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CHAPTER 0

Introduction

In mathematics, we often encounter specific objects with certain interesting structures
(say that of calculations in the real or complex numbers or the geometry of 3-dimensional
space). Upon such encounters, mathematicians frequently take an abstract point of view
by formulating the basic properties of these structures as axioms and then studying their
consequences. This procedure has several advantages, e.g.

(a) it is not necessary to repeatedly develop the same theory each time we encounter
an object with similar properties, but can rather apply general theorems;

(b) we will be able to clearly identify the consequences of our axioms, advancing our
understanding of the objects under consideration;

(c) we might discover interesting new mathematics along the way.

This idea, which should be familiar to those who have already encountered rings and
fields, will play an important role in this course. We will define vector spaces, inspired
by the Euclidean spaces R”, and study some general properties of these spaces and their
structure-preserving (“linear”) maps. We will then turn our attention to some geometric
objects in whose study linear algebra proves very useful. Finally, we will study groups,
another abstract class of objects which is pervasive in mathematics and beyond.

0.1. Operations

We will be mostly concerned with structures arising from operations, such as addition
and multiplication (as for real numbers), scalar multiplication (in R"), etc.

For example, we will be in the following situation: given a set V and “rules” for addition
and scalar multiplication, we want to say what it means for V' to be a vector space.

To do this in a mathematically correct way, we should say what a “rule for addition”
actually is. Let us think about this for a moment. Clearly addition is an operation which
takes two elements v, w € V' and produces another element (the sum v + w).

In other words, + is a function from the set of pairs V' x V into V, or in short:

+:VxV =V

So, in the following, if we write
“let +:V xV — V be an operation,”
this means that + is some arbitrary rule for addition which is defined for any two elements
of V', yielding another element of V.
Another example: what kind of object is the standard division in the real numbers?
The answer is simple: we can divide any real number by any nonzero real number, so + is

5



6 0. INTRODUCTION

a function
—:Rx R *—R
=R\{0}
Of course, for any operation defined in this way, we will still keep writing v + w, = - y,
etc., instead of +(v,w), -(x,y) etc. Also, when we define a product operation -, we will
often abbreviate ab instead of a - b, as usual.



CHAPTER 1

Vector Spaces

Throughout this chapter — unless specifically noted otherwise — let K be either R or
C. (Those who know about such things may also think of K as any arbitrary field.) Most
of the time, you can think of K as being R.

1.1. Basic definitions

1.1.1. Definition (Vector Space).
A vector space (over K) is a tuple (V,+,-), where V is a set and + : V. xV — V and
K x V — V are operations, with the following properties.

(V1) (additive associativity) u + (v + w) = (u 4+ v) + w for all u,v,w € V;
(V2) (additive commutativity ) u +v = v +u for al lu,v € V;
(V3) (neutral element of addition ) there is an element 0 € V' such that, for everyv € V,

v4+0=v;
(V4) (additive inverses) for every v € V', there is an element —v € V such that v +
<_U) =0;

(V5) (associativity of scalar multiplication) for every A\,u € K and v € V, we have
(A-p)-v=A(u-v);

(V6) (neutrality of 1 € K) for allveV, 1 -v=uv;

(V7) (distributivity 1) for all \,p € K, A+ p) -v =X v+ p - v;

(V8) (distributivity 1) for all A e K and v,w € V, A« (v 4+ w) =X v+ X - w.

REMARK.

(a) Usually, K and the rules of addition and multiplication are implicitly clear, and
we will simply say that “V is a vector space”.

(b) When + and - are given by some explicit formula, one should check — as well as
properties (V1) to (V8) — that these are indeed operations of the required form;
i.e., for every v,w € V and A € K, v +w and X - v should be defined and belong
to V!

(¢) In (V7) and (V8), there are two different operations of addition and multiplication
involved: the usual operations of K, and addition and scalar multiplication in V.
Usually, this does not cause any confusion, but one should be aware of it.

(d) It is an easy exercise to see that the neutral and inverse elements are given by
0=0-vand —v=(-1)-v.
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1.1.2. Examples. (a) R™ with the usual operations is a real vector space (i.e., a vector
space over R). Similarly C" is a complex vector space.

(b) V = {(z1,29,23) : x1, 22,23 € Z} (with the usual operations) is not a real vector
space, since - is not an operation of the required form: e.g., 3 - (1,0,0) ¢ V.
(Similarly, R™ is not a complex vector space.)

(c¢) The space R™"™ of real n-by-m matrices is a real vector space. (Its zero element
is the matrix all of whose entries are 0.)

(d) Let RE be the set of all functions f : R — R, and let the operations + : VxV — V
and - : R-V — V be defined in the usual way. lLe., if f,g € R® and A\ € R, then
the functions f + g and Af are defined by

(f +9)(x) = f(x) + g(x) and  (Af)(z) = A- (f(2)).

Then V is a real vector space. (Its zero element is the function f(z) =0.)
More generally, for any set A, the set K4 of functions A — K is a vector space
over K.
(e) Let Pol(R) C RE denote the set of all polynomials with real coefficients, e.g.,
functions of the form

T — adxd + ad,ldi + -+ a1xr + ag

with a; € R. Then Pol(R) is a (real) vector space (with the same operations as in
(d)). Similarly, the set Poly(R) C Pol(R) of all polynomials of degree at most d is
a vector space.
The set of polynomials of degree ezactly d is not a vector space. (Why not?)
(f) Suppose that V' and W are vector spaces over K. Then we can turn the set of
pairs V' x W into a vector space by setting

(v, wy1) + (v, wg) = (V1 + Vo, w1 +wy) and  A(v,w) := (Av, Aw).
These examples suggest the following definition:

1.1.3. Definition (Subspace).
Let (V,+,-) be a vector space. A set W C V is called a subspace of V' if (W, +|wxw, |kxw)
18 a vector space over K.

REMARK. Note that both V' and {0} are subspaces of V.

In order to see whether a set W is a subspace, we don’t have to check all properties of
a vector space, since most of them automatically follow from the corresponding properties

of V.

1.1.4. Proposition (Subspace criterion).

Let V' be a vector space and W C V. Then W is a subspace of V if and only if
(S1) 0 e W,
(S2) for allv,w € W, also v+ w € W, and
(S3) for all X\ € K and v € W, also \v € W.
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PROOF. By (S2) and (S3), the operations +|www and :|gxw are indeed functions WxW —
W and KxW. The vector space conditions (V1), (V2) and (V5) to (V8) follow immediately
from the corresponding conditions for V. Since 0 € W, property (V3) is also clear. Finally,
we know (see exercise sheet 1) that —v = (—1)-v for every v € V', and thus W also satisfies
condition (V4) by (S3). [
REMARK. It sometimes saves time to verify (S1), (S2) and (S3) at the same time by
showing the condition

(S) )\1)1 + Moo € w.
for all vi, v, € W and A\, u € K.

Indeed, clearly every subspace W must satisfy (S). Conversely, (S1) follows from (S)
by setting A = = 0, (S2) by setting A = = 1 and (S3) by setting pu = 0.

1.1.5. Examples. (a) Let V = R3 and W = {(z,y,2) € R* : y + z = 0}. Then
(0,0,0) € W. Then
(Ayr + py2) + (A2 + pze) = Myr + 21) + p(y2 + 22) =0+ 0= 0.
So (S) is satisfied, and thus W is a subspace of V.
(b) Again, let V' =R3. Then W = {(x,y,2) € V : z,y,2 > 0} is not a subspace of V:
e.g., —1-(1,1,1) ¢ W. So (S3) is violated. (However, (S1) and (S2) still hold.)
(c) Let V' = R?*? be the space of real 2-by-2 matrices, and let W consist of those
matrices whose bottom left entry is 0. We claim that W is a subspace of V.
e The zero element of V is the matrix (8 8), which clearly belongs to W.
So (S1) is satisfied.

o If A = (xl yl) and Ay = (xz y2) are arbitrary elements of W, then

0 = 0 2
(1t x2 Y1+ Y2
A1+A2( 0 21+ZQ)EW

So (S2) holds.
e Similarly, if A; as above is an arbitrary element of W and A € R, then

_ AT1 Ay
)\Al N ( 0 )\21) < W

(Alternatively, we could have verified (S) by observing that

(A pTy Ay pye
AAH’HAQ_( 0 21+ [z ew)

(d) Poly(R) is a subspace of Pol(R), which is a subspace of RE.

1.1.6. Definition and Lemma (Operations on Subspaces).
Let V' be a vector space, and let Wy, Wy be subspaces of V. Then

W1+W2={w1+w2:w1€W1 CLTLdUJQGWQ}
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1s a subspace of V.
If W is a set of subspaces of V', then

(YW= (N W={veV:veW foradl W e W}
wew

is a subspace of V. (In particular, the intersection of two subspaces of V' is itself a subspace

of V.)
If Wi and Wy are subspaces of V' such that Wy N Wy = {0} and Wy + Wy =V, then we
say that V is the direct sum of Wy and Wy and write

V:W1@W2.

Proor. We leave the proof as an exercise. O

1.1.7. Lemma (Direct Sums).
Let V' be a vector space and Wy, Wy be subspaces of V.. Then V- =W, & Wy if and only if,
for every v € V| there are unique w; € Wy and wy € Wy such that v = wy + ws.

Proor. For the if direction, suppose that the given condition holds; we must show that
Wi+ Wy =V and Wy NW, = {0}. The former claim is obvious, so let v € W3 N W,. Then

0+ .0 =0=_v _+(—v).
eWr eWs eWr eWs

Thus, by assumption, v = 0, as required.

For the “only if “ direction, suppose that V. = W; & Wy and let v € V. Then, by
definition, V' = W; + W, so there are w; € W; and wy € Wy with wy; + wy = v. To prove
uniqueness, suppose that wj € W and w) € W is another pair with v = w} + w}. Then

w; —wy = (v—wy) — (v —wh) = (v—"2v) + (Wy — wa) = Wy — Wy.
N—— N——
eW eWs

Thus wy; —w) € Wy N Wy = {0}, and therefore w; — w] = 0. In other words, w; = w}, as
required. |

1.1.8. Examples.  (a) Let V =R* W, := {(z,y) : y = —z} and Wy := {(z,y) : z =
y}. Then W) and W, are subspaces of V. We claim that W, + W, = R%. To
prove this, given (z,y) € R?), we will have to find elements (A, —\) € W; and
(i, ) € Wy such that

(@) = (A =A) + (1, p)-
In other words, we need to solve the linear system
w4+ A=z and
w—A=y.
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This is easily done, and we see that

(r—y y—x r+y r+y

(. (.

6?4,/1 6%2
Furthermore, if (x,y) € W3 NWs, then © = y = —x; in other words, z = y = 0. So
WinW, ={(0,0)},

and it follows that V = W; @ Ws.
(b) Let V = RE. Let W, consist of all odd functions f, i.e., f(z) = —f(—x) for all
x € R. Let Wy consist of all even functions, i.e. f(z) = f(—z) for all z € R.
We claim that V' = W7 @& W,. To prove that V = W; 4+ W5, let us define

fi(x) :zw and  fo(z) = w

Then f; € W1, fo € Wy and f = fi + fo. Furthermore,
WinW,={f:R—-R, f(x)=—f(—z) = —f(z) for all x € R}
= {z — 0}.

(c) Let V = R?**2 let W, denote the set of 2 X 2-matrices whose bottom left entry is
0, and let W5 be the set of symmetric 2 x 2-matrices. We claim that

WmWF{(‘g 2) :x,yE]R.}.

Indeed, clearly every matrix of this form belongs to both W; and W5. On the
other hand, any matrix in W7 N W5 has a zero in the bottom left corner, and is

symmetric, so also has a zero in the top right corner.

Furthermore, we claim that W; + Wy = V. Indeed, let A = (CCL Z

a b—c 0 c
=6 ")+ (o)
—_——— —

ewy eWsy

) €V be
arbitrary. Then

One of the things you should have noticed by now is that, in many of the examples, the
vector spaces “looked very much alike”: essentially they were determined by a finite number
of real (or complex) numbers (entries for vectors or matrices, coefficients for polynomials).
In the next section we will see that indeed all “n-dimensional” vector spaces (i.e., those
whose elements are determined by n parameters) are “the same” in some way. In order
to make precise what we mean by “the same”, we have to introduce the notion of an
1somorphism between vector spaces, which is a particular kind of linear map.

1.1.9. Definition (Linear maps).
Let V. W be vector spaces and ¢ : V. — W be a function. Then ¢ is called linear if
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(L1) p(v+w) =)+ p(w) for allv,w €V, and
(L2) p(Mv) = Ap(v) for allv € V and A € K.

Such a linear map is called an isomorphism between V' and W if it is bijective. That

is, p 1is surjective (p(V) =W ) and injective (no two different elements v,w € V' have the
same image under ).

V and W are isomorphic if there exists an isomorphism between them.

REMARK. Again, we could replace (L1) and (L2) by the single condition

(L) o(Avr + pvg) = Ap(vr) + pp(va).

1.1.10. Examples. (a) The function ¢ : R* — R, (z,y) — x + 2y is linear, since

(@1 + T2, 41 + y2) = 1 + T2 + 21 + 2y
= (21 + 2y1) + (22 + 242) = @(x1, 1) + @(22,92) and
P(Az, Ay) = Az + 22y = Az + 2y) = Ap(z,y).
(b) The function ¢ : R? — R? (z,y) — (zy,y?) is not linear, since

e(2-(1,1)) = (4,4) # (2,2) =2- (1, 1).
(c) Let A € R™™ be an m-by-n matrix, and define ¢ : R™ — R" by
T

o(T1,. ., Tm) = A-
Tm

(using the usual matrix multiplication). Then ¢ is a linear map.
(d) The vector spaces R4 and Poly(IR) are isomorphic: we claim that an isomorphism
is given by the map

d
¢ : R — Poly(R); (ag, . . ., aq) — Zajxj.
=0

Indeed,
d
SO(A(GOJ s 7ad) + M(b()a 7bd)) = Z()\CL] + /’Lbj>xj
7=0
d d
= )\Zajmj —|—quij
=0 =0

= )\QO(CL[), B 7ad) + ,ugo(bg, s 7bd)7

so  is linear. Clearly phi is surjective. Furthermore, ¢ is injective since two
polynomials are equal if and only if their coefficients are the same.
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(e) The vector space Pol(R) is not isomorphic to R" for any n € N. This fact seems
rather obvious, and could be proved by hand. However, in the next section, we
will learn some general methods which will make the proof much easier, so we shall
wait until then.

1.1.11. Lemma (Direct Sum).
Let V' be a vector space, and Wi and Wy subspaces of V.. Then V =W, & Wy if and only
if the linear function

o : Wi x Wy — Vi (wy,ws) — wy + wy

s an isomorphism.

PRrROOF. Exercise. O

1.1.12. Proposition.
Let ¢ : V. — W be a linear map. Then ker(p) := {z € V : p(z) = 0} is a subspace of V
(the kernel of ¢ ), and Im(p) := {@(z) : z € V'} is a subspace of W (the image of ¢).

PROOF. Let v, w € ker(¢) and A, u € K. Then

P(Av 4 pw) = p(Av) + p(pw) = Ap(v) + pp(w) =0+ 0 =0.

So Av + pw € ker(yp), as required.
Similarly, let wy; = ¢(v1) and wy = @(ve) be arbitrary elements of Im(y), and let
A, i € R, Then

Awy + paws = Ap(v1) + pp(v2) = @(Avr) + @(pve) = @(Avr + pv) € Im(y),

as required. |

1.1.13. Proposition (Injectivity Criterion).
Let ¢ : V. — W be a linear map. Then ¢ is injective if and only if ker p = {0}.

PRrROOF. If ¢ is injective, then 0 is the only element of V' with ¢(0) = 0, so ker V' = {0}.
Now suppose that ¢ is not injective. Then there are v,w € V with v # w and
v(v) = p(w). By linearity,

pv—w) =pv+ (-w)) =) +(-1) - w)

so 0 #v—w € kerp. [ |
1.1.14. Examples.  (a) Let ¢ : R3 — R?; (z,y, 2) — (2 +y,x +y). This map is linear
(which is easy to check). Now
(,y,2) ekerp = ¢(z,9,2) = (0,0) = (r+y,2+y)=(0,0)
= r+y=0 = zr=-y <= (r,y,2)=(x,—x,2).

So ker(¢) = {(x, —x, 2) : ,z € R}. In particular, ¢ is not injective.
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(b) Let us return to the isomorphism
d
¢ : R™ — Poly(R); (ag, . . ., aq) — Zajxj.
=0

from a previous example. Let (ao,...,aq) € ker(p), i.e. Zj:o a;x? = 0 for all
x € R. A polynomial of degree d with nonzero coefficients can have at most d
zeros, so it follows that a; = 0 for all j. In other words, ker(yp) = {(0,...,0)}, and
thus ¢ is injective (which we already knew).

1.2. Bases of a Vector Space

1.2.1. Definition.
Let V' be a vector space over K, and let A C V.

(a) A linear combination of vectors in A is an element of the form
v =AUy + - AUy,

where \; € K and v; € A.
(b) The set span(A) C V' of all linear combinations of vectors in A is a subspace of V.
(c) We say that A is a spanning set of V' if V' = span(A).
(d) The set A is linearly independent if no element of A can be written as a linear
combination of other elements of A, or in other words, if

0= A\v1 + Xvg + -+ - + A\pup

for vy,...,v, € A is only possible if \; = 0 for all j. (Otherwise, A is linearly
dependent. )
(e) A linearly independent spanning set is called a basis of V.

REMARK.

(a) span(A) is the smallest subspace of V' containing A.

(b) It is not obvious at all whether every vector space has a basis. In fact, this turns out
to be equivalent to the Aziom of Choice. However, for finite-dimensional vector
spaces, which are the ones we will be focussing on, we shall see that this question
is much simpler.

1.2.2. Examples.  (a) Let V = R3 and consider the set A := {(0,—1,1),(1,0,0)}.
Then

span(A) = {\(0,—1,1) + u(1,0,0) : A\, u € R}
= {<:u7 _)‘7 )‘> . )\Mu S R}
={(z,y,2) €ER*: y + 2 =0}

(which is a subspace of R? which we have encountered before).
Also, A is linearly independent: if (0,0,0) = A(0, —1, 1)+ pu(1,0,0), then clearly
we must have A = p = 0.
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(b) Let V = Pol(R), and consider A := {z? — 1,2° + 2, 2% + 22%}. Then
2(2% — 1) + (2 +2) — (2° + 22%) =0,
so A is linearly dependent.
(c) Let V =K", and set
e; :=(0,...,0,1,0...,0);
7—1 times

i.e., e; is the vector whose j-th component is 1, and all other entries are 0. Then
e; is a basis of K". Indeed, clearly every vector (zy,...,z,) € K" is a linear
combination of the e;:

n
(1‘1, c. ,.Tn) = ijej.
j=1

Also, clearly > 7 zje; = (0,...,0) if and only if each =; is zero.
(d) Define f; € Pol(R) by f;(x) = 2. Then f; is a basis of Pol(R).
(e) The set (1,0,—1),(0,2,1),(1,0,0) is a basis for R3. Indeed, if (z,y,2) € R?, and
A i, v € R then
(z,y,2) = A(L,0, 1) + 1(0,2,1) + »(1,0,0) <=
r=At+v,y=2pand z = -\ <=

A~ —

9

A=—z,p=2/yand v =1x+ z.

The claim now follows easily.
(f) Let V = R?*2. Then

100 60) (106 )

is a basis of V.

1.2.3. Remark (Adding and Removing Vectors).
Let V' be a vector space, and let A C V. Then

(a) For every v € span(A), we have span(A U {v}) = span(A).
(b) For every v € V' \ A,

AU {v}is linearly dependent <=
v € span(A) or A is linearly dependent.

PRrROOF. Write v = pyvy + - -+ + p,,v, with v; € A. Then any w € span(A U {v}) can be
written as

AMwy + -+ AW + A0 = Awy + -+ + AWy + Agvy + -+ - + A v, € span(A)

(where wy, ..., w, € Aand A\, ..., \p, A € K).
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For the second claim, note that the “if” direction is clear by definition.So suppose that
AU {v} is linearly independent, so that we can write

0= Av+ -+ A\v, + po,

where vy, ...v, are different elements of A and at least one of A\1,..., \,, i is nonzero. If
u =0, then
0:)\1U1—|—"‘+>\n?)n,

so A is linearly dependent. Otherwise, we can write

lambdaq lambda,,
V= ———v; 4+ -+ ——uv, € span(A4).
H H
1.2.4. Definition (Finite-Dimensional Spaces).
A wvector space V' is finite-dimensional if it has a finite spanning set A = {ay,...,a,}.
1.2.5. Examples. (a) R™ is a finite-dimensional vector space: the standard basis is a

finite basis for R"™.

(b) Poly(R) is a finite-dimensional vector space.

(c) R™™ is a finite-dimensional vector space.

(d) Pol(R) is not a finite-dimensional vector space. Indeed, suppose that A C Pol(R)
is finite and let d be the largest degree among all polynomials in A. Then x4 ¢

span(A), so span(A) # Pol(R).

1.2.6. Lemma (Existence of Bases).
Let V' be a finite-dimensional vector space. Then every finite spanning set for V' contains a
basis. (In particular, V' has a finite basis.) Furthermore, every linearly independent subset
of V' can be extended to a basis.

If V has a finite basis consisting of n elements, then V is isomorphic to K.

PROOF. Suppose, by contradiction, that A is a finite spanning set of V' which does not
contain a basis. We may assume that A is chosen to contain as few elements as posible.
Then by definition, span(A) = V and A is linearly dependent; i.e., there is v € A such
that v € span(A \ {v}). By Remark 1.2.3, it follows that A’ := A\ {v} is also a spanning
set of V. Since A contains no basis, A’ certainly also doesn’t contain a basis; however, A’
has one element less than A. This contradicts the choice of A.

Let Ag be a linearly independent subset of V' and B = {vy,...,v,} be a finite basis
of V. If B C span(A), then clearly A is a spanning set, i.e. a basis. Otherwise, there is
some j such that v; ¢ span(A). By Remark 1.2.3, the set A; := Ay U {v;} is also linearly
independent. If A; is a spanning set, then we are done, otherwise we can add another
vector of B to A; to obtain a linearly independent set A,, and so on. This process will
yield a basis A,, D Ap after at most n steps.

Finally, let B = (vy,...,v,) be a basis of V. Then

@ :R" = A; (A, .., ) — Mo+ Ao,
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is an isomorphism. Indeed, linearity of this map is easy to check. Furthermore, since A is a
spanning set, ¢ is surjective. Since A is linearly independent, we have ker(¢) = {(0,...,0)};
l.e., ¢ is injective. |

1.2.7. Proposition.
Let V' be a finite-dimensional vector space. Then every basis of V' has the same number n
of elements, called the dimension of V. (We write dim(V') := n. Furthermore

(a) a spanning set A of V' is a basis if and only if it has n elements, and
(b) a linearly independent subset of V' is a basis if and only if it has n elements.

REMARK.

(a) The dimension of V' is, informally speaking, the “number of parameters” required
to describe an object of V.
(b) The dimension of the trivial vector space K = {0} is 0.

PrROOF. Let n be the smallest number of elements in a basis of V. We need to show
that V' does not contain a basis containing more than n elements. By the previous lemma,
V' is isomorphic to K”. However, you should already know the fact that any linearly
independent subset of K" consists of at most n elements. (A more familiar way of stating
this might be as follows: A system of n linear equations with more than n variables cannot
have a unique solution.) This proves the first claim.

Now let A be a spanning set of n elements. Then A contains a basis by the previous
lemma. Since any basis must have n elements, it follows that A itself is a basis. In the
same way, we see that a linearly independent set of n elements is a basis. |

1.2.8. Examples.  (a) Let V = R? and
A:={(1,5,2),(-3,0,1),(2,5,1)}.
We claim that A is linearly independent. Indeed,
Ay + pve +vvy =0 <=
A=3u+2vr=0 and H5A—5vr=0 and 22+ pu+v=0 <=
A=—-v, v=3u and v=p <
A=p=v=0.
(b) Let V := Pol3(R) and
A= {ﬁ—/}—_l,\xi/, w3z — 1), z(z — 2)(z — 1)}

N

TV
U1 v2 v3 4

Clearly {vs,v4} is linearly independent. Furthermore, any element f € span(vs, vy4)
must clearly satisfy f(1) = 0, so vy ¢ span(vs,vs), and thus the three vectors
vg, U3, V4 are linearly independent. Similarly, any element f of the span of these
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three vectors will satisfy f(0) = 0, so v; does not belong to this span, so A is
linearly independent. In particular, A is a basis since dim (V') = 4.

1.2.9. Corollary.
Any subspace W of a finite-dimensional vector space V' is finite-dimensional and dim(W') <

dim(V). If dim W =dimV, then W = V.

PROOF. Let B; be a basis of W. Then B; extends to a basis of V', which must have
dim(V') elements. [

1.2.10. Proposition.
Let V' be a vector space, and let Wi and Wy be subspaces of V.
(a) If Ay is a spanning set for Wi and Ay is a spanning set for W, then Ay U As is a
spanning set for Wy 4+ Ws.
(b) Let By is a basis of Wy and By is a basis of Wy. If WiNWy = {0}, then B := B1UB,
1s a basis of W1 + W.
(c) If V is finite-dimensional, then

PROOF. The first claim is left to the reader.

Let us prove the second claim. We already know from the first part that B is a spanning
set of W14 W5, so we need to shwow that B is linearly independent. Suppose that there are
different elements vy, ..., v, € By, wy,...,w, € By and scalars \y, ..., A\, t1,..., um € K
such that

2\1@1+---+/\n+y1w1+---+,umwm:O.

N g
v

Then v € Wy and v = —w € Wy So v € W, N Wy = {0}. Thus
O=v=MNvi+---+X\, and
O:wzﬂlwl+"'+ﬂmwm~

By linear independence of By and Bs, it follows that \y = - =X\, =1 =+ = =
0, as required.

Finally, let B~ be a basis of W; NW,;. Then we can extend B to a basis By of W; and
to a basis By of Ws. It is easy to see that

W1 N span(32 \ Bﬁ) = {0}
So B := By U By = By U(By\ Bp) is a basis of V, and we have

dim(W1 + Wz) = #B - #Bl + (#BQ - #Bﬂ) =
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1.2.11. Definition and Lemma.

Nullity and Rank Let V. W be vector spaces, and let V' be finite-dimensional. Then ker(p)
and Im(p) are finite-dimensional. dim(ker(y)) is called the nullity of ¢, and dim(Im(p))
15 called the rank of .

PROOF. ker(y) is a subspace of V', and thus finite-dimensional. If A is a finite spanning

set for V', then
p(A) = {p(v) v e A}
is a spanning set for Im(p). (See Question 4 on problem sheet 2.) [

1.2.12. Proposition (Rank and Nullity Theorem).
If V' is a finite-dimensional vector space, W is a vector space and p -V — W is a linear

map, then
dim(V') = rank(y) + nullity(¢).

PROOF. Let By be a basis of ker(y), and extend Bj to a basis B of V. We set By := B\ By
and W := span(By) (so By is a basis of W). Then V = W +ker(p) (in fact, V is the direct
sum of these subspaces.)

We claim that the restricted map ¢|lw : W — Im(p) is an isomorphism. Indeed,
ker(plw) = W Nker(¢) = {0}, so ¢ is injective. Furthermore, if v € V, then we can write
v=w+u with w € W and u € ker(y¢), and we have

p(v) = p(w +u) = p(w) + p(u) = p(w).
It follows that
dimV = #B = #B; + #B> = nullity(¢) + dim(W) = nullity(¢) + rank(y).
That is what we set out to prove. |

From now on, all vector spaces considered will be finite-dimensional, unless explicitly
stated otherwise.
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