
1.5.1. Definition.
Let V be a (real) vector space. A bilinear form on V

is an operation f : V × V → R (i.e., f(v, w) ∈ R for
all v, w ∈ V ) such that

BL1 f(λv1 + µv2, w) = λf(v1, w) + µf(v2, w) and

BL2 f(v, λw1 + µw2) = λf(v, w1) + µf(v, w2).

A bilinear form is symmetric if f(x, y) = f(y, x)
for all x, y ∈ V .
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A bilinear form is symmetric if f(x, y) = f(y, x)
for all x, y ∈ V .

1.5.3. Definition.
Let V be a real vector space of dimension n, and let
f be a bilinear form on V . If B = (v1, . . . , vn) is a
basis of V , then the matrixa11 . . . a1n

...
...

an1 . . . ann


defined by aij := f(vi, vj) is called the matrix repre-
sentation of f with respect to B.
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an1 . . . ann
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defined by aij := f(vi, vj) is called the matrix repre-
sentation of f with respect to B.

1.5.5. Proposition (Change of Basis).
Let A ∈ Rn×n.

(a) If A represents a bilinear form f with respect to
a basis C1, then the matrix of f wrt another basis
C2 is given by

B = P TAP,

where P is the change-of-basis matrix from C1 to
C2.

(b) If A represents a linear map with respect to a
basis C1, then the matrix of f wrt another basis
C2 is given by

B = P−1AP,

where P is the change-of-basis matrix from C1 to
C2.
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1.5.6. Theorem (Sylvester’s Law of Inertia).(a)
Let A be a symmetric n × n-matrix. Then there
is an orthogonal change-of-basis matrix P such
that B = P TAP is a diagonal matrix.

If P is any invertible n×n-matrix for which B =
P TAP is diagonal, then the number p of positive
and the number n of negative diagonal entries of
B depend only on A. The number p + n is called
the rank of A, and the number p−n is called the
signature of A.

(b) Let f be a symmetric bilinear form on a finite-
dimensional vector space V . Then there is a basis
C of V such that the matrix A of f wrt C is di-
agonal. The number p of positive and the number
n of negative diagonal entries of A depend only
on f . The number p + n is called the rank of A,
and the number p − n is called the signature of
A.
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