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Liquid Flow on a Rotating Disk Prior to Centrifugal
Atomization and Spray Deposition

Y.Y. ZHAO, M.H. JACOBS, and A.L. DOWSON

Video observations of the flow patterns that develop on a rotating disk during centrifugal atomization
and spray deposition, and subsequent metallographic studies conducted on solid skulls removed from
the disk after processing, have indicated a circular discontinuity or hydraulic jump, which is mani-
fested by a rapid increase in the thickness of the liquid metal and by a corresponding decrease in
the radial velocity. A mathematical model has been developed that is capable of predicting both the
occurrence and location of the jump, and the associated changes in the thickness profile and in the
radial and tangential velocities of the liquid metal. Good correlations have been observed between
model predictions and the flow patterns observed on the skull after atomization, and the effects of
changes in material and operational parameters such as kinematic viscosity, volume flow rate, me-
tallostatic head, and disk rotation speed have been quantified. Liquid metal flow is controlled pri-
marily by the volume flow rate and by the metallostatic head prior to the hydraulic jump and by the
centrifugal forces after the jump. The implications of these observations in terms of the atomization
process are discussed.

I. INTRODUCTION

THE potential benefits of spray forming processes in
producing microstructurally refined, chemically homoge-
neous, near-net-shaped components are well docu-
mented.[1,2] In this respect, spray forming processes are
known to offer both commercial and technological advan-
tages over traditional cast-wrought processing routes, par-
ticularly in the processing of some of the more advanced
materials of current interest to the aerospace industry. Con-
sistent with these advantages, and driven by the need to
reduce manufacturing costs, aero-engine manufacturers are
currently exploring the possibility of using spray forming
technology as a means of producing low cost preforms as
a precursor to the manufacture of ring and casing compo-
nents.[3,4,5] The majority of spray forming processes devel-
oped to date, however, use high pressure gas, either Ar or
N2, to atomize the liquid metal stream, and as such the
materials produced can be prone to problems from gas en-
trapment and postspray thermal-induced porosity.[6,7] As a
consequence, there has been a growing interest in alterna-
tive spray forming technologies that can be operated in the
absence of a gaseous environment. Based on a concept
originally proposed by Singer and Kisakurek[8] and subse-
quently developed commercially by Osborne Metals (sub-
sequently Aurora Steels),[9] the centrifugal atomization and
spray deposition process uses a rapidly rotating copper disk
or cup to both break up the metal stream and direct the
flow of molten metal droplets onto the inner surface of a
former or collector.[10–15] As such, the process negates the
need for a high pressure gas stream and the system can be
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configured to operate either under reduced pressures or in
a vacuum environment. In this respect, the process offers
both economic and technical advantages over gas assisted
deposition processes in that the problems associated with
gas entrapment are virtually eliminated and processing
costs are reduced because there is no longer the need to use
large quantities of expensive process gases. In addition, fur-
ther technological advantages stem from the greater flexi-
bility in controlling droplet size distribution, and hence
microstructural development, and from the ability to pro-
duce preforms with both internal and external shape.

The microstructures developed during centrifugal atom-
ization and deposition are governed primarily by the mass
flow rate, and by the temperature, velocity, and size distri-
bution of the atomized droplets impinging on the substrate.
As such, they are largely determined by the behavior of the
liquid metal as it interacts with the atomizing disk, and by
the fluid flow conditions that develop as a result of disk
rotation. Although centrifugal atomization of water-based
liquids and slurries has been extensively studied, primarily
within the food, chemical, and agricultural industries,[16,17]

the more stringent requirements regarding mass flow rate,
disk rotation speed, and droplet size distribution mean that
these studies are not directly transferable to the atomization
of liquid metals. The situation is further exacerbated by the
extreme temperatures involved and by the need to control
the amount of solidification prior to deposition. As a con-
sequence, disk rotation speeds tend to be much higher, typ-
ically in excess of 5000 rpm, with the mass flow rate being
controlled to yield droplet size distributions less than ap-
proximately 200 mm. This ultimately results in higher tan-
gential and radial velocities, and a corresponding reduction
in the thickness or height of liquid metal on the disk, pri-
marily due to the higher centrifugal force. Such increases
in radial velocity are, however, not infinitely sustainable.
Preliminary video observations of liquid Ti-48Al-2Mn-2Nb
flow on the disk during centrifugal atomization, as shown
in Figure 1, have indicated a radial or circular discontinuity
in the flow pattern that is manifested by an abrupt increase
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Fig. 1—Video image showing hydraulic jump in the flow of liquid metal
on the disk during the centrifugal atomization of Ti-48Al-2Mn-2Nb.

in the thickness of the liquid metal on the disk and is ac-
companied by a corresponding reduction in the radial ve-
locity. This phenomenon is referred to as a hydraulic jump
in fluid mechanics,[18,19] and clearly has important implica-
tions regarding the atomization process and the subsequent
control of droplet size distribution and microstructural mor-
phology.

Although the hydraulic jump phenomenon that results
from a liquid jet impinging normally on a stationary planar
surface has been studied for more than 3 decades,[20–24] the
phenomenon has not been reported in the case of liquid jets
interacting with nonstationary or rotating substrates. Cur-
rent understanding of the hydraulic jump is limited, and
exact theoretical and mechanistic descriptions of the energy
changes and the transient flow conditions within the vicin-
ity of the jump are not available. Fortunately, since the
region affected by the jump tends to be very narrow, these
effects can be largely neglected in the analysis, with flow
at either side of the jump being considered in terms of the
conservation of energy, mass, and momentum. The exact
solution of the conservation equations, particularly in the
case of problems involving free surfaces and discontinuous
flow, however, invariably requires the application of com-
plex numerical procedures and access to powerful compu-
tational fluid dynamics software and computing facilities.
As a consequence, approximate analytical solutions have
been sought and have been used to provide a better insight
into the mechanisms by which the operating conditions in-
fluence liquid behavior. The steady laminar flow of a vis-
cous, incompressible fluid in a region close to a rapidly
rotating disk is a classic problem in fluid mechanics, which
has been considered by a number of workers.[25–28] Neglect-
ing heat transfer between the liquid and the disk, the prob-
lem can generally be considered in terms of a set of
ordinary differential equations derived from the Navier–
Stokes and the conservation of mass equations. On this ba-
sis, approximate solutions can be obtained by substituting
trial functions for each of the velocity components, which
satisfy the boundary conditions and minimize the residuals
of the equations.[28] Von Kármán[25] first examined this
problem and gave an approximate solution based on an in-
tegral approach in which the velocity components were ap-

proximated by low-degree polynomials. This analysis was
subsequently modified by Cochran[26] to include exponential
functions and a more exact numerical solution in which the
velocity components were expressed in terms of a series of
powers of these functions. These solutions were further im-
proved by Stuart,[27] and more recently, a simplified solution
based on the use of trial functions has been presented by
Ariel[28] without any trade-off in accuracy. All of the so-
lutions presented to date, however, have been concerned
with a rotating disk fully immersed in an originally station-
ary liquid. As such liquid velocity is controlled solely by
the centrifugal forces generated by the rotating disk. In cen-
trifugal atomization, since the liquid metal is poured con-
tinuously on to the surface of the disk, flow is also
dependent on the pouring distances, which determines the
initial axial velocity of the liquid stream at the point of
impact. Equations describing the height, radial, and tangen-
tial velocities of liquid metal on the disk during atomization
have been derived by Zhao et al.[29] assuming a balance
between centrifugal and viscous forces caused by the non-
uniformly distributed velocities. These equations, however,
are only applicable when tangential slippage is small, i.e.,
when the tangential velocity of the liquid metal is similar
to that of the disk. Since slippage tends to increase with
decreasing disk radius and rotation speed, and with increas-
ing liquid volume flow rate, the applicability of these equa-
tions is limited. The model also fails to take into account
the effects of different pouring distances and the occurrence
of a hydraulic jump. The current article describes a math-
ematical model that is capable of predicting both the oc-
currence and location of the hydraulic jump, and the
associated changes in the height profile, and in the radial
and tangential velocities of the liquid metal on the disk.
The implications of the model in terms of the atomization
process are discussed, and quantitative information is pre-
sented relating to the effects of changes in the atomization
conditions on the height, axial, and tangential velocities of
the liquid metal on an atomizing disk.

II. MODEL DERIVATION

A. Statement of Problem

In centrifugal atomization, a controlled jet of liquid metal
is directed under gravity on to the center of a rapidly ro-
tating disk where it is accelerated both radially and tangen-
tially toward the edge of the disk prior to atomization. As
a result, the liquid metal will adopt a height profile that will
ultimately be determined by the kinematic viscosity of the
liquid metal and by the gravitational, frictional, and cen-
trifugal forces acting between the liquid metal and the disk.
Assuming that flow is axisymmetric and that it is accom-
panied by a hydraulic jump at a critical radius rc, the liquid
profile may be represented schematically by Figure 2. As
indicated, the height of liquid metal on the disk before and
after the hydraulic jump, denoted d1 and d2, respectively,
varies with radius. Similarly, the radial, tangential, and ax-
ial components of the liquid velocity, denoted u, v, and w,
respectively, vary with both radius r and axial distance z
from the disk surface.

In developing the mathematical model, the following as-
sumptions have been made.
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Fig. 2—Schematic height profile of the liquid metal on an atomizing disk,
assuming a hydraulic jump takes place at a radius of rc.

(1) Liquid metal flow to the center of the disk is uniform
and continuous and maintains a constant volume flow
rate throughout the atomization process.

(2) The velocity distribution and height of liquid metal on
the disk are axisymmetric and do not vary in the tan-
gential direction.

(3) The liquid metal maintains a constant temperature
above its melting point during atomization without
thermal loss.

(4) The liquid metal acts as a Newtonian fluid with a con-
stant viscosity.

(5) Due to frictional effects, slippage at the interface be-
tween the liquid metal and the disk is zero, and the
liquid metal at the interface moves at the same tangen-
tial velocity as the disk.

(6) The surface tension of the liquid metal is negligible,
such that the problem resolves to that of a rotating disk
immersed in a large volume of liquid metal.

Based on the preceding considerations, and neglecting the
effects of heat transfer between the liquid metal and the
disk, liquid metal flow is determined by the Navier–Stokes
equations of momentum conservation and by the equation
of mass conservation, which in cylindrical coordinates can
be written as[19]
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where r is the radial distance from the axis of rotation of
the disk, u is the polar angle in the direction of rotation, z
is the axial distance from the disk, p is the pressure, r is
the density, n is the kinematic viscosity of the liquid, and
¹2 is a mathematical operator defined as

2 2 2] 1 ] 1 ] ]
2¹ [ 1 1 1

2 2 2 2]r r ]r r ]u ]z

At the interface between the liquid and the rotating disk,
the radial and axial velocities of the liquid tend to zero,
whereas the tangential velocity is determined by the speed
of disk rotation. The radial and tangential components van-
ish on moving vertically away from the disk, whereas the
axial component must tend toward a finite value in order
to preserve continuity and to balance the radial flow of
liquid. On this basis, the initial boundary conditions can be
specified such that

u 5 0, v 5 vr, w 5 0 at z 5 0

]u ]v ]w
u 5 0, v 5 0, w Þ 0, 5 0, 5 0, 5 0 at z 5 `

]z ]z ]z

where v is the angular rotation speed of the disk. Following
procedures adopted by Kármán,[25] the momentum and mass
conservation equations defined in Eq. [1] can be satisfied
by taking

=u 5 vrF (z), v 5 vrG (z), w 5 nvH (z), [2]
v

p 5 rnvP(z), z 5 z=
n

where F, G, H, and P are functions of the dimensionless
variable z. The subsequent substitution of Eq. [2] into Eq.
[1] results in a set of ordinary differential equations:

2 2F 2 G 1 HF 5 F ''

2FG 1 HG ' 5 G '' [3]
2F 1 H ' 5 0

2 HH ' 2 2F ' 5 P '
}

where the single and double primes denote the first- and
second-order derivatives with respect to z, respectively. The
initial boundary conditions can then be redefined as

F 5 0, G 5 1, H 5 0 at z 5 0 [4]

F 5 0, G 5 0, H Þ 0, F ' 5 0,
G ' 5 0, H ' 5 0 at z 5 `

Integrating the first two equations of Eq. [3] between 0 and
` and using the relations

` ` `

` 2* HF ' dz 5 [HF] 2 * H ' Fdz 5 2 * F dz00 0 0

` ` `

`* HG' dz 5 [HG] 2 * H ' Gdz 5 2 * FGdz00 0 0

}
together with F ' (`) 5 0 and G' (`) 5 0, yields
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`

2 2* (3F 2 G ) dz 5 2F ' (0)
0 [5]
`

4 * FGdz 5 2G ' (0)
0

}
For real functions F, G, H, and P, further boundary con-
ditions obtained by differentiating Eq. [3] need to be sat-
isfied. However, since we are principally concerned with
the velocity components, second- and higher order deriva-
tives can be ignored without encountering major errors.
Based on these assumptions, reasonable approximations can
be achieved by substituting trial functions for F and G such
that the equations depicted in Eq. [5] and the boundary
conditions listed in Eq. [4] are satisfied. The terms H and
P can then be obtained by integrating the third and final
components of Eq. [3].

B. Liquid Metal Flow Prior to the Hydraulic Jump (r , rc)

Liquid metal flow prior to a hydraulic jump largely de-
pends on the pouring conditions since the velocity of the
liquid metal stream immediately prior to impingement with
the atomizing disk varies with the metallostatic head, which
is the distance between the disk and the top surface of the
liquid metal reservoir supplying the nozzle. Assuming that
the liquid metal falls freely under gravity, the velocity of
the liquid metal just prior to impingement is predominantly
axial and has a value w0 5 , where g is the acceler-=2gh
ation due to gravity (9.8 m/s2) and h is the metallostatic
head. Work conducted by Cochran[26] has shown that at the
high rotational speeds used in centrifugal atomization, this
velocity will reduce rapidly to zero over a thin boundary
layer immediately close to the disk surface. Since the thick-
ness of this boundary layer is very small compared to the
metallostatic head, the axial velocity above this layer may
be considered constant and can be equated to the free fall
velocity w0. This imposes an additional boundary condition
on Eq. [3] such that at z 5 `, w 5 w0, or rather

w0H 5 2 at z 5 `
=nv

The simplest functions of F, G, and H in exponential form
satisfying this condition and the initial boundary conditions
listed in Eq. [4] are

2mz 2mz 22mzF 5 e (a 1 (3mc 2 4a)e 1 3 (a 2 mc)e )
2mzG 5 e

2mze
2mzH 5 2c 1 (2a 1 (3mc 2 4a )e

m
22mz1 2(a 2 mc)e )

}
where c 5 , and a and m are constants. Because F and

w0

=nv
G have to satisfy two equations in Eq. [4], a and m can be
determined numerically for any given kinematic viscosity
n, initial axial velocity w0, and disk rotation speed v. If c
.. 1, which is usually the case under practical atomizing
conditions, a ' 3k(1 2 k)c2 and m ' kc, where k ' 0.587.
On this basis, the radial, tangential, and axial components
of the liquid metal velocity as a function of the axial and
radial distances from the disk can be expressed as
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}
Since, during atomization, the volume flow rate of the liq-
uid at any radius remains a constant equal to that from the
pouring nozzle, the height of liquid metal on the disk as a
function of the radius can be determined by

2
d kw1 02 d

12 nQ 5 * 2prudz 5 pr w 1 2 e00 ~ ! [7]
kw

02 d
1n1 2 2(2 2 3k)e~ !

where Q is the volume flow rate and d1 is the height of the

liquid. Because Eq. [7] is a cubic equation of , d1 as
kw

02 d
1ne

a function of radius r can be expressed explicitly by the
volume flow rate Q, initial axial velocity w0, and kinematic
viscosity n. Because the expression is often too compli-
cated, a more practical route is to solve Eq. [7] numerically.

When r . 5r0, where r0 5 is the radius of the liquid
Q=

pw0

stream just before it impinges on the disk, , should
kw

02 d
1ne

approach unity, i.e., ,, 1, to satisfy Eq. [7]. Taking
kw d0 1

n
the approximation e2x ' 1 2 x (x ,, 1), the liquid height
at r . 5r0 can then be calculated approximately by

n Q n r0d ' 5 [8]=1 kw r 3p (2k 2 1)w r=kw 3(2k 2 1)0 0 0

C. Liquid Metal Flow after the Hydraulic Jump (r . rc)

Liquid flow after a hydraulic jump is not affected by
upstream flow conditions before the jump but by the down-
stream flow conditions.[18] Assuming that flow is compara-
ble to that above a rotating disk fully immersed in a liquid
bath contained in an infinitely large tank, the flow behavior
depends primarily on the rotation speed of the disk and on
the physical properties of the liquid. Therefore, there are
no further boundary conditions other than the initial ones
listed in Eq. [4]. In this instance, the simplest functions of
F, G, and H, again in exponential form, satisfying these
conditions are

2n z 2nzF 5 be (1 2 e )
2nzG 5 e

b
2nz 2H 5 2 (1 2 e )

n

}
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Fig. 3—Variation of liquid height with radius prior to hydraulic jump with
different (a) volume flow rates, (b) metallostatic heads, and (c) kinematic
viscosities.

where b and n are constants. With the two equations in Eq.
[5] to be satisfied, b and n are calculated to be b 5 0.739
and n 5 0.702. The radial, tangential, and axial velocities
of the liquid as a function of radial and axial distance from
the disk are therefore

v v2n z 2n z= =n nu 5 bvre 1 2 e~ !
v2n z=nv 5 vre [9]

2
vb 2n z=nw 5 2 1 2 e~ !n

}
The volume flow rate of the liquid remains constant at any
radius after the hydraulic jump and is given by integrating
radial velocity u from 0 to the liquid height d2:

22 =bpr nvd2 v
2n d= 2nQ 5 * 2prudz 5 1 2 e

0 ~ !n

The height of the liquid d2 as a function of radius after the
hydraulic jump can therefore be expressed by

1 n nQ 1
d 5 2 ln 1 2 [10]= =2 ~ !=n v pb nv r

which is valid provided r .
nQ= =pb nv

D. Location of the Hydraulic Jump

If a hydraulic jump occurs on a rotating disk, the surface
discontinuity of the liquid flow should form a circle at a
certain critical radius rc. Around this circle, provided energy
losses are ignored,[18] the net rate of outflow of momentum
of the liquid flow across the hydraulic jump is balanced by
the force resulting from the pressure difference between a
low liquid height before the jump and a high liquid height
after the jump. At the jump radius rc, the following equation
developed from radial momentum conservation should be
satisfied:[18]

1 2 2 2 2g (d 2 d ) 5 d u 2 d u2 1 1 1 2 22

where d1 and d2 are the liquid heights, and 1 and 2 areu u
the mean radial velocities at the critical radius rc before and
after the hydraulic jump, respectively. Because the mean
radial velocities to give a constant volume flow rate Q are

functions of the liquid heights, namely, 1 5 and
Q

u
2pr dc 1

2 5 , the preceding equation becomes
Q

u
2pr dc 2

2 2 22gp r d d (d 1 d ) 5 Q [11]c 1 2 1 2

Substituting Eqs. [8] and [10] into Eq. [11], the relationship
between the critical radius rc and the processing conditions
is
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nQ 1 nQ 1
r ln 1 2 ln 1 2= =c ~ ! ~ ~ != =pb nv r pb nv rc c

n nvQ
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The critical radius rc at which the hydraulic jump takes
place can be determined numerically. It follows from Eq.
[11] that if the liquid height before the hydraulic jump d1

decreases, the liquid height after the hydraulic jump d2 in-
creases. In most cases, at the hydraulic jump, d1 is very
small and thus d2 is expected to be large. For this to be the

case then, the term 1 2 in Eq. [10] must tend
nQ 1= =pb nv rc

toward zero. In other words, the critical radius rc can be
approximated by the expression

nQ
r 5 [13]=c =pb nv

III. DISCUSSION

A. Liquid Height on the Disk

As indicated by Eqs. [7] and [8], the height profile of liquid
metal on the atomizing disk prior to the hydraulic jump is
governed primarily by the kinematic viscosity, the volume
flow rate, and the initial axial velocity of the liquid im-
pinging on the disk, but is independent of the disk rotation
speed. For the free fall bottom pouring configuration com-
monly used in the centrifugal atomization and spray dep-
osition of liquid metals, the initial axial velocity of the
liquid is determined by the metallostatic head, h. Figures
3(a) through (c) show the variations in liquid height with
radius prior to the hydraulic jump under different volume
flow rates, metallostatic heads, and kinematic viscosities,
respectively, calculated by solving Eq. [7] for liquid Ti-
48Al-2Mn-2Nb. At a superheat of 50 7C above the melting
point, the liquid metal has a specific density r 5 3800
kg/m3 and an estimated viscosity m 5 0.0048 kg/mzs and
thus a kinematic viscosity n 5 1.263 3 1026 m2/s.[29] With
decreasing liquid temperature during atomization, however,
the kinematic viscosity increases. For this reason and in
order to determine the sensitivity of the analysis, for each
parameter varied in Figures 3(a) through (c), the remaining
two parameters are maintained constant: volume flow rate
Q 5 5 3 1025 m3/s, metallostatic head h 5 200 mm, or
kinematic viscosity n 5 1.263 3 1026 m2/s. Assuming that
the liquid stream between the nozzle and the atomizing disk
is continuous, the radius of the liquid stream just before
impingement increases with increasing volume flow rate
and with decreasing metallostatic head. After impingement
on the disk, the liquid flows radially as the axial momentum
is transferred into radial momentum. For a fixed processing
condition, the liquid height decreases gradually on moving
radially outward from the center of the disk. Similarly for
any given radial position, the height of liquid metal on the
disk increases with increasing volume flow rate, with de-
creasing metallostatic head, and with increasing kinematic

viscosity. In general, the height of liquid metal on the disk
prior to the hydraulic jump is very small. With a liquid
volume flow rate between 2 3 1025 and 1 3 1024 m3/s, a
metallostatic head between 10 to 400 mm, and a kinematic
viscosity between 4 3 1027 and 2 3 1026 m2/s, the liquid
height beyond a radius of 0.01 m ranges from 0.05 to 5.18
mm.

The location of the hydraulic jump and the height of
liquid metal on the disk after the jump depend on the kin-
ematic viscosity of the liquid, the volume flow rate, and
the disk rotation speed, but is not affected by the initial
axial velocity of the liquid and therefore the metallostatic
head, as can be seen from Eqs. [10] and [11]. Figures 4(a)
through (c) show the variations in the liquid height with
radius after the hydraulic jump under different volume flow
rates, disk rotation speeds, and kinematic viscosities, re-
spectively, with the remaining two parameters maintained
constant: volume flow rate Q 5 5 3 1025 m3/s, disk rota-
tion speed v 5 1000 radian/s, or kinematic viscosity n 5
1.263 3 1026 m2/s. The radius at which the hydraulic jump
takes place increases with increasing volume flow rate, with
decreasing disk rotation speed, and with increasing kine-
matic viscosity, and varies between 0.013 and 0.028 m in
the range of conditions investigated. With increasing radius
from the critical hydraulic jump position, the liquid height
decreases gradually. At a certain disk radius, the liquid
height increases with increasing volume flow rate and de-
creasing disk rotation speed. The influence of kinematic
viscosity on the liquid height is less significant. The liquid
height after the hydraulic jump is substantially higher than
that before the hydraulic jump, primarily because of the
transition from rapid to a more tranquil mode of flow and
because of the energy losses associated with the strong tur-
bulence in the region of the hydraulic jump. For a volume
flow rate between 2 3 1025 and 1 3 1024 m3/s, a disk
rotation speed between 400 and 2000 radian/s, and a kin-
ematic viscosity between 4 3 1027 and 2 3 1026 m2/s, the
liquid height at a radius of 0.05 m ranges from 15.30 to
58.54 mm.

At a hydraulic jump, a large increase in liquid height is
predicted in order to balance the momentum change. In
practice, however, the liquid height immediately after the
jump tends to be much smaller than that indicated in Figure
4 because of the strong turbulence that accompanies the
jump. The variation in liquid height in the immediate vi-
cinity of the hydraulic jump is not smooth and cannot be
predicted theoretically. Fortunately, the width of this region
is small and the rapid change in height that coincides with
the jump has no practical significance provided that the
hydraulic jump position does not coincide with the disk
radius. It will, nevertheless, result in an increased height of
liquid metal on the disk and therefore will have a direct
effect on the droplet size distribution after atomization.

B. Liquid Metal Velocities

The radial and tangential components of the liquid ve-
locity have dominant effects on the mode and rate of liquid
atomization at the periphery of the disk and will ultimately
determine the amount of premature solidification and skull
buildup on the disk. As indicated by Eqs. [6] and [9], both
the radial and tangential velocities are complex functions
of the radial and axial distances from the disk. At the in-
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Fig. 4—Variation of liquid height with radius after hydraulic jump with
different (a) volume flow rates, (b) disk rotation speeds, and (c) kinematic
viscosities.

terface between the liquid metal and the disk, the liquid has
a zero velocity relative to the atomizing disk. However, as
the axial distance is increased, both the radial and tangential
velocities relative to the disk increase. The important
parameters in terms of centrifugal atomization would ap-
pear to be the mean radial and tangential velocities as a
function of disk radius. The mean radial velocity at a radius
r to give an equivalent constant volume flow rate Q is 5u

, where d is the liquid height. Figures 5(a) through (c)
Q

2prd
show the variations in mean radial velocity with radius
prior to the hydraulic jump, under different volume flow
rates, metallostatic heads, and kinematic viscosities respec-
tively, with the remaining two parameters maintained con-
stant: volume flow rate Q 5 5 3 1025 m3/s, metallostatic
head h 5 200 mm, or kinematic viscosity n 5 1.263 3
1026 m2/s. When the liquid impinges on the disk, axial mo-
mentum is transformed into radial momentum, accelerating
the liquid rapidly up to a mean radial velocity of 5900 m/s.
This extremely rapid flow accounts for the very thin liquid
layer before the hydraulic jump, as shown in Figure 3. With
increasing radius beyond 0.01 m, the mean radial velocity
increases only slightly for a fixed processing condition. At
a radius r 5 0.01 m, the mean radial velocity increases
from 1162 to 2384 m/s, from 154 to 2980 m/s, and from
1121 to 5603 m/s with increasing volume flow rate from 2
3 1025 to 1 3 1024 m3/s, with increasing metallostatic head
from 10 to 400 mm, and with decreasing kinematic viscos-
ity from 2 3 1026 to 4 3 1027 m2/s, respectively.

Figures 6(a) through (c) show the variations in mean ra-
dial velocity with radius after the hydraulic jump under
different volume flow rates, disk rotation speeds, and kin-
ematic viscosities, respectively, with the remaining two
parameters maintained constant: volume flow rate Q 5 5
3 1025 m3/s, disk rotation speed v 5 1000 radian/s, or
kinematic viscosity n 5 1.263 3 1026 m2/s. Immediately
after the hydraulic jump, the rapid liquid flow becomes al-
most quiescent due to the sudden great increase in liquid
height. With increasing radius after the jump, the mean ra-
dial velocity of the liquid increases, first rapidly then stead-
ily up to 12 m/s at a radius r 5 0.1 m. In general, however,
the mean radial velocity after the hydraulic jump is much
lower than that before the jump. At a radius of 0.05 m, the
mean radial velocity of the liquid increases from 4.16 to
7.18 m/s, from 2.72 to 10.44 m/s, and from 5.45 to 7.00
m/s with increasing volume flow rate from 2 3 1025 to 1
3 1024 m3/s, with increasing disk rotation speed from 400
to 2000 radian/s, and with decreasing kinematic viscosity
from 2 3 1026 to 4 3 1027 m2/s, respectively.

The mean tangential velocity of the liquid at a certain

radius can be expressed as 5 . Because the mean
d* vdz0v
d

tangential velocity is smaller than, but usually close to, that
of the disk, it is often convenient to describe the deviation
of the tangential velocity of the liquid from that of the disk
by a parameter designated as the degree of slippage f 5 1

2 , which is the ratio between the mean tangential ve-
v

vr
locity of the liquid relative to the disk and the absolute
velocity of the disk. Figures 7(a) through (d) show the var-
iations in the degree of slippage with radius for different
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Fig. 5—Variation of mean radial velocity with radius prior to hydraulic
jump with different (a) volume flow rates, (b) metallostatic heads, and (c)
kinematic viscosities.

volume flow rates, metallostatic heads, disk rotation speeds,
and kinematic viscosities, respectively, with the remaining
three parameters maintained constant: volume flow rate Q
5 5 3 1025 m3/s, metallostatic head h 5 200 mm, disk
rotation speed v 5 1000 radian/s, or kinematic viscosity n
5 1.263 3 1026 m2/s. The degree of slippage prior to im-
pingement on the disk is unity since the liquid metal stream
does not rotate with the disk. With the liquid flowing ra-
dially outward, the degree of slippage decreases rapidly.
Immediately prior to the hydraulic jump, the degree of slip-
page remains constant at f ' 0.09 regardless of variations
in the volume flow rate, disk rotation speed, or kinematic
viscosity, as shown in Figures 7(a), (c), and (d), but de-
creases from 0.56 to 0.06 with increasing metallostatic head
from 10 to 400 mm, as shown in Figure 7(b). Just after the
hydraulic jump, the degree of slippage is very high, and as
a consequence, the mean tangential velocity is low. How-
ever, with increasing radius, the degree of slippage de-
creases, first rapidly and then relatively slowly. At any
specified radius, the degree of slippage increases with in-
creasing volume flow rate and with decreasing metallostatic
head prior to the hydraulic jump, and increases with in-
creasing volume flow rate, with decreasing disk rotation
speed, and with decreasing kinematic viscosity after the
jump. At a radius r 5 0.05 m, the degree of slippage ranges
from 0.09 to 0.33 for the range of processing conditions
commonly encountered in the centrifugal atomization of
liquid metals.

C. Comparison with Experimental Observations

Figure 8 shows the skull formed on the atomizing disk
during centrifugal spray deposition of liquid Ti-48Al-2Mn-
2Nb. The equipment used in this work and the experimental
conditions have been reported in detail in a previous arti-
cle.[29] In summary, the volume (or mass) flow rate, metal-
lostatic head, and disk rotation speed were all maintained
constant at Q 5 6.096 3 1025 m3/s (13.9 kg/min), h 5 0.4
m, and v 5 314.16 radian/s (3000 rpm). It is apparent from
Figure 8 that at radii less than approximately 0.03 m, there
was very little solidification and/or skull buildup, despite
the intense water cooling imposed at the center of the disk.
The small variation in skull thickness close to the center of
the disk can be attributed to two effects: the premature
breakup of the liquid metal stream prior to impact with the
disk and the impact of individual droplets with the disk (an
effect that became pronounced toward the end of the pour-
ing process); and the shrinkage and buckling of the solid
skull at the conclusion of the pouring operation. Beyond
0.03 m, however, extensive solidification had occurred, re-
sulting in a large doughnut-shaped skull. The sharp increase
in skull thickness at r 5 0.03 m has been assumed to be
coincident with the occurrence of a hydraulic jump in the
flow of liquid metal on the disk, as indicated in Figure 1.
This assumption has been rationalized on the basis that in
the absence of a hydraulic jump, the cooling condition on
the disk would be expected to promote a relatively smooth
transition in skull thickness on moving from the center to
the edge. In fact the combination of water jet cooling with
high rotation speeds means that temperature differentials in
the radial direction are small. This, combined with the grad-
ual decrease in liquid metal temperature, would not be ex-
pected to result in the pronounced thickness variations
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Fig. 6—Variation of mean radial velocity with radius after hydraulic jump
with different (a) volume flow rates, (b) disk rotation speeds, and (c)
kinematic viscosities.

illustrated in Figure 8. Substituting the process conditions
into the model, a hydraulic jump would be expected to take
place at r 5 0.0304 m. This agrees well with the sharp
increase in skull thickness at r 5 0.03 m, as shown in
Figure 8. Before the hydraulic jump takes place, liquid
metal flow on the disk is rapid, with a mean radial velocity
as high as 3432 m/s, as calculated from Eq. [7], and a
height as low as 0.1 mm. In this respect, the short residence
time of the liquid on the disk restricts solidification to a
thin boundary layer immediately adjacent to the disk sur-
face. In direct contrast, the mean radial velocity after the
jump decreases significantly, typically to less than 1.5 to
2.3 m/s, and the liquid height increases to in excess of 85
to 184 mm. As a result, the heat transfer to the disk is
enhanced, resulting in an increase in the rate of solidifica-
tion and a net buildup in skull thickness.

Recent studies conducted by Zhao et al.[29] have shown
that the flow lines observed on the skull after atomization
can be related directly to the flow of liquid metal on the
atomizing disk. Specifically, the angular variation in the
liquid trajectory with radius depends on the ratio between
the mean tangential and radial velocities relative to the disk
and follows the relation

rdu vr 2 v
5

dr u

On this basis, the flow lines on the skull can be used to
evaluate the accuracy of the velocity calculations. It should
be noted, however, that flow lines were not visible at radii
less than 0.03 m, and as a consequence, it was not possible
to validate the flow calculations prior to the hydraulic jump.
Following a flow line after the hydraulic jump on the skull
in Figure 8, the angular coordinates at a series of radii are
measured. Figure 9 compares the experimental measure-
ments of the liquid metal trajectory with predicted values
calculated using both the present jump model and a ‘‘shear
stress’’ analytical model originally proposed by Zhao et
al.[29] The trajectory predicted by the jump model using ve-
locity values obtained from Eq. [9] agrees well with the
experimental data provided the radius is smaller than 0.045
m. Beyond this value, there is considerable deviation. In
contrast, the liquid metal trajectory predicted by the shear
stress model shows good agreement with the experimental
data at radii greater than 0.04 m but shows large deviations
when the radius is smaller than this value. In reality, liquid
metal trajectories calculated using the shear stress model
for radii less than '0.03 m are meaningless, because the
model does not consider the effect of the metallostatic head
during pouring and therefore does not take into account the
principal parameters governing flow prior to the hydraulic
jump. Similarly, the degree of slippage immediately after
the jump is high, as shown in Figure 7, typically exceeding
0.4. In this respect, the shear model gives poor results since
it is only valid when the degree of slippage is ≤0.2.[29] In
contrast, the jump model takes into account the amount of
tangential slippage and therefore gives an improved corre-
lation with the experimental data. As the radius is in-
creased, however, the degree of slippage is reduced and, at
radii greater than 0.04 m, falls to less than 0.17 at which
point the shear stress model yields a better prediction. The
large deviations observed with the jump model within this
region probably stem from the fact that the axial, radial,
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Fig. 7—Variation of degree of tangential slippage with radius with different (a) volume flow rates, (b) metallostatic heads, (c) disk rotation speeds, and
(d) kinematic viscosities.

and tangential velocities of the liquid are approximated us-
ing trial functions, which, at the small liquid heights ob-
served at large radii, invariably introduce some degree of
error. In general, the jump model will give a reasonable
approximation of the position of the hydraulic jump, and
can be used to calculate the velocity distributions and the
liquid metal profile on the disk, either prior to or immedi-
ately after the hydraulic jump or under conditions where
there is a high degree of slippage. The shear model will
invariably give more accurate results at large disk radii
where the degree of slippage on the disk is low.

D. Implications

The metallostatic head during pouring essentially deter-
mines the initial axial velocity of the liquid impinging on

the atomizing disk, which in turn affects the liquid behavior
on the disk prior to the hydraulic jump. In contrast, the
hydraulic jump position and the flow of liquid metal on the
disk after the jump are not affected by the metallostatic
head, but are rather controlled by the volume flow rate and
the disk rotation speed. This implies that the pouring dis-
tance, or the distance between the nozzle and the disk, has
little influence on the atomization response of the liquid at
the periphery of the disk, provided the disk radius exceeds
the critical radius for the occurrence of a hydraulic jump.
The radius of the disk currently used in the centrifugal at-
omization and deposition of liquid metals is usually in the
region of 0.05 m, which, for the range of pouring condi-
tions considered to date, is beyond the critical radius for a
hydraulic jump. In this respect, the apparent insensitivity of
liquid metal flow to pouring distance after the hydraulic
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Fig. 8—Solid skull formed on an atomizing disk.

Fig. 9—Measured and calculated flow lines of the liquid metal on the
atomizing disk.

jump clearly offers some benefits in terms of the atomizer
and pouring system design. During centrifugal spray dep-
osition, the atomized droplets are normally directed on to
the surface of a cylindrical substrate, which is configured
in such a way as to reciprocate vertically in the path of the
spray, thus allowing the controlled buildup of deposit
shape. With this configuration, the melting crucible and
pouring system need to be kept well above the disk, in
order to avoid interference with the substrate manipulation
facilities and to allow the production of rings with extended
axial lengths. However, as the pouring distance increases,
there is a tendency for the melt stream to break up prior to
impact the disk, resulting in periodic variations in the liquid
volume flow rate. In the absence of a hydraulic jump, this
would invariably give rise to variability in the droplet size
distribution with knock-on effects in terms of the micro-
structure and surface quality of the deposit. Such effects are
not retained after the hydraulic jump because of the strong
mixing that occurs within the transition region and because
of the change from turbulent to a more quiescent mode of
flow. These benefits do, however, need to be balanced
against the increased liquid metal thickness on the disk and
the attendant reductions in radial velocity, since both of
these effects will tend to result in an increase in the average
droplet size. Under the processing conditions investigated
to date, the liquid height and the mean radial and maximum
tangential velocities prior to (r 5 0.01 m) and after the
jump (r 5 0.05 m) would be expected to vary in the ranges
0.1 to 6 mm and 15 to 60 mm, 150 to 3100 m/s and 2 to
10 m/s, and 4 to 20 m/s and 20 to 100 m/s. The liquid flow
is therefore mainly radial before the hydraulic jump and
tangential after the jump. If a small atomizing disk is used
in order to prevent the hydraulic jump, the combination of
small liquid height and high radial velocity would be ex-
pected to lead to the formation of smaller droplets at the
disk edge. This is clearly beneficial in that smaller liquid

droplets have higher cooling rates during flight and can
result in more uniform deposit microstructures. However,
since the liquid height and the mean radial velocity prior
to a hydraulic jump are controlled primarily by the liquid
volume flow rate and by the metallostatic head, some var-
iability might be expected, particularly at extended pouring
distances, due to the premature breakup of the melt stream
and the increased splatter associated with the impact of in-
dividual droplets on the disk. Further work is clearly re-
quired in order to resolve these issues.

IV. CONCLUSIONS

During centrifugal atomization and spray deposition of
liquid metals, a hydraulic jump from a rapid flow to a tran-
quil flow often takes place on the atomizing disk. A math-
ematical model has been developed in order to predict the
occurrence and location of this jump and the associated
variations of liquid metal height profile on the disk and the
changes in radial and tangential velocities as functions of
the liquid kinematic viscosity n, the volume flow rate Q,
the metallostatic head h, and the disk rotation speed v.
Under the conditions commonly encountered during pro-
cessing, n 5 1.263 3 1026 m2/s, Q 5 2 3 1025 to 1 3
1024 m3/s, h 5 10 to 400 mm, and v 5 1000 radian/s, the
liquid height and the mean radial velocity vary in the range
of 0.1 to 6 mm and 150 to 3000 m/s before the hydraulic
jump and 15 to 60 mm and 2 to 10 m/s after the jump. The
degree of tangential slippage between the liquid and the
disk varies in the range of 0.1 to 0.5, except at the point
of impingement and in regions close to the hydraulic jump.
Increasing the liquid volume flow rate increases the height
of liquid metal on the disk, the critical hydraulic jump ra-
dius, the mean radial velocity, and the degree of slippage.
Increasing the metallostatic head or the pouring distance
reduces the height of liquid metal on the disk and the de-
gree of slippage and increases the mean radial velocity prior
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to the hydraulic jump, but does not affect the hydraulic
jump position or the liquid behavior after the jump. Increas-
ing the disk rotation speed reduces the liquid height and
the critical radius and increases the mean radial velocity
and the degree of slippage after the hydraulic jump, but
does not affect these parameters before the hydraulic jump.
Increasing the liquid kinematic viscosity increases the liq-
uid height and decreases the critical radius, the mean radial
velocity, and the degree of slippage after the hydraulic
jump, but does not affect the degree of slippage before the
hydraulic jump. The model can explain the formation of
the doughnut-shaped skull that forms on the disk during
atomization. The calculations of hydraulic jump position
and liquid trajectories after a hydraulic jump agree well
with measurements of the flow lines on the skull when the
radius is smaller than 0.045 m. The model implies that a
small atomizing disk preventing hydraulic jump favors for-
mation of fine spray droplets.
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TABLE OF SYMBOLS
a constant
b constant
c variable related to wo, n, and v
F trial function for radial velocity
G trial function for tangential velocity
g gravitational acceleration
H trial function for axial velocity
h metallostatic head
k constant
m constant
n constant
P trial function for pressure
p pressure
Q liquid volume flow rate
r radial distance
r0 radius of liquid stream at impingement
rc critical radius of hydraulic jump
u radial velocity
u mean radial velocity

1u mean radial velocity at rc before hydraulic jump
2u mean radial velocity at rc after hydraulic jump

v tangential velocity
v mean tangential velocity
w axial velocity
wo initial axial velocity
z axial distance
d liquid height
d1 liquid height before hydraulic jump
d2 liquid height after hydraulic jump
f degree of tangential slippage

m viscosity
n kinematic viscosity
u polar angle
r specific density
v disk rotation speed
z dimensionless variable related to z, n, and v
¹2 mathematical operator
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