ON PRIME ENDS AND LOCAL CONNECTIVITY

Donald Sarason*

L. INTRODUCTION

Marie Torhorst [5] proved the following theorem in 1921:

Let G be grsimply connected domain in fhe plane and P a prime
end of G. Then the complement of & fails ég;gg locally cone

nected at all except possibly one gg two points of the impression - -f

of P. .
* “" N ' + ) )
I should like to present here a proof of this result which
brings out its connection With‘subsequent work of Ursell and

" Young [6]. -These authors showed that the Impression of a prime

end breaks up into two "wings," and that there is a relation of

-“priority" émdng the points in either wing. The exceptional
points in Torhorst's theorem, it turns out, are points of lowest °
priority. '
In 32 I shall state the needed results of Ursell and Young ‘ |

'in a form suitable for present purposes. -Torhorst's theorem is
proved in 53. The concluding 8l contains additional comments. | ?

| The reader is assumed familiar with the basic theory of |
- prime ends as given in Chapter 9 of the book of Collingwood.and~“
Lohwater [3]. For the most part we follow the terminology and
ﬁotﬁtion-of [31.



It is regrettéble that Torhorst's results have been overlooked
by more recent workers in the theory of prime'énds. Her ﬁaper.is
not mentioned in the book of Collingwood and Lohwéter, nor in the
paper of ﬁrsgll and Ybuﬁg, nor_in-the:réceht paperé of' Arsove tl])

,[2}} where some of her results reappear.
2. THE RESULTS OF URSELL AND YOUNG

We consgider a'bounded, simply connected domain G and a
prime end P of G. (The assumption that G iz bounded
essential o

involves nojloss of generality.) The impression of P will be
~Genoted by I(P) and the set of principal points of . P by I,(P)s
| _ By a path in G we shall mean a continuous map of an interval
on the line into @. "HbWever, we shall often speak of a path as

if -1t were a point set .in the plane; that is, we shall identify

a path with its range; ' This will never cause confusion.

A path is called gimple if it is a one-to-one mep. It igs

called open or half-open accordingly as its interval of definition
is open or half open. A simple open path can be thought of as

composed of two simple hali-open pﬁths meeting in a single point;

we refer to the latter as the right and left halves of the open
path, | : |
Mainiy.we shall be concerned with half-open pathé in @G
defined on [0,1) and converging to the prime .end P; these
we call P-paths. If is a P-path, then the cluster set of

¥
¥ , that is, the set ¥ - y, will be denoted by C(7).’

.




' We now choose in G & simple open path Y, such that

(1) the right half of Yo is a principal P-path, and (ii) the

left half of 7,

.distinct from P. We regard -J, as fixed throughout the dis-

is an endeut of G converging to a prime end

cussion but reserve the right to choose its ghmmesssibs left end-
"~ point conveniently later on.

The set G - Yo is the union of two disjoint domains; which

we denote by G, and G_. A sequence In G 1is said to converge

to P, if it converges to P and is eventually in G, e« The

positive wing of P, denoted I+(P), is the set of all cluster

| points.of sequences converging. to P, The negative wing of P,

denoted I_(P), is defined analogously, The sets I,(P) and
I_(P) are compact conneeted subsets of  I(P). They contain

I,(P), and their union is I(P).

A P-path that is eventually in G, will be called a P -
path. If wy; and w, are points of I (P), then w, is said
to be prior to W, ‘modulo P, 1if w, is contained in the

¢luster set of every P ~path whose cluster set contains Woe IT

w1 is prior to Wo modulo P+ but Wy is not prior to Wy

then Wy is said %o be strictly prior to W modulo

modulo P+,

P If wy and w, are prior to each other modulo P,  then

+.

they are sald to have egual priority modulo P;. When no con-
fusion can arise, we shall drop the modifier “modulo'P;."

The relation of priority modulo P . is defined analogously.

The basic theorem of Ursell and Young can be stated as

follows.



L]

THEOREM [6, p. 1]. I Yy and Y, are P, -paths, then

sither C(7,) c ¢(Y,) or G(Y,) < c(y).

From this theorem it follows that if the points wy and

w, in I.(P) do not have equal priority modulo P,, then one

2
or them is strictly prior to the other. Thus the relation.of
priority modulo P+ induces a linear.order on -the set_of its
equivalenée classes.

A point of I+(P} is sald to have lowest priority in I (PJ

if every other point of I.(P) is strictly prior to it modulo

P

It may happen that I+(P) contains no point of lowest
'ﬁriérity;,this is thé éase, for examﬁle, when P 1is of the thifd
kind, becauss all principal points of P have equal priority.
" There may fall to be a point of lowgst priérity for oﬁhgr reasons.
?of.instance, it can happen that every point of I+(P) is strietly.
prior to somerther point (see Figuné l'for aﬁ exampie).
The notions defined above for I (P) apply. equally to . I_(P).
KSimple examples show that the following a grlorl possibilities
'gll occur: ‘ _
(1) I+(P) and 'I_(P) both contain a point of lowest
priority, and these point are distinct;. ,
(i1} there is a single point which.hés lowest priority both
in I (P) and in I_(P); , | | |

- (iii) one of I,{(P) and I_(P) has a point of lowest
priority and the other does not; ‘
{iv) neither I+(P) nor I (P) has a point of lowest

priority.




If a point of lowest priority in I_(P) belongs to I___(‘P), it
does not necessarily have lowest priority in I (P).

If v 1is a half-open path defined on the interval [0,1),

——

then.by an EQmodi'ficgtion of ¥ (€ a positive number) we shall
mea;n a path _y* defined on [0,1) with the Tollowing properties:

(i) there is a sequence {tn}zc?-':l in [0,1) converging mono-

tonically to 1 such that Y and 1" coincide in [tgn,thﬂ_]

@
1

then €. If Y is a P -path, then a modification of Y 1is

for all n; (ii) ﬁhe set U z[‘t2n-1’t2n?; has diametér less

called P+-a6missible if it, also, is a P_-path,

Our proof of Torhorst'!s theorem is based on the following

lemma.

LEMMA. Let w be g point of I, (P) Which_}_g,_ not of

lowest priority in I+(P). . Then there is a positive number £

with the following property: if Y is é.nx P;fpath such that
c(y} = I,(P), then w belongs to C(I') for every P ~-ad-

missible £-modification ' of Y.

‘ distinct from w :
Under the hypotheses, there is a point wlAin I+(P) such

that w 1is prior to w, modulo P, Let € = .lw-wll, and let
Y and 1’ be as in the statement of the lemma. Then w and
W, belong to C(Y), and the set G(Y) - c(*) has-diameter
less than E. -Hence C(Z') must contain either w or Wy
'~But ir C(r) contalins Wq then it als'o contains w, s0 the

lema. fo'__tlows .




3. TORHORST!'S THEOREM

THEOREM. Let w be g point in I+(P)‘ at which the com-

Rlement of G is locally connected. Then w has lowest priority

in I(P)s

. Because each wing of P contains et most oné point of lowest
pricritj, this theorem implies the result of Térhorst stated in §1.
To prove the theorem, we may obviously assume that w 4is.
not the only point in I (P). ILet Z be a simple polygonal
P+7path(l) such that G(z).= I,(P). We shall show that for every
positive number £, ‘.there is a P_I_-admissible E-modification 7!
of Y such that w is nof'in 0(2:). In virtue of the above
1emma, this will prove the theorem,' We need only consider suit-
ably small numbers €, 80 we may assume that E_ is less than
the diameter éf I+(E). Later we shall impoée additional ﬁpper
bounds on €. |

Let D dehote the open disk with cen.{-,ér w and radius 6/2.'
Then I (P) containg both a point in D and a point outside of
D. Therefore the path Y does not lie either eventually outside
.of D or eventually inside D, so it has infinitely many inter-
sections with 33D. But because Y. is.polygonal,.e#ch.subarc
Ijo,ﬁl, with 0 <t <1, has only finitely many intersections
with D, Therefors there iz a sequence {t_ % n=1 in (0,1)
tehding'monotonically'to ‘1 such that Y(tzn l’tan) is con-.

- tained in D for each n and Iftgn, 2n+1] is contained in




the complement o,f- D for each ~n. We denote the arc !(tan-l’tEn)

’

by jn;" this arc is a crosscut of D.
. Let P denote the complement of G. Because F is locally
comected at w, there is an open disk A cen_ﬁered at w and

-cont-ained properly in D such that é' NF 1is contained in one

L

component of D N F. To simplify matters slightly, we take'ﬁ

s0 that its boundary contaiz_'_xs'no vertices of Y. For each n

such that T

as follows. Let Dn be fhe component of D - Yn that doss not

meets A we modify . in the interval [tEn-l’tEn]

contain w. The infersection of D, with }é is the union of
finiteiy many disjoint open arcs Al,‘--_-,.tgm. Let the_'endpoints
of Aj be ‘_f_(aj) and '_{_(bj), where the nqtation is chosen -so
.that aj < bj and ay <ay < ver < oau. It iz wieem Qasily seen
phat, of tl;e two points aa.J and bj’ one must correspond to

a point of entry of Y ‘into & ‘and the other to a point of exit
of ¥ from 4. DNow bn doés noﬁ meet the component of D N F
that contains w, and hence Dn 'ﬂg: does not meet F. The arcs
Aj are therefore contained in G. We_‘ first modify ¥ by
replacing i(al,bl)' by the arc A,, suitably paramsterized.

If bl exceesds svery othér »bj. we make no further modificatién
of ¥ in _[taﬁ—l’tEn]' cherwise, as is easily seen, the next
intersection after J(b,) of Y with 34 is one of the points
y'(éxj), say j_(ak), and we replace _\_{(ak,bk) by the arc Ay e

it bk exceeds every other bj we make no further modification

of 4 in ‘[t

[

on-1? fople Otherwise the next intersection after
Y(b,,) of v with 3A 1is one of the points <+(a,), and we
- k hand -— ) "o j

proceed as before. After finitely many such steps we produce




a modification of ‘l’_ in fhe interval [t2n-1’t2n] that pemains'
‘outside the disk é. (Although some of thé topologica.l points

we have glossed over here are not completely trivial, the reader
should be able to dispose of them easily by us:.ng simple properties

of Jordan curves., )

The above procedure, carried out ft.)r each n, yields an
g-modification Yy of Y which lies in G and whose cluster - : !
set does not contain w. It ':Eemarhns to show thét 1' is a |
P,-path, at least if £ is sufficiently small.

Let {v, };';1 be a chain of crosscuts of G belonging to

the prime end’ P and converging to a point Woe The paths Y

and ‘Y' have common points ér_bitrafily close to 3¥G. DBecause Y

——

converges to P, the path 7! therefore at least contains a
seqﬁence of points converging to P. This implies that y!

meets all extept poé.s_ib_ly finitely many of the crosscuts -i'fi"

v

Hence w, is in C(y'), and therefore wyg # We

We assume now that _§_< Iw-wol . Then for i ~large .~enoug1r'1,
the crosscut &; 1s disjoint f.‘rbm the disk D, 'so‘ that in |
'modii_'ying. Y to Y' we neither create nor destroy intersections
with «,. It follows that :{_' converges to P. |

Because w 1is not in G(‘\:’), we may now conclude that w
is not a principal point of P. Hence w isg at a posiigive
.distance from Yos provided we assume Yo Was chosen at the
'oﬁset so that its 1eft endpoint is distincf from w. We assuma,

finally, that £ < dist(w,‘ro). - Then in modifying 7Y to Y we

neither create nor destroy inters_ections with 10, and therefore

]

y! must, with 'Y, 1lie eventually in G,. Hence Y' is a



P+qpath, as desired. 7
The proof of ‘the theorem is complete.

te COMMENTS

(L.1) Torhorst originally stated her conclusions in terms §
_of.the boﬁndaryiof G rather than the complement of G. It was
pointed out by Hahn [li], howsver, that the theorem:of §1 can be -
" obtained by a trivial modification of her arguménts. This theorenm
jmplies that if the complement of G 1s locally connected, then
all prime sndé of G are of the first kind, so that, by the

Garathéodory mapping theorem, any conformal map of the open unit

disk onto G extends to a continuous map of the closed disk onto
G. If the latter happens then thg boundary of G is a continuous
image of the unit circle and Solis locally connected. Hénce, if

the complement-gg‘g bounded simply connected domain is locally

connected then the boundary of the domain is also loeallyi - |

connedted. {The converse is trivial.)

The last fheorem; formulated slightly differently, is what

point set topologists call Torhorat's theorem; see for'exémple

(7, p. 106].

(o2} The following theorem is a local converse to the

statement that a bounded simply connected domain with a locally

connected boundary has qniy prime ends of the first kind.
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THEOREM., ILet w be a point of 2G which is contained in _

the impressions of prime ends of the first kind only. Then 3G

is locally connected at w.

To prove this, 1e£ Dd denote the open unit disk, and let
f be a conformal map of DO onto G. For S a subset of BDO
we let C(f,38) denote the cluster set of at  s. ' |

Let E be thg set of pbinﬁs z in and guch that C(f,z)
contains ﬁ (and therefore equals {w}). Then E is compact |
and. £ 1is continuous at each péint.of . Hence, if D _is any
open disk centered at w, fhere is a relatively open subset J
of . 3D, such that E ¢ J and“C(:,J)_C D. We may assume that :
'aach-component of J meets BE, 'If I is ore of these components,
then ~C(f,I) i1s a connected subset of 3G containing w. it '
-;followé that C(£,J) 1is a cﬁnnected subset of '3G, and hence '
¢c(f,J)} 1is contained in a single component of BG n D. " There-

fore 2?¥G - C(f,laDo - J) .is a relatively open subset of 3G

‘containing w and contained in a single component of 3G N D.
We may conclude that 3G is locally connected at w, as

desired.

It follows trivially that the complement of G is also

locally connected at ~w.

(L.3) It is possible for I_(P) to contain a point w

" of lowest priority, such thaﬁ w is not in I_(P) nor in the

impression of any prime end besides P, but such that the



11
complement of G 1is ndt locally connected at wW. An example is

given in Pigure 2.

(lLsl) Torhorst proved the theorem of 51 in two steps.
First she showed that if 3¢ 1is locally.coﬁnected at the point
w of I(P), then 3¢ is.locally connected at w from one side
of P (see [5]_fof the definition of the lstter properfy). We
-shall call a point~of I(P) at which 3G is locally donnected

from one side of P a Torhorst point of P. The second step in
her proof was to show that P ‘has at most two Torhorst points.
There is no simplg relation between the notion of a Tofhbrst

point and that of a point of lowest priority. In the domain of

Figure 3, theré are two prime ends whose impression is the thick -

_ horizpntél segméﬁt, and the point - w ‘has lowest priority in the
nondegenerate wing of 6ne of these prime ends. However, .w is
not a Térhorét point of this prime end. For the'pfime end of

Figufe 1, the point w iz a Torhorst point, but it has highest

priority in both wings of the prime end.

i
|
|
|
|
{
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1. In other words, we require Y to be a P -path such that
y[0,t] is a polygonsdl Jordan arc for each t in (0,1).
A straightforward construction produces'such a ?-‘that in

addition satisfies C(Y) = I (P).
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Professor Donald Sarason
Department of Mathematics
. University of Californiad _ ' o
Berkeley, California 94720 _ ' o

" Dear Doﬁa.ld,-

 When Coll1ngwood wasg here, we discussed your paper on prime
ends and local connectivity. :

At one time, Collingwood and I were struggling with prime ends;
we looked at Marie Torhorst's article in the Zeitschrift, but for some g
reason we decided against working it into the list of references in our .

paper.

L Colhngwood and I were concerned over the failure of Caratheodory s :
definitions to pay homage to points that play multiple roles in the - ‘
impression of one prime end. We knew that the prime ends of the second :
and fourth kinds are always scarce enough so that they form a set of
‘the first category, and we tried desperately to prove that the same is
true of the prime ends whose impressions have points that behave as if -
they wanted to rebel against their suburban status of principal points.
To our enormous astonishment, we found an example in which every
prime end is either of the second kind, or else is of the third kind but
raises a false claim of misclassification.

At the time, it was not yet known how bad the prime ends of a ‘
domain can look. Of course, there was Denjoy's example; but partly
because mathematical libraries usually don't stock the C. R. Acad.
Sci. Paris, and partly because of Denjoy's awkard description, the
example had attracted little attention and had been forgotten by almost
everybody.

The book of evils that can afflict a prime end will never be
completely closed; however, I believe that interest has waned so much
that while a2 man m1ght write another page in the book, hardly any-~
body would read it. I suggest that you put your stuff on-ice until either

«) you have an application for it, or

B) vou can incorporate it into a treatise.



In case you think that I am crazy, I agree, but point out that
neither you nor I can do much about it.
With cordial greetings, |
Geprge Piranian
GP/san |
Enclosure ¢

e




ipectively,

-ania 19104,

1 each row and

: k™ (at/n"),

¥ of Britigh Columbia, Vancouver 8, B.C.,
larioy theoremg for ellip :
ran der Waerden f

Preliminary report,
denote the
i proven induc- i

: the presence of

ently smogey L
S/ b2 h - Zhyb%/2 det (2 :
UBY o . :
per LT €orem j Let denote the Smallegt
Main D gyey t.
80302;

ite set M dia-
. = 8
—tky

¢ a distinguished

i = 0,1

special case of
e proor
{ Abstkaer _

T

SCts, and @ t

he context-fraq. Lemma, g Le E;f,
zgﬂ. Let ) and 2, pe gy ABL's, (1) rféu,l) €218 £, , either Ly €2 o
FrilL e o A » €ither ig j or isin#, T gorem. If 5 g
Btion cloisc(i fiil A&;f (i : f;, £, and ;‘;ag) i:r::: quLz "S i TZ Thh . If o
o : ) , prmcxpa ©arem, il and £2
MDATap), frl} AFL's, theg 3(41 U Z,) is not Substitutigg closed agg £
ble ang J{:{_’_l U #£5) is not full p

1 & £, andiz G.{I
rincipal. Itz cap is a nousubstiturion

S with 3(Q) =

Coroﬂary.
IfQis g family of Ianguage

rthen @ = By gor

701

|
!
i
1
|




