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a b s t r a c t

We report laser Doppler anemometry (LDA) measurements of mean velocity and turbulence structure for
fully-developed turbulent flow through a rectangular duct of aqueous solutions of a xanthan gum and a
polyacrylamide both of which are drag-reducing polymer solutions. All three components of the turbulent
fluctuations (i.e. the Reynolds normal stresses) have been measured as well as the Reynolds shear stress
−�uv. A novel open-slit test-section allows measurement of the component of Reynolds normal stress
perpendicular to the duct wall and of the Reynolds shear stress down to values of y+, the distance from
the surface in wall units, close to unity. We show that the maximum value of the transverse (or normal)
component of turbulence intensity in wall units v′+

MAX decreases linearly from about unity for zero drag
reduction (DR1) to about 0.6 at DR1 = 80% while the lateral component w+

MAX is practically independent of
′+
DA DR1. For levels of drag reduction below 50% the streamwise component u MAX increases monotonically

but for higher levels of drag reduction the trend is less clear. Anisotropy of the turbulence structure is
characterised using Pope’s modification [S. Pope, Turbulent flows (2000), Cambridge University Press,
New York.] of the triangle plot suggested by Lumley [J.L. Lumley, Computational modelling of turbulent
flows, Adv. Appl. Mech. 18 (1978) 123–176] and shown to follow closely the line for axisymmetric tur-

mea
ducti

10–19 are more typical [16–24] but in many cases the turbulence
data are limited to the streamwise (or axial) component of velocity
bulence. The detailed LDA
which reveal how drag re

. Introduction

It has been known for 60 years [1] that large reductions in
urbulent frictional drag occur when high molecular-weight poly-

ers, surfactants, etc. are added to a Newtonian solvent even at
ery low concentrations (as little as a few ppm). Recent advances
n numerical modelling, especially Direct Numerical Simulations
e.g. [2–6]) have enhanced our understanding of how the additives
nteract with and modify the turbulence and reduce the frictional
rag. At the same time, efforts are being made to develop mod-
lling approaches to such flows which are far less demanding of
omputational resources and so suitable for routine engineering
alculations in complex geometries (e.g. [7–9]). The purpose of the
ork presented here is to provide a more comprehensive experi-
ental database than has been available hitherto to assist in the

evelopment and validation of both approaches, particularly for
igher polymer concentrations where there are measurable differ-
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

nces in shear viscosity and other fluid properties when compared
ith the solvent and for which currently there are no data. Special

mphasis here will be placed on the quantification of turbulence
nisotropy which many previous studies have shown qualitatively

∗ Corresponding author.
E-mail address: m.p.escudier@liverpool.ac.uk (M.P. Escudier).

377-0257/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
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surements are supplemented by particle-image velocimetry observations
on changes the near-wall streaky structure.

© 2009 Elsevier B.V. All rights reserved.

is significantly different for drag-reducing liquid flows compared to
the turbulent flow of a Newtonian fluid.

Previous experimental work, outlined in Table 1, on the tur-
bulent flow of non-Newtonian liquids through a rectangular duct
[10–24] is limited in several ways. Several of these studies [10–15]
have been concerned with flow through square ducts where the
low aspect ratio leads to a three-dimensional rather than a two-
dimensional flow field and there may also be secondary-flow effects
[14], particularly at low polymer concentrations for modestly drag-
reducing additives where the turbulence structure (which drives
the secondary motion for these inertia-dominated flows) may be
only marginally different from that for a Newtonian fluid flow. There
are, in addition, doubts about the validity of some of the very early
data (e.g. [11] for which the u′ values are roughly a factor of 2 higher
than most comparable data). Ducts with aspect ratios in the range
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

u′1 [16], or the axial and normal v′ components of velocity together
with the Reynolds shear stress −�uv [17–23] but not the third com-

1 In this paper u′ represents the root-mean-square value of the fluctuating com-
ponent of the streamwise (or axial) velocity component; v′ is the rms value of the
normal component of the fluctuating velocity and w′ is the rms value of the lateral
component.

dx.doi.org/10.1016/j.jnnfm.2009.01.002
http://www.sciencedirect.com/science/journal/03770257
http://www.elsevier.com/locate/jnnfm
mailto:m.p.escudier@liverpool.ac.uk
dx.doi.org/10.1016/j.jnnfm.2009.01.002
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Table 1
Summary of previous data (symbols correspond to data shown in Fig. 8).

Ref Author(s) Year AR Fluid(s) Data (Sets)

[10] Logan 1972 1 50 ppm polyox u′ , v′ , uv (2)
[11] Rudd 1972 1 100 ppm PAA Separan AP30 u′ , v′ (1)
[16] Reischman and Tiederman (�) 1975 10.7 100 ppm PAA Separan AP273, 100 ppm

Magnifloc 837A, 100 ppm Polyox WSR-301
u′ (3)

[24] Gampert and Delgado (�) 1985 19 50 and 100 ppm PAA Praestol PR2850 u′ , v′ , w′ , uv (2)
[18] Willmarth, Wei and Lee (�) 1987 12 10 ppm Polyox u′ , v′ , uv (2)
[12] Gampert and Yong 1988 1 50 and 100 ppm PAA Praestol 2360 u′ , v′ , uv (4)
[17] Luchik and Tiederman (⊗) 1988 10 1.3 and 2.1 ppm PAA Separan AP273 u′ , v′ , uv (2)
[13] Gampert and Yong (×) 1990 1 50 and 100 ppm PAA Praestol 2360 u′ , uv (4)
[19] Harder and Tiederman (�) 1991 10 3–5 ppm PAA Separan AP273 u′ , v′ , uv (2)
[20] Wei and Wilmarth (�) 11.9 10 ppm Polyox WSR-301 u′ , v′ , uv (3)
[21] Gampert and Rensch (�) 1996 1& 19 19 5–150 ppm PAA Praestol 2360 u′ , v′ , uv (23)
[22] Warholic, Massah and Hanratty (+) 1999 12 0.25–50 ppm PAA Percol 727 u′ , v′ , uv (8)
[14] Escudier and Smith (♦) 2001 1 0.1% CMC/0.1% XG, 0.125% PAA Separan AP273 u′ , v′ , w′ , uv (2)
[
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pressure transducer was calibrated periodically against an MKS
Baratron differential pressure transducer (1000 torr fsd). Fluid tem-
perature was monitored using a platinum-resistance thermometer
installed at the downstream end of the duct.
23] Warholic, Heist, Katcher and Hanratty (©) 2001 12
15] Gampert, Braemar, Eich and Dietmann (♣) 2004 1

onent of velocity w′. In fact, we have identified only one previous
tudy [24] which also includes measurements of w′: as will be dis-
ussed later, all three components of velocity are required, together
ith the Reynolds shear stress, if the turbulence anisotropy is to

e quantified. With one exception [23], in which particle-image
elocimetry was used, all previous measurements were made using
aser Doppler anemometry. A further limitation of previous work is
o relatively low polymer concentrations where the liquid viscos-
ty is essentially that of the solvent (invariably water). Even where
he concentration has been sufficiently high to significantly change
he liquid rheology, little information is given about the viscosity-
hear rate curve. In only two cases, [15] and [22], are flow curves
rovided to quantify the degree of shear thinning though in the for-
er paper the viscosity data for high shear rates were affected by

aylor instabilities and in both cases the ratio of maximum to mini-
um shear viscosity was less than 20. Finally, in many instances the

ata provided are very limited (e.g. a single set of profiles), incom-
lete (e.g. no information about wall shear stress or bulk velocity)
r of questionable accuracy (e.g. measured values of friction factor
or a Newtonian fluid significantly different from values calculated
rom well-established correlations [26]).

. Experimental arrangement and instrumentation

Although new, the flowloop used here is similar in design to
acilities used in previous research at the University of Liverpool
7,14,25]. The new loop incorporates a rectangular duct comprising
ix 1.2m long stainless-steel modules with an internal cross-section
f height H = 25 mm and width w = 298 mm (hydraulic diameter
H = 2wH/(w + H) = 46 mm, aspect ratio w/h = 11.92). Five of the
odules are upstream of the Perspex, stainless-steel and glass test

ection, length 250 mm, which is therefore located 6 m (240H) from
he duct inlet. Flow is provided by a progressive cavity pump, Mono
ype E101, with a maximum flowrate of 0.025 m3/s. The flow rate
as measured by an Endress and Hauser Promag P electromagnetic
owmeter. The flow enters and leaves the rectangular duct through
ransition sections which change gradually in cross-section from
ircular to rectangular and vice versa.

In the test section, shown schematically in Fig. 1, a unique open-
lot arrangement, inspired by the open-channel work of Poggi et al
2002) [27], allows essentially unimpeded access of the LDA laser
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

eams to the flowing liquid. This technique permits simultaneous
nd coincident measurement of the mean axial velocity u, the RMS
alue of the fluctuating axial velocity component u′ and the RMS
uctuating velocity component normal to the duct surface v′, and
ence the determination of the Reynolds shear stress −�uv, without
1.24 and 50 ppm PAA Percol 727 u′ , v′ , uv (2)
100 ppm–0.015% PAA Praestol 2300,
50–400 ppm XG

u′ , v′ , uv (8)

the need for a complex optical arrangement such as has been used
in the past (e.g. [18–20],). The third fluctuating velocity component
w′, orthogonal to u′ and v′, was measured separately. The stream-
wise velocity was remeasured simultaneously with the w′ data to
provide both a consistency check and a way of monitoring poly-
mer degradation. A Dantec FibreFlow 2D LDA system, comprising
a 60 × 10 probe and 55X12 beam expander together with Dantec
BSA 57N20 and 57N10 burst spectrum analyser signal processors
was used to measure the distributions of the mean and fluctuat-
ing velocities. The optical system produces a measuring volume
with length 180 �m and diameter 20 �m. The streamwise pressure
gradient was estimated from measurements of the pressure dif-
ference between pressure tappings installed in the stainless-steel
modules (i.e. with 1.2 m separation) using a Validyne DP15-30 pres-
sure transducer linked to a Validyne CD223 digital indicator. The
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

Fig. 1. Schematic of the test section showing the LDA access slit: (a) cross-section,
(b) plan view.

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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ig. 2. Flow curves for xanthan gum (XG) and polyacrylamide (PAA) with
arreau–Yasuda fits (parameter values listed in Table 2). Arrows indicate approx-

mate wall shear rates for the detailed LDA measurements.

PIV observations in planes parallel to the upper surface of the
uct were made using a Dantec two-component DC-PIV system
ith a New Wave Research 50 mJ double-pulsed Nd:YAG laser. The

IV observations were carried out using 50 �m polyamid seeding
articles. The distance of the laser sheet from the surface was set
y passing it through a long 1 mm wide slit cut into a mask which
as positioned in front of the test section and adjustable vertically.

. Fluid rheology and critical overlap concentration

The non-Newtonian test liquids were aqueous solutions of two
olymers. The first was a polyacrylamide, Separan AP 273 E Sup-
lied by Floerger—hereafter PAA, which is regarded as having a
ighly flexible molecular structure [28] and so is strongly viscoelas-
ic and drag reducing. The second fluid was a xanthan gum (Keltrol
F supplied by Kelco Ltd.—hereafter XG) which, having a more
igid-rod-like structure, is less viscoelastic in the non-linear regime
nd also less drag reducing [25]. Measurements of the flow curves
shear viscosity vs shear rate) for these liquids were carried out
ith a TA Instruments AR1000N controlled-stress rheometer using
cone and plate geometry (60 mm diameter, 2◦ cone angle) for low-
edium shear rates, a 40 mm diameter parallel-plate geometry at

igh shear rates and a double-concentric cylinder arrangement at
ery low shear rates (diameters 20.00, 20.38, 21.96 and 22.38 mm).
he shear-thinning character of the fluids is evident from Fig. 2 as is
he fact that the data are well fitted by the Carreau–Yasuda model:
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

� − �∞
�0 − �∞

= 1

[1 + (��̇)a]
n/a

. (1)

In Eq. (1) �0 is the zero-shear-rate viscosity, �∞ is the infinite-
hear-rate viscosity, � is a constant (with dimensions of time)

able 2
arreau–Yasuda parameters for all liquids.

ymbols used in Figs. 5, 6, 9, 10, 11 and 12 XG � XG � XG ©

0 (Pa s) 7.87 3.27 0.0287
∞ (Pa s) 0.00284 0.00293 0.0027
(s) 4.29 12.2 0.232

0.880 0.795 0.664
0.231 0.213 0.801
Fig. 3. Determination of critical overlap concentrations c* � PAA � XG.

which characterises the onset of shear thinning, n is a power-law
index and a is a fitting parameter introduced by Yasuda et al. [29].
The resulting values of �0 plotted versus concentration c in Fig. 3
in log-log form, show well-defined power-law variations, �0 ˛ cm,
with different values of the exponent m for each polymer, above
and below the critical overlap concentration c*. Fluids with c < c*
are designated dilute (i.e. the molecules are sufficiently far apart
that there are minimal interactions between them) and those
with c > c* as semi dilute. For XG, we find c* ≈ 0.067% and for PAA
c* ≈ 0.03%. The turbulence data presented here are for the flow of
both dilute and semi dilute solutions: XG in the range 0.03–0.15%
with levels of drag reduction (see below) in the range 33–67%, PAA
in the range 0.01–0.05% and drag reduction 65–75%. Values for all
the Carreau–Yasuda parameters for the working fluids used here
are listed in Table 2.

We used a Capillary Break-up Extensional Rheometer (CaBER)
to obtain characteristic times for uniaxial extensional stress growth
for the two higher concentrations of the polyacrylamide solutions:
25 ms (0.03%) and 56 ms (0.05%). Unfortunately for the xanthan
gum solutions the concentrations were too low to enable any
meaningful data to be extracted. Given the incompleteness of the
extensional-flow data, it would be impossible to speculate how
strain-hardening might influence the turbulence structure. Never-
theless we include these two values in the hope that this limited
relaxation-time data for PAA may be useful for modellers wishing
to simulate our results.

4. Friction factor versus Reynolds number
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

The Fanning friction factor f ≡ 2�W/�U2 is shown in Fig. 4(a) (xan-
than gum, XG) and 4(b) (polyacrylamide, PAA) plotted against a
Reynolds number defined as Re ≡ �HU/2 �W where � is the fluid
density (taken to be the same as that of the solvent, water), H is

XG ♦ XG � PAA � PAA � PAA �

0.0209 0.0109 0.034 0.0122 0.00318
4 0.00226 0.00227 0.00202 0.00215 0.00178

0.141 0.095 0.740 0.137 0.040
0.614 0.689 0.498 0.487 0.802
0.719 0.447 0.852 2.73 1.29

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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Fig. 4. (a) f-Re plots for XG data sets including near-wall fluctuation level to indi-
cate transition. Large symbols: f-Re data. Small symbols: u′/U data. Arrows indicate
a
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pproximate Reynolds numbers of the detailed LDA measurements. (b) f-Re plots
or PAA data sets including near-wall fluctuation level to indicate transition. Large
ymbols: f-Re data. Small symbols: u′/U data. Arrows indicate approximate Reynolds
umbers of the detailed LDA measurements.
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
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he channel height, U is the bulk mean velocity, and �W is the near-
all viscosity determined from the wall shear stress �W and the
arreau–Yasuda model fits. The wall shear stress was determined

rom pressure-drop measurements. Also shown on each figure is

able 3
luid and flow parameters.

ymbols used in Figs. 5, 6,
, 10, 11 and 12

Water + Glycerol × XG � XG �

oncentration (%) – 45 0.15 0.08
/c* – – 2.24 1.19
(m/s) 0.41 1.82 1.93 2.24

W (Pa) 0.61 13.1 4.90 8.20
W (Pa s) 0.001 0.0049 0.0070 0.0039
(kg/m3) 1000 1107 1000 1000

� (m/s) 0.025 0.109 0.070 0.091
e 5100 5100 3500 7300

0.0073 0.0073 0.0027 0.0036
R1 (%) – – 67 49
e� 313 307 174 253
R2 (%) – – 67 59
Fig. 5. Mean velocity profiles in wall coordinates u+ vs log y+ for all data: + water, ×
glycerol, � 0.03% XG, ♦ 0.05% XG, © 0.067% XG, � 0.08% XG, � 0.15% XG, � 0.01% PAA,
� 0.03% PAA, � 0.05% PAA. Associated flow parameter values are listed in Table 3.

the near-wall (y = 2.5 mm, y/H = 0.1) streamwise component of tur-
bulence intensity u′ which we have shown in previous work [25]
is an excellent indicator of laminar-turbulent transition whereas
in general the f(Re) curves are not. The solid straight line for the
laminar flow regime corresponds to f.Re = 21.6, appropriate for the
fully-developed flow of a Newtonian fluid through a rectangular
duct with an aspect ratio of 12. The dashed line represents the
correlation of Dean [26]

i.e. fN = 0.073(�UH/�)−0.25 (2)

The lower curve represents Virk’s (1975) drag-reduction asymp-
tote for pipe flow [30] transformed to a form applicable to a
rectangular duct using a procedure based upon that suggested by
Kozicki and Tiu [31]

i.e.
1√
fV

= 19 log10

(
Re∗

√
fV

)
− 32.4 (3)

where the subscript V refers to Virk, Re* = Re/d and, for an aspect
ratio of 12, the geometric factor d takes the value 1.3474 [31].

An interesting feature of the XG data is that the f-Re data for
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

0.03% and 0.05% collapse, the data for 0.067% and 0.08% are slightly
lower but also collapse, and the data for 0.15% are considerably
lower and close to Virk’s asymptote. For PAA the data for 0.03% and
0.05% are practically identical and, in the turbulent-flow regime,
follow Virk’s asymptote while the f-Re data for 0.01% show much

XG © XG ♦ XG � PAA � PAA � PAA �

0.067 0.05 0.03 0.05 0.03 0.01
1.00 0.75 0.45 1.67 1.00 0.33
2.00 1.91 1.67 1.92 2.09 1.22
7.17 7.89 6.01 3.36 3.45 1.66
0.0032 0.0028 0.0024 0.0032 0.0030 0.0019

1000 1000 1000 1000 1000 1000
0.085 0.089 0.078 0.058 0.059 0.041

7600 7300 7900 8000 8800 8300
0.0036 0.0043 0.0043 0.0018 0.0016 0.0022

45 35 33 72 75 65
332 408 397 234 253 274

52 40 42 74 77 74

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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ess drag reduction and the turbulence intensity data reach very
igh levels at the end of transition.

Percentage drag reduction is defined as

R = 100
(

1 − f

fN

)
(4)

here f and fN are determined at either the same value of Re, yield-
ng drag reduction DR1, or the same value of Re� ≡ �Hu� /2�W, where

� ≡
√

�W /� is the friction velocity, which yields DR2. The par-
icular value of Re at which the detailed LDA measurements were

ade is indicated on each f(Re) curve. The values of both DR1 and
R2 corresponding to the detailed measurements are included in
able 3 together with all other basic flow and fluid properties as well
s the symbols used in subsequent figures. We note that because
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

ll the non-Newtonian fluids under consideration here are shear
hinning, some by as much as two orders of magnitude in shear
iscosity, quantifying the degree of drag reduction is less straight-
orward than for situations where the polymer concentration is
o low that the fluid viscosity is taken to be that of the solvent.

ig. 6. (a) Reynolds’ normal stress profiles in wall coordinates, u′+ . (b) Reynolds’ normal
oordinates, w′+ .
 PRESS
Fluid Mech. xxx (2009) xxx–xxx 5

In particular, instead of �W the reference viscosity used in the
Reynolds number definitions could have been calculated for a char-
acteristic shear rate 2U/H or the zero-shear-rate viscosity �0. To
a certain degree, therefore, the degree of drag reduction is some-
what arbitrary although, as can be seen, the differences between the
DR1 and DR2 values are generally quite small. This issue has been
discussed previously [32] with conclusions consistent with those
reached here.

5. Mean-velocity profiles

The quality of the detailed data is apparent from Fig. 5 which
shows the mean-velocity distributions plotted in wall coordinates
u+ ≡ u/u� and y+ ≡ �u�y/�W. For the Newtonian control fluids, water
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

and 45% glycerol, the data closely follow the standard log law,
u+ = 1/� ln y+ + B with � = 0.4 and B = 5.5, for y+ > 30 and extend down
to y+ ≈ 3. For PAA there are upshifts in the log-law region between
�u+ = 14 and 21 depending upon the level of drag reduction while
for XG �u+ = 4 to 18. The data for XG follow u+ = y+ from y+ ≈ 1 to

stress profiles in wall coordinates, v′+ (c) Reynolds’ normal stress profiles in wall

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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a 15 and for the highest concentration lie close to Virk’s ultimate
rofile [30], u+ = 11.7 ln y+ − 17. For PAA the data extend down to
+ ≈ 5 and again follow Virk’s profile for the highest concentration.
t is important to note that the sub-layer data confirm that the sur-
ace slit has no discernible influence on the flow. In each case, the
mallest y-value is 0.5 mm corresponding to y+ values in the range
–5.

. Normal Reynolds-stress and turbulent kinetic-energy
rofiles

The distributions of the rms values of the velocity fluctuations
n the three orthogonal directions, u′(y), v′(y) and w′(y) correspond
o the three normal Reynolds-stresses. The distributions of these

′+ +
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

uantities are shown in Fig. 6 in wall coordinates: u vs y in
ig. 6(a), v′+ vs y+ in Fig. 6(b) and w′+ vs y+ in Fig. 6(c). The trends
re more easily discerned in Fig. 7 where the peak values of each
f the normalised normal Reynolds stresses and the peak locations
re plotted versus the level of drag reduction in Fig. 7(a) and (b),

ig. 7. (a) Peak values of u′+ , v′+ and w′+ vs level of drag reduction DR1. Filled points
epresent XG data. Hollow symbols represent PAA data. (b) Locations of peak values
f u′+ , v′+ and w′+ vs level of drag reduction DR1. Filled points represent XG data.
ollow symbols represent PAA data. No max v′+ data point for 0.15% XG (DR = 67%).
 PRESS
Fluid Mech. xxx (2009) xxx–xxx

respectively. For the axial component of the fluctuating velocity u′+

it is clear that in general the peak increases with drag reduction
(DR1) with the exception of the point for 0.15% XG at DR1 = 67%,
possibly because these data are for a significantly lower Reynolds
number (3500 compared with about 8000 for the other polymer
solutions). The trend for v′+ is also clear essentially decreasing lin-
early from about unity for zero drag reduction (DR1) to about 0.6
at DR1 = 80%. The trends for w′+ are more complex with the data
for both XG and PAA exhibiting a decrease followed by an increase
with increasing DR1 but from levels above that for the Newtonian
fluid flow, considerably so in the case of XG where the peak value
for the lowest concentration (c = 0.03%, DR1 = 33%) is 1.32. Both v′+

and w′+ are roughly equal to unity while u′+ generally has values in
the range 2.7 to 4.0. Since u� inevitably decreases with increasing
DR1, as the wall-shear stress decreases, it is apparent that w′ itself
decreases roughly in proportion to u� . Overall the data in Fig. 7(a)
suggest an increased level of anistropy with increasing DR1 and this
will be confirmed when we address this specific issue later.

Fig. 8, which shows the data in Fig. 7(a) together with all other
available data (i.e. those included in Table 1), confirms that the peak
values of v′+ and w′ are both of order unity but while the limited
data available suggest that w′+

MAX is essentially unaffected by the
level of drag reduction, v′+

MAX decreases almost linearly with DR1 by
about 40% between zero and 80% drag reduction. The situation for
u′+ is more complicated: for levels of drag reduction below about
50%, u′+

MAX increases monotonically with DR1 although clearly there
is a great deal of scatter in the data. To some extent this is proba-
bly a consequence of the inclusion of square-duct data as well as
such sources of experimental uncertainty as gradient broadening
etc. However the occurrence of a significant number of data points
with low peak values at high drag reduction is almost certainly
an indication that in addition to v′+, drag reduction is ultimately
accompanied by suppression of u′+.

Fig. 7(b) shows that in terms of wall units, the u′+ peak moves
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

progressively away from the wall which corresponds to the well
known tendency for an increase in the thickness of the viscous sub-
layer and buffer region also evident from the mean velocity data in
Fig. 5. The data for the peak locations of both v′+ and w′+ are again
complex with no obvious consistency. For XG the v′+ peak moves

Fig. 8. Peak values of u′+ (black symbols), v′+ (blue symbols) and w′+ (red symbols)
vs level of drag reduction DR1 for all studies listed in Table 1 (symbols identified in
Table 1) including current data (filled circles). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of the article.)

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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Fig. 9. Turbulent kinetic energy profiles in wall coordinates, k+ .

loser to the wall as DR1 increases but again starts from a higher
evel than the data for the Newtonian fluid flows. For PAA all three
ata points are above the level for the Newtonian fluid flow but
how no clear trend. The w′+ data for XG and PAA (excepting the
ow Re point for 0.15% XG) show quite opposite trends, with the
eak for XG moving away from the wall and that for PAA towards
he wall with increasing DR1, both again starting from higher levels
han for the Newtonian liquids. The data from previous studies are
qually inconsistent and so not included here.

The distributions of turbulent kinetic energy k+ (Fig. 9), are little
ifferent from those of u′+, which is as expected as the principal
ontribution to k is generally u′2.
Please cite this article in press as: M.P. Escudier, et al., Turbulent flow
Quantification of turbulence anisotropy, J. Non-Newtonian Fluid Mech

. Reynolds shear stress

For any fully-developed flow, the variation of total shear stress
T must follow the diagonal straight line included in Fig. 10. For
Newtonian fluid, the difference �T + �uv equals the viscous con-

Fig. 10. Reynolds’ shear stress profiles (uv)+ vs y/H.
Fig. 11. Lumley–Pope triangle plot of anisotropy data 	 vs 
.

tribution �∂u/∂y. For polymer solutions, the difference �T + �uv −
�∂u/∂y has to be compensated for by the so-called polymer stress.
The reduction in v′ discussed earlier together with the reduced
correlation between u′ and v′ both lead to considerably reduced
values of −�uv making accurate measurement of −�uv difficult.
The increased uncertainty and scatter in the data of Fig. 10 are a
consequence of this difficulty.

8. Turbulence anisotropy

All turbulent flows of practical interest are anisotropic to varying
degrees and it has long been stated that the anisotropy is higher for
drag-reducing liquids than it is for Newtonian fluids though this
has rarely, if ever, been properly quantified. It is, however, a key
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

characteristic which must be predicted in any numerical simula-
tion of drag-reducing liquid flow. Since we have measured all three
Reynolds normal stresses and the only non-zero Reynolds shear
stress, we are in a position to compute 	 and 
, the variables of the

Fig. 12. Distributions of anistropy parameter 	 versus y/H.

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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umley “triangle” [33] in the modified form suggested recently by
ope [34]

2 = 1
6

⎡
⎢⎣

(
u′2

)2
+

(
v′2

)2
+

(
w′2

)2

4k2
− 1

3
+ (uv)2

2k2

⎤
⎥⎦


3 = 1
6

[(
u′2

2k
− 1

3

)3

+
(

v′2

2k
− 1

3

)3

+
(

w′2

2k
− 1

3

)3
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+ 3(uv)2

4k2

[
u′2 + v′2

2k
− 2

3

]]
. (5)

ig. 13. PIV results: vector maps of instantaneous fluctuating velocity vectors (LHS) and i
.5 mm from top surface (y+ = 12), (b) 0.08% XG 1 mm from top surface (y+ = 23) and (c) 0
olor in this figure legend, the reader is referred to the web version of the article.)
 PRESS
Fluid Mech. xxx (2009) xxx–xxx

A more intuitive measure of anisotropy involving only the
Reynolds normal stresses (i.e. with uv in the equation for 	 set equal
to zero) is little different from 	 for the flows under discussion here.
It should be emphasised that the Reynolds stresses at any point in
a physically realizable turbulent flow will lead to values of 	 and 

which correspond to a point within the Lumley–Pope triangle. All
the XG and PAA data are shown in Fig. 11 and the extent to which
they follow the side of the triangle representing axisymmetric tur-
bulence (	 = 
) is quite remarkable. Closer examination reveals that
the PAA data deviate slightly from the 	 = 
 line for 0.01% PAA while
of viscoelastic shear-thinning liquids through a rectangular duct:
. (2009), doi:10.1016/j.jnnfm.2009.01.002

represents two-component turbulence. It has been argued recently
[34] that this behaviour for drag-reducing fluid flows is a conse-
quence of rolled-up polymer chains being partially unrolled and

nstantaneous vorticity contours (RHS). Flow direction is bottom to top. (a) 45% GLY
.03%PAA 5 mm from top surface (y+ = 101). (For interpretation of the references to

dx.doi.org/10.1016/j.jnnfm.2009.01.002
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tretched in the mean-flow direction. The data presented here are
onsistent with the pipe-flow data of [35] for much more dilute (5
nd 10 ppm PAA) polymer solutions.

The 	-values plotted versus y/H in Fig. 12 show more clearly
ow the degree of isotropy increases (i.e. 	 falls) with distance from
he duct surface. The maximum possible value for 	 (and also 
) is
/3, corresponding to one-dimensional turbulence. The peak val-
es here are very close to the maximum, consistent with the rapid
eduction of v′ and w′ with approach to a surface but in no case do
he data follow the two-dimensional turbulence line (the curved
op side of the Lumley–Pope triangle). In all cases, the highest level
f anisotropy is closer to the surface than the peak in the turbulent
inetic energy which moves progressively away from the surface
ith increasing levels of drag reduction (as shown in Fig. 9). Since

he four Reynolds stresses peak at different y-locations, it is not
urprising that the peak in 	 is at a different location to the peak in k.

. PIV observations

Sample PIV observations are shown for 45% glycerine (Fig. 13(a)),
.08% XG (Fig. 13(b)) and 0.03% PAA (Fig. 13(c)). In each case the data
ere recorded at a y-location close to the peak u′+ location for the
articular flow concerned. The data have been processed to yield a
ector map of the instantaneous fluctuating velocity vectors (i.e. the
ean has been subtracted) in an x-z plane and the corresponding

nstantaneous vorticity contours in the same plane. The streamwise
ow direction in each figure is “upwards”. The streaky structure of
he flow in each case is immediately apparent as is the finer scale
f the glycerol flow compared to the two polymer solutions. The
mpression gained from the two polymer liquid flows is that the
treaky structures tend to be longer which is consistent with results
n the literature (e.g. [23]).

0. Conclusions

Measurements have been reported for turbulent flow of eight
hear-thinning, drag-reducing polymer solutions through a rectan-
ular duct. A novel experimental approach involving a slit cut into
he duct surface allowed easy access for LDA measurements of u, u′,
′ and −�uv. The measurements demonstrate that the slit has neg-
igible effect on the near-wall flow (to y+ ≈ 1). The measurements
lso include w′ and so permit the determination of turbulent kinetic
nergy k in addition to the Reynolds shear and polymer stresses and
lso the Lumley–Pope anisotropy parameters 	 and 
.

The peak values of w′+ are practically independent of the level
f drag reduction whereas those of v′+ decrease almost linearly by
bout 40% between zero and 80% drag reduction. The streamwise
omponent of turbulent kinetic energy (in wall units) increases
onotonically up to about 50% drag reduction but then shows a
ore complicated trend with some data showing a further increase
hile other data suggest that drag reduction is also accompanied

y suppression of this component.
The anisotropy data fall remarkably close to the axisymmetric-

urbulence side of the Lumley–Pope triangle with maximum
alues for 	 and 
 in the near-wall region close to the one-
imensional turbulence limit of 1/3. There is a marked decrease

n anisotropy with distance from the near-surface peak in all
ases but this tendency progressively reduces with increasing
oncentration/drag-reduction level.
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