However, the analytical solutions of Lambert and

McIntosh17 give an underestimation to the exact numerical

solutions, especially at low frequencies (< 500 Hz) for high

surface particle velocities. To improve the accuracy of the

analytical solutions, better estimations of the constants l0ð0Þ
and h0ð0Þ are required.

B. Improved solution

Under high sound pressure level conditions, the acoustic

pressure and velocity wave motion equations for porous

media can be expressed as

@2P

@x2
� qn

eff/
Kn

eff

� �
@2P

@t2
þ @qn

eff

@x

� �
@U

@t

� �
¼ 0; (27)

@2U

@x2
� qn

eff/
Kn

eff

� �
@2U

@t2

� �
¼ 0; (28)

FIG. 4. (Color online) Measured and computational normalized acoustic surface impedance (Re—resistance, Im—reactance) for the sintered fibrous steel

samples #1 (a), (b); #2 (c), (d); and #3 (e), (f), backed by an air gap of 20, 20, and 40 mm, respectively.
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where the non-linear effective density is

qn
eff¼m0ðxÞþr00ðxÞ=ixþ 8

3p
r1ðxÞjUj=ix ðjUj>UcÞ;

(29a)

qn
eff¼m0ðxÞþr0ðxÞ=ixþ3

4
r2ðxÞjUj2=ix ðjUj�UcÞ:

(29b)

For the case of jUj � Uc, Eq. (29b) is the same as Eq. (20).

The acoustic velocity U(x) inside the porous media is

defined as usual by the following general form based on the

linear theory:

UðxÞ ¼ U0e�lðxÞe�ihðxÞ ¼ AðxÞe�ihðxÞ; (30)

where lðxÞ and hðxÞ are the two perturbation functions from

which the attenuation and wave number constants, i.e., l0ðxÞ
and h0ðxÞ, can be obtained by taking their first-order

derivatives.

For the linear case, Eq. (30) can be written as

UðxÞ ¼ U0e�a0xe�ik0x: (31)

k0 � ia0 is the propagation constant and satisfies the

relation

k0 � ia0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qeffðx2/=KeffÞ

p
: (32)

In Eq. (32), qeff and Keff are equal to Eq. (3) in Ref. 16

and Eq. (27a) in Ref. 17, respectively.

FIG. 5. (Color online) Measured

and computational sound absorption

coefficient for the sintered fibrous

steel samples #1 (a), (b); #2 (c), (d);

and #3 (e), (f); (a), (c), and (e) are

backed by a stiff wall; (b), (d), and

(f) are backed by an air gap of 20,

20, and 40 mm, respectively.
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Substituting Eq. (30) into Eqs. (27) and (28) gives the

following equations:

h00ðxÞ
h0ðxÞ þ

2A0ðxÞ
AðxÞ ¼ �

1

h0ðxÞ ½2a0k0 þ n2cosð/KÞAðxÞ2�

(33a)

and

h0ðxÞ2 ¼ A00ðxÞ
AðxÞ þ ðk

2
0 � a2

0Þ � n2sinð/KÞAðxÞ2: (33b)

To solve these coupled equations, we also take the ini-

tial phase constant h00ðxÞ ¼ k0, and h000ðxÞ ¼ 0 accordingly. A

rough estimation of the attenuation and the wave number

constants can therefore be made.

Let us consider the case of U0>Uc first. The first esti-

mates of the attenuation function, the attenuation constant

and its value at the surface of the porous material can be

obtained by solving Eq. (33) as

l1 xð Þ ¼ a0 � 0:5b1Ucð Þxþ ln

�
1þ b1U0

a0 � 0:5b1Uc

�
�

1� e�ða0�0:5b1UcÞx
��

; (34a)

l01ðxÞ¼ða0�0:5b1UcÞ

þ b1U0e�ða0�0:5b1UcÞx

1þ½1�e�ða0�0:5b1UcÞx�½b1U0=ða0�0:5b1UcÞ�
;

(34b)

l01ð0Þ ¼ a0 � 0:5b1Uc þ b1U0: (34c)

When a0x is sufficiently small or sufficiently large, Eq. (34a)

becomes

l1ðxÞ ffi ða0 � 0:5b1Uc þ b1U0Þx x � xc; a0x� 1;

(34d)

l1ðxÞ ffi ða0 � b1UcÞxþ ln 1þ b1U0

a0 � b1Uc

� �
;

x � xc; a0x	 1; (34e)

where xc is the distance from the surface at which A(xc)¼Uc

and is equal to

xc ¼
1

a0 � 0:5b1Uc

� ln
U0

Uc
� 1þ 0:5ðb1Uc=a0Þ

1� 0:5ðb1Uc=a0Þ þ ðb1U0=a0Þ

� �
:

(34f)

Using AðxÞ ffi U0e�l0
1
ð0Þx as a trial solution, the analyti-

cal expression of A00ðxÞ=AðxÞ becomes

A00ðxÞ
AðxÞ ffi ½ða0 � 0:5b1UcÞ þ b1U0�2: (35)

By substituting Eq. (35) into Eq. (33b), the first esti-

mate for the wave number constant at the surface can be

obtained as

h01ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ ðU0 � 0:5UcÞc1 þ c2ðU0 � 0:5UcÞ2
q

:

(36)

h01ð0Þ is a better estimate for the initial phase constant at the

surface of the porous materials compared with h00ð0Þ ¼ k0.

Substituting the improved phase constant h01ð0Þ for h0ðxÞ in

Eqs. (33a) and (33b), and following the same steps men-

tioned above, the second estimates of the attenuation and

phase constants, l02ð0Þ and h02ð0Þ, can be obtained as

l02ð0Þ¼ ð2b4a0k0�Ucb3Þ=ð2b3b4ÞþU0=b4 ðU0 >UcÞ;
(37a)

h02ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1 þ e2ð2U0 � UcÞ þ e3ð2U0 � UcÞ2

q
ðU0 > UcÞ; (37b)

where the coefficients

b3 ¼ h01ð0Þ;U0 > Uc

b4 ¼ 2b3=ðn1cos/KÞ;

�
(38a)

FIG. 6. (Color online) Measured and computational normalized surface

acoustic impedance (Re—resistance, Im—reactance) and sound absorption

coefficient A0 as a function of frequency and at different sound pressure lev-

els for sample #3 backed by an air gap of 40 mm.

J. Acoust. Soc. Am., Vol. 132, No. 3, September 2012 Zhang et al.: Intense sound propagation in porous media 1445

Downloaded 18 Sep 2012 to 138.253.116.204. Redistribution subject to ASA license or copyright; see http://asadl.org/terms



e1 ¼ ðk2
0 � a2

0 þ a2
0k2

0=b
2
3Þ

e2 ¼ a0k0=ðb3b4Þ � 0:5n1sin/K

e3 ¼ 1=ð4b2
4Þ:

8><
>: (38b)

Following the same procedure, the first and second esti-

mates of the attenuation and phase constants for the case of

U0 � Uc can be obtained as

l01ðxÞ¼a0 1þ U2
0ðb2=a0Þe�2a0x

1þU2
0ðb2=a0Þð1�e�2a0xÞ

� �
ðU0�UcÞ

(39a)

h01ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ s1U0 þ s2U4
0

q
ðU0 � UcÞ; (39b)

l02ð0Þ ¼ ðk0=b5Þða0 þ U2
0Þ ðU0 � UcÞ; (40a)

h02ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ s0 þ s3U2
0 þ b6U4

0

q
ðU0 � UcÞ; (40b)

where the coefficients

b5 ¼ h01ð0Þ;U0 � Uc

b6 ¼ ðk0=b5Þ2

s0 ¼ a2
0ðb6 � 1Þ

s3 ¼ 2b6a0 � n2 sinð/KÞ:

8>>>><
>>>>:

(41)

Both [l01ð0Þ, h01ð0Þ] and [l02ð0Þ, h02ð0Þ] can be used to

obtain approximate solutions of the normalized surface

acoustic admittance of porous media, with increasing fre-

quency and particle velocity at the surface of the porous

media. However, the solutions are found to deviate from the

exact numerical ones at low frequencies below around 500

Hz, with [l01ð0Þ, h01ð0Þ] exhibiting a tendency of overestima-

tion and [l02ð0Þ, h02ð0Þ] underestimation. This can be

explained as follows. Taking linear phase constant as the

initial estimate of the nonlinear phase constant [h00ðxÞ ¼ k0]

means that the nonlinear effect region is assumed to be

extremely small and the intense acoustic wave impinging on

the surface of the porous media will be attenuated more

heavily than reality, i.e., the attenuation constant, l01ð0Þ, is

overestimated. A high acoustic attenuation means that the

air in the pores inside the porous media behaves more

“heavily,” due to the enhancement of its interior viscous

absorbing ability. As a consequence of the overestimation

of the effective density, the acoustic velocity in the porous

media is underestimated, leading to an overestimation of the

phase constant, h01ð0Þ. When taking h01ð0Þ as the initial esti-

mate of the nonlinear phase constant, however, the attenua-

tion of the sound at the surface of the material is assumed to

be small, i.e., there is an expanding nonlinear effect region

in the porous media. In other words, the attenuation con-

stant, l02ð0Þ, is underestimated. This results in an overesti-

mation of the acoustic velocity, which in turn leads to the

underestimation of the phase constant, h02ð0Þ. This is illus-

trated in Fig. 7, which shows the variations of phase con-

stant with iteration steps.

Therefore, the mean between [l01ð0Þ, h01ð0Þ] and [l02ð0Þ,
h02ð0Þ] can be considered to be a better set of estimates. The

final estimates for the attenuation and phase constants are

(
l0ð0Þ ¼ ½l01ð0Þ þ l02ð0Þ�=2

h0ð0Þ ¼ ½h01ð0Þ þ h02ð0Þ�=2:
(42)

FIG. 7. (Color online) Variations of

the solutions of phase constant with

iteration step, at fixed frequencies of

200 Hz (a) and 500 Hz (b).
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The final analytical solutions for the normalized surface

acoustic admittance, y0, can therefore be obtained by substi-

tuting Eq. (42) into Eq. (21).

C. Discussions

Figures 8 and 9 show our final analytical solutions of

the normalized surface acoustic admittance, based on l0ð0Þ
and h0ð0Þ, in comparison with the exact numerical solutions.

The analytical solutions by Lambert and McIntosh,17 which

are underestimations similar to those based on l01ð0Þ and

h01ð0Þ, and the overestimation solutions, based on l02ð0Þ and

h02ð0Þ, are also included for comparison. The final analytical

solutions in this work are better approximations to the

numerical solutions, especially at lower frequencies, below

500 Hz. For example, at 200 Hz and U0< 10 m/s [see Figs.

8(a) and 8(b)], the maximum relative errors for conductance,

Re(y0), and susceptance, Im(y0), in our solutions are 18.01

and 5.23 %, respectively, while those of Lambert and McIn-

tosh are 39.48 and 27.35 %, respectively. At U0¼ 4 m/s and

f< 500 Hz (see Fig. 9), the maximum relative errors for con-

ductance, Re(y0), and susceptance, Im(y0), in our solutions

are 11.35 and 3.58 %, respectively, while those of Lambert

and McIntosh are 25.38 and 19.75 %, respectively.

In developing the approximate analytical solutions in

this work, the complete forms of Eqs. (12)–(15) are used to

evaluate the coefficients and an improved initial phase con-

stant, h01ð0Þ, is used for obtaining the normalized surface

FIG. 8. (Color online) Comparisons

between the analytical and numeri-

cal solutions of the normalized

surface acoustic admittance (Re—

conductance, Im—susceptance) as a

function of the surface particle

velocity U0 for an infinite length

sample, at fixed frequencies of 2000

Hz (a), (b); 1000 Hz (c), (d); and

200 Hz (e), (f). The material is the

open-cell foam (Ref. 22). The critical

velocity is taken to be Uc¼ 0.01 m/s.

J. Acoust. Soc. Am., Vol. 132, No. 3, September 2012 Zhang et al.: Intense sound propagation in porous media 1447

Downloaded 18 Sep 2012 to 138.253.116.204. Redistribution subject to ASA license or copyright; see http://asadl.org/terms



acoustic admittance. As compared with the expressions for

l(x), l0(x) and l0(0) in the work of Lambert and McIntosh,17

a new term, (0.5b1Uc), appears in Eqs. (36)–(38). In other

words, the attenuation constant of the porous media is a

function of the critical particle velocity Uc too. This phe-

nomenon seems reasonable; after all, the critical velocity Uc

is regarded as a parameter of porous media.

As a choice, one may implement the same mathematical

operations based on the effective density expressed by

Eq. (19). For U0�Uc, the expressions for the attenuation

and phase constants remain the same as in Eqs. (40a)–(40b).

For U0>Uc, the estimates for the attenuation and phase con-

stants become

l03ð0Þ ¼ ða0k0Þ=b03 þ U0=b
0
4 ðU0 > UcÞ; (43a)

h03ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ a2
0e
0
1 þ e02U0 þ ðU0=b

0
4Þ

2
q

ðU0 > UcÞ;
(43b)

where the coefficients

b03 ¼ h01ð0Þ;U0 > Uc

b04 ¼ 2b03=ðn1cos/KÞ

e01 ¼ ðk0=b
0
3Þ

2 � 1

e02 ¼ 2a0k0=ðb03:b
0
4Þ � n1sin/K :

8>>>>><
>>>>>:

(44)

Using [l03ð0Þ, h03ð0Þ] instead of [l02ð0Þ, h02ð0Þ] can result

in simpler approximate analytical forms for the final attenua-

tion constant l0ð0Þ and phase constant h0ð0Þ.
In addition, using [l02ð0Þ, h01ð0Þ] instead of [l02ð0Þ, h02ð0Þ]

can also result in a simpler and yet reasonably good approxi-

mate analytical solutions for the surface acoustic admittance

of porous media. Although h01ð0Þ leads to an underestimation

of the results at low frequencies, the improved l02ð0Þ results in

a h02ð0Þ that leads to an overestimation. Using a combination

of l02ð0Þ and h01ð0Þ might neutralize the underestimation and

overestimation tendencies of these two terms.

IV. SUMMARY

This paper constructed a numerical approach for eval-

uating the nonlinear sound propagation and attenuation

inside rigid porous media at high sound pressure levels.

The approach was built on the studies of Wilson et al.14

and used a normal fourth-order Runge–Kutta algorithm to

solve the Ricatti equation of acoustic admittance. The nu-

merical results for the acoustic admittance, sound absorp-

tion and sound saturation showed better agreements with

the measurements than those of Wilson et al.14 The exper-

imental results for the sintered fibrous porous steel sam-

ples directly validated this approach. This paper further

developed an approximate analytical model, based on the

wave perturbation method developed by Lambert and

McIntosh17 for analyzing the internal sound propagation

and surface acoustic admittance properties. Improved

analytical solutions were obtained by making fewer

assumptions and using better estimates for the attenuation

and phase constants. Comparison with the numerical solu-

tions showed that the approximate analytical solutions

improved the accuracy for predicting the nonlinear acous-

tic admittances of infinite porous media, especially at

lower frequencies.
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