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BBenenue.

B sr1oit paboTe n3ydaroTcs cBoiicTBa U CIIOCOOBI MOCTPOEHUS MTAPYCOB MHOTOMEPHBIX
HnenHbIX Apobeit mo Kieiiny, a TakKe cTpOUTCSI OOMBIIOE KOJTUIECTBO MPUMEPOB Ma-

PYCOB JIBYMEPHBIX IEMHBIX JIPo0Oeii.

0.1 OO6 oagHOM 0000HIEHUN OJHOMEPHBIX IEMHBIX IPOdOEeil Ha

MHOTOMEPHBIN CJIy4daid.

[IpoGiema 06 0000IEHNN MOHATHS OOBLIKHOBEHHO IEMHON IpOoOH HA MHOTOMEPHBI
craydait 6euma moctasiaena 1. Dpmurom B 1839 romy [62]. MHOXKECTBO HOMBITOK pe-
IUTH ATy MTPOOJIEMY TTPUBEJIO K BOSHUKHOBEHUIO HECKOTBKHUX 3aMedaTe/ TbHBIX TeOPHit
MHOIOMEPHBIX IEMHLIX aApobeil. OaHol 13 HanboIee N3BECTHLIX MOJeIei 0000IIeHIs
OJTHOMEPHBIX IIEMHBIX Apobeil Ha MHOTOMEpPHBIH caydail sBasgeTca Moaenb Kieiina.
Onpenenenne MHOrOMEpHOI memHoit apodbu mo Kieitny Obr1o mano @. Kieitnom B
paborax 1895 u 1896 romos [26] u [27]. B ganbHeiiimemM MHOrOMEpHBIE HEMHBIE TPOOH
no KneitHy 6yaeM Ha3bpIBATh MPOCTO MHOTOMEPHBIMHU IemHbIMU Apobsamvu. [Ipemgmo-
JioxuM, uto Keajparuunas gopma f(z,y) = ax? + bry + cy® ¢ ueabimu koadpduiu-
EHTaMU {BJIACTCA MTPpOU3BEACHUEM JIBYX JINHENHBIX HeO6H3&Te.HbHO OEeJIOYNCJICHHBIX
comHOKuTeMeit. KiteitH paccMOTpesT Caey oIy MoIe/ b OJHOMEPHOIT IemHoi 1podn
JIIS TaHHO KBaApaTudHOi (hbopMbl. JIMHEiTHbBIe COMHOKUTEN KBAIPaTHIHOI (hop-
MBI f(x,y) TOPOKIAIOT YeThIPe KOHYCa ¢ EeHTPOM B Hadase KoopAuHaT. B KaxK oM
KOHYC€ CTPOUM BBIMMYKJIYIO O60.HO‘IKy MHOZKECTBa BCEX IEJIbIX TOYEK, COAepPzKalllnuX-
cd B 9TOM KOHyce. 'paHHIBI TAKHX BBIMYKJIBIX OOOTOUYEK HA3BIBAIOTCSA TApyCAMH.
OproMepHast nenHast ApoOb — MHOYKECTBO YeTHIPEX MOCTPOEHHBIX MapycoB. B mep-
BOIi r1aBe padOTHI 00CYZKIAETCsT PA3HUIIA MKy MOHATHSIMU OOBIKHOBEHHOM IEeITHOiT
Ipobu U OTHOMEPHOM HemHoit gpobu mag moaenn Kieiina.

Tonbko HA BepIIMHAX HAPYCOB OJHOMEPHON IEmHO JApOoOU JTOCTUTAETCSI MHUHH-
MaJsibHOE 3HaueHne MoayJsst hbopmbl f(Z,y) Ha MHOKECTBE HEJbIX TOYeK 0e3 Hadasa
KOODJAMHAT, CM. Gosiee moapobHo B [18]. DTO CBOWCTBO MO3BOJSIET CTPOUTH PAIMO-

HaJbHBIE TpUOIUKeHus perennii ypasuenus f(z,y) = 0, KOTOpbIe SBIAIOTCA HAU-
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JIYIITAME TPUOTUKEHUSIMA CPEIN PAMOHATBHBIX YNCE]T ¢ HEDOJIBITUME M0 MOLYJTIO
quCaUTeNsIMA U 3HaMeHaressivu. Orvernm, 4ato, ecam ypasHenue f(x,y) = 0 He
IMeeT palUOHAJBHBIX pelleHuit, To, mo Teopeme Jlarpamka, mapyca cOOTBETCTBY-
IOMIeli TEemHOi TpoOu ABISIOTCA anredOpanveckKu MEePUOTUICCKUMEU, UTO TO3BOJISET
MPOCTO OMUCHLIBATH MHOYKECTBO BEPIIWH MAPYCOB JIPOOH.

[Tycte Temepb F(z,y,2) — Kybuueckast dbopma ¢ mesbivMn Koddduimentam,
npejcTaBuMast B BUJIe TPOU3BEICHUS TPEX JTUHEHHBIX 0THOPOTHBIX (hopM. [To anamro-
riun Kireita moctpont " aBymepHyto menuyto apobs'". JIuneiinbie COMHOKUTETN KBAI-
paruanoit hbopmber F(x,y, 2) TOPOKIAIT BOCeMb KOHYCOB ¢ IEHTPOM B Hadaje Ko-
opaunat. B kaxkaom komyce KureitH paccMoTpesn BBITYKJIYVIO 00OTOYKY MHOYKECTBA
BCEX TIEJIBIX TOYEK, COJIEPIKAIIUXCSI B 3TOM KOoHyce. /IBymepHas memHas apoOb IO
Kiteitny — MHOZKECTBO BCeX BOCHME MOCTPOEHHBIX BBHITYKJIBIX 00D0I0YEK, KOTOPBIE
TaKyKe HA3bIBAIOTCS MapycaMu. BepImuHbl IPAHUIBI 3TOH BBIMYKJION 0DOTOYKN TaK-
JKe JIOCTABJIAIOT MUHUMATbHOE 3Hadenne dbyukuun |F(x,y, 2)| Ha MHOKECTBE MEeJTbIX
TOYeK 0e3 Hadaja KOOPJIWHAT M, TeM CAMBIM, HAWIYUIIUE [eJ0UYNCIeHHbIe W Palli-
OHaJIbHBIE TPUOIINKeHUsT JJist perennii ypauenusi F'(z,y, z) = 0. Ecan ypaBuenne
F(z,y,2z) = 0 He uMeeT panuoOHAIBLHBIX PEIeHuii, TO U3 Teopembl Jupuxie o6 eiu-
aurax (cm. [12]) eregyer, 4To Bee mapychl COOTBETCTBYIONIE TEMHO TpOOH SABIISIOT-
csT aaredpandecKk MePUOINIeCKUMU. JTO MO3BOJISIET MMPOCTO OMUCHIBATH MHOYKECTBO
BEpIIUH Ha Tapycax Jpoou.

Koncrpyknusa Kneiina nBymepHoii memHoit 1podu HEmoCpeICTBEHHO 0000IAeTCs
Ha MHOIOMEPHBII ciy4ail.

Pt cBOliCTB OITHOMEPHBIX [EMHBIX JIPoOeil mMeeT MHOTOMEpHbIe ana oru. X. [1y-
tuxacu [57]| oOGHADPYKUI CBSA3b MKy MePHOJUUECKUME MHOTOMEPHBIME METTHBIME
JIPOOSIMHU ¥ MHOTOMEPHBIMU KACTOBBIMU OcObeHHOCTSAME. CBA3b MEXKIY MHOTOMEp-
HBIMHU HEMHBIMI Apobsivn 1 6asucamu ['manbepra onncana 2K.-O. Myccadbupowm [41]
u O. H. Tepmanom [19]. M. JI. Komuesua u FO. M. CyxoB n3yduin HeKOTOpPbIE CTa-
THCTUYECKHE CBOWCTBA MAPYCOB CAYYAiiHO BBHIOPAHHONW MHOTOMEPHON IEemHOil Ipo-
ou [28]. O6OOIIEHNI0 OTHOMEPHBIX HEMHBIX APO6eii ¢ OrpaHNYeHHBIME [eJ0THCIeH-

HBIMHU JJIHHAME DEOEp (IHC/Ia OTBEYAIOIe TAKHM IEITHBIM JIPOOSIM Xy7Ke BCero mpu-



OIMKAIOTCS MOAXOAANINMHE TPOOSME) HA MHOTOMEDHBIH CIydail i NCCIe0BAHNIO WX
cBoiicr mocesitenbl paborer B. @. Ckybenko [51] u [52] w O. H. Tepmana [20].
Knaccuueckas Teopust 0OBIKHOBEHHBIX IEMHBIX JApobeil onucana B kaure A. 9. Xun-
anna [56]. B ceoeit kuure [6] B. V1. ApHonba npegctaBui 0630p TeopeM U 3a7ad,
CBSI3aHHBIX C OJJTHOMEPHBIMH U MHOTOMEPHBIMHU HEMHBIMEA JIPOOSTMIU.

Boabioe koimyecTBO NpUMepoB MapycoB JIBYMEPHBIX HMEMHBIX Apobeil OBLIO To-
crpoeno B paborax E. 1. Kopkunoii [30], [32] u [33], 2K. JTamo [34] u [35], A. 1. Bpio-
no u B. 1. [Tapycunkosa [14], [44], [45], [46] u [47], aBTopa [64] u [65]. HTepecHas
KOJLTEKIHsT IBYMEPHBIX HEMHBIX JApobeii cobpana B pabore K. Bpurrca [13].

Bce neobxoauMbie ompeaeieHns TpUBeIeHbl B CIEAVIONIEil IIaBe.

Kpome reomerpumuaeckoro o000IEHNsT MHOTOMEPHBIX IEMHBIX JApobeii, mpeaio-
skerroro KireitHoMm, u, nceremyemMoro B 3Toit paboTe, CyIIeCTBYeT HECKOIBKO APYTUX
MHTEPeCHBIX 00001IeHnit. B3anMocBsa3u Mex 1y 3TumMn 0000IIeHUSIMI Ha, HACTOSIIITN I
MOMEHT MPaKTHIECKH He U3YUeHbl, UX HAXO0K/IeHHe HeCOMHEHHO MPUBEIET K HOBBIM
OTKPBITHSAM B Pa3HbIX 00/1acTsiX MaTemMaTuku. [lepedncianv manbosiee n3BeCTHBIE U3
006001IeHnit OOBIKHOBEHHBIX IEMHBIX JIPO0eii.

[IepBoe 3HaMeHuTOE 0000IIEHNE OOBLIKHOBEHHBIX IMEMHBIX JIpo0eil Ha MHOTOMEep-
HbIii cry4ait 66110 npeiokeno K. dxko6u [63] B 1869 roy. O paccMoTpes aaropuT
MOCTPOEHUST TPUOTHKEHU ST TTPON3BOJILHBIX BEKTOPOB B IBYMEPHOM MTPOCTPAHCTRE Pa-
[IOHATLHBIMI BEKTOPAMU W ODOOIIN/I €r0 Ha BEKTOPHI B N-MEPHOM MPOCTPAHCTBE.
B nanpueitmem anroputm K. fxobm 6bL1 m3yden u momudumuposan O. Ileppo-
HoM [48]. TTosyuenusie B paborax K. fIko6u u O. [Teppora aaropur™bl Ha3bIBAOTCS
anzopummamu, Hxobu-Ileppora, a pamuoHaJIbHBIE TPUOJINKEHUST — MHO20MEPHbL-
mu yenmomu Opobamu (1o Fkobu u [Meppony). HekoTopble sprojuveckue CBOicTBA
OOBIKHOBEHHBIX IEITHBIX Ap0o0eil UMeoT 0000IeHns A1t MHOTOMEPHBIX IEITHBIX IPO-
eit fdxobu-ITeppona [58], [49] w [59]. B manbHeiinem, pa3indnbie BEpCHH ajaropuT-
MoB fkobu-Ileppona ObLIn npegcTaBaenbl 1 u3ydensl B paborax /1. M. Xapakactia
u K. Xanuna [55], T. Tappuru [23| u [10], JI. 1. IIycreuibaukoBa [50] u MHOrEX
apyrux paborax (cm. takxke kuurn JI. Beprmreiina [11] nu ®. [IIgeiirepa [60]).

B cBoux paborax I. Mwunkosckmii [38] u I. ®. Boponoit [17] mupenmoxn-



JIn emié o1HO 0DobIIeHre OOBIKHOBEHHBIX IEMHBIX JApobeit. MHOroMepHbIe IHermHbie
JIpOOM, TOCTPOEHHBIE THUMH aBTOPpAMH O0JIAJAI0T HEKOTOPHIMH TE€OMETPHYECKH-
AJITOPUTMUYECKIMHI CBOHCTBAMM, AHAJOIHYHBIMU CBOHCTBAM OOBIKHOBEHHBIX IIEII-
HBIX apobeii. VIx maen momyumnn passurue B padborax A. /. Bpiono n B. . ITapyc-
rukoBa [15] n [16]. Hemaro B paBorax A. K. Murran u A. K. Tanter. [39] u [40]

OBIJIO TTOCTPOEHO TEOPETUKO-UNCIOBOE 0DODIIEHNEe OJIHOMEPHBIX IMEIMHBIX JIpobeii.

0.2 PesyabraTsl paboThI.

B sroit paboTe pemeHsl caeayonme 3aa4n.

1. KnaccudunupoBanbsl Bce IByMepHBbIE I'DAHU MTAPYCOB MHOTOMEDHBIX MEMHBIX JTPO-
Oeit Ha MIOCKOCTSIX, PACIOJIOKEHHBIX HA, IEJTOUNCIIEHHOM PACCTOSTHUH, OOJIBITEM €11~
HUIBI OT HAYAJIa KOOPAUHAT, ¢ TOYHOCTHIO JIO METOYHCICHHO-THHEIHOTO OTHOIIICHUS
SKBUBAJIEHTHOCTH.

2. Onucan HOBBIH 3(DDEKTUBHBIN AJITOPUTM TTOCTPOEHUsT (DYHTAMEHTAJIBHBIX 00JI1a-
cTeil JIBYyMEPHBIX TePHOJINYeCKNX MapycoB IEmHbIX jpodeit. Bee marm ajgropurma,
KpoMe TOoCTeHero, OYKBaJIbHO 0000IIATCS HA MHOTOMEpHBIH caydait. ObobieHne
MOCJIeTHErO Iara YoupaeTcs B CIOXKHBIE 3a1a9n o01Ieit Tonosorun. B padore mpe-
JIO?KEHO HEKOTOpOe 000DIIeHue MOoCIeHero mara, KoTopoe He sisercs b dexTun-
HBIM.

3. [TocTpoeno nBa JABymapaMeTpUUIECKUX U TPU OJHOMAPAMETPUYECKUX CeMeicTBa
dbyHIaMeHTATEHBIX 00/1aCTel TTAPYCOB MEPUOINIECKUX JIBYMEPHBIX MEMHBIX IPO0eii.
[TapaMeTpsl 3TUX CEMEHCTB — MOJOKUTEIHHBIE TeIble TUCIa.

[TepBble nBa pe3yabTaTa MPAKTHYECKH HE3ABUCHMBI W TOJE3HBI CAMU MO cebe.
Onnako knaccudukanus ABYMEPHBIX TPaHeil CHIBLHO 00Ierdaer MocaeHUN mar a-
ropuT™Ma pe3ysbTara 2 B JIBYMEPHOM CJIydYae.

[TocTpoenne cemeiicTB (hyHIAMEHTAJIBHBIX O0JACTEl MAPYCOB MEPHOTUIECKUX
JIBYMEPHBIX TEMHBIX Apo0eil T. 3 ImMeJUKOM Da3upyeTcs Ha aJrOpUTMe pe3yabraTa 2.

Ormutiiem moTydeHHbIe pe3yIbTaThl Dosiee TOAPOOHO.
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0.3 3amada 0 ABYMEPHBIX TpPaHAX MapyCOB MHOTOMEPHBIX

IETTHBIX APOo0beii.

MHuTepec K reOMeTpHIECKHM CBOHCTBAM MHOTOMEPHBIX IEITHBIX Apo0eii ObLT MHUI-
uposaH paboroit B. 1. Apuonsaa [3] u mocneyromieit padoroii E. 1. Kopkunoit [30].
Hauunas ¢ 1989 roga, B. . Apuonaba cchopmynampoBas cepuro mpodaeM U THIOTES,
CBSI3aHHBIX C TEOMETPUYECKUMU CBOHCTBAMI MHOTOMEPHBIX IEIMHBIX 1pobeit. Muorne
13 3TUX MIPOOJEeM I0 CUX MOP OCTAIOTCI OTKPBITBIME, a FeOMEeTPHYECKHe CBOCTBA
MHOTOMEPHBIX IMEIMHBIX Apo0eil MpaKTHIeCKH He N3YYeHHBIMI. 3208491 O TeOMeTpUYe-
CKUX CBOMCTBaX MHOTOMEPHBIX HEMHbIX Apobeit mo KieitHy Bonm B KadecTBe OZHOTO
13 pas3JenoB B MPOrpaMMy MO U3YUEHHIO “TCeBIONEPUOINIECKO TOMOIOTHH, pas3-
paborannyo B. 1. Apuonbiaom [5| u npencrasiennyio B kuure [4] mon pemaxiueii
B. . Aprosnpaa, A. B. Sopuua u M. JI. Konnesuua.

B mnpemraraemoii pabore mpeanpUHUMAIOTCS MEPBBIE MMArd M0 W3YYEeHUI0 TIeo-
METPHYECKUX CBONCTB MHOTOMEPHBIX IEMHBIX apobeil. OXHIM M3 MepBOCTENEHHBIX
eCTECTBEHHO BO3HHUKAIOIINX T'€OMETPUUIECKUX BOIIPOCOB SIBJISETCS BOIMPOC O T'PAHSIX:
KaKue KOMNAKMHOLE 2PaHY ObBAOM Y NAPYCO8 MHO2OMEPHBLL UENHHLL Opobet?

KoMnakTHbIe TpaHi MapyCOB MHOTOMEPHBIX IEMHBIX JpO0eil sIBISIOTCS BBIITYK-
JILIMHA MHOTOIPAHHUKAMHE, BEPIIHHBI KOTOPBIX — IeIble TOUKH. Takne o0beKThI Ipa-
BUJILHO M3yYaTh ¢ TOYHOCTHIO 0 IEJI0YMCIeHHO-INHENHO IKBUBaIeHTHOCTH. JIBa
MHOTOTDaHHUKA HA3BIBAIOTCS UEAOUUCAEHHO-AUHEdHO (Yerouuciento-aPdunno) k-
BUBANEHMHBLMU, €CTH CyIIecTBYeT juHeilinoe (addunnoe) mpeobpazoBanue mpo-
CTPAHCTBA, COXPAHSIOIIEE PEIIETKY IEeIBIX TOYEK, KOTOPOe MEePEBOIUT OIUH MHO-
rorpannuk B jpyroit. Utak, nepedopmyaupyem 3aaaqdy.

Kaxue xomnaxmmvie 2pany, 6bi6a10mM y napycos MHO20MEPHBLT UenHbx dpobeti ¢
MOYHOCTNDIO 00 UEAOUUCACHHO-AUHETIHO020 OMHOWEHUA IKEUBAAECHIHOCTIU Y

[ToHBIE OTBET Ha TOT BOMPOC OBII W3BECTEH TOJIBKO ST OJHOMEPHBIX KOM-
NAKTHBIX TpaHeil. OIHOMEPHBIE KOMNAKMHbBLE 2DAHU NAPYCO8 MHO20MEPHHLT UENHHLT
dpobeti mo2ym, codeprcambp A1000€ KOHEUWHOE YUCAO UeAWT movek. [lee odHomepHbLe

KomMnaxwmmsvie 2paru ue./l,O’ltUC./l,eHHO—./LUHeﬁHO IKGUBAAEHMHDL M0200 U MOALKO MO-
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2da, %0200 KOAUMECMBA UEADLT MOYUEK HA HUT COBNAJaOmM.

[Ipexkge YemM OCBETHTH CHUTYyalMIO C JBYMEPHBIM CIy4aeM, MPUBEIEM HY K-
Hble ompenenennsd. Todka MPOCTpaHCTBA HA3BIBAETCH UEA0T, €CTH BCe KOOpIUHA-
TBI 3TON TOUYKHU SABASIOTCA MEJTBIMH YucIaMu. [[1ockocTh Ha3bIBaeTCs 4enoti, ecan
OHAa IEJTOYNCTIeHHO-aM@MUHHO IKBUBAJICHTHA HEKOTOPOI MPOXO/IsIeil depe3 HavdaI0
KOOP/IMHAT TIJIOCKOCTH, COJepzKallell MOJAPeNni€éTKy PelleéTKN IeIbIX TOYeK, PAHT KO-
TOPOii paBeH pa3sMepHOCTH ILTOCKOCTH. PaccMoTpuMm 1eyio k-MepHYIO ILTOCKOCTh U
[IeJIyI0 TOYKY B JONOJIHEHUN K 9TON TIJIOCKOCTH. HyCTb €BKJINJOBO paCCTOAHUE OT
JIAHHOW TOYKW 0 JAHHON MmIocKocTu paBHO [. O6o3HauMM [epes [ MUHUMAJIHHOE
HEHYJIeBOe eBKJIUJIOBO PACCTOSHHUE 0 PACCMATPUBAEMOU IMJIOCKOCTH OT TEJBIX TO-
qeK, Jexkamux B (k + 1)-MepHOi MI0CKOCTH, HATAHYTON Ha JAHHbIE k-MEPHYIO ILI0C-
KOCTh 1 mesyto Touky. Orrorenne [/ly HA3BIBAECTCS UeAOUUCACHHBIM PACCTNOAHUEM
OT JaHHOW IeJI0if TOYKH 0 JAHHON 1eJioi miaockocTu. Llemounciennoe paccrosinue
SIBJISETCS nemodncienHo-ahGuaabIM nHBapuanToM. Llerounciennoe paccrosuue 10
HavaJla KOOpAUHAT ABJIACTCA ILGHO‘{I/ICJIGHHO—.HI/IHGI'?'IHBIM NHBapPpUaHTOM.

Wrak, B AByMepHOM CJIydae UCXOJHAs 3a/iada paciajaeTcs Ha JiBe 33 a4u.

Kaxue xomnaxmmuvie 2paru, pacnosoHCEHHBE HG NAOCKOCAL ¢ EOUHUMHBIM Ue-
AOUUCAEHHBLM DPACCTOAHUEM OM HAYAAGL KOOPAUHAM, OBLEAIOM Y NAPYCO8 MHO20-
MEPHULT YenHuz dpobed (¢ mounocmovio 00 UEAOUUCAEHHO-AUHETH020 OMHOUEHUA
aKeUBANEHMHOCTU 2patet dpobed]) ?

Kakue xomnarxmmvie 2panu 6bl6a10m Yy napycos MHOZOMEPHOLL yenkur opobed (c
MOYHOCNDIO 00 UEAOYUCAEHHO-AUHETHO20 OMHOWEHUS IKBUBANEHMHOCU 2PaHel
yennox Opobeti) Ha dAHHOM UEAOUUCAEHHOM PACCTMOARUY OM HA%AAG KOOPOUHamM ?

OTBer Ha MepBBIi BOMPOC JOBOIBHO HpOCT. [l 0000 BBIMTYKIOTO MHOIO-
YTOJIbHUKA, PACIOJIOXKEHHOTO HA IMJIOCKOCTU HA €JUHUYHOM PACCTOIHUN OT HAJaIa
KOOPJIMHAT, CYIIECTBYET TaKOe MOJIOKUTEJTbHOE Ieoe k, 9TO CYNIeCTBYeT HEKOTO-
pasi k-MepHas menHasi Jpo0Ob, y KOTOPOW ecTh Mmapyc, OJiHa W3 rpaHeil KOTOpOro
ETOYACTeHHO-THHEHO SKBUBAJIEHTHA JAHHOMY MHOTOYTOThHUKY. Kpome Toro, nBe
ABYMEPHbIE I'PaHU, TJIOCKOCTH KOTOPBIX PACIOJOKEHBI Ha € IUHUIHOM PaCCTOAHUU OT

HavaJla KOOpJAWHAT, HeHOqHCHeHHO—HHHeﬁHO 9KBHUBaJIECHTHBI TOTJa W TOJIBKO TOTJa,
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KOTJIa, COOTBETCTBYIONME MHOTOYTOJBHUKH IEI09UCIeHHO-a(hMUHHO SKBUBAJICHTHDI.

Jlo macrosmero MOMeHTa MpPo KOMIAKTHBIE JBYMEPHbBIE TPAHU MapyCOB MHOTO-
MEpHBIX [EMHBIX Apo0eii, IIOCKOCTH KOTOPBIX PACIIONOKEHBI Ha IEeJTOYNCTCHHOM pac-
CTOSHNH, OOMBIIEM €IUHUIBI OT HAYAIa KOOPIMHAT, OBLIO JIMIIL U3BECTHO, YTO OHU
160 TpeyroabHble, MO0 deThipéxyroababie (M. padory 2K.-O. Myccadwupa [42]).

B macrosmeii pabore kiaaccuduuupoBaHbl KOMIIAKTHBIE JABYMEDPHBIC TPAHU Ma-
PYCOB MHOTOMEDHBIX TEMHBIX JApo0eii (pasMepHOCTH MHOTOMEPHBIX Jpobeii He (huk-
CHPOBAHBI), MIOCKOCTH KOTOPHIX DACTOTIOKEHBI Ha 3aJaHHOM IIEJIOYNCIEHHOM pac-
CTOSTHUY OT HAa4aJ1a KOOPAMHAT, OOJIBINEM eJIUHUIIBI, ¢ TOYHOCTHIO 0 HEJOTNCICHHO-
JTMHEHHOr0 OTHOIIEHUA SKBUBAJTCHTHOCTH. Kinaccuduramus omupaercd Ha KIaCCH-
bukanMo TPEXMEPHBIX MHOIOSTAYKHBIX BIIOTHE MYCTHIX BBIMYKIBIX IHPAMUI C OT-

MEYEeHHOW BepIINHO.

0.4 OO6 ajgropuT™Max IIOCTPOEHUS IIAPYCOB MHOTOMEPHBIX ITEM-

HBIX JIpo0eii.

Muoromepnast nepuogudeckast ajredpandeckas mermHast JIpoob sABISIeTCsS COBOKYITHO-
CTBIO HECKOTBKHUX OECKOHEUHBIX MHOTOTPAHHBIX IMMOBEPXHOCTEM, HA KayKJI0# M3 KOTO-
PBIX CBODOIHO EHCTBYET HEKOTOPAST CIIeIUAIbHAs JUCKPETHAs TPYIIIa, ePecTaBIsi-
OI[asi MHOTOMEPHBIE T'PaH’, MPUIeéM (HAKTOP KazKI0i MHOTOTPAHHOW TMOBEPXHOCTH
110 9TOl TpyImIe romeoMopdeH Topy cOOTBeTCTBYoIel pasmeprocTr. (CM. TouHbBIE
onpeenenns B noapaszene 2.3.) Oyndamernmanrvnotl 064acmvb0 MEOTOIPAHHUKA OT-
HOCUTE/IHLHO JefCTBUS TPYIIBI HA3hIBAETCsT 00heINHEHNE HECKOILKIUX TPaHeil, coaep-
JKalee POBHO MO OJIHOM MPAaHM W3 KaYKJIOT0 KJIACCa SKBUBAJIEHTHOCTH. Arebpande-
CKasl IePUOJINIHOCTh MAPYCOB MHOTOMEPHOI TEeIMHOH IPOOH MO3BOIIeT BOCCTAHOBUTH
J1000i1 M3 mapycoB MEMmHOi apodu 1o ero ¢pyHIaMeHTaIbHON obmacTr. DTa QyHIA-
MeHTaJIbHAsT 00IaCTh COAEPZKUT JIUIThH KOHEYIHOe THCI0 TpaHeil. Takum oOpa3om, Mbl
CTAJTKHUBAEMCS ¢ Tpo0IeMOoil HaxXoxK JeHus 3P@PEKTHBHOIO MeTO0/1a, IMPU IMOMOIIH KO-
TOPOTO MOXKHO MEPEUUCTUTh BCe IPAHU KAaKOi-1n00 (byHIaMeHTATIBHON 001aCTH.

Anropurma moctpoenust GpyHIAMEHTAIBLHBIX 00/1aCTell JJIsi TapyCcoB MHOTOMEP-
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HBIX IHeMHbIX 1pobeit He cymmecTBoBaao a0 paborsr T. uurann |61, Hanucanuoii
B 1976 roay. [Iycth F'— abCo/IOTHO BelecTBEHHOE aaredpanveckoe 1mojie CTermeHu n.
Paccmorpum Bce pasnuunble BhAoxKeHHs moias F' B R u obo3HaumMm ux depes ¢,
i =1,--+,n (UX POBHO n, HOCKOILKY ToTe F abCcOMOTHO BemmecTBeHHo). PaceMor-
puM ciaeayiomiee Biaoxkenue nojus F' B R™. [I1g nmpousBosibHOTO dj1emMenTa T nojist F'

x = (e1(x), p2(x), ..., oun(z)).

T. luatann paccMaTpuBaJ TPYINY BCeX aOCOMIOTHO MOJTOKHUTETBHBIX STEMEHTOB
KOJIbIIA [EJBIX 9HCeT B aiarebpandeckom noie F' u eé jeiicTBre (MOKOMIOHEHTHOE
YMHOXKeHHe Ha abCOTIOTHO MOIOKUTENbHBIE SIeMeHThl 24 ) Ha (R} )" npu onucanHom
BioKeHnn. OH MOKa3aJI, 9To (byHIaAMEHTATIbHAas 00JIACTb STOTO JAEHCTBUS SBISIETCS
KOHEYHBIM O0beINHeHNeM CHMILUINIHAIBHBIX KOHYCOB crennaibHoro tuma. (Orme-
THM, YTO MPU NepeHyMepaluu Biaozxkenunii ¢; noias F' B R dyngamentaibubie obractu
3aMEHSIIOTCS [ETOTUCTIeHHO-THHEHHO SKBUBATeHTHBIME. ) Y TBepK aenue T. [lunranu
0 cTpoeHun (DYHIAMEHTATBHON 061acTH (¢ TOKA3ATeTHLCTBOM) (DAKTHIECKA U JIEIKUT
B OCHOBE OJIHOTO W3 AJTOPUTMOB IMOCTPOEHUSI MTAPYCOB OJHOMEDPHBIX MTEPUOINTECKIX
nenabix apobeit. Coemxyst pabore T. [unranu, E. Tomac u A. T. Backec mocrpon-
JIM HECKOIBKO (DYHIAMEHTATBHBIX O0IACTeill [Isi IBYMEpHOTO ciydast B padore [53].
OkoHuaTeIbHAS BEPCHST AJITOPUTMA, TTO3BOJISIONIEr0 CTPOUTH (DYHIaMEHTATbHBIE 00~
JacTu Jj1s anaredbpandeckux pacrupennit mosst Q, mpeacrasiena P. Oxkazaku B ero
patore [43]. E. 1. Kopkuna B patorax [30], [32], [33] u 2K. JTamo B paGorax [34], [35]
MOCYUTATH HECKOHETHOE KOMUIECTBO (DYHIAMEHTAJBHBIX 00IacTeil mapycoB /s 1me-
PUOINIECKHUX AJTeOPANIECKUX JBYMEPHBIX HMEMHBIX Apo0eii. AJIropuTM MOCTPOEHUST
dbyHIaMeHTATBHBIX 00/1aCTel MapyCOB MHOTOMEPHBIX MEITHBIX JIPo0eil, HCIoTb30BaH-
HBIIl B MEPEeYNCTeHHBIX BBINE paboTaxX, OA3UPyeTcs Ha MPHHIUIE MAaTeMATHIECKONR
UHIYKIWH. DTOT aJTOPUTM TOCTIEI0BATETHHO BRITUCISIET I'PAHN (DyHIaMEHTATHHOM
00.J1aCTH, TPU ITOM PUXOIUTCS TTPOBEPSITH, ITO MOCTPOEHHAS HA {-OM TIIare rpaHb He
JIEZKUT B OJIHOM opOuTe (JIeHCTBUS OMUCAHHOI BBIIIE TPYIIILI) ¢ HEKOTOPOii TPAHbIO,
OCTPOEHHOH paHblie 4-oro nrara. OxaseiBaercst (cM. [43]), mpn nomomy Takoro aJ-

roput™Ma (dyHIaMeHTaIbHas 00JaCTh Mapyca MemHoi JIPoOU CTPOUTCS 338 KOHEUHOEe
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9UCJIO TTaroB.

Hewmmoro mosxke 2K.-O. Myccadup paspadboran aaroput™, KOTOPHIi CyIIECTBEH-
HO oTmdaercst or ajropurMa Oxazakn (cM. [42]). Anroputm paboTaer s Mpom3-
BOJILHOTO (He 06sI32aTeIbHO MePUOJINIECKOTO) TAPYCa: OH BBIYHCISET JTHIOOYI0 OrpAHE-
YeHHY0 9aCTh mapyca. Takoil aaropuTv OCHOBAH Ha JeJAyKInu. A WMEHHO, CHAJa/Ia
BBIJIBUTAETCS THIIOTE3a O CTPYKTYPE TpaHeii jijist OOJIBINOI 9acTh napyca, 3aTeM mpo-
BepSAETCs, ABISIOTCS JTUH TPEeIIOI0KATETLHBIE TPAHN HACTOSIIUME IPAHIMHI IAPYCA.
STOT AJITOPUTM TaK?>Ke TPpUMEHUM W JId CJIy4dasd NePpUuoOJNIeCKUX IMapyCoB.

B tperbeii ryiaBe nacrosiiieit paboThl ONMUCAH HOBBIM YCOBEPIIEHCTBOBAHHBIN Jie-
JNYKTUBHBI AJITOPUTM, KOTOPBIi HpeIHAZHAYACTCS CIEMUATLHO I CIydas GpyHIa-
MEHTATBHBIX 00JIACTell MepUOINIeCKUX MapycoB (BIepBble HAIEYATAH B paboTe ABTO-
pa [25]). Asaropur™ 1m03BOJISIET aTh OTBET Ha NepBoHavYaIbHBIH Bopoc . Kieitna
O TMOCTPOEHUN MaPyCOB MEPUOANUECKUX IEMHBIX JAPOo0eil 1/ NCCaeI0BaHN Kyoude-
ckux ¢opM ¢ nenasiMu KoddduimenTamu. OCHOBHOE MPEUMYIIECTBO MPe/IT0KEHHO-
I'0 aBTOPOM aJITOPUTMA 3aKJII0YAETC B CAEYIONIEM: KOJTHYECTBO “JIOYKHBIX BEPITUH
KOHEYHOT'O HpI/I6JII/I)KeHI/IH MHOT'OT'pPaHHUKa Iopa3ag0o MEHbIIe MO CPpaBHEHUIO C KOJU-
YeCTBOM “JIO}KHBIX BEPIINH, MOJYYaeMbIX MPH HCIOIb30BaHun aaropurma 2K. Myc-
cadupa. DTo Ha MOPSAIOK COKpAIIAET BPEMs BHIUNCIEHHS COOTBETCTBYIONINX BHITYK-
JIBIX 0DOJIOYEK.

OTMeTI/IM, qTO0 HpeﬂﬂaFaeMbIﬁ AJITOPUTM CYHIECTBEHHO HUCIIOJIbB3YyeT Mepuoanuv-
HOCTH IIApPYCOB MEPHOIMIECKHX MHOTOMEPHBIX IEITHBIX Apo0eii, W, CIeI0BATEILHO,
OH HEIIpUMEHUM K MapyCaM HEenepuoJNIeCKNUX MHOTIOMEPHbBIX HEIMHbIX ﬂp06ef/'l

s iByMepHOTO cydasi B HACTOsIIEl paboTe JT0Ka3aHO CJIeAYIOIIee yTBePK 1e-
HHe.

IIposepka 2unomesv, o Gyrndamenmanvroti obaacmu napyca d8YMeEPHOT Nepuo-
duueckoti yennot dpobu, codeporcawet N epaneti 6cex pasmeprocmeti, npoxrodum He
bonee wem 3a C'N* deticmeuti carosicerus, YMHONCENUA U CPAGHENUA, 20€ YHUGED-

carvrad xonemanma C ne sasucum om wucaa N u uenuou" 0p06u
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0.5 IIpumepsnr dyHIZaMEeHTAJBHBIX 00JIaCTeil mapycoB OBY-

MEPHBIX MEMHBIX APoOeii.

[Ipn momoIu OmMMCAHHOTO B 3TOIl paboTe AJITOPUTMA aBTOP OOOOIMI H3BECTHLIE
paHee YAaCTHBIE TIPUMEPHI W GECKOHEUHBIE CePUH MPUMEPOB BBIUNCIeHUs (hyHIaMeH-
TAJIBHBIX 00JIaCTell MapycoB JBYMEPHBIX MEPUOJMYECKUX MEMHBIX JIPo0ei, a TakzxKe
MOCTPOWJI MHOYKECTBO HOBBIX NMPUMEPOB U CEpUil TPUMeEpOB (pyHIaMEeHTATHLHBIX 00-
nacreit (M. takxke [64] u [65]). [Tomp3ysack pe3ynbTaTaMi SKCIEPHMEHTOB, aBTOD
BBITIUCAJT TIOJTHBII CIIMCOK BCEX MEPHOIUIECKUX JIBYMEPHBIX TENHBIX Apobeil Kyoute-
CKUX WPpaloOHAILHOCTEH, TOCTPOEHHBIX M0 IHEJOYNCIEHHBIM MATPHUIIAM C HOPMOIA,
MEHbIIeli CeMH, ¢ TOTHOCTBIO JIO METOUNCIeHHO-THHEHHOTO OTHOIIEHNS SKBUBAIEHT-
Hoctu (cm. padory [24]). (Iox HOpMOIT MATPHUIIB 376Ch TOHUMAETCSA CyMMa MOJYJIeii

eé kKoahduienTosn. )

0.6 Opranuzamnus padOTHI.

Hacrosimast pabora opranm3oBaHa CIeAyIOIIM 00pPa30M.

[IepBag rraBa mOCBsIEHa OCHOBHBIM OmpeneneHuaM. HekoTopsle obmime ompe-
JleJIeHUsT TpUBeJIeHbl B paszaene 1. B pasmene 2 BBOAMTCA TMOHATHE MHOTOMEPHBIX
nenubIx Jipooeit mo Kieitny m onpenensiiorcst ajredOpanvdeckK MepuogndecKue MHO-
rOMepHBIe IeMHbIe Apo0N aJaredpanvdecKux HppanuoHaabHOCTeil. B 3rom pazmere
TaKKe 00CYKIATCA CBA3b MEXKIY OJHOMEDPHBIMH MEMHBIMHI JIPOOSIMUA U OOBIKHOBEH-
HBIMU TeNHbIME JIpo0simu. B pasjesie 3 npuBejiennl onpejeaeHusi pa3dueHust MHO-
POMEPHOI'0 TOPAa, CBA3AHHOI'O C IapyCOM MHOIOMEPHON MepuoJIudecKoil ermHoi apo-
ou, n pyHIAMEHTAJIbHOI 0OJacTH Tapyca HepHoAnYecKoil memHoit apodbu. Kpome
TOTO B 3TOM pa3jiesie 00CYKIAI0TCS ONpeae/eHnsd WHBAPUAHTOB JIeHCTBUSA TPYIIIbI
SL(n+ 1,7Z), takue KaK HeJTOYNCTEHHBIE JTHHBI W YTJIbI MEZKIY MIOCKOCTSIMH.

Bo BTopoii rraBe paboThl (hOpMyIHPYIOTCS U TOKA3BIBAIOTCS TEOPEMa, O IETOTHC-
JIEHHO-THHEHHO U CIeJCTBUEe O IeaodncaeHHo-ahUHHON KIaccuduKaIuIX IBY-
MEPHBIX T'PaHeil MapycoB MHOTOMEDPHBIX IEMHBIX JApOOeil. DTH yTBEp:KIEHUs BbI-

BOJSATCS W3 TEOPEMbI O Ie/I0UncIeHHO-adOUHHON KaaccuuKaun MHOTOITAKHBIX
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BITOJTHE TTYCTHIX BBIMYKJIBIX TPEXMEPHBIX MUPAMUJ ¢ OTMEYeHHOil Bepiunoii. B pas-
nene 4 chopMmyanpoBaHa TeopeMa O KJIacCH@MUKAIUNUA MHOTOITAYKHBIX BIIOJIHE ITy-
CTBIX BBIMYKJIBIX IMMHPAMUJ ¢ OTMeYeHHOI BepmmHOil. B paszmene 5 mpuBeseHsl mo-
HATHS U OIpeJeTeHns, HeoOXOIUMbIe /I TIOHUMAaHHS BTOPOi TMIABBI, a TaKkKe JI0-
Ka3aHbl HECKOJILKO BCIIOMOTATEILHBIX YTBEPKICHH, KOTOPhIe TTOHAI00STCS TPH J10-
Ka3aTeJbCTBE OCHOBHOI Teopembl BTOPOI TiaBbl. B pazaene 6 dopmynupyercs u
JIOKa3bIBAETCS YACTHBIN Caydail TeopeMbl pa3zena 4 — TeopeMa O MYCTBHIX TeTpa-
yipax. B coeayommx AByX pasjesnax J0Ka3bIBAETCS TeopeMa O KJacCU(pUKAIUN
MHOT'O9Ta’KHBIX BIIOJTHE MYCTHIX BBIMYKJ/JIBIX MUPAMUJ C OTMEYEHHOW BEpIIUHON: B
paszene 7 paszdbupaercd CIydail MHOTOYTOMbHBIX MHPAMHJ, C OTMEUYeHHOW BepIIn-
HOIl; B pa3zene 8 — caydail TpeyroabHBIX THpAMHUJ ¢ OTMEYEeHHO# BeprmHoii. B
pazzaene 9 chopMyaIupOBaHBI TeOpeMa, O IeJOYNCJIeHHO-JINHEeRHOW KiaaccuduKainm
U CJIeJICTBUE O Ie/IouncaeHHo-adhGUHHON KIaccuduKaIum IBYMEepHBbIX rpaHeil na-
PyCOB MHOTOMEPHBIX HEMHBIX JApobeit. B pazzene 10 mpuBoauTCa T0Ka3aTETbCTBO
cchopmyuposannoit B pasjgesne 9 treopembl. DOpMYIUPOBKH HEPENTEHHBIX MPOOJIEM,
CBSI3aHHBIX C JIOKA3aHHBIMU TEOpEeMaMu, TTPUBeJIeHbl B pas3jese 11.

B TpeTbeii rmaBe paboThI ONMKUCAH HOBBI aqTOPUTM MOCTPOEHUs (pyHIAMEHTATb-
HBIX 00JaCTell MapycoB MepHOINIECKUX MHOTOMEPHBIX IEeIMHBIX Apo0eii, B 4aCTHO-
CTU pa300paHbl METOJbI BHIJIBUKEHUS TUIIOTE3 0 (DYHIAMEHTAJIBHBIX 0OJIACTIX U UX
npoBepku. Bech aJropuT™ mocTpoeHusi MPOXOJAUT B IMIECTh ITAroB, ero IMjiaH o0Cy-
JKjaeTcs B pasnene 12. B pazgene 13 npuBoaAuTCSa oMUcaHAe IBYX OOIIUX IIArOB /TS
WHYKTUBHBIX U JIEJIyKTHBHBIX MeTOJIOB. B 3TOM pasjee moka3biBaeTCsl, KaK HAaX0-
Jagarest obpasytorme rpynnbl SL(n, Z)-MaTpui, KOMMYTHDYIOIIHX ¢ 33JaHHOi. Bee
pe3yabTaThl pa3nena 13 He IBASIOTCA HOBBIMH W MPUBOIATCA JIUIIL IS TTOTHOTHI
m3noxkenust (cM. kauru X. Koxena [22] u 2K. Jlamo [35]). B pasmenax 14, 15 u 16
olMicaHa OCHOBHAsI HOBas 4acTh ajroputMa. B pazzesne 14 mokazaHo, Kak caeayer
BBIJIBUTATH TUNIOTE3bI 0 (DYHIAMEHTAJIBHBIX 001acTax. Pazmesn 15 mocBsIén nposep-
Ke TUnoTe3 o (pyHIaAMEHTATbHBIX 00JACTIX I MApPYyCOB JIBYMEPHBIX IEMHBIX IPO-
oeit. [IpoBepka rumnores st TAPYCOB MHOTOMEPHBIX IEMHBIX Apodeit 006Cy K IaeTcst B

pazene 16.
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YerrépTas riiaBa padOTH TOCBANIEHA MHOTOYUCTEHHBIM TPUMEPAM, MOy 9€HHBIM
Py MMOMOIIA MeTO/a, OMMCAHHOIO B TpeTheil TyiaBe. B pasaese 17 usy4aiTcst cBOii-
CTBa JBYMEPHBIX MEMHBIX Apobeil, MOCTPOEHHBIX MO (PPOOEHUYCOBBIM OMEpaTOPaM,
00CYKJIAeTCSA CBA3b KJIACCOB SKBUBAJEHTHOCTEH TPHAHTYISIUI TOPOB ¢ KyOHUIeCKH-
MU PACHIUPEHUSIMH TI0JIs1 pannoHanabHbix duces. (IToqpobHbIil aHan3 cBOWCTB KyOu-
YeCKHUX PACITHPEHUil MOJIsT PANMOHAIBHBIX YHCET U WX KJIACCH(DUKAINN TTPOBOTUTCS
B. H. Henone u /1. K. ®agueessiM B pabore [21].) B pasaene 18 pazobpanbl npuMeps!
BO3HMKAOINX PyHIaMEHTAJIhLHBIX 0bIacTeil IByMepHBIX Apodeii KyOndaecKux mppa-
UOHAIbHOCTEl. Bhramcienne mepBoro mpumepa MPUBEIEHO MOJHOCTHIO CO BCEMMU
npetansvu. OcTaabHble TPUMEPHI ChOPMYIUPOBAHBI B BHIE€ KOHETHBIX PE3YIbTATOB
C TTOJTHBIM OMHUCAHHEM (DyHIAMEHTATBHBIX 00/IacTell 1 HeOOXOAUMBIX HETOYUCTIeHHO-
JIMHEHHBIX WHBApPUAHTOB. KaskIplii mpuMep mpeaocTaBisieT co0oi cpasy Iesaoe OJI-
HOMTAPaMeTPUIEeCKOe W JBYyHapaMeTPUIecKOe OECKOHETHOE CEeMeHCTBO JBYMEPHBIX
IEIHBIX IpO6eil KyOUIeCKIX UPPAIMOHAIBHOCTEl (IapaMeTphbl MpoGeralnT Bee moJIo-
JKHUTEJbHBIE Teble Ynciaa). B 3akiaoodenne 5Toro pasjiena pasodpaH MeTo[| MOCTPO-
enust byHIAMEHTATHHBIX 00JaCTeil HOBBIX (AHAJOIMHIHBIX) GECKOHEUHBIX OJHOTAapa-
MEeTPHYECKUX CeMeiiCTB MapycoB ABYMEPHBIX HMEMHBIX JIpobeit.

ABTOp BBIpazkaeT OrPOMHYIO OJArOJAPHOCTH W MPU3HATENBHOCTH aKaJIeMHKY
npodeccopy B. . ApHosbay 3a MOCTAHOBKY 3a/1a9H, TIOCTOSTHHOE BHUMAaHUE K Pado-
Te ¥ MOPAJbHYIO MOIIep:KKy. ABTop Osarogaput npodeccopa B. M. BakaaokunHa,
E. 1. Kopkumny, npodeccopa 2K. Jlamo, M. A. [dacmana, P. Ypube u I'. A. Kaba-

TAHCKOI'O 3a ITOJIE3HbIE O6Cy)K,ILeHI/IH n 3aMeYaHUudd.
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I'maBa 1.

OcHoBHbIE oIIpeJieIeHUs.

B s1oii ritaBe npuBoIsITCS HY)KHBIE TIOHATUS ¥ (DOPMYJIUPYIOTCS OCHOBHBIE OTIPEIe Te-
Hug paboThl (cM. Takzxke [64]). B pasmene 1 ompemensiorcs ob1ue MOHATHSI TEJTOCTH
00'bEKTOB, UX YKBABAJEHTHOCTH, & TAKZKE BBOIATCS ONPEJIENEHHs OTMEYEHHBIX MH-
paMu, BIIOJIHE MYCTOTHI U MHOT'O9TaKHOCTU OTMEYEHHbBIX TUPDAMMU/I. B pa3aerie 2 Ja-
éTcg ompeieJieHne MHOTOMEPHBIX TeMHbIX 1pobeii mo Kieitny u obcyKaaercs cBa3b
TAKUX [EMHBIX Ipo0eii ¢ OOBIKHOBEHHBIME IEMHBIME JApobsamu. B pasnerne 3 mpusee-
HBI OllpeaeJIeHU A ueJIO‘{I/ICJIeHHO—a(l)(l)I/IHHbIX NHBapHUaHTOB (HeHOqI/ICJIeHHbIX YIJIOB,

mromaaeit huryp, paccTosHmii).

1 OO6mmue onpegegeHNs.

Paccmorpum BekTopHOe npoctpancto R (n > 1) maj nosem jelicTBUTEILHBIX
ancesn. Touka mpocrpancTsa R masmiBaerca yeqofi, ecm Bece KOOPAMHATHI TOM
TOYKHU SBJISIOTCSA TEJTBIMH YHCTAMH. BEeKTOp HA3LIBACTCS UeAblM, €CIH OH HMeeT
IeTOYNCTeHHBIe KOOPINHATHI.

Pacemorpum k-mepryto miiockocTh (n+ 1)-meproro npocrpasctsa. [Tepecedenme
KOHETHOTO YNCJIa 3aMKHYTHIX k-MEPHBIX MOJTYIIJIOCKOCTEH 9TOi k-MEPHOI TJI0OCKOCTH,
roMeoMopdHOe k-MEepHOMY 3aMKHYTOMY JIUCKY, HA3BIBAETCS 6bNYKAbLM (MEACCHBLM)
k-meprovim muozoeparHukom. Ilpun k = 2 BBITYK/IBIH MHOTOTDAHHUK HA3bIBAETCS

BHINYKABLM MHO20Y20AbHUKOM, TIpU k = 1 — ompeskom, a nipu k = 0 — moukod.

Zameuarue 1.1. VHOTIA BHITTYKJIBIM MHOTOTPAHHUKOM HA3bIBAETCS TOJHKO IPAHUIA,
OMMUCAHHON BBIMYKJI0# 0007109Ku. B 3T0i#t pabore Mo BHIMYKJIBIM MHOTOTPAHHUKOM
NOHUMAETCS BBITYKJIBINA TEJTECHBIN k-MEepPHBIM MHOTOT'DAHHUK, TO €CTh BCS BBITYKJIAS

000J104YKA.

Hazosém pa36’U6H’U,€M MHOHCECNBA HA BBNYKADLE MHO202DAHHUKYU — H&60p BbI-

OYKJIBIX MHOTOIPAHHUKOB, 00JIaIAI0NINX CJIEIYIONMNUME CBONCTBAMMU:
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1) sr06bIe JaBa MHOTOMPAHHWKA OJHON PA3MEPHOCTH JIHOO He MepeceKatoTcst, 0O me-
peceKaroTcCd 1o I'paHule, IMMpu 3TOM BbIHYKHbIﬁ MHOTOI'paHHUK B MTEpEeCeYCHUN TaKzKe
JIEXKUT B pa3OUeHun;

2) mobble JBA MHOTOTDAHHUKA DPA3HOH PA3MEPHOCTH JHOO HE MePeCeKaroTCs, JId-
60 TmepecekaloTcs 10 TPAHUIE, TPU 3TOM BBIMYKJIbI MHOTOIPDAHHUK B MEpPECeYeHUn
TaKKe JIXKUT B pa3dMeHuu, MO0 MHONOTPAHHUK MEHbBINEel pa3MepHOCTH HEJTUKOM
COJIEPKUTCI B IpaHuIle 60IbIIeil pa3MepHOCTH.

Ha rpanume BbIMYK/JIOr0 MHOTOIPDAHHUKA €JIMHCTBEHHBIM O0OPAa30M OIpeJIe/IeHO
pa36I/IeHI/Ie Ha MUHHMaJIbHOE KOHEYHOE YUC/JIO BBIMTYKJIBIX MHOT'OT'DAHHUKOB. T&KI/Ie
BBINIYKJIBIe MHOTOTPAHHUKH HA3BIBAIOTCI 2paHAMU BBITYKJIOTO MHOTOrpaHHuKa. O1-
HOMEpPHBIE TPAaHU HA3BIBAIOTCS PEOPAMU, & HYJIbMEPHBIE TPAHU — GEPULUHAM.

BrIMyK/IbIifT MHOTOTDAHHUK HA3BIBAECTCS 8LINYKAOT ommeuennot nupamudot
BbIJICJIEHHBIMU I'PaHbIO 1 BepIHHHOﬁ BHE IJIOCKOCTH 3TOM I'paHu, €C/JIn OH COBITaJdaeT
(KaK MHOXKECTBO TOYEK) ¢ 00bEJUHEHHEM BCEX OTPE3KOB, OJHU U3 KOHIOB KOTOPBIX
ABJAIOTCS BBIAEJEHHON BEPITUHON, a IPyrue KOHIBI TPUHAJIEKAT BHIJIEJIEHHONW rpa-
. Boijesennast rpanb HaA3bIBACTCS 0CHOBAHUEM OTMETEHHON BBITTYKJIOW MTUPAMUIHI,
BBIJIeJIEHHAST BEPIINHA — BepuitHOT, OTMEIEHHON BBIMYKIONH THPAMUIH.

Buoinyx.aoti nupamudoti HA3LIBAETCS BBIMYKJIBIH MHOTOIPDAHHUK, HA KOTOPOM MOK-
HO BBECTH CTPYKTYPY OTMEUYEHHON BBIMYKJIONH MAPAMUJIHI.

BBIMyKJIbIH MHOTOPAHHUK (MHOTOYTOJTHHUK, OTPE30K ) HA3BIBACTCS UEAbLM, €CITH
BCE ero BEepIIUHbI — IeJIble TOUKU. Beimykias (OTMedeHHAs ) THPAMUIA HA3BIBACTCS

ue,/wﬁ, €CJIN OHa ABJIAETCA HEJIBIM BBINMYKJIBIM MHOT'OT'PDaHHUKOM.

Onpenenenne 1.2. llenas BoImyKaas oTMeUeHHAST TTHPAMUIA HA3BIBAETCS 6MOAHE
nycmoti, ecJim OHa HE COAEPYKUT IIEJbIX TOYEK, OTJIAWYHBIX OT BEPITUHBI W IEJIbIX

TOYEK OCHOBAHMUII.

ZIB& MHO>KeCTBa HA3bIBAKTCA ue,/LOHUC/LeHHO—CL(ﬁgﬁUHHO IKBUBANEHIMHBIMU (I/IJII/I,

9TO TO 2Ke caMOe, UMEIOT OJJMHAKOBBI ue,/LOHUC/LeHHbLﬁ agﬁ(ﬁUHHbLﬁ mun), €CJIia cyuie-
6 RTL+1

cTtByeT adduHHOE Mpeodpa3oBaHne TPOCTPAHCTBA , COXpaHdIoIee MHOZKECTBO

BCeX ero meJibIX TOYEeK, KOTOpOe MmepeBoJuT OJHO MHOXKECTBO B Jpyroe.
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Omnpenenenne 1.3. [L1ockocTsh, npoxosiasi Yepe3 HaYaJI0 KOOPAWHAT HA3LIBAET-
Cs1 TEJIOi, eCIM OHA COAEPIKUT MOAPENIETKY PENréTKU IeJIbIX TOYeK, PAHT KOTOPOit
paBeH pa3sMepHOCTH ILTOCKOCTH.

[110CKOCTDL HA3BIBAETCS UeA0T, €CIH CYIIECTBYET Mesast IIOCKOCTD, IMPOXOISINAas de-

pe3 HavaJI0 KOOP/MHAT, KOTOpast MeJJouncaieHHo-a(hOUHHO SKBUBAJIEHTHA JTAHHOIA.

JIBa MHOKECTBA HA3BIBAIOTCA UEAOYUCACHHO-AURETHO dKeUsaseHmubLMy (HITH,
9TO TO JKe caMoe, UMEIT OJNHAKOBBIN yesouucaernvil Aunetdnod mun), ecian cy-
MecTBYeT JAHHeifHoe TpeobpasoBanne mpocTpaHcTBa R coxpamgiomee peméTky
BCEX IEJIBIX TOUEK, KOTOPOe MEePEBOIUT OJHO MHOXKECTBO B JIPYTOE.

Paccmorpum ey k-MepHYIO TJIOCKOCTh W HEJIVI0 TOYKY B JOMOJHEHUH K ITOM
mockocTu. IlycTh eBKINI0BO paccTosiHWe OT JAaHHOW TOYKW 0 JAHHON MJIOCKOCTH
paBuo [. Obo3HaUNM 4Yepe3 [y MUHHMAJIBHOE HEHYJIEBOEe €BKJIUI0BO PACCTOSHHE 10
paccMaTpUBaEMOii ILIOCKOCTH OT HEJBIX TOYeK, Jexamux B (k + 1)-MepHOii mioc-
KOCTH, HATSHYTOH Ha JaHHBIE k-MEPHYIO MJIOCKOCTh W Ieayi To4uky. OTHOIeHune
[/ly HAZBIBACTCS UEAOUUCACHHBLM PACCMOAHUEM OT JTAHHON M0 TOUKHU 0 JaHHOM

[eJa0it ILTOCKOCTH.

Vreepxkaenue 1.4. [[erouucaennoe paccmoanue Koppexmmo onpedenero (mo ecmo
MOUHAA HUNCHAS 2PaAHb e6KAuUd08uL paccmoanud om onucannoir mouek (k + 1)-
NAOCKOCTIU OMAUYHA OM HYAA U 00CMUGEMCH 8 HeKOMOPot ueaoti mouke amot

NAOCKOCTU). O

Omnpenenenne 1.5. Ilenas orvedenHas mupaMuga Ha3bBaeTCs [-amastcnotl (mus
HEKOTOPOTO HATYPAJBLHOTO YHCIA [), eCIN MeJOYHCIeHHOe PACCTOSTHUE OT BePIIHHBI
9TOI MUPAMUIBI IO IJIOCKOCTH €6 OCHOBAHHS PAaBHO [.

[Hesrast oTMedeHHasi MUpaMUIA HA3BIBACTCS MHO209MAAHCHOT, €CIH TEJTOIUCIEHHOe
paccTosiHue OT BEPIIUHBI 3TON MTUPAMUJIBI JI0 TJIOCKOCTH €€ OCHOBaHus DOJbIe 1.
[Hemrass orMedeHHAS THPAMEIA HA3BIBACTCS 00H0IMAHCHOU, €CTH TTETOTNCTEHHOe Pac-

CTOSIHWE OT BEPIMUHBI ITOU MUPAMUILI IO TJIOCKOCTU €€ OCHOBAHUS PABHO 1.
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2 OmpeneseHne MHOTOMEPHOI ITemHO apoOou.

2.1 Mmuoromepusbie 1errabie apodou mo Koreiimy.

Pacemorpum Habop m3 n + 1 rumepiniockocTeil OOIIEro MOMOKEHUsT B IIPOCTPAH-
RrH! I1 0

CTBe , TIPOXOJISAIINX Yepe3 HavaJo KOOPIUHAT. 0/, OOIITHOCTHIO TTOJOZKEHWS

TUTIEPIIOCKOCTEH TTOHUMAETCsT CJIeIyIoNiee: B HEKOTOPHIX KOOPJAWHATAX WX ypaBHe-

HUSA JTUHEIHO He3aBUCHMEL.) JIOMOTHeHIe K 3TUM TUNEPILIOCKOCTAM COCTOUT u3 27+

OTKPBITHIX OPTaHTOB. BiGepeM MpOu3BOBLHBIN OPTAHT.

Omnpenenenne 2.1. ['panunia BHITYKI0H 000J0YKN MHOYKECTBA, BCEX IEJIBIX TOUYEK
3a UCKII0UYeHnEeM Hadasa KOOPIWHAT, BXOJAIINX B 3aMbIKAHUE OPTaHTA, HA3BIBACTCS
napycom. MuoxecTBO Beex 2" mapycos (n+1)-MepHOTo TPOCTPAHCTBA HA3HIBACTCH
n-meproti yennoti dpobwvlo, TOCTPOEHHONH O 1 + 1 3aJaHHBIM ITPOXOJSAIINM Yepe3

HavdaJI0 KOOpAUHAT I'AIEePILTOCKOCTAM.

JIBe MHOTOMEpHBIE TEeIHbIe IPOOK HA3BIBAIOTCA IKEUBANAECHMHbLMU, €CTH 00bHeII-
HEHUEe BCeX IMapycoB MepBOil MHOTOMEPHOI IEmHOi JIPodu HMEeJT0IUCTIeHHO-THHEHHO

9KBHUBAJICHTHO O0O'bEIMHEHUIO BCEX MAPYCOB BTOPOIl MHOTOMEPHO# enHoil 1podu.

Sameuanue 2.2. Habop mirockocTeil, TpOXOasIuxX depe3 HAadaJ 0 KOOPANHAT, a TaK-
JKe PeIIéTKa IeJBIX YHCeN, HeHTPAJTbHO-CHMMETPUYHBI OTHOCHTETHLHO HAYAJIA, KO-
opaunar. CrenoBaTe/lbHO, O0ObeIUHEHNE BCEX MapyCOB MHOTOMEPHOM HMemHoil 1podu
TaK?>Ke HNEeHTPAJbHO-CUMMETPUYIHO OTHOCUTEJIbHO Ha4YaJla KOOPJAWHAT. T&KI/IM O6pa—
30M, JI100ast n-MepHas IenHast Ipobb comepKuT He Oosee 2" 1MeI0unCIeHHO-THHEeHO

HE3KBUBAJIEHTHLIX IIapyCOB.

2.2 O B3amMOCBS3U MEXK/JIy OJHOMEPHBIMU IEITHBIMU JPOOSI-

mu 110 KiieitHy m 0ObIKHOBEHHBIMHY MEMHBIMU APO0AMM.

OTMeTnM, 4YTO OIpeIe/IeHHe OJHOMEPHBIX IEMHBIX JIPo0eil OTINIAeTCsS OT KJIACCH-
YECKOTO TeOMETPUUIECKOTO Ompeje/ieHnsi OOBIKHOBEHHBIX MEMHbIX jpobeit. Chopmy-
JINPyeM TOHsITHe OOBIKHOBEHHON IEeNmHOi JApo0Ou M BKpaTie OOCYANM CBS3h MEZKILY

OIpeIe/IeHUSIME OJHOMEPHBIX M OOBIKHOBEHHBIX IMEeHHBIX apobeil. OOLIKHOBEHHAS
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HenHas JApodb MOJOKUTETHLHOTO BEIECTBEHHOIO YHC/Ia ¢ CTPOUTCS CJIEIYIONUM 00-
pazom. Pacemorpum ayu {(z,y)| y=ax,x>0} wa miockocrn OXY (O — nagano
KOOpJAWHAT, (,Yy) — KOOPJAUHATHI TOUEK MJIOCKOCTH). JIyd JAETUT MepBblii KBaJIpaHT
Q = {(x,y)| >0,y>0} na nBe wactu. ITocTpoNM TpaHUIly BBHIIYKIOH OOOTOUKH
MHOKECTBA, BCEX IEJTOUUCIEHHBIX TOUEK 3aMbIKaHUs KaK0i u3 uacreii 6e3 Havasa
KoopjuHaT. ['paHuna Takoil BBIMYKJIOW ODOJTOYKH — JIOMaHasl, COCTOSIIast U3 Oec-
KOHEYHOTO YHCTA OTPE3KOB U OJHOTO Jiydua (eC/IU YHCIO ¢ UPPANUOHATIBHO) HIH U3
KOHEYHOTO YHC/Ia OTPE3KOB M JIBYX Jiyueii (ecain 9ncio a parmuoHasabao). O0be [iuHIM
MOCTPOEHHBIE BBINIE IPaHuIbl 00enx dacreii. 113 mosy4enHoro MHOKECTBa BHIKHIbI-
BaeM BCe OTKPBITHIE JIYUHU, BXOAAIIAE B HEr0. DTH JIyIH JexKaT Ha 0CAX KOOPIUHAT, a
IIPH PAHOHATBHOM a erné u Ha ayde {(z,y)| y=azx,z>0}. [locTpoeHHOE MHOZKECTBO
SIBJISIETCST T€OMETPUYIECKON MOJIeJIhI0 OOBIKHOBEHHO IeNmHOi JIpo0u J/Isi BeIecTBeH-
HOTO YHCIA (.

PaccMOTpuM TPOM3BOIBHYIO OJHOMEPHYIO IEMHYI0 ApoOb L, MOCTPOEHHYIO IO
IPSMbIM, KOTOPBIE 33JAI0TCsl YPABHEHUSIMU Y = (1T U Y = Qo, TJIE (] U Gy —
IIPOU3BOJIbHBIE MOJIOKUTE/NLHBIE UPPALUOHAIBHBIE YUCIA, TPUUEM a1 F# ag. BepHO

cTeyolee Kaaccudeckoe yTBepXKIeHue.

YrBepxkaenue 2.3. Cywecmsyem makoe nososxcumensvroe wucio R > 0, wmo
o0sedunerue 00bKHOBEHHULT Uenhux dpobel wuces ay u ay (Kakx MHONMCECMEO MOYeK
Ha noaynaockocmu) cosnadaem ¢ 0bseduHeHuem napycos 00nomeproti yennot dpobu
L 6 nepsom xeadparme (Q 6He xpy2a ¢ yenmpom 6 Hauare koopduram paduyca R.

O

Coydaii OTpUIATENBHBIX YHCET G W/WJIH Gy TOJHOCTHIO AHAJOTHYEH PACCMOT-

PEHHOMY.

2.3 Mmuoromepubie IelTHbIe APOOM, CBA3aHHBIE C OOIUM TH-

1mepOoJIMIeCKM OIEPATOPOM.

Ounpenenenne 2.4. Oneparop rpymnnst GL(n + 1,R) waseiBaetcs obujum 2unep-

boAuMECKUM ONEPAMOPOM, €CJIN BCe COOCTBEHHBIE 3HAYEHWS OTlepaTopa Pa3INIHbl 1
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BEIIIECTBEHHEI.

Pacemorpum obmuit runepbonndeckuit oneparop A € GL(n + 1,R). Haranem
Ha BCEBO3MOYKHBIE HADOPHI M3 N HE3ABUCHMBIX COOCTBEHHBIX BEKTOPOB omeparopa A
n-MepHbIe TPOCTPaHCTBA. TaK KakK COOCTBEHHBIE BEKTOPHI JIMHEHHO HE3aBUCHMBI, 1O~
JydeHHbIe N+ 1 THIepPIIOCKOCTH OYIeT N+ 1 THIepILIOCKOCTSIME 0OIIEro MOT0KEeHHS.
(Hamomumm, 970 101 0OIIHOCTBIO MOMOKEHHsT THMEPILIOCKOCTE TTOHUMAETCST CIIe/Ly-
omee: B HEKOTOPhIX KOOpAWHaATaX UX YpaBHEHUA JINHEITHO HeBaBHCHMbI.) HO ITUM
IUIEPILIOCKOCTSAM CTPOUTCA n-MepHad IemHad Ipobb. [locTpoeHHas MHOTOMepHAasd

HeIHast IPo0b HA3BIBAETCS n-MepHotl uentot dpobwbio, céasaHmot ¢ onepamopom A.

YrBepxkaenue 2.5. [lenuvie dpobu, nocmpoerHvie 1o 06WUM 2unepbONUYECKUM
onepamopam A u B us epynno. GL(n + 1, R) ¢ uppayuoraivivmu cobemeenvimi
BHAMEHUAMU, IKBUBANEHMHDL, M0204 U MOALKO mozda, Ko20a cyulecmsyem makrot
yeaouucaennud onepamop X ¢ onpedeaumenem +1, wmo onepamop A, noayuen-

Hol u3 onepamopa A nocpedcmeom conpastcenusn onepamopom X , KOMMYMUPYEM, ¢

onepamopom B.

Aoxaszameavcmeo. IlycThb nenmubie 1poOH, MOCTPOEHHBIE MO OOIIUM THIIEPOOTIIE-
ckuM oneparopam A u B u3 rpynnet GL(n + 1, R) ¢ uppannonajbHbiMu cOOCTBEH-
HBIMU 3HAYEHHUSIMU, SKBUBAJIEHTHBI, TO €CTh CYIIECTBYeT JIMHEHOe Mpeodpa3oBaHne
IPOCTPAHCTBA, COXPAHLIONIEe TEJOYNCTCHHYIO PEIIETKY, TePeBOIsIIee 00beTMHEHIe
BCEX MapycoB MEmHOi apobu omepatopa A B o0beanHeHHe BCeX MAPYCOB IEMHOMN
apobu omeparopa B (a opTaHTHI MepBOil HeNmHON Apobu B OpTaHTHl BTOPOIi). [Tpn
9TOM MpeoOPA30BAHUU MPOCTPAHCTBA OTMepaTop A compsaraeTcss HEKOTOPBIM IEeJI0-
THCICHHBIM OMepaTopoM X ¢ ompeeaureneM +1. Y momydentoro omeparopa A Bee
cODCTBEHHbBIE 3HAYEHNST PA3INIHBI U BEMIECTBEHHB! (ITOCKOIBKY XapaK TepUCTHIeCK I
MHOTOUJIEH TPH CONPSIZKEHUN He W3MeHseTcst). [T0CKOIbKY OPTAHTHI MepBOil HEemHO
JIpoOU Mepexo/dT B OPTAHTHI BTOPOil, HAOOPHI COOCTBEHHBIX HAIPABJICHUN Y OTe-
paropoB A u B cosmazaor. TakuM 00pa3soM, JAHHBIE ONEPATOPHI OJHOBPEMEHHO
JIMarOHAJIN3yeMbl B HEKOTOPOM Oa3uce, a, CJIeJJ0BaTeJTbHO, KOMMYTHPYIOT.

JlokazkeM yTBepKIeHUe B APYTyio cTopony. [IycTh cymecTByeT Takoii mesrodnc-
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nmeHuwrit omeparop X c¢ ompegemuresem +1, aro omeparop A, mosyuenubrii u3 A
OCPEJICTBOM COTpsizkeHust omneparopom X, kommyTtupyer ¢ B. Ormernm, 910 c00-
cTBeHHbIe 3HAMeHHs onepatopoB A u A cosmazaior. CiieoBaTenbHo, v omeparopa A
(kak u y oneparopa B) Bce cOOCTBEHHBIE 3HAUCHUST BEIECTBEHHDI, PA3TUIHBI U UP-
palmoHaIbHbl. Pacevorpim Gasuc, B kotopom omeparop A anaronasen. ITocKoIbKy
Bce koodduunentsl marpur, AB u BA coBnagaor B J1060M Gasuce, oneparop B
B JIMATOHATBHOM 11 A Gasuce Takxke muaronasem. ClieJ0BATeIbHO, OIepaTtopsl A
u B 3anaor oguHakoBoe pasbuenue (n + 1)-MepHOro mMpocTpaHCTBA HA OPTAHTHI, A
COOTBETCTBYIOIIME TUM OTepATOPaM IEImHbie Apodu coBmaaaioT. OcTaéres TOIBKO
OTMETHUTH ciieayioniee. [[ocKoTbKY onpeeuTennb meJI0InCJIeHHOTo onepaTopa X pa-
BeH +1, OH ABJIgETCS JUHEeHHBIM MpeobpasoBanneM (n + 1)-MepHOTrO MPOCTPAHCTBA,

COXPAHSIIOIIUM PEeINIETKY IEeJIbIX TOYeK. U

2.4 OmpeneneHue n-MepHOU I1emHol Apobu (n + 1)-aarebpa-
n4deckoii mppalmoHaJibHocTu. O6o00miennss Teopemsbl Jla-

rpaHka.

PacemorpuMm oTaebHO caydail n-MepHBIX HEMHBIX Apo0eil, TOCTPOEHHBIX MO HEKO-

TOPBIM OOPATHMBIM TEJIOYHCIEHHBIM omeparopam u3 rpymnsl SL(n + 1,7Z).

Ounpepenenune 2.6. Oneparop rpynnst SL(n + 1,7Z) HABIBAETCA UEAOUUCACHHBLM
HENPUBOOUMbBIM 2UNEPOONUMECKUM ONEPAMOPOM, €CITH BHITIOTHEHBI CIELYOIINe YCI0-
BU:

i) Bce cOBCTBEHHBIE 3HAYEHHsI ONMEPATOPA PA3IMYHBI U BEIECTBEHHbI;

ii) XapakTepuCTHYECKUIT MHOTOUIEH OMepaTopa HeMpUBOAUM HaJl mojtem Q.

[Tycrs A — HEKOTOPBIA METOYNCTeHHBI HEMIPUBOIUMBI THIIEPOOTHIECKHAN OIIe-
parop. [TockonbKy Bce cOOCTBEHHBIE 3HAUEHHS OmepaTopa A BemecTBeHHbI, pa3Ind-

HBI U NPPAIMOHATHLHBI, KOPPEKTHO CJIEYIONIee ONpeaeeHne.

Onpenenenne 2.7. HazoBéM n-MepHYIO HEMHYIO ApOoOb, CBSI3aHHYIO C IHEJTOUNC-

JIEHHBIM HENPUBOINMBIM THIIEPOOINIECKAM omeparopom A, n-meprot uennot dpo-
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ovro (n + 1)-anzebpauneckold uppayuonasvrocmu. Caygaro n = 1(2) orBeua-
101 0010(dey)mephvie yennve dpobu Kkeadpamuurur (Kyouueckur) uppayuoHasbHo-

cmed.

BBeném Terneph moHsITHE MEPUOAMIECKON MemHoil gpobu, cBsi3aHHO ¢ ajrebpa-
MYECKOIl MPPaMOHATBHOCTRIO. [IycTh A — memounciIeHHblii HeIIpUBOAUMBIN THIep-
bonmuueckuii oneparop. O6ozuauuMm uepes =(A) MHOXKECTBO BCEX MEJOYHCIEHHBIX
OMepPATOPOB, KOMMYTHPYIOIMHX ¢ A. DT oneparopsl 00pa3yioT KOIBIO CO CTAHIAPT-
HBIMU MaTPUYHBIME CIOKeHueM n ymuoxkerueM. (Kak rpynma mo cuoxkenuio, =(A)
uzomopduo Z"+1))

Paccmorpum mopmuokecTBo MuOXKecTBa SL(n + 1,7Z) N Z(A), KoTOpoe cocTouT
3 BCEX ONepaToOpoOB C MOJIO2KHUTEJIbHBIMU BEIICCTBEHHBIMU CO6CTB€HHBIMI/I 3HAYEHU-
avm. O603HAIIM 3TO MOAMHOKecTBO 4epe3 =(A). W3 Teopems Jupuxie 06 eau-
rumax (cm. [12]) cremyer, uTo momvuoxKecTBo =(A) 06pasyeT My TbTHILTHKATHBHYIO
abejieBy rpyriry, n3oMopdHyo Z", u, 9T0 AeiicTBHe TOW T'PyHIbl ¢BOOOAHO. Kak-
JIBI OIEepaTop 3TOi IPYHILI COXPAHSIET PEIIETKY IeNbIX TOUeK U 00beInHeHne BCeX
n + 1 runepmiockocreii. Cre1oBaTeIbHO, STOT OIEPATOP B3AMMHO-OJHO3HAYHO IIe-
peBoaNT OOheIMHEHWE BCEX MapycoB n-MepHOi 1ermHoit apodou B cebsi. [Tockoabky
BCe COOCTBEHHBIE 3HAYEHUSI OMEPATOPA MOJOKHUTEIHHBI, BCE MAPyCa TaKKe Mepexo-
AT B cebI B3aUMHO-OIHO3HAUHO. KpoMme Toro, mpu ¢gakTopuszamun Jiod0ro mapyca
1o feiicTBuio rpymmbl =(A) nomyuaercs n-mepubrit Top (607mee moapoGHO oM. B [35]).
OTH yTBEPKIAECHUS CAEAYIOT U3 0000IeHnit TeopeMbl Jlarpan:ka /111 OOBIKHOBEHHBIX

[EITHBIX TPOo0eii.

Teopema Jlarpamxka. ObuwkHoseHnas uenHad 0pobs nepuoduuna moz06 U
MOABKO M020a, k0204 YUCAO, NO KOMOPOMY OHA CMPOUMCH, ABAACMCA KEAIPATU-
weckol uppayuonasvrocmuvio (mo ecmv wucaiom 6uda a + by/c, 20e a u b — payuo-

HAADHDLE YUCAG, G C — YeAoe c80000H0E 0Mm KE6aOPAMO6 YUCAO, 60ALULEE eOUHUNDL).

KombuuaTopHo-TOmoIornueckoe obodIenne reopeMsl Jlarpanzxa ObLIO mpesIo-

xkeno E. 1. Kopkunoii B [31], a anrebpamueckoe obobmenne — 2K. Jlamo B [34].

Teopema 2.8. (E. UI. Kopkuna, [31].) Pacemompum nexomopuwii opmanm C
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6 R"™ u omseuarowuti smomy opmanmy napyc V(C). Ipednorooscum, cyuse-
cmeyem Kombunamoprul asmomoppusm napyca V(C), corpansowut xombura-
mopryto cmpyxkmypy napyca. Tozda cywecmsyem wexkomopwlti onepamop 2pynno.
GL(n + 1,7Z), nepesodausuti opmanm C u napyc V(C) 6 ceba marum obpasom,

wmo delicmeue onepamopa Ha napyce cosnadaem ¢ 0aHHbLM GEMOMOPPHUIMOM.

K coxkasieHnio, J0Ka3aTeIbCTBO TeOpeMbl 2.8 BCE elné He OMyOTUKOBAHO.

Anrebpanueckoe obobdmmenne TeopeMsl Jlarpam:ka 6ormo caenano 2K. Jlamo. @op-
My upoBKa npeioxkennoii 2K. Jlamo Teopembr Tpebyer BBeJeHUsT DOBIIIOTO KOJIN-
YeCTBa CIeUaJbHbIX onpejenennii u oboznadennii. [To 3roit mpuunne orpannyanMcst
CCBLIKOI Ha pabory [34].

Bonee moapodbmo 06 06001eHngx TeopeMbl JlarpanzKa 111 OOBIKHOBEHHBIX IIeIl-
HBIX po0eil Ha MHOTOMepHBIii ciydail cmorpute B padorax [31], [57], [34] u [36].

Dyndamernmanvroti 0bracmovro Tapyca MHOIOMEPHOM IEMHON Apodu, CBI3aHHOMN
C IEJOYUCTEHHBIM HEIPUBOIMMBIM THIIEPOOTHYECKEM OIMepaTopoM A, Ha3bIBaeTcs
o0beIMHEHNEe HECKOJIbKUX OTKPBITHIX T'PaHeil, cojeprkaliee POBHO MO OJHOW IpaHu

M3 KayKJI0i# opouThl aeiicTBust rpynibl =(A) Ha rpaHsx 3TOro mapyca.

3 O IlesoumciieHHO-IUHENHBIX U IEJOYNCJIEHHO-

apbUHHBIX THBapMaHTaX W pa3dbMeHnsaX TOPOB.

3.1 HexkoTopbie mpuMepbl MEJIOYNCIEHHO-JINHENHBIX U I1€JI0-

qucjIeHHO-a(PUHHBIX THBAPHUAHTOB.

Beeném onpe/ienienusi, cBs3anHble ¢ nHBapuanTamu geficrsust rpynmst SL(n+1,7).

[Tpeanonokum, 9To HEKOTOpast BeMIrHa (MJIM MHOXKECTBO TOYEK) HHBAPHAHTHA
OTHOCHUTEIBHO JeiHcTBas Beex onepatopos rpynmel SL(n +1,7). Torga sta Bemnan-
Ha (MM MHOMKECTBO) HHBapHAHTHA OTHOCHTETBHO AeficTBua rpymmbl =(A). Takmu
06pa30M, Halla BeJMunHa (MM MHOYKECTBO) eCTeCTBEHHBIM 00PA30M COOTBETCTBYET
HEKOTODPOIi MHIYIMPOBAHHOI BeJawdnHe (MM MHOXKECTBY), ONpeNeJEHHOi Ha Tope,

MOy YeHHOM TIpH (DAKTOPU3AIMA MAPyca Mo AeHCTBHIO rpymnbl =(A).
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[TepBBIM IPUMEPOM MHOYKECTBA, NHBADHAHTHOIO OTHOCHTEIHHO jeiicTeus S L(n+
1,7), sieasiercst MHOXKECTBO BeeX (BceX mesbix) k-mepHbix adbduHHBIX (Min JnHeii-
HBIX) TTOCKOCTedi mpoctpancTsa R mpu mexoropom dbukcuposannom k < n. [lox
JeiicrBueM Jo6oro omeparopa rpynnsl SL(n + 1,7) mobas k-MepHasi MIOCKOCTh
B3aMMHO-OJJHO3HAYHO OTOOPAYKAETCST B HEKOTOPYIO k-MEPHYIO MI0CKOCTh. BTOphIM
eCTeCTBEHHBIM TTPUMEPOM MHOZKECTBA, SIBJISIETCST MHOYKECTBO MOIPEITETOK MEIBIX TO-
YeK, COJAEPIKAIIUXCSI B k-MEpPHBIX ITOCKOCTSX. [lom melicTBueM JTI060rO omepaTopa
rpynmbl SL(n + 1,7) nobast k-MepHasi MIOCKOCTH B3aMMHO-OJHO3HATHO O0TODpa-
JKAeTCSI B HEKOTOPYIO Ak-MEPHYIO MJIOCKOCTh, TPU TOM IEJTOTHCICHHAs TOIPENTETKA
IepBOil MIOCKOCTH B3aUMHO-OJHO3HAYHO OTOOparKaeTcs Ha MeJOUHCICHHYIO MOIpe-
MIETKY BTOPOil IJIOCKOCTH. Bosiee TOro, MHOXKeCTBO BCeX k-MEpHBIX ILTOCKOCTEi ¢
OTMEYEeHHBIM MHOYKECTBOM IEIbIX TOUEK Ha HUX WHBAPUAHTHO OTHOCHUTEJIHHO TPYTI-
bl BceX apDUHHBIX Mpeodpa30BaHuil, COXPAHSIONINX PENIETKY IEJIbIX TOYEK B MPO-
crpanctee R*TL. (Tpynna taxnx adduuRBIX Tpeobpa3oBaHmii COACPKAT TPYIITY
SL(n+ 1,7Z) B KauecTBe MOArPYIIIIHI. )

Kaxk nesouncienno-adGuaHbIe, TaK U IETOYUCIEHHO-THHETHBIE TUITBI MHOYKECTB
MHBAPUAHTHBI OTHOCUTENLHO JeificTBUs oneparopos rpynnst SL(n + 1,7Z), a, cieno-
BaTETLHO, I OMePATOPOB TPYMIHL =(A) 171e 0600 MeT0THCTeHHOTO HeTPHBOIIMOTO
rUIepOOTNIECKOTO omeparopa A.

B kadecTBe mpmMmepa eCTeCTBEHHO PAaCCMOTPETH IeaouncaeHHo-adGuHabe un
[eJIOYNUCJIEHHO-JINHEeHble TUIILI MapyCOB MHOTOMEpPHBIX T'paHeil n-MepHON IemHO’
Jpobu. DT TUTIBI WHIYIUPYIOT Pa3dueHne n-MepHOTro TOPa, MOy IeHHOTO Mpu (hak-
TOPW3AINN TIapyca 1o jeficTeuio rpymmel =(A), Ha MHOTOrpaHHbIe TPaHH, OCHATIEH-
HBIE COOTBETCTBYIOIMUMHE ETOUUCTEeHHO-AMMUHHBIMEA U TET0IUCTIeHHO-THHEeHHBIME
THIIAMH MHOTOIPDAHHUKOB.

B nenouncienno-adduHHBIT U 1EI0UNCIEHHO-TMHEHBIH THITHI MHOTOTPAHHU-
KOB BXOJIST, HAMPUMep, CJIeAyonme nea0odncieHno-adOuaabe n 1MeJ09ncIeHHO-
JINHeHble NHBAPUAHTHI.

Henouucaennoim k-mepuvim 065EMOM TIETOUUCTIEHHOTO K-MEPHOTO MHOTOTPAHHUKA,

JIEZKAIIEro B n-MepHOM mpocTpaHcTBe (npu k = 1 — yeaowucaennot; daunotd orpeska,
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npu k = 2 — yeaouucaenoti naousadvio MHo20y204HUKE), HA3BIBACTCS OTHOIICHIE
ero eBKJINJ0Ba 00bEMa K eBKJINIOBY 00BEMY MHHIMAJIBHOIO IEJIOT0 CHMILIEKCA, Jie-
JKalllero B TOM 2Ke k-MepHOM IOJIPOCTPAHCTBe.
Ieaowucrennoim yeaom MKy ABYMS HEJTOTUCTEHHBIME JIY9IaMH (TO €CThb, COIep-
KaIluMu OOIbINe OJHON IEJOINCIeHHOM TO‘{KI/I) C BEPIIMHOW B OJIHOI W TO# ke 1e-
JIOYHMCJIEHHOM TOUKe HazbiBaeTcs Beamanna S(u,v)/(|ul-|v|), tae v n v — nponsBoIL-
HBIE [ETOYNCICHHBIE BEKTOPBI, HIyIIHe BIOIb jydeil, n S(u,v) — memodncaeHHas
IO TPEyTOIbHUKA CO CTOPOHAMH U U V.

Bamenanue. Hamr nemouncienustii 00bEM SIBISIETCS MEJIBIM IHCAOM (DU CTaH-
JapTHOM H3MepeHnH 00béMa napasiieaennieJaMi ToTyIuTcesd B k! pa3 MeHbIIIee 3Ha-
venne). [emoancnennstii k-MepHBIl 00BbEM CHMILTEKCA PABEH HHIEKCY ITOATDYIIIHI

PeIéTKU, MOPOKIEHHOW ero pédpamMu, UCXOASIIINMU U3 OTHOI BEPITHHHI.

3.2 IlemouncieHHbIE PAaCCTOAHUA U YIVIBI MeEXKAY HeJbIMU

IIJIOCKOCTIMM, pa3dbueHus Topa.

[Tepernuiiriem orpejiesieHue MEJOYUCTEHHOTO PACCTOSTHUS OT TEJI0W TOYKHU JI0 1esIoi k-
MEpHOIl IJTOCKOCTH B TEPMHUHAX METOYUCTeHHO-a(MGUHHBIX THBApUAHTOB. PaccMoT-
PUM MapaiieJIbHBII MMepeHoc, MepeRoIIINAi 3aJaHHYI0 TOYKY B HAYAJI0 KOOP/IMHAT.
[Tpu 3TOM napaJ/iie/IbHOM TepeHoce 3aaHHas 1ejas MJI0CKOCTh MepeifIeT B HEKOTO-
PYIO eI ILI0CKOCTh, 0003HAUNM €€ depe3 7. PaccMOTpuM peméTKy MeblX TOUeK
B (k 4+ 1)-MepHOM MPOCTPAHCTBE, HATSHYTOM Ha MEIYIO TIOCKOCTh 7 (M HAYAIO KO-
opauHat). PaccMoTpuM moApentéTky 3Toil penéTKy, MOPOKIEHHYIO BCEMH [ETbIMU
TOYKaMU k-MepHO# 110ckocTu 7. VIHIeKe TaKoii MOJAPEnéTKH COBMAIAET C IEeJ0UNC-
JIGHHBIM PACCTOSHAEM OT 3aIaHHON [eJIOH TOUKHI J0 3aJaHHOI HeI0il k-MepHOii IL1oc-
kocTr. C 0YeBHIHOCTHIO 3TOT WHAEKC SIBJISIETCS HEI0INCIeHHO-a(OUHHBIM HHBAPH-
AHTOM TIapPhl: TOYKA, MJIOCKOCTh. TaknMm oOpa3oMm, HEeJOYNC/IeHHbIe PACCTOSTHUS OT
EJIBIX TOUYEK (HAPUMED, OT HAavaJa KOOPIMHAT) J0 TLIOCKOCTell TpaHeii mapyca sB-
JIIOTCA TaKKe NeTOUNCTeHHO-a(hOUHHBIME HHBAPUAHTAMHU MAPHL: TOUKA, IIOCKOCTD.

C.HG,ZLOB&TGJIBHO, MEeJIOYUC/ICHHBIE PAaCCTOAHUA OT HaYdaJla KOOpAWHAT 0 TJIOCKOCTEN
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rpaHeii mapyca WHIYIUPYIOT COOTBETCTBYIONINE “TIeJIOYHNCIEHHbIE PACCTOSTHUST OT
HadaIa KOOPAWHAT JIO0 T'paHeil n-MepHOro Topa, MOJIYYEeHHOro Npu (haKTOpU3AIIT
mapyca 1o AeilcTBHIO Tpymms =(A).

O600IUM TOHATHE MEJOYNCTEHHOTO PACCTOAHHUS Ha CIydail ABYX IEJTBIX ILTOC-
KocTeit pazmepHocteit ki u ko. PaccMorpum mapasiieabHbIil mepeHoc, mepeBoIsiinii
3aJAHHYIO0 TEAYI0 TOYKY MepPBOH IJIOCKOCTH B HadaJgo KoopawmHat. [Ipm rom ma-
paJLIeTbHOM MepeHoce 3aJaHHbIe HEeable ILIOCKOCTH HepeiilyT B HeKOTOpPhIe Ie/ble
IJIOCKOCTH 7| U Tp. PAcCMOTPUM PENIETKY IEJhIX TOYEK B IMPOCTPAHCTBE, HATSIHY-
TOM Ha IJIOCKOCTH 7| W Ty. BBIAEINM MOAPENETKY, MOPOKIEHHYIO BCEMHU IEJTBIMI

TOYKaMH, COACPZKAIMUMUCA B ILTOCKOCTAX 71 U To.

Onpenenenune 3.1. Eciu nepecedenue JIByX JaHHBIX MJIOCKOCTEH ITYCTO, TO WHJEKC
COOTBETCTBYIOMIEHl TOAPEIIETKE HA3ZBIBACTCS UEAOUUCAEHHLM PACCTNOAHUEM MEKITY
JAHHBIMHU MJIOCKOCTAME. Eciu mepecedenue ABYX JaHHBIX MIOCKOCTeH HEMycTO, TO
WHJIEKC COOTBETCTBYIOMIEH TOAPEIIETKI HA3BIBACTCS UCAOYUCAEHHBIM Y2AOM MEIKILY

JaHHBIMHA IIJIOCKOCTAMH.

YrBepxkaenne 3.2. Bsedénnvie 6 onpedesenuu 3.1 6eAununvs He 3a6UCAM OM Gbi-

bopa nopadka naockocmed u 6vO0PA UEAOT, MOUKYU HA NEPBOTE NAOCKOCTNAL. 0]

Bce noctpoennble MHIEKCHI SBISIOTCS MEJ0YUC/TIeHHO-aDUHHBIMI NHBAPUAHTA-
MU Tap MPSMBIX.

Hesmounciaennaple yIIbl MeXK/IY TJIOCKOCTAME TpaHeil SBIASIOTCI MeJOYUCTeHHO-
JWHEHHBIMIA WHBAPUAHTAMU Map TJIOCKOCTER W MO3TOMY WHAYIUPYIOT COOTBETCTBY-
IOTIIHe TeJTOYUCTEHHBIE YTUTBI MEK/Ty TIOCKOCTSIMHU TpaHeil pa3dueHns n-MepHOTo TO-

pa.

Samevwanue 3.3. Ilocrennee ompeaeneHne nMeeT eCTeCTBEHHOE 0000IeHNe Ha CTyIai

[ pa3IuYHBIX TJI0CKOCTEl pasmepHocTeit ky, ..., k.

Onpenenenune 3.4. HazoBéMm pasbuenuem mopa 0i4 napyca Hexomopoti n-meprot
yennoti dpobu (n + 1)-aseebpauneckots uppayuonasvhocmuy nas oneparopa A (wim,

JUIsT KPATKOCTH, Pa3bHeHueM TOpa) MOCTPOEHHOE BHINE pPa3OUeHHe n-MEepHOrO TO-
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pa Ha MHOTOIpAaHHBIE TpaHW, MOJYYeHHOe Tpu (PaKTOPU3ALUKU Iapyca Mo Jeii-
cruto rpynnbl =(A). [Tpu srom Bee rpanu pasbueHHsi OCHAIIEHBI MEJOYHCIEHHO-
JUHEHHBIMA ¥ TeJTOYNCTeHHO-a(hOUHHBIMI TUTIAMHE, & TTApbl COCETHUX TPaHeil Meo-

YUCJIEHHBIMHA YIVIaMH MeEZKAY IIJIOCKOCTAMH, COAEPZKalllUMHU 3THU I'paHH.
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I'nasa II.

ILlesouncaenno-anHeliHass 1
neJjioudncjienno-adgppunnas
KJIacCU(pUKAIINU JIBYMEPHBIX I'paHei,
PaACHOJIOXKEHHBIX Ha PacCTOSTHUU,
OOJIbIIIEM eJUHUIILI OT HadaJia

KOOPJAMHAT.

Bo BTOpOii Ty1aBe MPUBOAATCS TOJIHBIE [EJOYNCIEHHO-JIMHEHHAs U IIeJOYUCIeHHO-
adbduHHAA KIaccuGUKAINNT KOMIIAKTHBIX JIBYMEDHBIX I'paHeil mapycoB MHOTOMEp-
HBIX IEeIHBIX Apo0eil, JeKaluX B JBYMEPHBIX IJIOCKOCTIX Ha MEJOUUCTEHHBIX pPac-
CTOAHUAX, 60.HbHII/IX CIUHUIIBI OT HavYaJla KOOpJAWHAT.

Ha crpanume 82 mia Kaxkaoit pa3MepHOCTH N > 2 MHOTOMEPHOil TenHoil 1pobu

OpUBEIEH CIOUCOK ~vp”

BCeX IEeJOYUCTCHHO-TNHEHHBIX KJIACCOB KOMIIAKTHBIX JBY-
MepHBIX rpaneit napycos. [jisi pa3mepHocTn 2 OH COCTOUT W3 OJHOIT Tpéxmapamer-
pUYeCKOl cepud TpaHeil ¢ IBYyM# IEJIOYNCIEHHBIMU TTapaMeTpaMu W OJHAM KOHeY-
HBIM, OJJHOW OJfHONIapaMeTPUYeCKOi Cepuu ¢ OJJHAM IeJIOYUCIEeHHBIM ITapaMeTpoM U
JIBYX OTIENbHBIX Tpaneii. /[ pasmepHocTeit n > 3 cnucku ’«;,” COCTOAT U3 O-
HOIl TpéxmapamMeTpuiecKoil cepun rpaHeil ¢ AByMs IeJIOUYUCIEHHBIME MTapaMeTpaMu
1 OJTHUM KOHEYHBIM, OJHOI AByNapaMeTpUYecKoil cepuu rpaHeil ¢ IByMd IeJT0YNC-
JIEHHBIMU MapaMeTpaMi, OJHON oHOoNapaMeTpUYeCKOl cepun ¢ OJHUM [e/I0YNCIeH-
HBIM [TapaMeTpoM U JABYMs YacTHbIMU rpansmu. Ha crpanune 84 st neabix r > 2

NPUBEIEHBI CITUCKY 3,7 BCeX IMeT0Inc/IeHHO-ahMUHHBIX KIACCOB KOMIAKTHBIX JBY-

MepHBIX TpaHeil MmapycoB, JexKalnX Ha JABYMEPHBIX ILJIOCKOCTIX, PACIOTOKEHHBIX
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Ha MEeJOYNCIEHHOM PACCTOSTHUU T OT HadaJsa koopawHat. Cnucok ”[y” cocrouT u3
OJTHOM JIBynapaMeTpU4YeCKOi cepuu rpaneit (;LBa [EeJTOYNCTEHHBIX HapaMeTpa), JBYX
OJIHOTIAPAMETPHYECKUX CePHil (C OJHUM IETOUNCTCHHBIM TAPAMETPOM KaXKIast) 1 OJI-
HOIT oTebHOi rpanu. Concok ”F3” cOCTONT U3 OJHON OJHOMAPAMETPUIECKOH cepun
rpanei (c OJTHVM IEeJOYUCTCHHBIM MapaMeTpoOM K&)K;Laﬂ) W OJHOW OTIEJIbHOW Tpa-
au. Crcok 73,7 npu r > 4 cocTOUT W3 ONHOI AByMapaMeTPUIECKOil cepun rpaHeii
(meovnCIeHHbIH TapaMeTp U OJMH KOHEUHBIH mapaMerp).

Ormummem B JBYX CJI0BaX WJIEI0 JI0KA3ATEIbCTBA TEOPEMBI O IEJTOTHCICHHO-
JquHeiHoi kjaaccudukanun. [legodncienno-iuneitnas KiaccuduKaius JIBYMEPHBIX
rpaHeil IapycoB MHOTOMEPHBIX HMEMHBIX Apodeil cBoauTcs K adpdUHHOM e T09nCIeH-
HOI KJTacCU(PUKAIINT BBITYKIBIX TPEXMEPHBIX OTMEUYEHHBIX MUPAMUI B TPEXMEPHOM
MPOCTPAHCTBE 00JIAIAIONINX CJICYIONUME JIBYMSI CBOWCTBAMU: BO-TIEPBBIX, BCE Bep-
IITUHBI OCHOBAHUSI OTMEYEHHOW MUPAMUIBI, 8 TAKYKE BEPIIMHA OTMEYEeHHO mupaMu-
JIBI — TIeJIbIe TOYKHU; BO-BTOPBIX, BCE OTJIUYHBIE OT BEPIINHBI OTMEYEHHON MTHpPaMUIbI
HeJIble TOYKHA OTMEYeHHO MUpaMuJIbl JIeYKAT Ha OCHOBAHUU OTMEUYEHHON MHPaMUIHI.
Ha crpanune 35 npusenén cnucok "M-W” Becex menouncienno-adpGUHHBIX KJIaCCOB
TAKUX OTMEYEHHBIX MHUPAMHUI, OH COCTOUT M3 OJHON TpéXmapaMeTpHIecKoil cepuun
OUPAMUJL C IBYMs IeTOUYNCTeHHBIME MapaMeTpaMi U OJHUM KOHEUHBIM, OTHOM JBY-
napaMeTpUUuecKOil CEPUH € JIByMs TIEJIOYUCIEHHBIME TTapaMeTpaMu, OHOW OIHOTIapa-
METPUYECKON CePUU ¢ OJIHUM IEJIOUUCTCHHBIM TapaMeTPOM | JIBYX OTJAEILHBIX MTHPa-
mua. [Ipu pemennn 3agaun memodncieHHO-aMGUHHON KIacCH(MUKAITT BBITYKIBIX
TPEXMEPHBIX OTMEYEHHBIX MUPAMUJL U3YyUaeTCsl PACIOIOKEHUE IEJIBIX TOIPEIETOK
HA TMJIOCKOCTSX, MapaJiIeIbHBIX OCHOBAHUSIM OTMEYEHHBIX MHPAMUI.

Henouncienno-adpdunnas kmaccudukanusg IBYMEPHBIX TpaHeil, pacmoJIoXKeH-
HBIX Ha JBYMEPHBIX ILIOCKOCTSAX HA PACCTOSHUU, ODOTBITEM €IUHUAIIBI OT HAUaIa KOOp-
JIMHAT, SIBJISIETCS CJIEJICTBUEM IEJIOYNCICHHO-/TMHEHHON KaccuuKaIul JIBYMEPHBIX
rpaHeii, pacio0KeHHBIX Ha JIBYMEPHBIX ILIOCKOCTSAX Ha PACCTOSHUU, OOJIBIIEM €/11-
HUIIBI, OT HAYAIa KOOPIUHAT.

Bropas riiaBa opranmsoBana ciegayomuM odpaszom. Teopema o Kiaaccupukaimm

MHOTO9Ta?KHBIX BITOJIHE MMYCTHIX BBIMMYKJIBIX OTMEYEHHBIX IMUPpaMU I C(i)OpMyJII/IpOBaH&
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B pazzese 4. B pazzesne 5 npuBeeHbl onpejeeHus, a TakzKe J0Ka3aHbl HeCKOIHKO
BCIIOMOTATEILHBIX YTBEPKICHUN, KOTOPhIe MOHAI00ATCS MPU JTOKA3ATETHCTBE TEO-
peMbl BTOpOro pasaena. B pazzene 6 dbopMmyaupyercs W J0KA3bIBAETCA YACTHBIN
cIydail OCHOBHOM TeOopeMBbl: TeopeMa O IMYCTBIX MHOTOITayKHBIX TeTpadapax. B cie-
JIYVIOIIUX JIBYX pa3jenax A0Ka3bIBaeTCs TeopeMa O KaacCU(MUKAINNT MHOTOITAKHBIX
BIIOJTHE TTYCTBHIX TpéXMeprIX BBIMIYKJIBIX OTMEYEHHbIX MMHUPpaMHWI. B pa3/jeJ/ie 7 pa3-
Oupaercs caydaii MHOTOYTOMBHBIX OTMEYEHHBIX MHPAMHI, B pas3aene 8 — ciaydait
TPEYTOJbHBIX OTMEYeHHBIX TupamMua. B pasgene 9 chopmyampoBanbl Teopema O
HEJIOYUCIEHHO-TNHEHHON K1accupuKaiy u caeJcTBIe O meouncaeHno-apGuunoit
KaaccupuKaluy IBYMePHBIX TpaHeil MapycoB MHOTOMEPHBIX IEIHbIX Apodeit. B pas-
nene 10 mpuBoauTCA JT0Ka3aTeTbCTBO TeopeMbl pasaena 9. U, makoner, B pa3gene 11
NPUBOAATCS (POPMYJTUPOBKH HEPEIIEHHBIX MPOOJIEM, CBSI3aHHBIX C JOKA3AHHBIME Te-

opeMaMH.

4 @opMyJInPOBKa OCHOBHOIT T€OPEMHEI.

st ymobcTBa M3JIOXKEHWsT BBEIEM Caeayioline oOo3HadeHusi. B n-mepHOM Mmpo-
crpaHcTBe 9epe3 (aq,...,ar) npu k < n 00O3HAYAM TOYKY € KOODJAMHATAMHU
(ay,...,ax,0,...,0).

O603HAYMM OTMEYCHHYIO IHPAMUILY C BEPIIHHON B HAYaIe KOOPAUHAT M C de-
TBIDEXYTOJIBHUKOM B OCHOBaHuM ¢ BeprmHamu (2,—1,0), (2,—a — 1,1), (2,-1,2),
(2,b—1,1), tme b > a > 1, gepe3 M.

O603HAYMM OTMEUYEHHYIO IMHPAMUIY C BEpIIMHOI B HAYale KOOPAHHAT H C Tpe-
YIroJIbHUKOM B OCHOBaHHUHW C BEepHIMHAMU
&r—1,-r), (a+&r—1,—r), (§,r,—7), 7106 @ > 1, 7 > 1, yepe3 Tfr,
(2,1,b—1), (2,2,-1), (2,0, —1), ome b > 1, uepe3 Uy;

(2,-2,1), (2,—1,-1), (2,1,2) gepe3 V;
(3,0,2), (3,1,1), (3,2,3) gepe3 W.
Ha pucynke 1 m3o0pazkeHbl mnenouncieHHo-a¢ddUHEBIE TUIBI OCHOBAHMIA Tepe-

YUCJIE€HHBIX BBIIIIE I{EETbIpéxyl"OJ'IbeIX 1 TpeyroJbHbIX OTMEYEHHBIX IMHPaMHUI.
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Puc. 1: llenouncnenno-adppunnbie THIIBI OCHOBAHUIT OTMEUYEHHBIX IMHPAMUJ CIUCKA,

77M_W77‘

Teopema 4.1. O nemouncientno-adduHHON KaaccuduKamum MHOTOITAXK-
HBIX BIIOJIHE ITYCTBIX BBIMYKJIBIX TPEXMEPHBIX OTMEYEHHBIX MUPAMUI,.

J06a.8 MH0209MaAACHAA BNOAHE NYCNAA BVNYKAGA OMMEYEHHAA MPETMEPHAA
NUPAMUIG YLAOUUCAEHHO-APHUHHO IKEUBAAEHNHA POSHO 0OHOT U3 OMMEYEHHBLT NU-
PaMU0 caedyrouezo cnucka.

Croucok "M-W”:

— YEMBPETY20A0HAA OmMmeuennas nupamuda My, 2de b > a > 1;

— MPeY20AbHAA OMMEYEHHAA NUPAMUOIG Tf’r’, 2de a > 1, ueavie wucaa & u r
83AUMHO-IPOCTNYL U YOOBAEMBOPAIOM Hepaseremeam: a > 1, r>2 u 0 < & <r/2;

— mpeyzoavhas ommevennas nupamuda Uy, 2de b > 1;

— Mmpey20AvHaA ommevenHas nupamuda V ;

— mpey20avHaA ommevernaa nupamuda W
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5 IlpeaBapureabHbIe OlIpeiesieHUd U YTBEP2KJIeHU .

[Ipezx e, 4eM OPUCTYIHUTD K JIOKA3aTEILCTBY OCHOBHOI TEOPEMBbI, BBEIEM HECKOTBLKO
oIIpeiesIeHuil 1 0003HAUEHN, a TAKKe CHOPMYIUPYEM U JTOKaZKeM HeOOXOTUMBbIe TSI

JIAJILHEIIero ooIIe yTBEePKICHUS.

5.1 IIpenBapureabHbIe OonpeaeieHUA M 0003HAYEHUS.

Henrouwucaennoti naouladvro NEIOUIUCTIEHHOTO MHOTOYTOBHUKA, JIEYKAIIEr0 B HEKOTO-
poit 1ByMepHOitl mockocTu B R, Ha3pIBaeTCS OTHOIIEHUE eT0 eBKIMI0BOM TLTOIIA TN
K MHHAMAJTLHO-BO3MOXKHOM €BKJIHI0BOI ILIOIMIAIN [IETOTO TPEYTONbHUKA, JTEZKAIIEro
B TOW K€ IBYMEPHOW TJIOCKOCTH.

[lesprit MHOTOrpaHHUK (MHOTOYTOJBHUK) HA3BIBAETCS NYCMbLM, €CTTH OH HEe MMEeT
IeTBIX TOYEK BHYTPH, a BCE MEIble TOYKHU €ro IpaHeil IBISOTCS BePIIHHAMI MHOTO-
IpaHHUKA (MHOTOYTOJNBHUKA).

[Tycte ABC'D — terpasap ¢ ynopsiaodeHHbBIMU BepimuHamu B Toukax A, B, C

u D. O6o3znaunm gepe3 P(ABC D) napa/uierenumes:

{A+aAB+ BAC+~vAD| 0<a<1,0<4<1,0<y <1}

Omnpenenenne 5.1. Paccvorpum (mosiesnbie) KOOPAMHATHI B TPEXMEPHOM TPO-
crpancrse, HaTaayToM Ha Touku A, B, C' u D npocrpancrsa R, 3t KoopauHATHI
crpositest o napasinenenuneny P(ABCD) ciepywomum obpaszom. Ilyets b, ¢ u d —
[EJTOYHNCIeHHBIe pacCTOAHuA OT Touek B, C' u D 10 ABYMEpPHBIX ILTOCKOCTEil Ipa-
uneit ACD, ABD u ACD coorserctBenno. Bo3bMéM TOUKY A B KadecTBe HaJa/Ia
koopamnat, a Toukam B, C' u D npucsonm koopaunatsr (b,0,0), (0,¢,0) u (0,0, d)
COOTBETCTBEHHO. Jlaee, KOOpAMHATHI BO BCEX OCTAJTBHBIX TOUKAX PACCMATPHBAEMO-
ro TPEXMEPHOTO MPOCTPAHCTBA, OTMPeIe/IsieM Mo JuHeitHocTu. Byjgem roBopuTh, 94T
TaKast CHCTEMa KOOPIUHAT SIBJISIETCST UeA0YUCAEHHO-OUCNAHYUOHHOT TTO OTHOIIIEHWTO

K mapasienenuneny P(ABCD).

Bamenanue 5.2. Ormernm ocobo, uro B mapasienenunene P(ABCD) nabop Todek
A, B, C u D — ynopsouen. [lo ymopsmouennomy wabopy touek A, B, C' u D

[IEeJTOYUCTCHHO-JUCTAaHIIMOHHAA CUCTEeMa KOOpAUHAT CTPOUTCA OJHO3HAYHO.
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[Tpu ncrnoab30BaHUN MEJIOINCIEHHO-INCTAHIIMOHHOW CHCTEeMBI KOOPANHAT MbI Oy-
JIeM Ha3bIBATh IeJIbie TOYKW OCHOBHOW CHCTEMBI KOOpAMHAT mpocTpaHcTBa R” y3-
AaMu yesovucaennoti pewémru npocmpancmea R™ (Wi, g KpaTKOCTH, MPOCTO

Y3AAMU PEULEMEKL).

Samevanue 5.3. OTMeTHM, UTO JIO00H y3e/1 PeléTKH U3 PacCMaTPUBAEMOTO TPEX-
MEPHOTO TTPOCTPAHCTBA B MOCTPOEHHON METOYNCIeHHO-TUCTAHIMOHHO CHCTeMe KO-
OPJAMHAT WMeeT TeJible KoopanHaThl. OOpaTHOE YTBEPKILHIE HE BEPHO: B HEKOTOPHIX
eTOYNCTeHHO- TUCTAHIMOHHELIX CHCTEMAX KOOPAMHAT CYIIECTBYIOT TOYKH C IEJTBIMU
KOOP/IMHATAMHU, HE SABJISIONINECS y3JIaMi perméTKu. [ y3/I0B penméTk 3T KOOp/iu-
HATHI 110 MOJYJIIO COBMAJAIOT C HEJTOYNCTEHHBIMI PACCTOSHUSIMEA OT y3J1a PEITéTKu

JIO TLTOCKOCTEe COOTBETCTBYIONINX T'paHeill mapaJsielenue/ia.

5.2 VYTBepxXKIeHHE O CHEeMUAJIbHbIX CEYeHUAX IIeJIOro mapaJi-

JeJiernunIiie aa.

[Ipex e, aem chOpMyIUpPOBATH U JOKA3aTh YTBEPXKIEHHE O MEJbIX TOUKAX CeUeHUs
[eJI0ro MapaJiieennesfa, TapaaaebHOTO OJHO N3 ero rpaHeil, BBeIEM ceyIolee

orrpejiesIeHue.

Onpedeaenue 5.4. Toukn P u () NpoCTpaHCTBA HA3BIBAIOTCS IKEUBANCHIMHBLMU OM -
HOCUMENDHO UeA020 napanresozpamma ABC D, ecin cymecTBYIOT TaAKHe MEIbIe THC-
ma A u B, uro P = Q + MAB + SAC. ®axmoppewémroti IpOCTPAHCTBA 110 TETOMY
napaJuiesorpammy ABC D Ha3bIBAeTCSI MHOYKECTBO KJIACCOB 3KBUBAJEHTHOCTH Y3-

JIOB peI]_[éTKI/I OTHOCUTEJILHO 9TOTO MapaJijeJiorpaMMa.

Ormernm, 9TO KayKk/Iblil K/JIACC SKBUBAJEHTHOCTH IEJUKOM JIEYKUT B OJHON W3
JIBYMEPHBIX TLTOCKOCTEl, mapaaelTbHBIX TIOCKOCTH TapaJjaenorpamma. Kaxaasa n3
TaKWX TJIOCKOCTEN COMIEPYKUT JIUITh KOHETHOEe YUCIO KJIACCOB IKBUBAJIEHTHOCTH V3-
JIOB peréTku. VX 9uc/io paBHO MHJIEKCY TJIOCKOM MOAPENIéTKN, 00pa30BaHHONE BEKTO-
paMu 3TOTO MapaJiieiorpaMMa, B PENIETKE BCEX IeJIbIX BEKTOPOB, JeXKaIuX B TOMH

IIJIOCKOCTH.
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Ymeeporcoenue 5.5. Pacemompum yeand napasresenuned ABCDA'B'C'D' 6 mpéx-
MEPHOM NPOCMPAHCINEBE U HEKOMOPYIO UEAYIO NAOCKOCND T, NAPAAAEAOHYIO 2PAHU
ABCD. IIyemws naockocms T nepecexaem napassesenuned (no napasieso2pammy).
Tozda svinosnaromesn ciedyrowue 06a ymeepHcoeHus.

Bo-nepevix, niockocmv T COOEPHCUM KOHEUHOE YUCAO KAGCCOE IKEUBANEHIMHO-
CMU Y3406 PEWEMKU OMHOCUMEAbHO napassesozpamma ABCD. DOmo wucio pasHo
undercy naockoti nodpewémsru, obpasosannoti sexkmopamu AB u AC, 6 pewémee
8CET UEAT Mouer J8YMEPHO20 NOONPOCMPAHCIEA, HAMAHYMO20 Ha 6exmopv, AB
u AC.

Bo-emopuix, 0ra xa2cdo2o KAGCCA IKEUBAACHMHOCTIU Y3406 PEULEMKU OMHOCU-
meavho napaarenozpamma ABC D, aescausezo 6 naockocmu T, 6blNOAHACMCA POGHO
0010 U3 CACOYIOUUT YCA0BUL:

a) MG NAPAANENOZPAMME AEHCUM, 6CE20 00HA UEAAL MOYKE KAACCH IKGUBAACHMHO-
CMU Y3406 PEULEMEU, OHA PACNOAONCEHA 80 SHYMPEHHET YaCTNU NAPANIENOZDAMMA;

6) 1A NAPANLENOZPAMME AEAHCAM POBHO 08 MOUKY KAGCCH IKGUBAACHIMHOCTIU Y3~
A06 PEWEMKU, DPACTONONCEHHBLE HA NPOMUBONOAOHCHBLL CMOPOHAT NAPANAEN02DAM-
ma (He 6 eepuunar);

6) HA NAPAANENOPAMME AEHCAN, YEMBLPE MOUKU, COBNAOGIOULUE C BEPULUHAM Na-

PAANECNOPAMMA.

5.2.1 JlemMma o crenmajbHBIX CE€UYEHUAX IIEJOTO0 Mapajuiesjienunena C Imy-

CTOIl TPaHbIO.

JlokazkeM cHadaJia JaCTHBINA CIydail yTBep:KJIeHus 5.5, KOrja Ieblil mapaJerre-
MATe]] CONEPXKUT MYCTYI0 T'PaHb, & CeYeHne MapaJulesenunesla mapasjeabHo 3TOR

rpaHu.

Jemma 5.6. Paccmompum ueavil napassesenuned, o0Ha us 2paneti Komopoz2o A6.44-
emeca nycmoti. Ecau uenras naockocmo, napasiesvras nycmoti epari, nepecexaem
napaasesenuned (no HeKoMmopoMY NaAPaLILEN0ZPAMMY), MO BUNOAHACTCA POSHO 00HO

U3 CACOYOUULT MPET YCA0BUTL:
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@) MG NAPAANENOZPAMME NEPECEUCHUA NEHCUM, BCE20 00HA ULAOUUCAEHHAA MOYKA,
OHG PACTOAOHCEHA 60 BHYMPEHHET UaACNU NAPAAAEAOPAMMA;

0) Ha NAPAAAENOZPAMME NEPECEUCHUA ALHCAM, J8E MOUKU, DACNOAOHCEHHBLE HA
NPONUBONOLONHCHBLL CTNOPOHAT NAPANAEA0ZPAMMA (HE 6 BEPUUHAT);

6) MG NAPAANENOZPAMME NEPECEUEHUA ALHCAM HEMBLPE MOUKU, COBNAOANOULLE C

sepUUHAMU NAPAANAEAODAMMA.

Zoxazameavcmeo. Paccmorpum nycTyio rpanb F' mapaJuiesienune/ia u meayio maIoc-
KOCTb 7, MapaJaeNbHyI0 Ipann F' m mepecekaonyio mapasaenenune. [[ockoabky
IJIOCKOCTDh 7 MapaJuieTbHa Tpanu F', mapasieorpaMM B CeUeHUN TapaiaeTenuneaa
MJIOCKOCTHIO 7T KOHTPYIHTEeH rpanu F'.

[TapaJjiebHBI TTepeHoc Ha BEKTOP ¢ HAYaJI0M B BepInHe rpaHu F' u ¢ KOHIIOM B
HEKOTOPOI MEeToil TOUKe MIOCKOCTH 7 B3AHMHO-OTHO3HATHO OTOOParKaeT MHOKECTBO
IEJTBIX TOYEK JBYMEPHOM TIJTOCKOCTH TpaH! F' Ha MHOXKECTBO IEJTBIX TOUYEK ILTOCKO-
CTHU T, TIOCKOJIBKY BEKTOP Mapa/LIe/IbHOTO MePEHOca UMEeT Iejibie KoopauHaTer. [Ipu
STOM TEJbI MycTo#l mapasiesorpaMm F' mepexoauT B HEKOTOPBIT KOHTPYIHTHBIN
[eJIbIA MYCTON mapaJuiesiorpaMM Ha IIJIOCKOCTH 7.

Urak, yTBepzKaeHne JIeMMBbI CBEJIOCH K CJIEJIYIONIEMY YTBEPKICHUIO Ha TJIOCKO-
cru. [lycth HeKOTOPBI MapaJsiesorpaMM TOIyYaeTcs MPH MMOMOIIU Tapa/ie/IbHOTO
MepeHoca Ha BEKTOD, JeKAIUi B MJIOCKOCTH MapaJjjieJorpaMMa, U3 HEKOTOPOTO Tie-
JIOTO TIyCTOTO MapaJaesorpaMmMa. Toria Takoil mapaaeorpaMM YIOBIETBOPSET OJT-
HOMY U3 yCJIOBUM a) — B). DTO yTBEPKIEHUE SIBJISIETCS MPOCTHIM CJIEJACTBUEM TOTO,
9TO BEKTOPHI, COOTBETCTBYIOIINE CTOPOHAM MIYCTOTO NapaJIeoTpaMMa, MOPOKIAIOT

PENMIETKY TEeJBIX TOUYeK Ha MIOCKOCTH. ]

5.2.2 Jloka3aTeJIbCTBO yTBEePXKIeHUA 5.5.

Bo3pMéM HEKOTOPYIO Ieyio Touky K mmockoctu 7. Bekrop AK 3a1aéT B3amMHO-
OJTHO3HAYHOE OTOOPaKeHUe U3 MHOYKECTBA KJIACCOB SKBUBATEHTHOCTH Y3JI0B PEITET-
Ku, jgexkamux B miockoctn ABC, BO MHOYKECTBO KJIACCOB SKBUBAJEHTHOCTH y3JI0B
PENéTKH, JeKAINX B TJIOCKOCTH 7. UWCI0 KJIAacCOB 3KBWBAJIEHTHOCTH Y3JI0B De-

méTku B mwiockoctn ABC' 1o omnpeneneHnio paBHO HHIEKCY ILTOCKOH MOIPEIIéTKH,
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obpazosannoit Bektopamn AB n AC, B moApenéTke BCeX MeIbIX BEKTOPOB, TAPaJI-
nenbubix mwiockoctn ABC. TlepBast 9acTh yTBep:KIeHUSI JTOKA3AHA.

JlokazkeM BTOPYIO 9aCTh YTBEPXKIeHHs. PaccMOTpUM MPOM3BOILHBIN KIACC IKBHU-
BAJIEHTHOCTH Y3JI0B PEIIETKH OTHOCHTEIbHO mapasnesorpamma ABCD. Obo3naunm
MJIOCKOCTh, COIEPKAILYI0 BECh KJIACC YKBUBAJEHTHOCTH Y3/I0B PEIIETKH, Yepe3 T, a
gepe3 P — oaHY W3 TOYEK ITOTO K/IACCA IKBUBAJEHTHOCTH y3JI0B pemérku. [Ipes-
HOMOKHM, ILTOCKOCTH 7 HepeceKaeT HapasiieTenuIIe].

[Iycth mmockocTh m He comep:xkutT mapasienorpamva ABCD. Paccmorpum

MOJIPENIETKY PENIETKN [eJbIX TOYeK TPEXMEPHOTO MPOCTPAHCTBA, MOPOK/IEHHYIO

BekTopavu OA, OB, OC u OP, rae yepe3 O obo3nadeHo Havaa0o KoopauHar. [la-
pamnenenunens ABCDA'B'C'D' ¢ Takoii moapeméTkoil ymaoBIeTBOPIET YCIOBHAM
JIeMMBI 5.6, M TTO9TOMY Hallle YTREPKAEHHUE SIBISETCS CIeJICTBUEM JIEMMBI 5.6.

Ecan mnockocrs m comep:kut mapasieaorpamv ABC' D, To BRIOMpaeM moape-

méTKy nopoxkaeauyo sekropamu OA’', OB', OC' u OP u npuMensieM jeMmy 5.6 K

napasnenenuneny A'B'C'D'ABC D ¢ takoii moapeniéTKoii. O

5.3 CuaenacrBue o IEJOUYNCIECHHBIX PACCTOSHUSAX MEXK/IY ITPO-
TUBOMOJIO>KHBIMI BePININHAMU U MJIOCKOCTAMU T'PaHeil Imy-

CTOTO TeTpadapa.

Caedecmeue 5.7. Bce uenovucienmvie PacCmoaHUA OmM BEPUWUH NYCMO20 UeA020

mempaadpa 00 08YMEPHBLLT NAOCKOCEL NPOMUBONOAOHCHBLT 2PAHET PABHDL.

oxasamesvcmeo. Paccmorpum HeKOTOPHII ycToit messiit Terpasap O ABC. Tlycrs
[eJIOUUCTIEHHOE PACCTOsTHIE 0T TOUKH A 10 nBymepHoit miockoctu rpanun O BC pas-
Ho n. [Tokakem, Hampumep, 9TO IEJOUNCIAEHHOE PACCTOSTHHE OT TOYKU B 10 1By-
mepHoii mmockoctu rpann O AC Ttak:ke paBHO Nn.

[Tocrpoum napamnenenunen P(OABC). ITockonbky tpeyronbuuku OBC, OAB
u O AC mycTbie, COOTBETCTBYIOIINE UM IPAHN MapaJsielenineia Takzxke mycroe. Cire-
JIOBaTEILHO, BCE JIByMEPHBIE TPAHU MapaJiie/lenunesa mycroie. PaccMoTpuM Bee 11e-

JIbIe TJIOCKOCTH, mapasuienbabie rparn O BC u pa3duBaonme mapaJuieenunes] Ha
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JiBe HemycTbie J9acTu. [[0CKOIbKY MeT0YNCIeHHOe PACCTOSTHIEe OT TOYKH A 10 JBY-
MepHoii mtockoctu rparu O BC' paBHO N, KOJTUIECTBO TAKUX MJIOCKOCTEH paBHO n—1.

[To memme 5.6 KaxKgasg W3 MOCTPOEHHBIX N — 1 MJIOCKOCTeH BBICEKAET B MapaJ-
JIeTIeNHIe e apasieorpaMM, KOTOPBIH YIOBIETBOPSIET OJHOMY U3 YCIOBHi &) — B)
seMmMbl H.6. [TockoabKy Bce OOKOBBIE JBYMEpHbBIE I'DAHU MapaJsieenunea mycTbie
(To ecTh He CoJep:KaT HEJBIX TOYEK, OTIMYHBIX OT BEPINWH), BCE paccMaTphBae-
Mble MAPAJLIEIOrPAMMBI He YJIOBJIETBOPSIOT yCIoBusM 0) u B) JieMMbl 5.6. Cieno-
BaTeJIbHO, KayKJIBII TAKOi MmapasieJlorpaMM COJEPKUT POBHO OJHY MHEIYI0 TOUKY,
NpuYéM 3Ta TOYKA JIEYKUT BHYTPH TapaJsuienorpamma. Mrtak, BHyTpu napaJiie/ienu-
nega P(OABC) conepKuTcs poBHO N — 1 EJIBIX TOYEK, TaK KAK MEeJbIX ILIOCKOCTel
u napaJiienbHbX rparn O BC, nepecekaonux TUpaMuILy, POBHO n— 1, IpuIéM oHa,
3 Hux mpoxoaut depe3 OBC, a onna depe3 Touky A.

Ecnan nesounciennoe paccrosuue oT TOYKH B 10 ABYMEpPHOIi TJIOCKOCTH TPaHU
OAC paBHO M, TO AaHATOTHYHbBIE PACCYKICHUS IMOKA3BIBAIOT, YTO BHYTPH MapaJsLie-
JIenute i cogep:kutcst poao m — 1 messix Touek. Cremosarensao, n — 1 =m — 1,
TO €CTh N = M.

AHAJTOrIYIHO JTOKA3BIBAIOTCS PABEHCTBA OCTATBHBIX IEJTOYNCTCHHBIX PACCTOSHUIA.

O

Caedecmeue 5.8. Pacemompum ueaovuciennoili napasiesenuned, HAmaHymoui Ha
HeKOmMopuitl nycmot mempaadp, U UeAYo NAOCKOCTG, NAPAANEALHYIO 00HOT U3 2pa-
net napaasesenuneda. Ilyems ama naockocms pasbusaem napaissesenuned wa dee
Henyemole wacmu. To20a Ha NAPAANEAOZPAMME 8 NEPECEYEHUL NAOCKOCTIU € NAPAA-
AEAENUNECIOM NENHCUM BCE20 0OHA UEAAA MOUKA, OHG PACTOAOHCEHA 60 BHYMPEHHET

Yacmu NAPaALEs0PAMMA. O
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6 BcmomoraresibHOE CJA€ACTBUE O MYCTHIX II€JIbIX
TeTpa’apax.

B stom pasznene moiaéT pednb O CIEACTBUU O MYCTHIX IMEJTBIX TETPa3Ipax TEOPEeMbI

Vaiira [54] (em. Takxke [19]). Chopmymupyem cHauaTa CaMy TEOPEMY.

Teopema 6.1. (T. K. Vaiit, 1964 [54].) ITycmv A C R® — yeaouwucaennvil mpéz-
meprul cumnaere, nyecmo F; = {o;, 01}, 1 = 1,2,3 — mnoorcecmeo mouek, npunao-
AEACAULUT NaAPE NPOMUBONONOHCHUT PEbep Ty, o) cumnaerca A. Tozda mmooscecmeo
(A\ E;) N Z? nycmo, ecau u moavko ecau cyuecmeyem makoe j u makue 06e co-
cednue yeavle nAoCKoCmu m;, T (cocednue 6 MomM CMBICAE, MO HEM YEAVIT TOYEK,

ACAHCAULUT CMPO20 MeAHCIY T U 7T;-), Ymo

! !
o; C Ty o; C 7y

CreicTBUE O MYCTHIX METBIX TETPAIPAX — MOJIE3HOE YTBEPXKICHUE: KPOMe TOTO,
9TO Ha HEM Da3upyeTcs KJIACCU(MUKAIUS MYCTHIX BBITYKJJIBIX MHOTO9TaYKHBIX TETPa-
37pOB, 3TO YTBEPZXKIEHNEe MHOTOKPATHO HCIOJIb3yeTCsd NPH JOKA3aTe/IbCTBE Teope-
MbI 4.1. B 3TOM paszaene pa3MepHOCTb TPOCTPAHCTBA O€3 MoTepu OOIIHOCTHU TOJIara-

eTcsl PABHOI TPEM.

Caedecmeue 6.2. ITyemv ADBA' — nexomoputi nycmoti yeawti mempasdp. Tozda
BCE UeAbE MOUKU HAMAHYMO20 Ha He2o napasiresenuneda P(ADBA') aescam na
000t u3 naockocmeti, NPOToOAUUT YEPE3 NAPLL UEHMPANLHO-CUMMEMPUNHBLE PEOED

NAPGALENENUNEOQ, HU 00HO U3 KOMOPLLL HE ABAAECMCA PEOPOM MeMPasdpa.

Sameuanue 6.3. Beero mirockocTei, MPOXOAAIMNAX dWepe3 Mapbl MEHTPATHHO-CHM-
METPUYHBIX PEOEp mapaJuienenumnesa, — mectb. OHAKO TPU U3 HUX MPOXOISAT depes
obmre pébpa mapaJsiesenunea U TeTPadIpa U, CIeJ0BATENbHO, He MOIXOMAT IO,
ycnoBusg TeopeMbl. Takum 06pa3oM, MO YCIOBHSA TEOPEMBI TOIXOIAT TOTBKO TPH

IMJIOCKOCTH.

ZIJIH MMOJTHOTHI U3JIO?KEHU A MBI IIPUBOJUM 31€Ch NCYEPIIbIBAIOIIEe JO0Ka3aTEIHCTBO

CIEeICTBUA O IMYCTBIX HEJbIX TeTpasdpax.
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6.1 Jlemma 06 ogHOM y3JjIe permeéTKu

st mokasarenbcTBa ciaegcTBusi 6.2 moHaI00UTCH ciaeayomas jgemva. IIpemamnosro-
JKHM, 9TO TOUYKa B JeXuT Ha paccToduuu r > 1 oT miockoctu rpaaun AC'D. Pacemor-
PUM IeJIOYNCIEHHO- IUCTAHIIMOHHY0 CHCTEMY KOOPAMHAT 110 OTHOIIEHHWIO K MapaJlie-
nemvneny P(ADBA') (¢ uesoqncienHO-IHCTaHIMOHHBIMI KoopanHaTtamu (z,y, 2)).
O603uaunm vepe3 B', C, C' u D' sepmunst ¢ koopaunaatavu (0, r,7), (r,r,0), (r,r,r)

u (r,0,7) COOTBETCTBEHHO.

Jlemma 6.4. Ha naockocmu, 3adannoti ypasnenuem © +y~+ 2z =1+ 1 (eder > 1),

AEAHCUM, POBHO 00UH BHYMPEHHUT Y3eA PEWEMKY NAPAAIEAENUNEIA.

Zoxazamesvcmeo. [lokazxkem, 9TO MJIOCKOCTb T + Y+ 2z = r+ 1 aBagercd nenoii. [1e-
perecém mycroii nessrii napaiesorpamv A'B'C'D na sextop (0,0, 1). TToayuenusrii
napaJjieslorpaMM JIEXKUT Ha TJIOCKOCTH, 33JaHHOM ypaBHeHneM r + y + 2 = r + 1.
[TOCKOIBKY TETOUNCIEHHOe PACCTOSHIE OT HAYATA KOOPAUHAT (TO €CTh 0T TouKu A)
1o nestoit wrockoctu rpann A’ B'C' D paBHO 1, a, KpOMe TOT0, 3Ta IIOCKOCTD 331a6T-
Cc4 ypaBHEHNEM X + Yy + 2 = r, BCe MJOCKOCTH & + Y + 2 = 1 NPA LEJBbIX 1 ABAAI0OTCA
neeivu. CreoBaTe/IbHO, TIOCKOCTh & + Y + 2 = r + 1 — nenas. Péopa caBuryToro
napaJiiesiorpaMMa JeykaT Ha TJI0CKOCTAX TpaHeil mapaJiiesenuie s U He MPOXOIaT
gepe3 Bepmuabl. Cie10BaTeIHLHO, 1O JieMMe 5.6 TapaJiieiorpaMM COIEePKUT POB-
HO OJIMH y3eJI PelETKH, KOTOPhIil SBJsieTcsl BHYTPEHHell TOYKO# mapaJiiesorpaMmma.
O603maunM 1ot y3en depes K(xg, o, 20). CaemoBaTenbHo, yCIOBUAM JEMMBI Y0~
BJIETBOPsIET He DoJee OJTHOTO Y3714 PEIIETKH.

[TokazkeMm, 9TO TaKasi TOYKa CYIIECTBYET, TO €CTh, YTO OIMMCAHHBINA BBIIIE Y3€]
PeNréTKY JTIeKUT BHYTpH mapaJuienenumesa. CIBUHYTHIN MapaJielorpaMM 3a1aéTcs
HepaBercTBamu 0 < x < r, 0 <y < r m ypaBHenueMm x + y + z = r + 1. [lockonbky
eqnnacTBeHHast Touka (0,0,7 4+ 1) mapajuresorpaMma ¢ 1e0ii KOOpAWHATOH 2z > T
He SIBJISIETCST Y3JI0OM DentéTku (Tak Kak 7 + 1 He JeJuTCs HAIeao Ha r npu r > 1),
BBITOTHAETCT 29 < 7. lIpeamonoxkum temepn, uto 25 < 0. B atom cmydae BekTOp
KC aBnserca HemwIM, a, caegoBaTenbHo, Touka K' = A 4+ KC asngercsa y3maom

pemérku. Kpome toro, touka K’ jsexkur B Terpasipe ADBA’ u He coBnazaer HU C
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Puc. 2: Toukn K u K' aBastorcest y3jamMu peréTku.

ofiHoOit BepmmHOii (cM. puc. 2). CrenoBarenbho, Terpasap ADBA' — ue mycroii. Mbt
OPUILTA K TPOTHBOPEUHIO.

Takum obpazom, Bepubl ciaeayiomne HepapeHcTBa 0 < 29 < r, 0 < yo < ru
0 < zy < r. Ilockonbky pEOpa mapaJuaesorpaMMa He MPOXOAAT bepe3 BepITHHbBI
napaJiiesieliie1a, Bce HeCTporue HepaBeHCTBa 3aMeHseM Ha cTporue. I3 3Toro BbI-
TeKaeT, YTo0 K — BHYTpeHHss TOUYKa HapaJiie/enuie/ia.

VTBep:KaeHne JeMMbl J0Ka3aHO. ]

6.2 Jloka3aTeqbCTBO cjiecTBus 6.2.

JlokazkeMm yTBEpXKJIEHUE TEOPEMbI MHIYKIHEH M0 KOJUYIECTBY TOYEK BHYTPH MapaJi-
Jiejenure/ia.

Basa undyrxyuu. Econ nemas ToUka BCero oHa, TO OHA JIEKUT B IIEHTPE CUMMET-
pum mnapaJsuiesiennie/ia Ha IMepecedeHn BCeX TPEX IJIOCKOCTEN, YI0BJIETBOPSIIONINX
YCIOBHUIO TEOPEMBI.

a2 undyrxyuu. [IpeamonoKuM, ITO YTBEPKICHAE TEOPEMbl JOKA3aHO 19 BCEX
MYCTBIX TEIBIX TETPATPOB C MEJOUNUCTEHHBIMU PACCTOSAHUSIMHI OT BEPIIUH JI0 JIBY-
MEPHBIX TIJIOCKOCTeH MPOTHBOMOMOKHBIX I'DaHeil, He mpeBocxoasdmmmu r — 1 (Ha-
MOMHUM, YTO B MYCTOM TeTpadJipe BCe IeJOUYNCJIeHHbIe PACCTOSIHUSI OT BEPIIWH JI0

JIBYMEDHBIX TLJIOCKOCTEl TPOTHBOTONOKHBIX TpaHeii paBHBI MO CIeACTBHIO 5.7). [lo-
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KazKeM YTBepyKJIeHNe JJIs1 TPOU3BOILHOTO TeTPa3/Ipa ¢ HEJOUNCTEHHBIMUA PACCTOSTHY-
MU OT BePIUH 10 JBYMEPHBIX IIOCKOCTEH MPOTHBOMOIOKHBIX IPaHeil, PABHLIMMY 7.

[To nemme 6.4 cymecTByer poBHO oauH y3es pemérku A" (g, Yo, 20) HA IIOCKOCTH
r+y+2z=r-+1, KOTOpHIi JEKUT BHYTPHU Hapasaenenuneaa. [Ipeamonoxum, aTo
2o — Hanbosbiras koopanuara toukn A”. (Ciyuan, Korga xo win yy — HaKOOIbIHE
KOODJMHATHI MOJHOCTHIO AHAJOTHYHBI 110 CJIACTBHIO 5.7.)

Terpasap ADC A" apngerca mycTbIM HEJBIM TETPadAPOM, IMOCKOILKY BCE TOY-
ku Terpasapa ADBA" ¢ meaniMn mea09uCIeHHO-INCTAaHINOHHBIMI KOOPANHATAMK
(3a nckmaovennem Toukn A”) nexkar B mycrom terpasape ADBA'. lenounciennoe
paccroguue or Toukn A’ no mrockoctun ADC paBHO zg < r. Paccmorpum napasiese-
nunen P(ADBA"). Tlo npeanonokeHuio WHAYKIUH BCE TEJIble TOYKA Tapasieelni-
neja Jjgexar anbo B miaockoctn A”C' D, mu6o B miockoctu A” BC', mbo B m1ockocTr
B"BD (3aech B" = A" + AB). PaccMOTpUM TIOOYEPEIHO TIePecedenns: THX TPEx

IIJIOCKOCTEHR ¢ IMJIOCKOCTBHIO 2z — 1.

Caywuaii 1. ILnockocts A"CD. [Tnockocrs A”C'D 3amaércst ypaBHeHHEM

r— X
r+——=2=r
20

[Tepecevenne miockoctn A”C'D ¢ mnockocrbio z = 1 ecth npsvast (z1,¢,1), rae t
r—xo

— NapameTp, a T1 — KOHCTAaHTa, paBHas r — "2, DTa npsiMasi COAEPAKHAT TOUKHU ¢

IEeJIBIMI KOOPAMHATAME TOJBLKO B TOM CIydae, eClu oy — mneaoe dncao. OmeHum ero

(MCONB3YsS MPeIIONoKeHue g < 2p).

_ _ 1— 20—
xlzr_rz():,r_r(rJr 20 yo):,r_'_i_l_ﬂz
20 20 20 20

r—2+ % >r—2.
C apyroit cTOpPOHBI, BHITIOJHSETCA HEPABEHCTBO o1 < 1. U3 mesocrn 1 m HepaBeHCTB
r—2 < x; < r caemyer, uro x; = r — 1. Takum 06pa3oM, CYMIECTBYIOT y3JIbI
pemérku ¢ koopaunatamu (r —1,¢, 1), a 3HAYAT, O YTBEPKICHUIO 5.5, OJUH U3 HUX
(c koopamuaramu (r—1,tg, 1), 1J1s1 HEKOTOPOTO TEJIOTO tp) JIEXKUT B MAPAJLIEJIETHITE e
P(ADBA'). CrenoBarenbHo, Bce ocTaibHbie y3ibl napasienenunena P(ADBA’)

umMeroT KoopauHatel (1 — k, (k -ty mod r), k), To ectsb nexar ua rpanu A'B'C'D.
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Cayuait 2. ITlnockocts A”BC. Tlnockocrs A” BC' 3amaérest ypasHeHueM

/"‘_
y+7yoz:r.
20

[Tepeceuenue miockoctu A”BC ¢ mwiockocrbio z = 1 ects npsamas (t,yq,1), tae t
r—zo

— mapameTp, a y; — KOHCTaHTa, paBHas r — "% DTa npsMas COAEPAHAT TOTKH C

LEIBIMA KOOPAMHATAMHI TOILKO B TOM CIydae, ecim y; — neaoe ducao. OuenuM ero

(MCmoONB3YS MPeIIoNoKeHue Ty < 2g).

Y= 20 20 20 20 —

7’—2+%>r—2.

_ r—yo __ r— r—(r+1—z0—x0) —r4+ 1 1— %o >

C apyroii cTOPOHBI, BBITTOIHSETCST HEPABEHCTRO 1 < 7. VI3 me10cT iy 1 HepaBeHCTB
r—2 < y; < r caemyer, uro y; = r — 1. TakuMm o6pa3oMm, CYMIECTBYIOT y3JIbI
pemérku ¢ kKoopaunatamu (t,r—1,1), a 3HAUNT 110 yTBEpKAeHNIO 5.5 OnUH U3 HuX (C
koopanaaramu (to,r — 1, 1), 1yisi HEKOTOPOTO HEJIOTO ty) JIEKUT B MapaJlIesIenue/e
P(ADBA’). CrenoBarenbHo, Bee OCTATbHBIE y37bl mapasterenunena P(ADBA')

umveror koopauHatel ((k -ty mod r),r — k, k), To ects nexkar ua rpanu A'BCD’.

Hob6asaenne. Ilaockocrs B”BD. Ilokaxewm, uro ciydaii mwiockocru B” BD
HEBO3MOKEH. DTa II0CKOCTh 3aJaéTCd YpaBHEHHEM

r—1Y — &
x+y+Lz:r
20

ITepeceuenne miockocta B”BD ¢ mnockoctbio z = 1 ects npamas (4, 454 1), rae ¢

— TapaMeTp, a ¢ — KOHCTAaHTa, PaBHAS " — . Takas mpgaMast cOIepKUT TOIKI

r—%o—Yo
0
C IEeJIbIMU KOOpAUHATaMW TOJIBKO B TOM CJIy4Yae, €eC/JIn a — LIeJI0e 9YuC/Io. OHeHI/IM ero.

T — Yo — Zo 29— 1
a=r——— =1 — — >1r—1.
20 20

C npyroit CTOPOHBI, BHITIOIHSIETCS HEPABEHCTBO a < 7. Takum oOpa3oMm, Ha mepe-
cevennn napastenenunena P(ADBA') ¢ miockocTbio 2 = 1 Her y3J10B penéTku,
9T0 HeBO3MOKHO. ClieoBaTe/IbHO, IepBhIe ABa CIydas HeJTUKOM HCYEePIBIBAIOT BCE
BAPUAHTHI.

HTak, /st MPOM3BOILHOTO TeTpasapa ¢ HeJOYNCICHHBIME PACCTOAHUAME OT BEp-
IUH JIO0 JIBYMEPHBIX ILJIOCKOCTEH MPOTUBOINOIOKHBIX TpaHeil, paBHBIMHU T, HaIlle

VTBepkK/JIeHne JTOKA3aHO.
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Takum obpasom, yTBepK/IeHHe TeOpeMbl J0Ka3aHO M0 WHIYKIIUH. O

Samevanue 6.5. OTcyTCTBHE TPETHEro Caydas MPH JI0Ka3aTeIbCTBE TEOPEeMbI 00y-
cJIOBJIeH TpebOBaHUEM TOrO, 4TO TPeThs KoopauHaTa Touku A” He menbie neppoii

A BTOPOU KOOPJWHATHI TON TOYKH.

6.3 Kiaccudukanmsa mMyCcThIX TPEYroJIbHBIX OTMEYEeHHBIX MH-
pamum.

Cnencreue 6.2 mO3BOJISET OMUCATH BCE PA3IUYHBIE TEJTOYNCTeHHbIe adhOUHHBIE THITHI
IIYCTBIX TPEYTIOJbHBIX OTMEYEHHBIX IMUPaAMU, TO €CTh TeTPa3ApPOB C OTMEYEHHOMN
BEPIIUHO.

Beeném craemyromee obo3nadenue. [Tycts r — HeKOTOpoOe HATYpaJIbHOE YUCTO, &
— HATypaJbHOEe YUCJ0 Wian Hojab. Obo3HaUMM dYepes Pf OTMEYEHHYIO0 NUPaAMUILY C

sepiuaoit B Touke (0,0,0) n ocHoBauumem ¢ BepummHamu (0,1,0), (1,0,0) u (&, —

&)

Caedcmesue 6.6. Ieaas nycmas mpeyzosvHas 0OMMEUEHHAA NUPGMUIG UCAOUUCAEH-
HO-aPPUHHO IKBUBANEHMHA 00HOT U3 NUPAMUOD CACOYOULE20 CNUCKA.

Crnucoxk "P”

_ pIO;

— P&, 20e yeavie wucaa € U T 630UMHO-NPOCTYL U YOOGACTEOPAIOM, CACOYIOULUM
nepasencmeam: v > 2, 0 < £ < r/2.

ITpusedénnvie 6 cnucke "P” uesvie mpey2osvHvle 0OMMEUYEHHBIE NUPAMUIDL GCE

nycmsie U NonNapHo ue,/w%uc,/zenno—agﬁ(ﬁunno HEIKBUBANECHITIHDL.

Joxazameavcmso. 1. IlomroTa cnucka ’P”. [Tokakem, 4T0 NpOU3BOIbHAS TTyCTasT
nesounciIeHHast ormedennas nmupamuga ADBA’ (¢ Bepmunoit A) mesovucIeHHO-
adGUHHO FIKBUBAIEHTHA OJHON M3 OTMEUYEHHBIX MUPAMU/I criucka P’
[Ipeamono:kum, 9T0 MEJOUNCIEHHOE PACCTOSTHUE OT €€ BePIWHBI 10 JIBYMEPHOIt
MJIOCKOCTU OCHOBAHUS PABHO TOMOKUTETHLHOMY HaTypaJbHOMY ducty 7. Ecim r =1,

TO BEPIIUHBI OTMEYeHHON MIPAMUIBI TTOPOYKIAIOT BCIO TPEXMEPHYIO PENTETKY METhIX
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TOYEK, W MOITOMY TaKas OTMEYeHHasl MHPAMU/a HEKOTOPHIM MeJ0YnCIeHHBIM ad-
buHHBIM Tpeobpa3oBaHueM MepeBOJUTCs B OTMedeHHylo nupamuny PP (npu 3tom
npeobpazosanun Touka A nepeitnér B Touky (0,0,0)).

[Ipeamonoxkum Temepb, aTo r > 1. [To cneacrBuio 6.2 Bce menple TOUYKH MapaJ-
nenenunena P(ADBA') ngexar Ha OJHON W3 TPEX TJIOCKOCTEH, MPOXOISIINX Yepes3
[EeHTPAJIHFHO-CUMMETPUYIHBIE PEOPa MapaJsiiesennreia, He sB/IsoIecs: peéopamu oT-
medennoit nmupamuasl ADBA’. Tlepeo6o3naunM BepIIMHBI OCHOBAHHUSA OTMeUYeHHOM
nupamuasl DBA' 6yksavu B, D u A TaK, 9TOObI BCE BHYTPEHHHE TOYKH TMapaJi-
JIeJIeTTuIeIa P(Aml) JIeYKaJIM Ha TIJIOCKOCTH, TPOXOJsiiell uepe3 pebpo BD u
[EeHTPATbHO-CHMMETPUIHOE PeOPO.

PaccMmorpuMm mepecedenmne 3TOro mapaJsiienenuneaa ¢ IJIOCKOCThI0O z = 1 B
eI0YNCIeHHO-IUCTAHIIMOHHONW CUCTeMe KOOP/WHAT, CBSI3aHHOW C TMapaJijieenne-
JIOM P(Am,). Ha sToit m1ockocTn J1eKUT POBHO OJWH y3€Jl PEméTKu, KOTOPBIi
10 craenacTsuio 6.2 nveer KoopauHathl (r — &, &, 1). Obo3naunm ero vepes K.

Ecan wucna & w r uMeroT HEKOTOPBINT HATypasabHbIH o0mmit jgemurensb ¢ > 1,
TO TOYKA C KOOPIUHATAMHU (%r, %r, ¢) siBasiercst y3iaom pentétku. CreqoBaTenbHo,
touka (0,0, ) ABISETCS y3TOM DPEleTKH, U TOTJA OTMeYeHHAs MTHPAME/IA ADBA'
He gBageTcs mycroii. Takum obpas3oMm, menble 9ucaa & U r B3aUMHO-ITPOCTHI.

[TocKOMIBKY IEJIOYNC/IEHHOEe PACCTOSTHUE OT TOYKU K 10 JIBYyMEpPHOil TLIOCKOCTH
rpain ADB pasuo exunnuie, terpadap ABDK HeKOTOPHIM Me0MnCIeHHbIM ad-
dbuHHBIM TpeoGpa3oBaHueM MepeBoauTcs B Terpasap ¢ epummuamu (0, 0,0), (0,1,0),
(1,0,0) u (1,1,1). TTpn Taxom mpeobGpaszoBaHnm BepmuHa A MepefiIéT B TOUKY C
koopanuaramu (&, r — &, r). Ciaenosarennno, ormedennasi nupamuga ABDA' (koro-
pas MepeBOIUTCI B OTMEUEHHYIO MHPAMHUILY ABDA 1e109ncIeHHO-aMOUHHOI 3aMe-
HOW KOOP/IMHAT, COXPAHSIONIE BEPIINHY U TMEPeCTABJISIONIEii BePIINHB OCHOBAHU)
neouncaeno-adbGUHHO SKBUBATEHTHA OTMedenHoi mupavmuae P8, tme 0 < £ < 7,
a ancaa £ u r B3auMHO-TTPOCTHI. OCTAETCST TOTBKO OTMETUTh, YTO OTMEYEHHBIE TP~
Mubl PEu PP¢ momyuaiores ApyT U3 ApyTa U TTOMOIIU CAMMETPHH OTHOCHTETHHO

MJIOCKOCTH & = ¥, KOTOpas COXpPaHsdeT PeNéTKy W OTMedeHHYI0 BepInHYy — Hada-

J10 KoopauHar. CaegoBaTeIbHO, OTMEYeHHbIE THPAMUIBI Pf u P’ ~¢ [1eJI0YNCITIeHHO-
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ahOUHHO FIKBUBAJIEHTHBI.

2. Ilyctora ormeuenHbix mupamuz cuucka ’P”. Tlokaxkem, 4rTo mepednc-
JIeHHBIe OTMeTeHHBIe HPAME/IBI P} SBIAIOTCS TyCTBIMI.
[Tepeceuenne miockoctn z = b (must 1 < b < (r — 1)) u oTMeuYeHHBIE THPAMEBI

Pg ecTh Tpeyroabank Ay B D) ¢ KoopamHaTamMu

b b b b —b b b b
(;{,;(r—f),b), (;,;(r—g)ﬂr ,b) n <;g+r ,;(r—a),b).

r

Tpeyroabauk Ay By D) nexxur B tenre b < x+y < b+ ’"T’b, z = b. DTa JeHTa Ccomep-
JKHUT TOJBKO MeTble TOUKH ¢ Koopauuatamu (t,b — t,b). Takum oOpa3oMm, oCTaéTcs
IPOBEPUTD, UTO TOUKA Ay He aBisercd menoii. Tak Kak uncia £ u r B3aHMHO-IIPOCTHI,
a d < r, meppast KoopauHara Touku A, He sapasiercs menoii. CiemzoBaTesbHO, BCe
oTMeueHHbIe TUpamMuabl P!, nepeduncientubie B (popMyanpoBke ciaeJcTus 6.6, sBiisi-

I0TCAd IMYyCTBIMU.

3. Heuso6wrTounocTs cnucka ’P”. Jlokaxkem, 9TO BCe OTMEUYEHHbBIE MUPAMHU-
apt P{ cnencreus 6.6 monapro nenouncaenno-abGUHAO HeSKBHBAJIEHTHBL. 3aMeTHM,
YTO METOYNCTEHHOe PACCTOSHAE OT BEPIIUHBI 0 JBYMEPHON MJIOCKOCTH OCHOBAHUS
SIBJISIETCS [IeJIOUNCIeHHO-a(D(OUHHBIM HHBAPUAHTOM, TIO9TOMY OTMEUYEHHBIEC THPAMU-
JIBI C PA3HBIMU " HEIKBUBAJIEHTHBI.

g Toro, 4TOOB PA3TUIUTh OTMEYEHHBIE MUPAMUJIBI MPU OJUHAKOBLIX 7', TO-
CTPOUM CJIeAYIONuil 1enouncienno-agpuHHbBIT UHBapuaHT. PaccMoTpum mpomns-
BOJIbHYIO IIYCTYIO oTMmedennyio nupavuay ABDA' ¢ Bepmunoit A n cBga3aHHbIil C
Hell TpéxrpaHHbIil yros ¢ BepmmHoit A u ¢ rpeyronsaukom DBA' B ocnosanuu. ITo
nemMMe 6.4 B 5TOM TPEXTPAHHOM YIJIE JIEXKUT BCETO OJIHA TOUYKA (0B03HATHM eé uepes3
K), pacnioioxkeHHast Ha JBYMePHO# MJIOCKOCTH, MapaJuieabHoil rpann DBA', Ha ue-
JouncaerHoM paccrosaun r + 1 ot Bepmuabl A. [To caeacruio 6.2 megodncieHHbIe
paccTosiHus OT TOYKA K 10 IBYMEpHBIX ILJIOCKOCTel rpaHeii yria paBHbl 1, &, r — &
(151 HEKOTOPOTO HATYPANBHOTO Yucaa £ ). TpéXrpanusiit yroa u Touka K ompees-
I0TCsI IO OTMEYEHHON MUpaMuJie OJHO3HAYHO ¢ TOYHOCTHIO JI0O CHMMETPHUil OTMe4YeH-
HOW TMUPaMUJIBl, COXPAHAIOIIMX BepIIuHy. ['pyrna Takux CUMMETpHil JeiicTByeT Ha

HAOOPe MEeJTOUYNCTEHHBIX PAacCTOSHU oT K 10 IBYMEPHBIX ILTOCKOCTeH rpaHeil yria
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nepecraHOBKaMu. TeM caMbiM, HeymopsiodeHHbrii Hadbop [1, &, r — &| sBasiercst nHBa-
PUAHTOM. DTOT HHBAPUAHT C OYEBHIHOCTHIO PA3JINYIAET BCE OTMEUEHHBIE MTHPAMUIHI
Pg IPU OJUHAKOBOM IIEJIOUHUCTEHHOM PACCTOSHUU T

Bce yTBepKkaenusa cieacTBus JTOKa3aHbI. U

Ymeeporcdenue 6.7. [lycmsb yeavie wucaa & ur 83aummo-npocmot u ydoeiemaopaom
caedyrowum nepasencmeam: r > 2, 0 < € < r/2. Tozda ommeuennas nupamuda PS

UENOUUCAEHHO-APPUHHO IKEUBAAEHMHA OMMeweHHOT nupamude Tﬁ .

okxazameavemeo. OTMedeHHasT THPAMIIA Tﬁr MOJIy9aeTcsT U3 OTMEYeHHOW mupa-
MUJbI Pf P TTOMOIIHN [EeJIOYMCJIEHHOTO JTUHEHHOTO Mpeodpa30BaHus, 3a/1aBAeMOT0
MaTpuIei
E+1 & =€
r—1 r—1 2—r
-r -r r—1

O

Caedemesue 6.8. Jlobas uesan nycmas r-smadgcuas (r > 2) mpeyzosvhas om-
MEYEHHAA NUPAMUIG UEAOUVUCAEHHO-GPPHUHHO IKBUBAAEHMHAG 00HOT U3 OMMEYEH-
HOLE nupamud 6uda TET, 2de ueavie vucaa € u T 83auUMHO-NPocMbL, npuuém 0 <
& < r/2. Ilepenucaennvie Ueavie MPeYzosvHbLE OMMEUEHHBE NUPGMUODL NYCNL
U NONAPHO UEAOUUCACHHO-APPUHHO HeIKBUBAAEHMHVL (KPOME MO20, OHU NONAPHO

UCNOUUCAEHHO-APPUHHO HEIKGUBAACHIMHDL NPU PASHOLT T°). U

6.4 Kiaccudukanus myCcThIX TETPAa3APOB.

OTMeTHM, 9TO MMEeTCd Pa3JIndue MexKIy KIacCH(pUKamueil MyCTBIX TPeyTrOIbHBIX
OTMEYEeHHBIX mUpaMu (C BBIJIEJIeHHOI BEPITHHOI) W MyCTHIX TeTpasapos (6e3 Bbie-
JIEHHOW BEPIITHHBI).

[TepBole marn o KaacCHUKAIME IIYCTHIX TETPA3IpOB AIreOpandecKUME Me-
rogamu npeanpunsan 2K.-O. Myccadup B coeit pabore [42]. B padore Myccadupa

MyCThie TeTPAdIPHI MPUBOIATCS K IPMUTOBBIM HOPMAJIBHBIM (hOPMaM.
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Teopema 6.9. (2K.-O. Myccacdup [42].) Ieawii nycmotd mempasdp yerowuc-
AEHHO-APPUHNO IKBUBAAECHMEN MemPasdpy ¢ Gepuwunoti 6 Havare KoopOuHam U
ocnosaruem ¢ sepwunamu (1,0,0), (0,1,0) u (u,v,d), das nekomopur yeavx wu-
cea u, v u d, 2de u, v uu—+v—1 83aummo-npocmuv, ¢ d, a 00HO U3 wuUces U + v,
u—1, v—1 deaumea na d. (Taxue mempasdpv. uro20a HA3BIBANOM IPMUMOEHLMU

HOPMANLHOMU POPMAMU CUMNALKCOS. )

OmHako MHOrHe U3 SPMHUTOBBIX HOPMAJIBLHBIX (OPM TETPa3aApPOB SBISIOTCS
HeTOUYNCTIeHHO-ahDUHHO SKBUBAJTEHTHBIME MexKAy coOoit. CymecTBYIOT IOTOTHU-
TeJIbHBIE COOTHOIIEHWST Ha dnuciaa u, v u d. IlpuBegéHHOe HUXKE CIEICTBUE CJIE]I-

ctBust 6.2 yrounsier teopemy 2K.-O. Myccadupa.

Caedemeue 6.10. Leavitd nycmot mempasdp yesouucienno-ahdurto sK6UBAACHMEH
00HOMY U3 CALIYIOWUT MeMPas0pos:

o P107

— Pf 20er > 2,0 < & < r, npu smom asemenm (€ mod r) addumuenot
epynno, Z/mZ exodum 6 ceazannyio ¢ net mysvmunaurkamuenyio epynny (Z/mz)*
(mo ecmb yeavie wucaa & u r 63GaUMHO-NPOCNLIE).

Bee npusedénvie 6 amom cnucke yeavie mempasdpu, nycmoe. Tempaadpw P u
P ueaowucaenno sxeusasenmuv, mo2da u moavko mo2dd, k0206 1y = Tz, U, KPOME
moezo, npu r1 > 1 evnoansemea roma Ov 00no u3 wemupér pasencme (6 2pynne
(Z)mZ)*):

(¢ mod r)) = (£1)- (v mod r)*.

Zoxazameavcmeo. 1. IlomHoTa cnucka. [1o cieacrsuio 6.6 Bce mycThie He/ble TeT-
Pa3IPEI MEI0UNCTeHHO-ahOUHHO SKBUBAIEHTHLI OJHOMY U3 TETPA3IpPOB, IPUBEIEH-

HBIX B cmmcke ciaencTBusg 6.10.

2. IlycToTa TeTpa’sapoB crucka. [lo cmenctBuio 6.6 TeTpasaps Pg MYyCTHI IPU
B3aMMHO-TIPOCTHIX T U &, Tae r > 2, a £ < r/2. [TockonbKy TeTpasaphl Pim ngg

SKBUBaJIeHTHBI, 1 P — mycroii, Bce TeTpasapsl ciaejacrsus 6.10 mycroie.

3. Joka3aTeabCTBO MOCTENHErO yTBepXKIaeHus ciencrBus 6.10. (Ad-

dbuHHAS) TPYIIA CUMMETPHil TPABUILHOIO TeTpasdipa S, CTPOro BKIIOYAET B cebs

o1



(adpdunnyr0) rpynmy cummMerpuii Terpasapa ¢ oTMedeHHO BepruHOil S3. Termeph
OJIHO3HAYHO OTPeJIeIEH He KaKOH-HUOYIb OJUH BIJICJICHHBIN TPEXTPAHHBINA YTOJ, CO-
OTBETCTBYIOIIHIT HEKOTOPOIl BepIINHEe TeTpadapa, a HeyIopsIodeHHBI Habop Bcex
JeTBIPEX YIJIOB. B KaK/JI0M M3 3TUX YETHIPEX YIJIOB OJHO3HAYHO BBIJETSIETCS IO
1eJI0¥ TOUKe (AHAJOIHIHO JTOKA3ATEhCTBY TIPE/IBIIYIIEro CiegcTBus ). [Ipsvbie Bbi-
YHUC/IEHUsT TTOKA3bIBAIOT, UYTO IEJOYNCIEHHBIE PACCTOSIHUSI OT HUX JI0 YeTHhIPEX JIBY-

MEPHBIX IJIOCKOCTEll rpaHeil paBHBI

(171757T_5)7 (1717577‘_5)7 (Z/,T‘—U,l,l) 2 (Z/,T'—U,l,l),

rae (& mod r) - (v modr) = 1 (B rpynne (Z/mZ)*). Tlpu 9TOM HETOUUCTEHHBIE
pPacCTOSTHUS JI0 JBYMEPHBIX IJIOCKOCTEH I'paHell COriacoBAHHO TEPECTAB/ISIIOTCS BO
BCEX TOYKaxX. TeTpasipbl Pfl, P, P! ~¢ u P’ 3KBUBAJIEHTHHI, & TTOCTPOCHHBII WH-

BApPUAHT pa3/nvaeT pa3Hble YeTBEPKU TEeTPa3IPOB.

VTBep:KIeHUS CIEACTBAA JOKA3AHDI. U

Sameuanue 6.11. Kraccudukammn mycTbX TPeyroJbHBIX OTMEYEHHBIX MHPAMUJL 1
IIyCTBIX T€TPAdIPOB COBNAIAIOT TOMBKO mpu r = 1,2, 3,4, 5,6,8,10,12, 24. (s s10-
ro HEOOXOMMO, YTOOBI KBAJIPAT JIIOOOTO JIEMEHTA B COOTBETCTBYIONMIEH MYIHTUILTI-
KaTuBHOI Tpymme ObLT paBen +1. CrieroBaTeIbHO, BCE TIPSIMBIE CJIATaeMble MYJIHTHU-
IIAKATUBHON rpynnsl mu60 Z /47, mubo Z/27Z. Takux MyIbTHIIHKATABHBIX TPYIII
BCETO MATHAANATDL. I3 HUX yIOBIETBOPAIOT HAIIEMY YCIOBUIO TOJBKO JEBSITH Mepe-

IHCAEHHBIX, U JOMOJHATEILHO H0baBasgercs ciaydai r = 1.)

7 JlokazaTeabCcTBO TeopeMbl 4.1: MHOIOyroJibHbIE
OTMeYeHHbIe ITMPaAMMIIbI.

[IpucTynaem K J0Ka3aTeIbCTBY TEOPEMBI O IeaouncieHno-addGuHHON Kaccuduka-
IIIH MHOTO3TAYKHBIX BIIOJTHE ITYCTHIX BBIMYKIBIX TPEXMEPHBIX OTMEUYEHHBIX THPAMIE/I,
B sroMm paszesie onncaH caydaii OTMEYeHHBIX THPAMHEJL ¢ MHOTOYTOIhHUKaMK (00J1a~
JAIONIMME He MeHee YeThIPEX YIJIOB, OTJIMYHBIX OT Pa3BEPHYTHIX) B OCHOBaHWU. B

CTeIVIONeM pa3esie pa3dupaeTcsa Caydail TPeyToOabHBIX OTMEUeHHBIX MHPAMII.
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7.1 YTBepXKJeHUE O IIeJIOM NapaJjIeorpaMMe BHY TPH IIEJI0TO

MHOI'OyroJIbHHKa.

[TokarkeM CHAUYATA, ITO JHOOOM MEbIil BHIMYKJIbIi MHOTOYTOIBHUK (6e3 pa3BEPHYTHIX

YIJIOB), HAUMHAS C YeTHIPEXYTOJBHUKA, COAEPIKUT MEJIbIii TMapaIelorpaMmM.

Ymeepotcdenue 7.1. [lycmv uemmpe sepuitts, HEKOMOPO2O HINYKAO20 MHO20Y20ND-
HUKA ABASOMCA UeAbMU moukamu. Tozda mom mHoz20yzoivhuk codepacum 6 cebe
HEKOMOPLLT NAPAANEAOZDAMM € UEADLMU BEPUUHAMU, UCAOYUCAEHHO-APOUHHO IKEU-
gaseHmMHbL AUO0 CMAHOGPMHOMY COUHUNHOMY NAPAANEAOZPAMMY HA PUcyHKe 3a),

aub0 napannrerozpammy ¢ sepwunamu (1,0), (0,1), (=1,0) u (0, —1) na pucynke 3b):

Puc. 3: B kax10M 11€710M MHOTOYTOTBHUKE COAEPIKUTCA MapasIeIorpaMM, MeJT0Tnc-

JieHHO-aPUHHO SKBUBAJIEHTHBIH OJHOMY W3 JIAHHBIX.

Jokazameavemeso. [lpeanonoKuM, 9To bl BRITYKIBII MHOTOYTOTBHHUK COIEP-
JKHUT YeThIpe IeJibie BepiinHbl. PaccMoTpuM 4eThipéXyrolbHIUK, 00Pa30BaHHbBIA ITH-
MU 4eThIPbMs BeprimHaMmu, u obosnaunm ero K LM N. JlokazkeMm, 9TO B HEM cO/ep-
JKUTCS HEKOTOPBIH MapasielorpaMM ¢ MeJbIME BePITHHAMM.

Pacemorpum uerbipéxyronbauk K LM N u napasnenorpamym P(K LN), o603Ha-
anm ero vyepe3 P(KLM'N). Touka M wmoxKeT GbITH PACIOIOKEHA YeThIPhMsI pas-
HBIMH CIIOCOOAME OTHOCHTEILHO MPAMBIX, TPoXoaammx depes cropount M'N u M'L.
Ha puc. 4 pazobpanbl Bce 4eThIpe Caydas pacloIozKeHus.

s Bcex 4eTHIPDEX BapPUAHTOB PACIOJIOXKEHHS sIBHO YKA3bIBACTCH MapPaJLIesio-

rpamMM C IeJIBIMU BEPITUHAMU, BIUCAHHBIN B 4eThIpéxyroibHuk. Ha pucynke de-
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Puc. 4: Cnyyan pacmosiozKeHUs BBITYKJOTO 4deThipéxyronbauka K LM N orHOCH-

TeabHo mapasiensorpamyva P(KNL) (to ecto KLM'N).

TRIPEXYTONbHUK K LM N BBIIeeH KUPHOU JTUHUEH, a TapaJsaeorpaMM 3aKparieH
CePBIM.

Bamernm, 9TO ecJiu HEKOTOpasl TOYKa IMEeJ0r0 mapaJsieorpavMva Iejas, TO u
EeHTPAJHHO-CAMMETPUYHAS €if TOUKA OTHOCHTETHLHO TOYKHU MEepPeCeveHnst TuaroHa-
Jeil mapaJiIeorpaMma Mo OUeBHIHBIM COOOPaYKeHHUsIM TAKIKe SBJISETCS Tesoi (Ira
TOYKA TAKIKE MPUHAJJIEKAT MAPALIETIOTPAMMY ).

Paccmorpum moctpoenusiii mapasiiesorpamm u obo3uadnm ero depes ABC'D.

1. ITycroii mapasmiaemorpamMm. Ecaun mapamrernorpamv ABCD myct, To
ero pédopa MOPOKIAIOT PEIIETKY MEeIbIX YHCeJT W TeM caMbIM caM OH addUHHO-
9KBUBAJIEHTEH CTAHIAPTHOMY €JIMHUIHOMY MapaJLIeIorPaMMy.

2. IlapanjesorpaMM ¢ € MHCTBEHHOI IO TOYKOIT, OTJIMYHOI OT BEP-
muH. Ecmn mapamnnenorpamv ABC'D comep:KUT poBHO ONHY Ieayio Touky O, oT-
JUYHYIO OT BEpPIINH MapasaesorpaMMa, TO 3Ta TOYKA COBHAJAET C HMEeHTPATbHO-
CHMMETPUYHOI OTHOCUTEIHHO TOYKH TepPecevdenns TuaroHajeil mapaJuiemorpaMmmMa
IeJIOM TOYKOH M TeM CaMbIM SBJIIEeTCSI TOUKOH IepecedueHusa auaroHasei. Taxkmm
obpa3oM, 1esblii TpeyroabHuk OAB mycToil, 1 HEKOTOPBIM IEeJOYNCTeHHBIM ad-
GUHHBIM TPeoOpa3oBaHNeM TEPEBOAUTCS B CTAHIAPTHBIN e IMHUIHBII TPEYTOIbHIK.
[Tpu srom ABC'D nepexoaut B napaJuiesorpamm ¢ seprmunaamu (1,0), (0,1), (—1,0)
u (0,—1).

3. Ocrasbabie ciaydan. [Iycrs mapamrenorpamv ABCD comep:kut Gomee 0J1-
HO¥ 1eJI0i TOYKH, OTJIMYHON OT BepIIuH napaJsuiesorpamma. Toraa cpean 3Tux To-
YeK CyIIeCTBYeT HEeKOTOpas Touka (), OTIHIHASA OT IepecedeHns Juaronaeil mapadJ-
nenorpamma. Ob6o3naunm depe3 O’ 1enyio TOUKY mapasaeJorpaMMa, IeHTPAJIbHO-

CUMMETPpUYIHYIO TOYKE O OTHOCHTEJBHO TOYKH nepeceveHud ,ZLI/IaFOH&JIeﬁ ImapaJijie-
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norpamma. Bes nmorepu obmmocTn nomaraem, 9to orpe3ok OO’ He J1e:KUT Ha AMATO-
naan AC (B nporusrOM ciaydae OO’ He jexut va aquaronann BD). CiemxoBarenbHo,
AOCO' (mu6o AO'CO) stBsieTcst MEIbIM TaPALIETOTPAMMOM, COJEPIKAIIUMCS B UC-
xomHOM. Pacemorpum sToT mapasnesorpamMv. KommdecTBo ero meabx TO9eK, OTInY-
HBIX OT BEPINUH, MeHbIle, deM y napasutenorpamva ABC D, kak MUHUMYM Ha JIBe.
[TockoIbKY MCXOMHBII MAaPA/IIEIOTPAMM COAEPIKa/T JTUITh KOHETHOE TUCJIO TETBIX TO-
YeK, UTEePAIMOHHO MPUMEHssI OMUCAHHOE B 3TOM IMYHKTE MOCTPOEHUE, MPUXOIUM K
OJTHOMY W3 TIapaJiieJiorpaMMOB TTyHKTOB 1. minm 2.

CrietoBaTeIbHO, JIFO00# BBIMYKJIBI MHOTOYTOJBHUK C 9eTHIPHMSI IEJIBIMA Bep-
IITTHAMHE COJIEPZKUT B cebe TMapasieorpaMM € MEeJbIMIA BEPITHHAMH, MEJI0UYNCTeHHO-
acdGUHHO IKBUBATEHTHBII TapaJLIEIOTPAMMY, OMMUCAHHOMY B (hOPMYJIUPOBKE YTBEP-

JKJeHUs. Y TBEPIKIeHNe J0Ka3aHO. U

7.2 Cuaydaii mycToii OTMEYEeHHON MUPAMUIIBI C TYCTHIM ITapaJi-

JieJijorpaMMOM B OCHOBAaHUUN.

Ymeeporcdenue 7.2. Ilycmo 6 ochosanuu 4esoli ommeuerHot nupamudo, AEHCUM
nycmoti (yeawvid) napasnenoepamm. Ecau ommeuennas nupamuda nycmad, mo ona

00HOIMANCHAA.

oxaszameavcmeo. JlokaxkeM yTBep:KIAeHHe OT HpoTuBHOro. IlycTh mama mycras
ormeuennast nupamuga A’ABCD ¢ Bepmmnoit A’ m mycThiM mapasiiesiorpaMmMoM
ABCD B ocHoBanwuu. [Ipeamoso:kum, 9TO IMEJOUYUCAEHHOE PACCTOSTHHE OT TOY-
ku A" g0 mnockoctm ABCD pasuo r > 1. JlocTpouM OTMEYEHHYIO ITHPAMUILY
no mapamtenerunena P(AA'BC). PaccMOTpUM COOTBETCTBYIONIYIO TEIOUNCTCHHO-
JMCTAHIMOHHYTO CHCTEMY KoopauHaT (OyaeM 0603HaYaTh KOOPANHATHI TOUYEK B ITOI
cucreme uepes (x,y, z)). Ilo yreepxkaenuio 5.5 koopauuars Touek A, B u C' pas-
Hbl cooTBercTBerHO (1,0,0), (0,7,0) u (0,0, 7). HamoMHauM, 94TO KOOPIUHATHI Y3JI0B
CTapoit PemETKN IMEeJbIX TOYeK B HOBOI cHCTeMe KOOPAWHAT IlejIble.

Haiigém ysen pemérkn mapaJuienenunesa Ha paccrosann 1 ot miaockocrn ABC,

TO ecThb y3es pemérku ¢ koopaunatamu (1,y,2), tae 0 < y < r, 0 < z < r. C oxnoii
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CTOPOHBI, MBI 3HAEM, YTO OH HE MPUHALICKHUT oTMedennoi mupavuge A’ABCD, a,
crenoBaresbHo, Yy + 1 > r wan 2z + 1 > r. C apyroit ¢cTopoHbI, MO CJIeACTBAIO 5.8 Ha
JIBYMEPHBIX IPAHSIX Tapasie/enunena HeT MeTbIX TOYeK, OTTHIHBIX OT BEPIINH, Mo-
ckonbKy mapasenenunes P(AA' BC) uaranyr Ha mycroii rerpasap AA'BC. Takum
00pa30oM, KooOpAWHATH § ¥ 2 He paBHbl r. ClegoBaTeIbHO, Y3JI0B PENIETKH TapaJ-
Jejlenunesia, Jexamux wa paccrosgaun 1 or miockocru ABC, we cymecrByer. Mbr

NPUIILTA K MPOTUBOPEYHIO ¢ IEMMOI 5.6. YTBepKIeHHe TOKa3aHO. 0

7.3 Cuydaiil BIIOJIHE IIYCTOI OTMEYEHHOM MUPaMuIbl C IeJIBIM
mapaJujieJjorpaMMOM B OCHOBAHUM C €MHCTBEHHOM 11€JI0

TOYKOUN BHYTPU.

Jemma 7.3. Pacemompum yeayro ommevenniyro nupamudy ¢ eepuunoti 6 mouke O u
napasnrenozpammom ABC D 6 ocrnosanuu. Iycmov yerovucrennoidi apdurrvid mun
ocnosanus ABCD cosnadaem ¢ yesouucieHHvM aPOUHHBLM MUNOM NAPAALEAO-

epamma ¢ sepwunamy (1,0), (0,1), (=1,0) u (0, —1) (em. puc. 5). Ecau ommeven-

Puc. 5: Yerbipéxyronpuuk ¢ sepumunamu (1,0), (0,1), (—1,0) u (0, —1).

Haa nupamuda O ABC D eénoane nycmas u MHO209MAACHAA, O OHA 08YTIMAHCHAA.
Apdunnoiti yerouwucrennvii mun maxot ommeuennoti nupamuds, 00H03HAMHO ONpPe-
deasemes u coenadaem ¢ aB@UHHOLM ULAOUUCAEHHBM MUNOM OMMEYeHHOT nupa-

mudv, ¢ sepwunot 6 (0,0,0) u ocnosanuem (2,—1,0), (2,-2,1), (2,—1,2), (2,0,1).

Zoxazameavcmeo. Tlpeanonoxxum, ato adDUHHBI 1EI0UNCTEHHBII THIT OCHOBAHMS
ABC' D Bnosnze mycroii r-3tazkHoii ormedenHoii nmupavuast OABCD (r > 2) coBna-
JaeT ¢ MeaounciaeHHbM adGUHHBIM THIIOM HapasuienrorpamMa ¢ Beprmnaamu (1,0),

(0,1), (=1,0) u (0,—1).
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[Tocrponm mapasutesnenunes, P(AOBC) w paccMOTPHM COOTBETCTBYIOIIYIO 11e-
JIOUNCJIEHHO-UCTAHIIMOHHYIO CHCTeMy KoopamHatr (OyaeM 0603HAaYaTh KOOPIAHHATHI
TOYeK B 9TOii cucreme uepes (x,y, z)). I1o yTBepxK aeHuio 5.5 KoOOpauHATH ToUeK O,
B, C u D pasusl coorserctsenno (r,0,0), (0,2r,0), (0,0,2r) u (0,2r,2r).

Paccmorpum mapasutesiorpamMm B nepecedennn mapasutesenunegsa P(AOBC) ¢
miockocThio © = 1. Haiigém Bce y3/aml pemérkn, pacrioJoKeHHble B 3TOM MapaJ-
nemorpamme. 110 yTBep:KIeHMIO 5.5 B IMapasuIeIorpaMMe HepecedeHns TaKIX y3JI0B
POBHO ABa. OHI/IHIeM BC€ BO3MOZKHBIE BapUaHTHI PaCIIOJOXKEHUA 3TUX y3JI0B Ha Ia-
pastesorpammve nepecedenusi napasuienenunena P(AOBC) ¢ miockoctbio © = 1.
Bo-mepBuIX, y3/710B peméTKN HeT Ha mepecedeHnn oTMedeHHOil mupamunasl AOBC D
C TIOCKOCTHIO & = 1, TO ecTh B 3AaMKHYTOM TapaJsuiesorpaMMe ¢ Bepimaamu (1,0, 0),
(1,0,2r —2), (1,2r —2,2r —2) u (1,2r — 2,0). Bo-BTOpHIX, y3/JI0B PEIETKH HET B Ta-
paJsuIeIorpaMmax, Moy IeHHBIX U3 JAHHOTO TPH MOMOIIM NaPaJLIeJbHBIX TTEPEHOCOB
ua BekTOpbl A(0, 27, 0) + 11(0, 7, 7), tae A u u — neasie unciaa. Ha pucynke 6 u3obpa-
JKEHO HECKOJIBKO TapajLIeIorpaMMOoB, B 00 MHEHUNA KOTOPHIX HET y3JI0B PENIETKY.
DTH mapasIeIorPaMMbl 3aKPAIIEHBI CEPHIM IIBETOM.

TakuM 06pa30M, Y37Ibl PEIIETKH IapaslIeJorpaMMa B IEepeceueHnn IapaLiee-
nunena P(AOBC) ¢ WI0CKOCTbI0 & = 1 MOIYT pACHOIAraThCsl TOJIBKO B METBIX TOU-
KaX, MOJYYEHHBIX M3 IEJIbIX TOYEK (OTKprTOFO) mapaJijaejorpaMmMa C BEPITUHAMHA
K(1,r—2,2r —2), L(1,r,2r —2), M(1,r,2r) u N(1,r — 2,2r) npu noMoIuu cuM-
METPHH OTHOCHTEILHO ILTOCKOCTH Y = Z W HAPAJUICILHBIX IMEePEHOCOB Ha BEKTOPLI
A0,2r,0) + (0,7, 7), Tae A m 1 — uesble unciaa. BHYTpE 3TOT0 mapasuiesorpaMma
BCETO OJIHA TOYKa ¢ HeJabiMu Koopanaatamu (1,7 — 1,2r — 1), em. puc 6.

[TpeanoaoKnM, 3Ta TOUKA, ABISETCA Y3I0M PeIIeTKH. T0UKa, CAMMETPUIHAS BbI-
OpaHHOIl OTHOCHTEIBLHO ILTOCKOCTH Y = 2, TAKZKe FABIAeTCS Y37I0M PENISTKH, MO-
CKOJIBKY B TEPECeYeHUN MJIOCKOCTH L = 1 W OTKPBITOrO MapaJlIesenuresa, J0JK-
HO HaXOJWThCSI POBHO JBA y3J1a PENiéTKH (JIPYIUX HEMOKPHITHIX METbIX TOYEK Ma-
paJLIesorpaMMa B epecedeHnn, KpoMe JBYX PACCMOTPEHHBIX, He cymiecTByer). To-
raa Touka (2,2r — 2,4r — 2) smasiercst y3iaom pemérku. CregoBaTebHO, TOYKA

(2,2r—2,2r—2) aBsiercst y3J0M DeréTKH, a, CaeJ0BaTeabHo, i To9YKa (2,7 —2, 7 —2)
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Puc. 6: Tlepeceuenne napasnenenunena P(AOBC) ¢ miockocrbio x = 1.

TaKzKe SBJIsIeTcs y3joM permérku. OIHAKO, Takas TOYKA MPH 7' > 3 BXOJHUT B 3a-
MKHYTBII MapaJjjieiorpaMM, TOJYYeHHBI IIPU NepecedyeHn Hallleil OTMe4YeHHO! u-
paMUJIbl TIOCKOCTBIO & = 2 (BEepIIUHBI ITOrO MapasiiesorpamMMa Takosbl: (2,0, 0),
(1,0,2r—4), (1,2r—4,2r—4) u (1,2r—4,0)). CrexoBaresibHo, mpu r > 3 OTMEYEHHOI
MUPAMU/JIBI, YAOBIETBOPSIONIEH YCJIOBHUSIM JIEMMBI, HE CYIIIECTBYET.

Pacemorpum ciayuait r = 2. Hensie roukn A, B, C' u (1,1, 3) 0JHO3HAYHO 3a1210T
HEJOYUCTeHHY 0 peméTKy. Cae1oBaTebHo, BCe OTMEIeHHBIC THPAME/ILL, VIOBICTBO-
PSIIOIIINE YCIOBUSAM JIEMMBbI, UMEIOT eJI0YNCAeHHbIH aDUHHBIT THTT OTMEYeHHO TTH-
pamubt ¢ Bepiuuoii B (0, 0, 0) u ocuoBanuem (2, —1,0), (2,—2,1), (2,-1,2), (2,0,1)
B CTAPBIX KOOPJIMHATAX.

Takum o6pa3oM, Bce yTBEPIKICHUS JIEMMbI JIOKA3AHbI. O

7.4 O6mmmii caydvaii.

Pazbepém ternepn obIumii cayvail megbX OTMEUEHHBIX THPAMUI C BBITYKJIBIMH MHO-
rOyTOJTGHAKAMH B OCHOBAHUHU, KOTOPBIE HE COAEPZKAT IEJTBIX TOYEK, OTIUUHBIX OT

BEPIITNHDBI OTMedeHHOI nupaMumyabl U IEeJIbIX TOYEK OCHOBaHUI.

Jemma 7.4. Paccmompum uesyro MHO20IMAHCHYIO OMMEYEHHYIO nupamudy ¢ eep-
wuroti 8 mouxe O u ¢ 8uNYKALM MHO20Yy20AbHUKOM M 6 ocnosanuu. Ecau ama om-

MEYEHHAA nupa.muﬁa 6noAre nycmas, mo ora 06yx3ma9fcnaﬂ, a 8 €€ 0CHOBAHUU Ne-
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HCUM. UEMBPETY20ALHUK YLAOMUCAEHHO-APPHUHHO IKEUSANCHMMHDLT YEMBIPETY2000-
nuky ¢ eepwunamu (b,0), (0,1), (—a,0) u (0,—1), 2de b > a > 1 (na pucynxe 7

usobpasicén caywat a = 2, b = 3). Heaouucaennodi addurnvd mun ommeuennod

Puc. 7: Hernipéxyronbuuk ¢ sepmuaamu (b, 0), (0,1), (—a,0) u (0,—1), tae b > a >
1.

nupamudv, M onpedeasemea 00nosnauno u cosnadaem ¢ apHuUHHBLM UEAOUUCAEH-
noum munom omameuennot nupamudv, My y (2de V' > o' > 1) mozda u moavko

moeda, xo2da o' = a u b =b.

Joxazamesvemeso. 1o ycioBHIO 1Ee/IOUUCTIEHHOE PACCTOSIHUE OT JIBYMEPHOI TMJIOCKO-
cti MHOTOyTONIbHUKA M 10 Bepmmabl O He MerbIne AByX. CegoBaTeabHo, M0 YTBEP-
KJIeHnio 7.1 MHOTOYTOMBHUK M comepKuT TGO MycToi TeIblil mapasae orpaMM,
JI0O eIl MapaJsiesIorpaMM ¢ eJIMHCTBEHHON 1Ee/I0i TOUKO# BHYTPHU, OTJIUYHON OT
BepmuH. [To yTBep:KjaeHuio 7.2 ciaydail mycToro napaJsuie/iorpamMa UCKII09aeTCs .
Paccmorpum cnydait mapasiesrorpamMmma P ¢ 1e1oit TOYKoit BHYTpH.

Breném ma miockoctu ocHoBanusg M cucteMy KOODAWHAT, B KOTOPOW BEPITHHDI
mapasiesorpamMma P mveror koopanaarer (1,0), (0,1), (—1,0) n (0, —1). Bamerm,
9TO B TAKOW CHCTEME KOOpAWHAT TOYKa IJIOCKOCTH ABJIACTCHA HeJIOfI TOTJa WU TOJIb-
KO TOrJa, KOIIa 3Ta TOYKA ABISETCS IEeJ0il TOUYKO# ITOCKoCcTH rpaHu F' B cTapoit
cucCTeMe KOODJAWHAT.

[Tpeamonoxkum, 9TO Iejasg TOYKA C KOOPAMHATAMU (a:,y) BXO/IAT B OCHOBAaHUE
M mpm mekoTopwuIX neasix z,y > 0. [lockoabKy MHOTOYTOMBHUK M — BBIMYKJIBI,
touka (1,1) rakxke BxoguT B M. Takum 06pa3oMm, ycToii Meablii mapasIeorpaMm
¢ sepmmuamvu (0,0), (1,0), (1,1) u (0,1) Bxoxnr B MuOroyroasuuk M. Crenosa-
TeJTbHO, M0 YTBEPXKIAEHUIO 7.2 PACCTOSTHWE JI0 ABYMEPHO TJIOCKOCTH, COJleprKarieit

MHOTOYTONBHUK M, paBHO eTUHHUTIE.
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Anamornano, paccmarpuBarores caydan x> 0, y < 0; 2 <0,y > 0w z,y < 0.
Bwmecro 3anpeniénnoit Toukn (1,1) B MHOTOYTrOJIbHUKE COIEPIKATCS 3alpPEeIIéHHbIe
rouknu (1,—1), (—=1,1) u (=1, —1) cooTBeTCTBEHHO.

[Ipeanonozxkum, 9o B MHOroyronbeuk M Bxomar touku (z,0) u (0,y), e |z| > 1
u |y| > 1. Torna B MuOrOyTrOTBHUKE M (MOCKOMBKY M — BBIMYKJIbBIH) COMEPKUTCS
OJlHA M3 3amperénHpx derhipéx tovek: (1,1), (1,—1), (=1,1) u (=1, —1).

Be3 orpannvennst oOIHOCTH MOIATAEM, ITO B MHOTOYTOJbHUK M He BXOJAT TOU-
kn ¢ koopauuatamu (0,y), rae |y| > 1. Torga muOrOyrombHuk M meg09uCIeHHO-
adduHHO SKBUBaNEHTeH YeThIpéxyronbauKy ¢ Beprmmaamu (b,0), (0,1), (—a,0) u
(0,-1), tme b >a > 1.

[TockoMbKY MHOTOYTOMBHUK M COMEpKHAT mapaJiaesorpamMMm P, mo qremme 7.3 1ie-
JIOUMCJIEHHOE PACCTOSIHUE OT BEPIINHBI OTMeYeHHOW nupamuabl () 10 JABYMepHOI
miockoctn eé ocHoBanmst M papuo asywm. [lapastenorpamm P oJHO3HAYHO OTpe-
JesieTcst o MHOroyronbuuky ¢ Bepmmaamu (b,0), (0,1), (—a,0) u (0,—1), rme
b>a>1 (TaKoﬁ MHOTOYTOJIbHUK CONEPZKAT €AWHCTBEHHBIN LEJIbIA MmapaJsiienao-
rpamMM € eJMHCTBEHHOI 1eJ10if To9YKOii, oTinaHoil or ero Bepimn). CiegoBaTebHO,
o JieMMe 7.3 Hallla OTMEeYeHHON MupaMuIa MeJoIncIeHHo adGuHHO-9KBIBATEHTHA
oTMedeHHO# nupamue ¢ Bepuunoii B (0,0, 0) u ocuoBanuem (2, —1,0), (2, —a—1, 1),
(2,-1,2), (2,0 —1,1).

Ocraérest TOIBKO OTMETHTH, YTO TOYKA, TIEPECEUEHUsT JUATOHAJIENH TTOCTPOEHHOTO
YeTBIPEXYTOTHHUKA JETUT STU JUATOHATN HA OTPE3KU C MEeJTOUUCTeHHBIME TTHHAMA
1, 1, a u b. CiieioBaresibHO, HEYNOPsIIOYeHHBIH HAGOD [a, b] SABISETCS NEJ0UHCIeHHO-
adHUHHBIM THBAPUAHTOM OTMEYEHHBIX MMHPAMHI/L.

Takum oOpa3oM, Bce YTBEPXKIACHUS JTEMMbI TOKA3AHBI. [

Tem cambiM KJI&CCI/I(I)I/IK&HI/IH MHOT'OYT'OJIbHBIX MHOT'O9TAaKHBIX BIIOJTHE ITYCTBIX

BBIITYKJIBIX OTMEYEHHBLIX IMHPpaMU[ 3aBEpIIeHa.
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8 Cuayduait TpeyroJabHbIX OTMEYeHHBIX MMUPaMI/I, 3a-
BepIIleHne J0Ka3aTeJbCTBA Teopembl 4.1.

B xome mokasarenbcTBa mepebHpaeTcs HECKOILKO CIydaeB. Ha MpOTSIKeHHH 3TOro
pazzena depes OABC Oymem 0003HAYaTh paCCMATPUBAEMYIO TPEYTOJTBHYIO OTMe-

YEeHHYIO0 MHpaMUILy ¢ OCHOBaHWeM B Tpeyroiabanke ABC.

8.1 Cuayuait 1: TpeyrojbHOe OCHOBAHHE COJIEPXKHUT IIEJIbIi

MHOI'OYTroOJIbHHUK.

[Tpenmonoxxum, aro Ha ocHoBanun ABC' cymecTByoT Takue IBe Iejbie ToO9ku [ u
E, aro npamas DFE mepecekaer cTopoHsl Tpeyronbunka ABC He B Bepmunax. bes
noTepu ODIIHOCTHU MPE/ITOIATaeM, ITO OTKPBITHIN Jaya D F nepecekaer cropony AB,
a oTkpbIThIil Jiya F D nepecekaer cropony BC'. Crenosarensuo, Tpeyroibauk ABC
COIEPKUT BBIMYKIBIA meblit uersipéxyronbauk AEDC. 1o yrBepx)aennio 7.1 Tpe-
yronbauk ABC' cofepKuT aub0 Meblii mycToil mapaJiiesorpaMmM, Jub0 mesblii my-
CTOIi MapasIJIeJIOrPamMM HeJT0InCIeHHO-a(hOUHHO SKBUBAJIEHTHBIN TaPaJIIeIOTPAMMY
¢ Bepmmuamu (1,0), (0,1), (—1,0) n (0,—1).

Ecmu tpeyronbuuk ABC' cOAep:KuUT MyCTON Medblil mapaJiieorpaMM, TO M0
yTBepKaeHnio 7.2 ormedenHas nupavmuga OABC — ogHodTaxKHasl.

[Tpeanonoxxum, aro TpeyrosbHoe ocHoBanne ABC comep:KuT mesblit mapaJiie-
JIOTpaMM TieTouncIeHHo-abMOUHHO SKBUBAJTEHTHBIN MapajieorpaMMy ¢ BeplinHa-
vu (1,0), (0,1), (=1,0) u (0, —1) u He COAEPIKUT MYCTOTO TEJIOTO MAPAJLIETOTPAM-
Ma. BBeaém Ha MJIOCKOCTH OCHOBAHUSI CUCTEMY KOOPJWHAT, B KOTOPOH BEPITHHBI
paccMaTprBaeMoro mapaJsuiesorpamMma umeror koopauuathl (1,0), (0,1), (—1,0) u
(0, —1). Torma roukwu (1, 1), (1, —1), (—1,1) u (=1, —1) He TpUHATEKAT OCHOBAHHIO
ABC. CregoBarennbHO, OTMeYEHHAS] THPAME/IA MHOTOYTOJIbHAsI (He TPeyroIbHasT).

Takum obpa3oM, Bce OTMEUEHHBIE TUPAMUJIBI CIydast 1 cojep:Kar B cebe mycToii

InapaJjjaejJorpaMM U II0 YTBEP2KICHUIO 7.2 ABIAIOTCA OJHO9TAaKHBIMH.
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8.2 Cayduait 2: 1ejble TOYKN OCHOBAHWA, OTJIUMIHBIE OT €rO0

BEPIIINH, He JiexKaT Ha OJHOU MPAMOIA.

[TpeamonoxuM Tenepb, 9To B Tpeyronbanke A BC He CyIecTByeT IBYX METbIX TOUeK
D u E, uro npamas DFE mepecekaer cTOpoHbI Tpeyroabunka ABC He B BepIIMHAX.
Paccvorpum cirywait, korma Bce mesbsie Toukn Tpeyroiabanka ABC, oTandHbIe OT
ero BEepIINUH, He JieyKaT Ha OJHOl npsiMoit. Bodmozken poBHO ojuH Takoii adduHHBIIT

THII, OH N300pakeéH Ha PUCYHKe 8:

Puc. 8: AddunnbIil THI TpeyroabHUKa CIydast 2.

Haitném Bce BO3MOXKHBIE addUHHBIE [MEJTOYUCTEHHBIE TUIBI TAKOTO TPEYTOJIb-
uHuka. [Tockombky Tpeyronbuuk F'ED — mycToii, HEKOTOPBIM IEJTOUYHCTEHHBIM ad-
dpuHHBIM Tpeodpa30BaHUeM OH TEPEBOJUTCS B JII000 JIPYTroii MycToil TPeyroabHUK.
[Tepeseném F'ED B tpeyronbauk ¢ Bepmmuamu (1,0), (0,0) u (0, 1) coorBercTBeHHO.
Torga Touku A, B u C uepeiigyt B Touku (—1,0), (2,1) u (0, —2) coorBercTBeH-
Ho. Takum obpazom, menounciaeHublit adpUHHBIN TUTT TPEYTOTBHUKA ONPEIeTIeTCs

eJIMHCTBEHHBIM 00Pa30M.

Jemma 8.1. Paccmompum MHOZOSMAHCHYIO BNOAHE NYCTYIO OMMEUEHHYIO NUPAMU-
dy ¢ sepwuroti 6 mouke O u ¢ mpeyeosvhurom ABC 6 ocnosanuu. Iyems yerouwuc-
aennoitl apdurnoitd mun ocnosanus ABC cosnadaem ¢ uesouucientolm aPhurrom
munom mpeyzoavhuka ¢ eepuunamu (—2,1), (=1, —1) u (1,2), usobpasicénnozo an
pucyuxe 9. Toeda ommeuennas nupamuda OABC — deyxomasichan u apdunmo-

UEAOYUCAEHHO IKBUBANEHMHA omMmenennol nupamude V us cnucka "M-W”.

Joxazamenvcmeso. Ilycrs ocnoBamme r-3TazHoi (1 > 2) BHOJIHE IyCTOH OTMEYCHHOI

nupamuasl O ABC uMeeT 3aJaHHBIA B YCIOBUHU JIEMMBI IIeTOYNCTEHHBIA addOUHHBII
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Puc. 9: Tpeyroapuuk ¢ seprmmunamvu (—2,1), (=1, —1) u (1, 2).

THUI.

[Tocrpoum mapastenenunes, P(AOBC) u paccMOTPUM COOTBETCTBYIOINIYIO TIe-
JIOUUCIEHHO-TUCTAHIIMOHHYO CUCTeMY KOOpauHAT (6yaeM 0603HAYATH KOOPIHHATHI
TOYeK B 9TOii cucreme uepes (x,y, z)). [lo yreepxaenuto 5.5 koopauHathl Touek O,
B u C pasubl coorBerctBenno (r,0,0), (0,7r,0) u (0,0, 7r).

PaccMoTpuM mapaJsiieniorpaMm B mepecedenun mnapasiesrenunesa P(AOBC) ¢
mrockocthio ¢ = 1. Haiiném Bce y3/ml PeméTKn, pachnoJosKeHHbIe B 3TOM Hapal-
neqorpamMe. [To yTeepKaennio 5.5 B mapaJuieorpaMMe Mepeceuennst TaKHX y3-
JIOB POBHO ceMb. OmuireM BCe BO3MOMKHBIC BAPHAHTHI PACIIONOKEHUS TUX y3JI0B
Ha mapaJjuiesorpamme nepecevenus mapasutenenunena P(AOBC) ¢ MIOCKOCTHIO
x = 1. Bo-TlepBBIX, Y3/I0B PEIIETKH HeT Ha TepecedeHrr OTMEYeHHOH MUpaMUIbI
OABC' ¢ miockocTeio = 1, TO ecTb B 3aMKHYTOM TPEYTOJIbHHUKE C BEPIIMHAMHE
(1,0,0), (1,0,7r —=7) u (1, 7r — 7,0). Bo-BTOpBIX, y3/I0B PEIIETKA HET B TPEYTOJbHE-
Kax, MOJIYYeHHBIX M3 JAHHBIX MPH MOMOIIN MAaPa/IeJbHBIX MEPEeHOCOB HA BEKTOPHI
A0, 7,2r) + wu(0,4r,7), tme A u p — neasie uncaa. Ha pucynkax 10 (r > 4) n 11
(r = 2,3) u306paxkeHo HECKOTBKO TPEYrONbHUKOB, B O0HEJUHEHUH KOTODPBIX HET
Y3JI0B PEHIETKA. DT TPEyTOJLHUKH 3aKPAIICHBI CEPBIM I[BETOM.

Takum 06pa30M, Y376l PEIETKYE MapasIeorpaMMa B MepeceueHnn mapaJiiese-
nmunega P(AOBC) ¢ mIockocTbio 2 = 1 MOTYT pPacloiaraThCs TOTBKO B IETHIX
TOYKAX, MOJYUEHHBIX U3 MEJbIX TOYEK JABYX (OTKPBITHIX) TPEYTOJHHUKOB TIPH TTOMO-
M MApaJIeJbHBIX TTepeHocoB Ha BeKTOpBI A(0, 7, 2r) + (0, 4r, ), nae A u p — nesbie
ancia. [lepBbrii TpeyroabHUK nuMeeT BepinuHbl B Toukax K (1,3r,4r —7), L(1, 3r, 2r)

u M(1,5r—7,2r), npuuém Touku (1,0,0) u L T0JKHBI OBITH PACTIOIOKEHBI B PA3HBIX
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MOJTYTIJIOCKOCTSIX OTHOCUTEIHHO TIpsiMoit LM . 9T0 BO3MOXKHO TOIBKO nipu 21 > 4r—7,
TO ecTh 7 < 7/2. Bropoii TpeyroapbHuK umeer BepiuHbl B Toukax P(1,4r — 7,3r),
Q(1,r,3r)u R(1,r,6r—7), npuuém touku (1,0,0) u () JOMKHBI GBITH PACTONOKEHBI
B Pa3HBIX MOJYILIOCKOCTAX OTHOCATENBLHO IpAMON PR. 9TO BO3ZMOKHO TOJIBKO IIPU
(4r =7 <r), To ectb 1 < 7/3.

Nrak, npu 7 > 3 HOKPHITH BCE TOYKHU MapasuleorpaMMa B ePeceueHny mapaJ-

nenermunena P(AOBC) ¢ mwiockoctbio @ = 1, em. puc. 10. B caygae r = 2 B Tpe-

Puc. 10: Tlepeceuenne napamienenunena P(AOBC) ¢ niockocrbio x = 1 (cay4aii

r > 3).

yronbuuke K LM comepKuTcst BCEro oJHa renas Touka ¢ koopauuatamu (1,5, 3), cm.
puc. 11a). B caywae r = 3 B rpeyroipanke K LM Her meabix Tovek, cM. puc. 11b).

[TockoabKy B mepecedeHnN TJIOCKOCTH T = 1 W OTKPBHITOrO mHapaJijie/Ienure/ia
JIOTZKHO HAXOIUTHCS CeMb Y3/I0B PElIéTKH, BO3MOXKEH JIUIb caydait r = 2. Bee cempb
[EeJBIX TOYEeK ITOTO MapasiieorpaMMa, PacloJOKeHHbIe B JTOTOJTHEHUN K OMUCAH-
HBIM BBITIIE TPEYTOIBHUKAM, SBISIOTCS y3gamn pemérku. Cre10BaTeIbHO, TMeJT0Inc-
JIeHHBIN ahOUHHBINE THIT OTMEYEeHHON THPAMUIBI, YI0OBIETBOPSIIONINI YCIOBUIM JTEM-
MBI, OIPEIEISIeTCS OJHO3HATHO M COBIAIAET C IEeJTOUYUCTeHHBIM aGUHHBIM THIOM
oTMedeHHON mupamuasl ¢ Bepruaoit B (0,0, 0) n ocroBanuem (2, —2, 1), (2, —1, —1),

(2,1,2). Bee yrBepKIeHUs JTeMMBI JOKA3aHbI. O

Ocraérest pa3odbparh Caydan TPEYTOJbHUKOB, ¥ KOTOPHIX BCE IIeJIbie TOYKHU, OT-
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o A,

Puc. 11: Ilepeceuenne napasnenenunesa P(AOBC) ¢ miockocrbio x = 1: a) r = 2;

b) r = 3.

JIMIHBIE OT BEPINH, JeXKaT Ha OTHON TMpAMOil, TPOXOIAIIeil depe3 O/IHy U3 BEePINH.

8.3 Cayuait 3: 1ejble TOYKN OCHOBAHWUA, OTJIUIHBIE OT €rO0
BEPIINH, JIE2KAT HA OJHOU NPAMOIi, TEPBbIil BAPUAHT pac-

MOJIO2KEHUSA TTPAMOIA.

[TpeamonoxuM, ITO Bee Teble TOUKN Tpeyronbanka ABC mex)aT Ha Jyde, HCXOIs-
meM 3 A, komnaectBo Touek ¢ (¢ > 1), mpuuém Bce Toukn BHyTperHne. OG03HAUNM
BHyTpeHHme ToYku depe3 Dy, ..., D., HaunHas oT Oymkaiimeit Kk A mesoit Touku u
HyMepys 1o HampasiaeHnto o A. OkasbiBaercs, Jist KaXKJI0r0 ¢ CYIECTBYeT POBHO
OJIMH IEJIOYNCTCHHBIH adUHHBII THII.

[Tockonbky Tpeyronpauk BD.C' — mycroit, nemouncieHHbIM ahGUHHBIM TTPe-
oOpa3oBaHHeM OH MEPEBOIUTCS B JIOOOH JAPyTroit mycToit TpeyronbHuk. IlepeBeném
BD.C 8 tpeyromsank BD,C ¢ sepummramu (0,1), (0,0) u (1,0) cooTBeTcTBeHHO.
Onpegennum o6pa3 toukn A. TTockoabKy ToOYKa DC(O, 0) — BHYTpeHHsIST TOYKa Tpe-
YTOJIBHUKA, TOUKA A JeKUT B MONYIIOCKOCTX & < 0 11 i < 0, TO eCTh B OTKPHITOM
TperbeM opranTe. [TockoabKy Touka (—1,0) He BXOJAUT B HAII TPEYTOJbHUK, A e-
JKHT cTporo B mosymiaockoctn y < x + 1. [Tockonbky Touka (0, —1) He BXOANT B HaII

TPEYroabHuK, A JeKuT B moiymiaockoctu y > x — 1. Tak kak Touka A mesas, ona
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MMeeT KOOpAnHATH (—t, —t) JJIsT HEKOTOPOTO MOJIOKUTETBHOrO 1e10ro t. [Tockonbky
y tpeyroiabauka BD.C' pOBHO ¢ BHYTPEHHUX IEJIBIX TOYeK, moaydaem t = c. Caemo-
BaTe/bHO, TpeyronbHuK A BC nMmeer neouncieHabiit acOUHHBIN THIT TPeyTOTbHIKA

¢ Bepmmuamu (1,0), (0,1) u (—¢, —c) (na pucynke 12 m3o6pakén cayqaii ¢ = 4).

Puc. 12: Tpeyroapuuk ¢ sepmmaamu (1,0), (0,1) u (—c, —c).

Paccmorpum ciaydait caMoro mpocToro TpeyroabHUKa 3TOi cepuu.

Jemma 8.2. Paccmompum MHOZOSMAHCHYIO BNOAHE NYCTNYIO OMMEUEHHYIO NUPAMU-
dy ¢ sepwunoti 6 mouke O u ¢ mpeyzorvrurkom ABC 6 ocnosanuu. Ilycmo ocho-
sanue ABC ommeuennoti nupamudv, 4esonucieHio-ahP@unto sK6UBANEHMHO mpe-

yeoavnuky c sepwunamu (—1, —1), (0,1) u (1,0), cm. puc. 13. Toeda ommeuentan

Puc. 13: Tpeyroapuuk ¢ sepmunavu (—1,—1), (0,1) u (1,0).

nupamuda OABC — mpéramanchas u aBhurro-yesonuciento IK6USAAEHMHG O~

meuvernnoti nupamude W us cnucka "M-W?,

Jlokasameavcmeo. TlycTh OCHOBaHUE r-3TazKHOI (1 > 2) BIOJIHE TyCTO OTMeYeHHOM
nupamvuisl O ABC nuveer 3aJaHHBII B YCIOBUU JIEMMBI TIeJIOUUCTEHHBIH adOUHHBIT

THUII.
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[Tocrponm mapasutesnenunes, P(AOBC) w paccMOTPHM COOTBETCTBYIOIIYIO 11e-
JIOUMCJIEHHO-MCTAHIMOHHYO CuCTeMy KoopamHaT (OymeM 0603HAYATH KOODJAMHATHI
TOYeK B 9TOii cucreme uepes (x,y, z)). I1o yTBepxK aeHuio 5.5 KoOOpauHATH ToUeK O,
B u C pasubl coorBerctBenno (r,0,0), (0,3r,0) u (0,0, 3r).

Paccmorpum mapasuiesiorpamMm B nepecedennn mapastesenunesa P(AOBC) ¢
mrockocthio ¢ = 1. Haiiném Bce y3/ml PeméTkn, pacnoJoKeHHbIe B 3TOM Hapal-
nemorpamme. [1o yTBepKaenuio 5.5 B IapasuelorpaMMe IIepecedeHns TaKHX y3-
0B poBHO Tpu. OnumireM Bce BO3MOYKHBIC BAPHAHTHI PACIONOKEHHS STHX Y3JI0B
Ha mnapaJuiejgorpamme nepecevennst mapasutesnenunensa P(AOBC) ¢ mIocKocThio
z = 1. Bo-IepBLIX, Y3/10B PEemIETKH HEeT Ha MepPecedeHHH OTMEYeHHOH MUpPAME/ILL
AOBC' ¢ mnmockocTeio © = 1, TO ecTb B 3aMKHYTOM TPEYTOJIbHHUKE C BePIIMHAMHE
(1,0,0), (1,0,3r — 3) u (1,3r — 3,0). Bo-BTOpPBIX, y3JI0B PEIETKH HET B TPEYIOJIb-
HHUKaX, MOIYYeHHBIX U3 JAHHOTO TPU MOMOMIA MapPa/IeJbHBIX MePeHOCOB Ha, BEKTO-
pot A(0,3r,0) + (0,7, 7), tme A u p — nensie uncaa. Ha pucynke 14 u3obpazkeHo
HECKOJIBKO MapaJLIeIorPaMMOB, B 00beIMHCHIN KOTOPHIX HET Y3JI0B PEIéTKU. JTH
mapaJlIeJoOrPpaMMbl 3aKPAIeHbl CEPBIM IIBETOM.

TakuM 06pa30M, Y37Ibl PEIIETKH IapaslIeJorpaMMa B IepeceueHun IapaJliese-
nmunega P(AOBC) ¢ mIockocTbio 2 = 1 MOTYT pPacloiaraThbCs TOTBKO B IETHIX
TOYKAX, MOJYIEHHBIX U3 HEJIBIX TOYEK (OTKPHITOTO) TPEYTOJIbHUKA C BEPIIMHAME
K(1,3r,r—3), L(1,3r,7) w M(1,3r — 3,7) 0pu NOMOIIM CAMMETPUH OTHOCHTETHHO
IJIOCKOCTH § = 2 W MApa/UIeIbHBIX MepeHocoB Ha BeKTopbl A(0, 7, 2r) + u(0,4r,7),
rae A\ M 0 — HeJble 9ucaa. BHyTpH 5TOro TpeyroJbHUKA BCEro OJHA TOYKA ¢ IEIbIMU
koopauaartamu (1,3r — 1,7 — 1) em. puc 14.

Tpeyroab,HUKH OMUCAHHOTO CeMeCTBA HOKPBIBAIOT MIPAKTUIECKH BCE IEIbIe TOU-
KH [epecedenns IIOCKOCTH £ = 1 W OTKPBITOrO mapaJuierenunesa. HemokpoTeivm
OCTAIOTCS JIMIIB JiBe Tpoitku mesnbix Touek: (1,3r — 1,r — 1), (1,r — 1,2r — 1) u
(L,2r—=1,3r—1);u (1,r—1,3r—=1), (1,2r —1,r—1) u (1,3r — 1,2r — 1). Vanamu
PEIIETKU ABIIeTCd JIHO0 TOUKH IePBOil TPONKHU IEeJIbIX TOUYeK, JTHOO BTOPOIi.

[Tpeanonoxum, aro touka (1,3r — 1,7 — 1) saBasercs y3mnom pemérku. (Ecan

9Ta TOYKA HE SIBJISIETCS Y3JI0M DPEeNIETKH, TO y3e/l PelIeTKU — CUMMeTpUYHAas eit
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M\K

Puc. 14: Tlepeceuenne napasenenunega P(AOBC) ¢ niaockocrsio © = 1.

OTHOCHTEJIHHO TTocKocTH iy = 2z Touka (1,7 — 1,3r — 1). Tlockonbky cummveTpus,
NePeBOJIAIIAs TOUKY (X, Y, 2) B TOUKY (2, 2, y), SABIAETCH HEeT0UnCTeHHO-adDOUHHBIM
npeobpazoBaHueM, KoTopoe coxpausger napainenenunen P(AOBC) u orMedeHHY O
mupavugy O ABC, 5107 ciydail MOJHOCTBIO CBOAUTCS K paccmarpuBaemomy.) Torma
touka (r, (3r — 1)r, (r — 1)r) aBasercs y3aom pemérku. CrenoBarenbho, (3r —1)r —
(r — 1)r memurca wa TpH, Toraa u 2r’ geauTca Ha Tpu. TakuM 0Opa3oM, T IeTUTCS
Ha TpH.

Ecin r = 3, To Takas oTMeYeHHAas NMUPAMHIA CYIIECTBYET W IEI0YMCICHHO-
adduHHO SKBUBATIEHTHA OTMEYCHHON MUpaMue, IPUBEICHHON B TeMMe.

Pacemorpum cay4dait r = 3k, tae k > 2. PaceMOTpuM mapasiieiorpaMM B Iepece-
gqennn napasutenenunena P(AOBC) ¢ miockocrbio © = 3. Haiiném Bee y3ibl penrér-
KM, PACIIONOKEHHBIE B 9TOM TapaJuienorpamMmve. [1o yrBep:KaeHuio 5.5 B mapaJiieno-
rpaMMe MepeceveHns TaKuX Y3708 poBHO Tpu. ONHIIEM BCe BO3BMOMKHDLIE BAPHAHTHI
PACIIOIOKEHNST ITUX Y3JI0B Ha MapaJiieJorpaMMe TepecevdeHuns mapasuleaenunens
P(AOBC) ¢ minockoctbio = 1. Bo-1epBbIX, y3/I0B DeNIETKH HET Ha MepecedeHnn
ormeuennoit upamuabl AOBCD ¢ II0CKOCTBIO & = 3, TO €CTh B 3aMKHYTOM Tpe-
yronpuuke ¢ sepmuaamu (3,0,0), (3,3r — 9,0) u (3,3r — 9,0). Bo-Bropbix, y3/10B
PenméTkn HeT B TPEYroJIbHUKAX, MOAYYEHHBIX U3 JAHHOTO MPHU TTOMOIIN TapasLIeIh-
HBIX mepeHocoB Ha BeKTOpbl A(0,r,0) 4+ (0,7, 7), 1e A u p — uesbie yncia. B rom

quCIe U B Tpeyronbuuke ¢ Bepumuamu P(3,2r, 2r), Q(3,5r—9,2r) u R(3,2r,5r—9),
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em. puc. 15. Iockombky (1,3r — 1,7 — 1) — y3en pemérku, Touka (3,9r — 3, 3r — 3)

R

Puc. 15: Tlepeceuenne mapaerenunesa P(AOBC) ¢ niockocrbio z = 3.

— rakzke y3en pemérku. CraemoBareabHo, Touka (3, 3r — 3, 3r — 3) — y3eJ1 PemnérKu.
OnHako 5Ta TOYKA He MOYKET OBITh y3J0M PerméTku (mpu r > 3), MOCKOJIbKY OHa
BXOAUT B Tpeyroabuuk K LM (npwu r > 1). Mbl npuium K mpoOTHBOPEYHIO.

Takum oOpa3oM, Bce YTBEPXKIACHUS JTeMMbI TOKA3AHBI. ]

Jlemma 8.3. PaccmMompum MHOZOIMANCHYIO OMMEYEHHYIO NUPAMUIY € 6EPUUHOT 6
mouke O u ¢ mpeyzoavrurom ABC 6 ocnosanuu. ycmov ocnosarnue ABC omme-
ueHnot NUPaAMUL YeAOUUCAEHHO-APPUHHO IKEUBAAEHMHO MPEY2ONOHUKY C 6EPULL-
namu (—c, —c), (0,—1) u (=1,0), 2de ¢ > 2. Tozda nupamuda OABC' ne asasemca

8noate nycmod.

Jlokasameavcmeo. Jlokaxkem or mporusroro. [lycrh ocHoBanne r-sraxuoit (r > 2)
BITOJTHE TycTOi oTMedenHo# mupamuasl O ABC nmeer 3a1aHHBI B YCIOBUH JIEMMBI
nestounciaeHubit adduunabii Trn. [TocKONbKY TPeyroapbHUK ¢ BepimHaMu (—c¢, —c),
(1,0) u (0,1) conepxkur Tpeyroabuuk ¢ BepumHamu (—1,—1), (1,0) u (0, 1), To or-
medenHas nupamuia O ABC cofepKUT OTMEIeHHYIO MOAMUPAMULY, TeTOTHCIEHHO-
adHUHHO IKBUBAIEHTHYIO OJIHON U3 OTMeUYeHHBIX mupamuy jgemmvbl 8.2. (Tlox om-
MeueHHot nupamudoti HEKOTOPOil OTMeYeHHOH mupaMuabl P IIOHIMAeTcs 1eaas OT-
MeYeHHas MUPAMUA, BePIINHA KOTOPOil COBHAIAET ¢ BEPIIMHON mupamMuisl P, a
OCHOBaHUE COJMEPKUTCA B OCHOBaHWM mupamuasl P.) Takum o6paszom, mo jsemme 8.2

caeayer, 9To r = 3.
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[Tokazkem, 9TO HEJTOYNCTEHHOE PACCTOSTHUE T He MOYKET PaBHATHCs Tpém. Mrak,
nycte r = 3. [lockoabky ¢ > 2, ormedennass mupavuga OABC comepKut orme-
yennyio noanupavuny OA'BC, rue ocaoanne A'BC umeer menouncieHHbIR ad-
dbunublii Tun Tpeyroabuuka ¢ BepumHamu (—2, —2), (1,0) u (0, 1). TTokaxkem, uTo
OA'BC He siBjIsieTcst BIOJIHE MYCTOiA.

[Tocrponm napasuienenunes P(A'OBC) n paccMOTPHM COOTBETCTBYIOIIYIO T1e-
JIOUUCIEHHO-TUCTAHIIMOHHYIO CUCTeMY KOOpauHAT (OyaeM 00603HAYATH KOOPIHHATHI
TOYeK B 9TOii cucreme vepe3 (x,y,z)). [To yTBepxaeHno 5.5 KOOpAMHATH TOYEK
O, B u C pasubr coorBercrerno (3,0,0), (0,15,0) u (0,0, 15). Pacemorpum nepe-
ceuenne mapasnenenunena P(A'OBC) ¢ miockocrbio © = 1. V3/I0B pemeéTku Her
Ha mepecedennn ormedennoi mupamuasl OA'BC ¢ miaockocTbio & = 1, TO €CTh B
3aMKHYTOM TpeyroibHuke ¢ BeprumHamu (1,0,0), (1,0,12) u (1,12,0). Kpowme Toro,
Y3JIOB PENETKN HeT B TPEYrOJbLHUKAX, MOJIYYEHHBIX U3 JAHHOTO MPH TIOMOIIH TTapaJ-
JeTBHBIX TepeHocoB Ha BeKTopsl A(0,15,0) 4+ 1(0,3,3), rae A u g — mesbie ducia.
OTH TPEYyTrOJIBHUKH MOKPHIBAIOT BCE IE/Ible TOYKH TEePECedeHrs MIOCKOCTH £ = 1 u

napastesenunena P(A'OBC), cm. puc. 16.

Puc. 16: Iepeceuenne mapaerenunesa P(AOBC) ¢ niockocrpio z = 1.

Takum obpazom, ormeuennas nupamuga OA'BC He gaBisgeTcs BIOTHE MYCTOI.
Cnenosarennuo, ormedennas nupamuga O ABC we sBiasiercs BrosHe mycroii. Coy-
Jail MeJ0YNCIeHHOTO PACCTOSTHUST OT BEPITHHBI OTMEUEHHOW MUPAMUIL JI0 JTBYMEP-

HOU TLJIOCKOCTH OCHOBaHWS, PABHOTO TPEM, OTIA/IAET.
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CraemoBaTeIbHO, TP T > 2 OCHOBaHWE r'-3TayKHOIl BIOJIHE IYCTOH OTMeYEeHHOI
nupavuisl O ABC' He nmeer 3aaHHBII B YCIOBAN JIEMMBI TI€JIOYUCTIeHHBIH adduH-
HBII TUT. MBI TPUILIH K TTPOTUBOPEINIO.

YTBepKIeHNEe TOKA3AHO. O

8.4 Cay4aii 4: 1ejible TOYKN OCHOBAHUHA, OTJIUYHBIE OT €ro
BEPIIUH, JIeXKAT HA OJHOU MPAMOIi, BTOPOil BaApyUaHT pac-

MMOJIOYKEHUS TIPAMOIA.

[TpeamosoxkumM, 94TO BCe OTJMYHBIE OT BEPIIUH IleJible TOYKN TpeyroibHuka ABC
Jmexkar Ha jgyde, ucxomsmeMm n3 A. KommduecTBo Todyek pasuo b, roe b > 2, mpuuém
MOCTeIHAS TOUKA JeKuT Ha cropone BC'. Obo3naunM 3tu ToUkn depe3 Dy, ..., Dy,
Ha4YMHAS OT OsmKaiiieit Kk A 1mesnoit Toukn n Hymepys mo Hampasgennio ot A. Oka-
3BIBAETCH, JJIst KayKI0T0 b CyIIecTBYeT POBHO OJWH IIeJIOYNCIeHHbIH addUHHBI THII.

[TockonmbKy Tpeyronbuuk DyD,_ B — mycToil, TO HEKOTOPBIM IEJTOUYNCTeHHBIM
aGUHHBIM IPeoOpa30BaHueM OH MEPEBOIUTCI B 000 APYroil MycToil Tpeyroib-
uuk. [Tepeseném Dy Dy, 1B B Tpeyroabuuk ¢ seprmaavu (0,0), (1,0) u (0, —1) co-
orBerctBenno. Torma touka C' mepexomur B Touky (0,1), a Touka A — B (b,0).
CnenmoBarenbuo, TpeyronbHuk ABC mMeer menodncieHHbil adpGUHHBINA THII Tpe-
yronbauka ¢ Beprmaamu (0, —1), (b,0), (0,1) (Ha pucynke 17 w3o6paxén ciaydvaii

b=5).

Puc. 17: Tpeyroapuuk ¢ sepmmaamu (0, —1), (b,0), (0,1).

Paccmorpum, Kak ¥ B MPOIJIOM CIyYae, CAMbIil MPOCTOi TPpeyroJbHUK 3TOM ce-

pun.
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Jemma 8.4. Paccmompum MHO209MAHCHYIO BNOAHE NYCYIO OMMEUEHHYIO NUPALMU-
oy ¢ sepuwunoti 6 mouke O u ¢ mpeyzorvhurkom ABC' 6 ocrosanuu. ITyecms ocho-
sanue ABC ommeuennoti nupamuov, UesouucieHHo-aPPunto IK6USAAEHMHO Mmpe-

yeoavruky ¢ eepuunamu (2,0), (0,—1) u (0,1), em. puc. 18. Tozda ommeuenran

Puc. 18: Tpeyronbuuk ¢ sepmmmaamu (2,0), (0, —1) u (0, 1).

nupamuda OABC — dsyramasicnas u aPPurHo-yesouucieHHo IKEUBAAEHMHA OM -

meuennoti nupamude Uy uz cnucka "M-W?.

Joxazamenvcmeso. Ilycrs ocnoBamme r-3TazKHoi (1 > 2) BIHOJIHE IyCTOH OTMEYeHHOI
mupamuasl O ABC uMeeT 3aIaHHBII B YCJIOBUY JIEMMBI TeJIOUUCTIeHHbIH adOUHHBIHT
THII.

[Tocrpoum mapasenenunes, P(AOBC) u paccMOTPUM COOTBETCTBYIOIIYIO TIe-
JIOUNCJIEHHO-IUCTAHIIMOHHYO CHCTeMY KoopamHatr (OyaeM 0603HaYaTh KOOPIHHATHI
TOYeK B 9TOii cucreme uepes (x,y, z)). [lo yreepxaenuto 5.5 koopauHathl Touek O,
B u C pasubl coorBerctBento (r,0,0), (0,4r,0) u (0,0, 4r).

Paccmorpum mapaJsuiesorpamMm B nepecedennn mapasutesenunesa P(AOBC) ¢
miockocThio © = 1. Haiigém Bce y3/bl peniéTku, pacrnoaoyKeHHbIe B 3TOM TapaJ-
nmenorpamme. ITo yrBepxkaennto 5.5 B mapasiieorpaMme HepecedeHns TaKuX y37I0B
poBHO 4erbipe. OOUIIEM BCe BO3MOYKHBIE BAPHAHTHI PACIOIOKEHHS 3TUX Y3JI0B Ha
napaJsutesiorpaMme nepecedenns mapasutesenunena P(AOBC) ¢ miockoctbio x = 1.
V3J10B peméTkn HeT Ha nepecedeHnn ormedeHnoit mupamuabl O ABC' ¢ I0CKOCTHIO
x = 1, TO ecTb B 3aMKHYTOM Tpeyroabuuke ¢ Bepmmuamu (1,0,0), (1,0,4r — 4)
u (1,4r — 4,0), a Tak)Ke B TPEYrOJbHUKAX, MOJTYYEHHBIX W3 JAHHOTO MPU MOMOIIH
nmapasuleIbHBIX TepeHocoB Ha BeKTOpbl A(0,47,0) + (0,7, 7), rme A n u — uesbie
gncaa. Ha pucynke 19 n300pazKeHo HECKOIBLKO MapaJlIeIoTPaAaMMOB, B 00be INHEHIH

KOTOPBIX HET y3J0B PEIIETKH. DTH MapasLaeorpaMMbl 3aKPAIIeHbl CEPBIM ITBETOM.
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Taxum 00pa30M, y3/bl PEIETKN MapaJsuleorpaMMa B MepecedeHnd napaJiiese-
murena P(AOBC) ¢ maockocTbio © = 1 MOTYT PACIoOaraThCsi TOIBKO B HEJIBIX
TOYKAX, MOJYICHHBIX U3 METBIX TOYEK (OTKPBITOTO) TPEYTOTLHUKA C BEPIIHHAMHE
K(1,4r,2r—3), L(1,4r,2r) u M(1, 4r — 3, 2r) npu DOMOIIA CAMMETPHU OTHOCUTETh-
HO TJIOCKOCTH § = 2 W NMapaJlieJbHbIX meperocoB Ha BeKTopbl A(0, 47, 0) + p(0,r, 1),
rae A ¥ {0 — HeJble 9ucaa. BHYTpH 3TOro TpeyroabHHKa BCEro TPH TOYKHU C IEIBIMU

koopauuaramu (1,4r —2,2r —1), (1,4r —1,2r — 1) u (1,4r — 1,2r — 2), cMm. puc. 19.

Puc. 19: Tlepeceuenne napasnenenunesa P(AOBC) ¢ mnockocTtbio © = 1.

JlokazkeM OT TPOTHBHOTO, 9TO OJHA W3 THX TOYEK SIBJISCTCA Y3J0M PeléTKH.
[TycTh HE OJHA M3 TUX TOYCK HE SBJIAETCS Y3JI0M PeIIéTKH. Toraa HeT y3/10B pemeT-
KM HA B OJHOM U3 TPEYTOJBLHAKOB KOTOPBLIC MOIYYAIOTCA U3 JAHHOTO IIPH MOMOIIHA
mapaJlJIeJIbHBIX ePEHOCOB Ha nesible BeKTopol Buaa A(0, 47, 0)+ (0, r, ) st mo6srx
uesbix A u pu. Taknm obpazom,nepecedenne mapasutenenunena P(AOBC) ¢ miocko-
CTBIO * = 1 He ComepKUT y310B pemérku. [Iporuopeune. IlTak, oqHa U3 TOYEK C
nesbivu kKoopaunatamu (1,4r — 2, 2r — 1), (1,4r — 1,2r — 1) u (1,4r — 1,2r — 2)
SIBJISIETCST Y3JI0M PelIETKH.

[Ipeamonoxum, r > 3. PaccMOTpUM TLTOCKOCTH * = 2. Y3/I0B PemIéTKH HeT Ha
nepecedennu ormedeHHoit mupamuasl OABC ¢ IWIOCKOCTBIO T = 2, TO eCTh B 3a-
MKHYTOM Tpeyroibauke ¢ eprmuaamu (1,0,0), (1,0,4r —8) u (1,4r —8,0), a rakxe
B TPEyTOJLHUKAX, MOAYYEHHBIX U3 JTAHHOTO MPH MOMOIIM Mapa/LICILHBIX TIePEHOCOB

ua BekTopbl A(0,4r,0) + (0,7, 7), vae A u p — uenble yucaa. B tom umcne u B
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TpeyroibHuKe ¢ BeprumHamu P(2,3r,3r), Q(2,7r — 8,3r) u R(2,3r,7r — 8) y3i0B

PETETKN HET.

Puc. 20: Ilepeceuenne napasnenenunesa P(AOBC) ¢ maockocTbio © = 2.

Ecim onna w3 towek (1,4r —2,2r — 1), (1,4r — 1,2r — 1) u (1,4r — 1,2r — 2)
— y3eJ PemeérKu, To oaHa u3 Touek (2,8r — 4,4r — 2), (2,8r — 2,4r —2) u (2,8r —
2,4r —4) — rakxke y3zen pemérku. Cie1oBaTebHO, OJHA U3 TOUeK (2, 4r — 4, 4r — 2),
(2,4r — 2,4r — 2) u (2,4r — 2,4r — 4) — y3en pemérku. OJHAKO BCE 3TH TOUKH
BXOJISIT B TpeyroJibHUK ¢ BeprmuHamu P(2,3r, 3r), Q(2,7r — 8,3r) u R(2,3r, 7r — 8)
npu > 3 (cm. puc. 20), u MOITOMY He MOTYT ObITh y3aamu periérku. [Tpu r = 3
touka (1,11,5) He gABAsIeTCS Y3I0M PEIETKH 110 TOl ke npuunne. Touku (1,10,5) u
(1,11, 4) He sIBASIFOTCS y3JIaMU PEIIETKH, MOCKOIBKY BeKTOpHI (3,30, 15) n (3, 33,12)
He 3aKaHYMBAIOTCS B Y3JIaX PENIETKH IMJIOCKOCTH T = 3 (Bce Takuwe y3Jbl MMEroT
KoopauHaThl (3,4m,4n) njs HEKOTOPBIX Heabix m u n, a 30 — 15 u 33 — 12 ue
Jeaarces Ha 4), To eCTb OHU He ABAA0TC Tebivu. CreoBaresibho, r < 2.

Pacemorpum ciyqait r = 2. I3 tpéx tovek (1,6,4), (1,7,3) u (1,7,4) nepsbie aBe
3aBeJIOMO He SIBJSIIOTCS Y3JIaMU PEINiéTKH, TTOCKOIbKY BeKTophl (2,12,6) n (2,14, 8)
He 3aKAHYMBAIOTCS B Y3JIaX DENIETKH IJIOCKOCTH ¥ = 2 (BCe TaKue Y3/l UMEIT
KoopanHATHl (2,4m,4n), rme m w n — NPOU3BOJIbHBIE Tesble dncia). [locaennsis
touka (1,7,4) 3a7aéT eINHCTBEHHO-BO3MOKHBIN TeT0uNCIeHHbI adduHubIi THIT
OTMEYEHHOI MUPAMUIBI, KOTOPBI IpUBeSH B (DOPMYIHPOBKE JIEMMEL.

Takum oOpa3oM, Bce YTBEPKIACHUS JTeMMbI TOKA3AHBI. ]
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[IpoBepum Teneph ocTaJIbHbIE TPEYTOJLHUKN U3y9aeMOro ceMeiicTna.

Jemma 8.5. Paccmompum mHO209MAAHCHYIO OMMEUEHHYIO NUPAMUIY ¢ BEPUUHOT
6 mouke O u ¢ mpeyzorvrurom ABC 6 ocnosanuu. Ilyemv ocnosanue ABC om-
MEUEHHOT NUPAMUIDL UEAOUUCAEHHO-APPHUHNO IKEUBAAEHNHO MPEY20NLHUKY C 6ep-
wunamu (b,0), (0,—1) u (0,1), 2de b > 2. Tozda ommeuennas nupamuda OABC
YENOUUCAEHHO-APPUHHO dKBUBALEHMHA omMmevenrot nupamude U, uz cnucka "M-
w”.

Joxazamenvcmeso. Ilycrs ocnoBanne r-staknoii (r > 2) BIOJHE IIyCTOH OTMEYeH-
Hoii mupamuasl O ABC nMeer 3aJaHHBIA B YCTIOBHH JIEMMBI IIETOUHCTEHHBIH adduH-
ubtii Tuin. [Tockonbky Tpeyronbuuk ¢ Bepmuaamu (b,0), (0, —1) u (0,1) comepxkur
tpeyronbHuk ¢ Bepmuaamu (2,0), (0, —1) u (0,1), ormevennasi nupamuga O ABC
COJIEPKUT OTMEUEHHYIO TIOIMUPAMHELY, TeT0UnCTeHHO-abMOUHHO SKBUBATIEHTHYIO O/I-
HOI 3 OTMeUYeHHBIX upaMuL aeMMbl 8.4. [TocKoMbKY 9Ta oTMeueHHAST MOIMTHPAMUIA
TaKyKe BIIOJIHE MyCTa, 1o Jemme 8.4 cjeayer, 9To OTMEYeHHas! MOJMUPaMUIa, sIBJIsI-
eTCd JBYXITAKHOM.

Mrak, mycTh NEJIOUNUCTEHHOE PACCTOsIHIE OT BepIuHbl O 10 ABYMEpHO# MI0CKO-
ctu rpaan ABC' Bnonne mycroit ormedennoit nupavuasl OABC pasuo asywm. [lo-
crponm apasutesteniunies; P(AO BC') n paccMOTPHM COOTBETCTBYIOILY O [EJI0THCIEH-
HO-JIUCTAHIIHOHHYIO CHCTeMY KoopaumHatr (6ygemM oGO3HAYATH KOODJAUHATHI TOUYEK B
sroit cucreme uepes (x,y, z)). [lo yreepxaenuio 5.5 koopaunatsl Touek O, B u C
paBubI coorBercTBerHo (2,0,0), (0,4b,0) u (0,0, 4b).

Paccmorpum mapaJsutesorpamMm B nepecedennn mapastesrenunesa P(AOBC) ¢
mIockocThio ¢ = 1. Haiiaém Bce y37bl peméTKH, pachoJoKeHHBIe B 3TOM IMapaJ-
nesjorpamme. [To yreep:kaennio 5.5 B mapaJuieorpaMMe TepecedeHus TaKuX y3J10B
poBHO 2b. OnuireM Bce BO3MOYKHBIE BAPUAHTHI PACIIOJIOKEHUST STUX y3JI0B Ha Ta-
pastenorpammve nepecedenus: napasnenenunena P(AOBC) ¢ miockocTbio © = 1.
Bo-mepBbix, y3/10B peméTku HeT Ha mepecedeHun oTMedennoit mupamuabl AOBC
C TJIOCKOCTBIO & = 1, TO eCcTh B 3aMKHYTOM TpeyrojibHuKe ¢ BeprmHamu (1,0, 0),
(1,0,2b) w (1,2b,0), a TakzKe B TpEyroJIbHAKAX, MOJYYEHHBIX W3 JAHHOTO MPU TOMO-

MU TTAPAJLIETbHBIX mepeHocoB Ha BeKTOpbl A(0, 4b, 0) + (0, 2, 2), rie A u u — nembie
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gncia. Ha pucynke 21 u300pazkeHo HECKOIBKO MapaJsiIe/IorpaMMOB, B 00beIMHEHITT
KOTOPBIX HET Y3JI0B PEITETKH. JTH Mapa/IIeIOrPAMMbl 3aKPAIEHbl CEPHIM I[BETOM.

Taxum ob6pazoM, Y3JIbI PEmETKN TMapajLIeorpaMMa B TepecedeHu  mapaJsiiesne-
nmunega P(AOBC) ¢ mIockocTbio 2 = 1 MOTYT pPaclonaraThCs TOTBKO B IETHIX
TOYKAX, TMOJYIEHHBIX M3 IEJIBIX TOYeK (OTKPBITOrO) TPEYrOJhHHKA C BepITHHAMHE
K(1,4b,2b—4), L(1,4b,2b) uw M(1,4b—4,2b) npu NOMOIIM CHMMETPHU OTHOCHTE -
HO TJIOCKOCTH § = 2 U Mapa/IeIbHBIX mepeHocoB Ha BeKTopbl A(0, 4b,0) + (0, 2, 2),
rje A U (i — TeJible 9uCaa. BHYTPpH 3TOTO TPEyTroJbHUKA BCETO TPH TOYKHU C IEJTBIMA
koopamaaramu (1,4b—2,2b—1), (1,4b—1,2b—1) u (1,4b—1,2b—2) (na pucynke 21

H300pazkén caydaii b = 3).

Puc. 21: Tlepeceuenne napasnenenunesa P(AOBC) ¢ mnockoctbio © = 1.

Onna m3 TOYEK 3TOrO TPEYroIbHUKA sABAAETCs y3g0M pemérku. (OcranbHbie
HEMOKPBITHIE YACTH CEYeHHUS IOMYyYal0TCs U3 JAHHOTO TPEYrOJIbHHKA IIPU MOMOIIHA
napasIeTbHBIX TTepeHocoB Ha nesbie BeKTophbl Buaa A(0, 4b,0) + p(0, 2, 2) aist Hexo-
TOPHIX TEJBIX \ 1 [i.)

Pacemorpum mmockocts @ = 2. Touka Buga (2,y, 2) ABJIAETCA Y3JI0M PENTETKH
TOrJA M TOJILKO TOTAA, KOIJIA CYMIeCTBYIOT TaKhe HeJble YUCIa 1m U 1, 9T0 2 = 21,
y = 2m + 2bn.

[Tokaxkem, aro Touka (1,4b— 2,2b— 1) He siBIsIeTCST Y37I0M PENIETKH OT TPOTHB-
Horo. IlycTh 9Ta TOUKa — y3ea pemérku. Torga touka (2,8b — 4,4b — 2) — rakxke

y3en pemérku. Haitaém mensie unciaa m u n, 9to 4b — 2 = 2m u 8b — 4 = 2m + 2bn.

76



m=2b—1,n= %T_l [Ipu b > 2 uuciao n He saBsIeTCS HEAbIM. MBI IPUIILINA K TTPO-
ruBopeunto. CiegoBarenbro, Touka (1,4b— 2,2b — 1) He ABISETCS Y370M PEITETKH.

[TokazkeMm, ato Touka (1,4b— 1,2b — 2) He sABISETCS Y3TIOM PENIETKH OT TPOTUB-
Horo. IlycTh 3Ta TOuKa — y3ea pemérku. Torga touka (2,8b — 2,4b — 4) — rakxe

y3en pemérku. Haiigém nenpie uncia m u n, aro 4b—4 = 2m u 8b — 2 = 2m + 2bn.

2b+1

. Ilpn b > 2 umcno n ne apagercs neapiv. Mer npunmim K mpo-

m=2b—2,n=
rusopeunto. CregoBarenbio, Touka (1,4b — 1,2b — 2) He ABIAETCS Y3TOM PEIIETKH.

[Tocnennsist Touka Tpeyroabauka (1,4b—1,2b—1) 3a1aéT e AMHCTBEHHO-BO3MOK-
HBIil 1eJIouncIeHHbIil adUHHBI THIT OTMEYEHHON MHPaMUIbl, KOTOPBIH MPUBEIEH

B (POPMYJTUPOBKE JIEMMBI.

Takum oOpa3zoM, yTBEpKIEHIE JTeMMbI JT0KA3aHO. ]

8.5 Cuayduait 5: 1ejble TOYKN OCHOBAHWUA, OTJIUMIHBIE OT €rO0

BEPIIINH, JieXKaT Ha OJHO CTOPOHE OCHOBAaHUA.

Ocraérca pazobpaTh caydail mociaegHeil caMoii MpocToil cepur TPEeyTOIbHBIX OTMe-
YeHHBIX TupaMuI. [[peamomoKum, 9To Bce OTTMIHBIE OT BEPIINH e/ Tble TOUYKH OCHO-
Banusg ABC' nexar na omHOit n3 cTopoH Tpeyroibunka ABC, mpudéMm KOJIMIeCcTBO
HEJTbIX BHYTPEHHUX TOYEK Ha 3TO# cTopoHe paBHO a — 1, rme a > 2. Chay4ail my-
CTOi OTMeYeHHOU THpaMuIbl (TO ecTh a = 1) MOJHOCTHIO pa3obpaH B ciaeacTBun 6.8.
[TycTsh Bce oT/IMYHBIE OT BEPIIWH [E/IbIe TOYKHA TPEeyTroabHuKa JieykaT Ha cropone AC.

[Tponymepyem ux, HaunHas OT OAMKaiimmeil K Bepmmae A, cMm. puc. 22.

Puc. 22: Tpeyronpuuk ¢ sepmunamu (0,0), (0,1) u (a,0).

PaceMoTpuu 1e1y 1o BIIOTHE TYCTYI0 OTMEYeHHYO MTUPAMIEJLY C BEPIITHHO B TOUKE
O u ¢ tpeyronpankom ABC' B ocoBanuu. [Ipeamosoxum, aro ocaoBanne ABC' ot-
MEYEHHON MUPaMUJIbl [EJ09nCIeHHO-a(h(OUHHO SKBUBAJEHTHO TPEYTOJBHUKY C BEp-

munavu (0,0), (0,1) u (a,0), roe a > 2.
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Jemma 8.6. Ommevennasn nupamuda O ABC yearovucienno-apidunmo sxsueasenm-
HG 00HOT U3 OMMEYEHHLT NUPAMUOD CACIYOULEL20 CNUCKE.

Crucoxk T

_ T,S,p'

— T,f’r, 2de yeavle 83aUMHO-NPOCBIE YUcAa & U T YdoBAEMBOPAIOM CALOYIOULUM
nepagencmeam: v > 2, 0 < & < r/2.

Hpuse&é’uume 6 cnucke T' UENOUYUCAEHHDBLE OTMMEYEHHDBLE nupamu@m 6CE NYCcmsl U

nonapro ummumenuo—agﬁgﬁuuno HEIKBUBANAECHTITIHDL.

Zoxazameavcmeo. 1. IlpenBapuresnbHOe yTBepKaeHue. [lokaxkem, 9TO OTMe-
gennas nupamuga OABC nenouncienno-adGUHHO 3KBUBAJIEHTHA OJHON M3 OTMe-
YEeHHBIX MUPaMI/L Tf’r JUIsT HEKOTOPOTO MOJIOKHUTeNbHOr0 & < 7/2.

Bce onHOodTaykKHBIE OTMEUEHHBIE MHPAMEILI IEJTOUYNCTIeHHO-ah(OUHHO SKBUBA-
JIEHTHBI MEXKJIy COOOi MpH OJMHAKOBBIX @, IMOCKOMBKY IEeJable TOUKH peébep oTMe-
YEeHHOI MUPAMUIbI B 9TOM CJIydae MOPOXKJIAIOT BCIO PEIIETKY.

PaccMorpum  r-3rakuyio (r > 2) BOOJHE MYCTYI0 OTMEYEHHYIO MHPAMUILY
OABC. Tloctpoum napasenenunes, P(AOBD;) u pacCMOTPUM COOTBETCTBYOIILY IO
EJIOYNCIEHHO- INCTAHIMOHHY IO CHCTeMy KoopauHAT (Oyaem 0603HadaTh KOOPIHHA~
THI TOYEK B 9TOil cucreme depes (x,y, z)). [To yrBepaennto 5.5 KOOPANHATHI TOUYEK
O, B u C pasubl coorBercrenno (r,0,0), (0,7,0) u (0,0,7).

[To creacrBuio 6.2 (mockonbKy terpasap AOBD; — mycroii) Bce BHYTpeHHUE
V3JIbI PEMIETKH JIeyKaT Ha OJHOM M3 TPEX JUArOHAJbHBIX ILIOCKOCTEH, MPOXOISAIINX
yepe3 CUMMeTpUUYHbIe PEOpa TeTpasdapa, KOTOopble OTIUYHBI 0T pédbep. PaccMorpum
BCE 3TU TPHU CJIydUas.

[IycTh Bce BHYTpEeHHHE Y3JIbI PENIETKHU JIeKAT Ha MJI0CKOCTH X + 2 = 1. [lo jem-
Me 5.6 cymiecTByeT pPoBHO oawH y3esa pemérku K Ha miaockoctn x = 1. Touka K
JIEZKAT B MEpecevdeHn 3TUX JABYX ILTOCKOCTel, a, cieIoBaTe/IbHO, OHA HMEET KOOp-
qunatel (1,€,r — 1), e 0 < & < r. BepuéMcst K cucremMe KOODJIUHAT, CBIA3AHHON ¢
periéTkoii. [TocKoIbKY 1e/T0uncaIeHHoe paccTossHie OT TOUKU K 710 IByMepHOil T10C-
koctu rpanun ADB pasuo emqunune, terpasap AD;BK HEKOTOPLIM IeJI0YHCICH-

HbIM abdUHHBIM TPeobpa3oBaHueM MepeBOAUTCA B TeTpadip ¢ sepimuaamu (0,0, 0),
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(1,0,0), (0,1,0) u (0,0,1). TIpu Takom mpeoGpaszoannu Bepinaa O HepeiieT B
To4Ky ¢ Koopamuaramu (—&,1 —r,7), a Touka C' B TouKy ¢ Koopauaatamu (a,0,0).
CrapuHeM MONYYEHHYI0 OTMEYEHHYI0 MHPAMHJIY Ha MEIblii BEKTOP ¢ KOOPJAMHATAMHU
(&,7 — 1,r). B pe3yabrare MOJYYUM OTMEUEHHYIO MHPAMUJLY th’r. CremoBaTeTbHO,
ormeuennas nupamuga O AC B nenounciaenno-addOUHAO SKBUBAIEHTHA OTMEUEHHOI
nupamuae T f’r, e 0 < & < r. Paccmorpum nenounciennoe adpduHHOE TTpeodpaso-
Banue, nepepoagamee Touku O, A, B, C' B rouku O, C', B, A cOOTBETCTBEHHO, IIPH
TakoM npeobpazoBanun K mepeiinér B Touky ¢ koopauuatamu (r — &, 1 —r,r). Bol-
Gupaem u3 & u r — £ HAMMEHBIIee, OHO OYEBH/IHO HE MPEBOCXOANT T /2.

[IycTh Bce BHyTpeHHHE V3Ll PEIIETKH Jie;KaT Ha ILIOCKOCTH Yy + 2z = 7 B
eTOUNCTeHHO- TUCTAHIMOHHOM cucTeMe KoopauHart. [1o memme 5.6 cymecTByeT pos-
HO oamH y3esa pemérku K Ha mimockoctn x = 1. Touka K JIe)KuT B nepecevdeHnn
9TUX JIBYX IJIOCKOCTEH, W, CJIeOBATeIbHO, OHA mMeeT KoopauHaThl (1,&, 7 — &), rae
0 < & < r. Ilepeceuenne ormedennoit nupamunasl O ABC' ¢ mmockocTbio © = 1 — Tpe-
yronbauk ¢ Beprmmaamvu (1,0,0), (1,ar —a,0) u (1,0, —1). On comep:KuT Bce Hesbie
Toukn ¢ koopauHaramu (1,¢, 7 —t), toe (2 <t < r). CremoBaresnbho, & = 1. Takuwm
obpa3oM, Touka K TPUHAIIEKUT MIOCKOCTH T + 2 = 7, & 3TOT CIydail TOTHOCTHIO
paszo0OpaH BBIIIIE.

[TycTh BCce BHYTpeHHUE y3JIbI PENIETKH JIeKAT Ha, TIOCKOCTH T + y = r. [To jem-
Me 5.6 cymiecTByeT POBHO OaWH y3esa pemérku K Ha miockoctn z = 1. Touka K
JIE’KAT B HMepeceveHnn 9THX JBYX ILIOCKOCTeii, a, CIeJ0BaTeIbHO, OHA HMeeT KOOp-
auHatel (§,7 — &, 1), rme 0 < £ < r. Tlepecevenne ormeuennoii mupamuast OABC ¢
IJIOCKOCTHIO 2 = 1 — Tpeyrosibauk ¢ BeprmHamu (0,0,1), (r—1,0,1) u (0,ar —a, 1).
OH cofep:KuUT BCe Ieable Touku ¢ Koopaunatamu (6,7 —¢,1), tae (1 <t < r —1).
CnenoBarenbro, & = r — 1. Takum obpazom, Touka K HTpHHAIIEKHUT ILIOCKOCTH
X 4+ 2z =17, a3T0T CIydail MOJTHOCTHIO Pa300PaH BHIIIIE.

Urak, ormedennast nupamuga OABC nenouuncienno-a@GUHAO IKBUBAJIEHTHA
OJHOI U3 OTMEYEHHBIX MHPAMMU/T T(f,r JUIST HEKOTOPOTO MOJIOKUTENbHOrO £ < 7/2.

2. IlonaoTa cnucka ”T” u BHoJIHE MMyCTOTA OTMEYEHHBIX NUPAMUJ, CIUC-

ka 7T”. TlokaxkeM, 9TO TlepedInCIeHHbIe OTMeUYeHHbIe mupaMuasl 16  u3 crucka "T7

a,r
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BrioyTHe ycThl. ODO3HAYMNM BEPITHHBI OTMeueHHON nupavu sl uepes O ABC, a Toukn
Ha cTopoHe Yepe3 D;.

Ob6o3uaunm Touky A gepes Dy, a Touky C uepe3 D,. OTMeTnM, 4T0 OTMeUEHHAS
nupavuyia OD;D; 1B npu Jii000M TOTOXKUATENIBHOM ¢ < @ JKBHUBAJEHTHA OTMEYECH-
Hoit mupamuge PS, mockombky orvedennas mupavuga OD;D;, B nomyudaercs n3
OTMeHueHHOi mupaMuabl PS Tpi MOMOIIN KOMTIOBHINN TEeTOMHCICHHOTO JTHHeHHOTO

npeoOpa3oBaHusd, 33aBAEMOr0 MaTPHUIEit

E+i4+1 E+01 —€&E—1
r—1 r—1 2—r ,

-r -r r—1

¥ TTapaJUIeIbHOTO TlepeHoca Ha 1ebiii Bektop (=&, 1 — 7, 7).

[To cnencrBuio 6.6 TpU B3AUMHO-TIPOCTHIX METBIX YHCTAX £ U T OTMEUYEHHBIE TTH-
pavuasl OADB, OD Dy B, ..., OD,_{C B aBIgi0TCS MyCTBIMH, a, CI€T0BATETHHO,
ux oObequHenne — ormederHast nupavuia O ABC — sgBjsieTcst BIIOTHE MyCTOiA.

[To Takum 2Ke COOOparKEHUSIM, OTMEYEHHBIE TTHPAMU b Tf’r MIPY [EJTBIX 9HUCIax
& u r, HauOONMBIIHI OOIIMIT JEeTUTETh KOTOPBIX OOJIBIIE OIHOTO, SBIAIOTCS BIOJTHE
MYCTHIMA.

Takum obpazom, crimcok "I jemmbl 8.6 MOJIOH, a BCE OTMEYEHHbIE TTUPAMU/IBI B
HEM BIIOJTHE MYCTHIE.

3. Hemso6niTouHoCTh crmcka T7. JlokazkeM, 9TO Bce OTMeUEHHBIE MHPAMU-
JIbI Tg’r 3 crnucka "T” momapHo menouncienHo-adOUHHO HesKBUBAJIEHTHBL. (Oue-
BUJ/IHO, YTO OTMEYEHHBbIE MUPAMUIbI C PA3HBIMHU ¢ HEIKBUBAJEHTHHI. [IOCKOIBKY
MEJTOYNCTEHHOE PACCTOSHUE OT BEPIIMHBI /10 JABYMEPHON ILJIOCKOCTH OCHOBAHUS —
ne1ouncIenno-a(hGUHHBIT THBAPUAHT, OTMEYEHHbIE TTHPAMUA/IBI ¢ PA3HBIMI I HEIK-
BUBAJIEHTHBI.

Jlng Toro, 4ToOB PA3UIUTH OTMEUYEHHBIE TUPAMUJIBI DU OJIMHAKOBHIX @ > 1 U
r, TOCTPOUM CJeayionuit nemouncienno-adbduunbit nuBapuant. PaceMorpuMm mpo-
n3BOJbHYI0 oTMedeHHY0 nupamuay OABC, rie Bce me/ble TOYKH JIeKAT HA CTO-
pore AC'. Kak ObL7I0 TTOKa3aHO BHIIIE, BCE MyCThie oTMedeHHbie Tupamvuasl OAD B,

OD.DsB, ..., OD,_{CB uenouncieno-ahGUHHO SKBUBAJTEHTHBI OTMEUYEHHON MH-
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pavuge PS¢ 0 < € < r/2. TlockonbKy HabOp 3THX OTMEYeHHBIX MUPAMIL 331a8TCs
OJTHO3HATHO W TI0 CleACTBHIO 6.6, T PS¢ apasercs WHBAPHAHTOM. DTOT WHBADUAHT
pas3andaeT pa3Hble OTMEUYEHHBIE THPAMUIb CrIucKa =17,

Bce yTBepKaenusa ciecTBus JTOKa3aHbI. U

Urtak, Bce BO3MOXKHBIE CIydad TEJTOYUCTCHHBIX a(ddOUHHBIX TUITOB MHOTOITAZK-
HBIX BIIOJIHE IYCTBIX BBIMYKJBIX TPEXMEDPHBIX OTMEUYEHHBIX MUPAMUJ, PA30ODPAHBI.
Ocraérest TOTBKO MOKA3aTh, YTO BCe OTMEYEeHHBIE TTHPAMU/IBI, TPUBEIEHHBIE B CIUC-

ke "M-W” teopemnr 4.1, nesouncienno-apOUHHO HEIKBUBAJIEHTHBHI.

8.6 Heuso6srrognocts crimcka "M-W” teopemsr 4.1.

Ecnmu orMeuenHbIe MUpAMUIBI UMEIOT IEJTOYUCTCHHO-AMMUHHO HEIKBUBAJTCHTHBIE
OCHOBAHHSA, TO W CAMU OTMEYEHHBIE TUPAMUJIBI IEJOYUCTEHHO-TUHEHHO HEIKBU-
BasieHTHBI. [lenouncienno-adpduHnbe THITBI OCHOBAHUS PA3/JIMYAIOT MEXKIy cobOit
NPaKTUYECKH BCe oTMedeHHble nmupamuibl cnucka "M-W”. He pasiudatorcst Mex ity
co0O0itf TOTBKO OTMEYEeHHBIE TTHPAMU/THI T(f’r JUTSL OJIMHAKOBBIX @ M 7" W PA3HBIX & W3
criucka "M-W7.

[Tupamuapr Tf’r C OIMHAKOBBIMW @ W T M C pasananbivu § n3 crnncka "M-W”
nestouncaeHHo-abGUHHO HeIKBUBATEHTHBI 1O JemmMe 8.6 (em. crmucok "T7).

JlokazaTebCTBO OCHOBHOM TEOPEMbI OKOHUEHO. O

9 Kirnaccudukanma KOMIIAKTHBIX JABYMEPHBIX T'pa-

Hell.

9.1 Teopema Myccadmupa.

J1o HACTOSIIEro MOMEHTa O KOMITAKTHBIX JBYMEPHBIX TPAHSIX ObLTa U3BECTHA TOJIBKO
cleyronmasi TeopeMa O KOJWIecTBe BePITNH TpaHeil, pacroI0KeHHBIX B JIBYMEPHBIX
MJIOCKOCTSX Ha MEJTOYUCJIEHHOM PACCTOSHUU OOJIBITEM €MHUIBI OT Hava/1a KOOP/IH-

HaT.
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Teopema 9.1. (2K.-O. Myccadup [42].) Tyemv F — dsymepras komnaxmuas
2pany dsymepro20 napyca uennot opobu, a r — UCAOUUCAEHHOE PACCMOAHUE OM
HAYAAA KOOPAUHAM A0 d8YMePHOT naockocmu, codepacaueti eé. Tozda evinoimnaemcs
caedyrouyee.
1. Ecaur = 1, mo daa mobozo uesozo wucaa N > 2 cyuwecmeyem 06ymepHas
uentas 0pobv u Yy Heé cyutecmsyem napyc, codepocawut 2pany F' ¢ N sepuuramu.
2. Ecau r = 2, mo epansv F' codeporcum ne boaee vemuipeéxr sepuiun.

3. Ecau r > 3, mo epanv F codeporcum moavko mpu eepuitos.

9.2 ®opMyIMpPOBKN KJacCU(PUKAITMOHHBIX YTBEpXKJIEHUl O

ABYMEPHbBIX I'DAaHAX.

CdopmyanpyeMm HOBBIE TEOPEMY O IEJIOINUCTEHHO-TNHEHHOH KIacCu(DUKAINT U CIeI-
CTBHE O IeJd0uncIeHHO-aMGUHHON KaaccuduKamu IBYMEPHBIX T'paHeil MmapycoB
MHOTOMEPHBIX HEIHBIX Apo0eii, IByMepHbIe ILIOCKOCTH KOTOPBIX PACIONOXKEHBI Ha
IMEeJIOYUC/IEHHBIX PACCTOAHUAX, 60.HBIHI/IX CIUHUIIBI OT HavYaJla KOOpJAWHAT. BaMeTHM,
9TO W3 MPUBEJEHHON HUKe TeOpeMbl ciejyeT, 9To B Teopeme Myccadupa (st na-
PYCOB JIBYMEPHBIX IEMHBIX Jpo6Geii) BTOPOH MyHKT MOXKHO YTOUHHUTH CJIELYIOTIHM
obpazowm:

2. Ecaur =2, mo 2panv F codeporcum moavko mpu 6EPUUHDL.

YeThIpEXyroabHble I'PAHU, JeKAIHe Ha IBYMEPHBLIX ILJIOCKOCTSIX Ha IIeJTOTHC-
JIEHHOM PACCTOSHHHM OT HadaJa KOOPAMHAT, PABHOM JBYM, BCTPEUAIOTCS TOIBKO Y

NapycoB MHOTOMEPHBIX MEMHBIX JP0obeil pa3MepHOCTH DOJIbINE JBYX.

Teopema 9.2. O 1mejgoYnCIeHHO-JINHENHON KjaaccupuKanmm KOMIAKTHBIX
JBYMEPHBIX TpaHeil mapycoB MHOTOMEPHBIX IEMHBIX Apobeii.

JIbas dsymepran KOMNAKMHGA 2paHb napyca 08Yymeprot uennot dpobu, ueso-
YUCAEHHOE PAcCMoArue 00 d8YMePHOT NAOCKOCTIU KOMOPOT boAbUE eOUHUYDL, ABAA-
EMCA YLAOUUCAEHHO-AUHETHO IKEUBANAEHMMHOT 00HOT U3 2paneti CALIYIUWE20 CNUCKA.

9%

Coucok ’asy™

— mpeyzoavhuk ¢ sepwunamu (E,r — 1, —r), (a +&r —1,—r), (&1, —r), 2de
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a > 1, a yeavie wucaa € u T 83aUMHO-NPOCMYL U YJOBAEMBOPAIOM HEPABEHCMEAM
r>2u0<&<r/2;

— mpeyzoavhuk ¢ eepwunamu (2,1, —1), (2,2,—-1), (2,0,—1), 2de b > 1;

— mpeyzoavhuk ¢ eepwunamu (2,—2,1), (2,—1,-1), (2,1,2);

— mpeyzosvhuk ¢ eepwunamy (3,0,2), (3,1,1), (3,2,3).
Bce mpeyzosvrnuku cnucka “an” ABAAIOMCA NONAPHO UCAOYUCAEHHO-AUHETHO HEIK-
susaseHmmuviMu. Kaocdvt mpeyeosvrur cnucka “cg” asasemes dsymepHots 2pansvio
napyca nHexomopot dsymeprnoti yenmnot dpoou.

Jlobas deymepras KomMnaxmmas 2pard napyca n-meprot uennoti dpobu npu
n > 3, yesouucseHHoe paccmoanue 00 08YMEPHOT naockocmu Komopot boabuie
eouHUYDL, ABAALTCA UELAOYUCAEHHO-AUHETHO IKBUBANeHMHOT 00H0T U3 2panel] cae-
dyrouLe20 cnucka.

Cnoucok ”a,,”, n > 3:

— wemwipéxyeorvruk ¢ eepuunamu (2,—1,0), (2,—a — 1,1), (2,—1,2), (2,b —
1,1), 2de b > a > 1,

— mpeyzoavhuk ¢ sepwunamy (E,r — 1,—r), (a +&r —1,—r), (&1, —1), 2de
a > 1, a yeavie wucaa € u T 83aAUMHO-NPOCMYL U YIOBAEMBOPAIOM HEPABEHCMEAM
r>2u0<&<r/2;

— mpeyzosvhuk ¢ eepwunamy (2,1,0—1), (2,2,—-1), (2,0,—1), 2de b > 1;

— mpeyzoavhuk ¢ eepwunamy (2,—2,1), (2,—1,-1), (2,1,2);

— mpeyzoavhuk ¢ sepwunamu (3,0,2), (3,1,1), (3,2,3).
Bce epanu cnucka "o, ” AsaA0MCA NONAGPHO UEAOUUCAEHHO-NUHETHO HEIKBUBANEH-
Homu. Kascdvil mrozoyzorvriuk cnucka "oy, ” asasemes deymeproti epansvio napyca

HEKOMOPOot MHO2OMEPHOT yenHnot dpobu.

Sameuarue 9.3. OTMeTnM, 9TO KarKJI0i KOMITAKTHON IPpaHW MHOTOTPAHHUKA COOT-
BETCTBYET BIIOJIHE IIyCTad BBIMYKJAd OTMEYeHHasd MUpaMUJA ¢ BEPIIUHON B HaJaJe
KOOpDIMHAT U C pacCMaTPUBaeMoOil rpaHbio B ocHoBanuu. llerouncrenno-adbduunblii
THUI TAKOW BBIMYKJIOW OTMEYEHHON MHUPaAMUIBI ABJIACTCA MEJOYUCTICHHO-TUHEHHBIM
uHBapuanToM rpanu. OOpaTHO, HMETOYNCICHHO-THHEHHbIH TUII IPpAaHd OJIHO3HAYHO

BOCCTAHABIMBAETCS O METOUYUCTeHHO-abMUHHOMY THITY BBITYKJIONH OTMEYeHHOi -
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pavuzbl (eMm. jgemmy 10.1 Huke).

Caedecmeue 9.4. O nienouunciaeHHo-adGUHHON KiaaccuduKaum KOMIIAKTHBIX
JABYMEPHBIX rpaHeii mapyCcoB MHOTOMEPHBIX IEIMHBIX Apobeii.

Jhobas 06YMEPHAA KOMNAKMHAA 2PaHb NAPYca MHo2oMEPHOT uennot dpobu, ve-
AOUUCNEHHOE PacCmoanue 00 dsymephoti naockocmu Komopoti pasHo 06YM, AGAAEM-
CA UCAOUUCAEHHO-APPUHHO IKEUSAACHMHOT 00HOMY U3 MHO20Y20ADHUKOS CACYI0-
ULe20 CNUCKQ.

Coucok 735"

— yemupéryzorvonur ¢ eepuunamu (—1,0), (—a — 1,1), (=1,2), (b —1,1), 20de
b>a>1 (na pucynke 23a cayuwati a = 2, b = 3), npu s5mom coomeememsyou,as
makoti 2pant GLINYKAGA OMMEYEHHAA NUPAMUOL UEAOUUCAEHHO-APPUHNO IKEUBA-
aenwmua ommedennot nupamude M,y (6ce marue wemupéryzoivruie 2pany 6cmpe-
YAMCA MOALKO Y NAPYCOE MHOZOMEPHBLT Uenuuy 0pobeti awboti pasmeprocma,
bosvwet, 06YT, u HE BCMPEHAOMCEA Y NAPYCOE DBYMEPHHLT UENHULL Ipobed);

— mpeyzoavnur ¢ sepuunamu (—1,0), (0,—2) u (2,1) (em. pucynor 23b), npu
IMOM COOMEEMCNEYIOULAA MAKOT 2PAHU GHNYKALL OMMEYECHHAA NUPLMUIL IKEUCA-
AeHmHa ommeuennot nupamude V ;

— mpeyzoavruk ¢ sepwunamy (0,—1), (0,1) u (b,0) npu b > 1 (na pucynke 23c¢
cayuati b = 5), npu 5mom coomeememeyouLas Makot 2paHy GuNYKAAAL OMMEYECHHAA
nupamuda dKEUSAAEHMHA ommeuennot nupamude Uy;

— mpeyeoavruk ¢ sepuunamy (0,0), (a,0) u (0,1) npu nexkomopom a > 1 (Ha
pucynke 23d uzobpasicen mpeyzoavhuk npu a = 5); Npu IMOM COOMEEMCMEYIo-
waa maxoti 2pant BLNYKAGA OMMEUEHHAA NUPALMUIL IKEUSAACHHA OMMEYeHHOT
nupamude T, .

JTobasa 06YMEPHAA KOMNAKMHAA 2PaHD NAPYCa MHOOMEPHOT uennot dpobu, ue-
AOUUCNEHHOE PACCTNOANHUE 00 06YMEPHOTE NAOCKOCTU KOmOopoti pasHo mpém, AGAA-
EMCA UCNOUUCAEHHO-APPHUHHO IKEUBAAEHMHOT 00HOMY U3 MHO20Y20NDHUKOE CACOY-
0WE20 CRUCKA.

Coucok 33"

— mpeyeoavhuk ¢ sepwunamu (—1,—1), (1,0) u (0,1) (na pucynxe 24a); npu
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Puc. 24: lHenouncnenno-adduunbie TUOB rpaHeii cnucka ” 37,

IMOM COOMEEMCMEYIOULAA MAKOT 2DAHU GUNYKALA OMMEYEHHAA NUPAMUIL IKEUBCH-
Aenmua ommeuennot nupamude W ;

— mpeyzosvnur ¢ eepwunamy (0,0), (a,0) u (0,1) npu nexomopom namypans-
nom a (Ha pucynke 24b uzobpasicern mpeyeoivruk npu a = 5), NPu IMOM CO-
OMEEMEMEYIOUWAA MAKOT 2PAHYU GHNYKALA OMMEYCHHAL NUPLMUOG UCAOUUCACHHO-
afpunno sxeusarenmna eunykaol ommevennot nupamude T, 5.

Jhobas 0symepnas KOMNAKMHGA 2panb napyca mrozomeproti yennoti dpobu, ye-
AouucAentoe pacemoanue do deymeproti naockocmu xkomopoti pasno r npu r > 4,
AGAACTNCA UCAOUUCACHHO-APPHUHHO IKEUBSAACHMMHOT 00HOMY U3 MHO20Y20AbHUKOE
CACOYI0OUWEL20 CRUCKAE.

Crucok 7,
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Puc. 25: lenounciaenno-a WHHBIE TUNBI rpaHeit ciucka 3, upu r > 4.
r -

— mpeyeoavruky ¢ eepwunamu (0,0), (a,0) u (0,1) npu nexomopom a > 1
(na pucynke 25 uzobpasicen mpeyeosvrur npu a = 6), NPU IMOM COOMBEMCMEY-
0ULAA MaKOT 2PAHU  BUNYKAAA OMMEYEHHAA NUPAMUIG UEAOUUCAEHHO-APHPHUHHO
IKGUBANEHMHA BUNYKAOT ommeuennot nupamude T(f,r, 2de ueavie wucaa & u T
83aumHO-npocmu, u ydosaemeopaiom wepagencmeam 0 < & < r/2. Ipu pasauu-
HOLL € COOMBEMCMBYIOWUE 2PAHU ULAOUUCAEHHO-NUHETHO HEIKBUBANEHMMHDL, 00HA-
KO UCAOUUCAEHHO-APPUHHO IKEUSAACHMHb. B Kancdom u3 npusedénmvir cnuckos
6CE 2PAHU ABAAIOMCA NONAPHO UEAOUUCACHHO-APHUHHO HEIKEUBAACHMHBLMU. MU
CRUCKY HE ABAAOMCA USOLMOYHbLMU (MO ecmb 0% KaHCO020 MHOROYLONOHUKE U3
cnucka By cyuecmeyem r-mepHai UenHas dpobv, romsa Ov. 00uH napycos Komopot

codepotcum 08YMeEPHYIO 2PaHD, UEAOUUCAEHHO-APHHUHHO IKBUBAAEHMHYIO PACCMAM-

pUGQ&MOAQ/WHMBOyZOAbHU%yy

Samevanue 9.5. Kak Herpyano sameruth u3 caeactBust 9.4, mepodnciaeHno-ad-
dbuHHAA U TETOUYHCTeHHO-THHEHHAS KIacCuUKAINNA COBIATAIOT s MeT0UHCIeH-
HBIX PACCTOSHUI MEHBIIUX NOATH. [IpH MeJoUnCIeHHBIX pPACCTOAHHAX OOJbIIe Ue-
THIPEX, TEJOYUCTCHHO-TNHEHAs KIacCU(DPUKAINS COIEPKUT B cebe MeJIOUNCTIeHHO-
adGUHHYIO: KJTACCHI MEJTOYUCTeHHO-THHEHOW SKBUBAJEHTHOCTH, OTBEYAIOIINE BbI-
OYKJIBIM OTMEYEHHBIM ITHPaMIIAM Tir CKJIEUBAIOTCA TIPH OJUHAKOBBIX @ M PA3HBIX
¢ (mamomuHaeM, 910 1 (GDUKCHPOBAHO) B OJMH KJIACC eJ0UncaIeHHo-apdOUHHON K-

BUBaJICHTHOCTH.

Caedemeue 9.6. Jlas 4006z yeavx wucea n > 3, r > 2 4eAOYUCAEHHO-AUHETHAA
KAGCCUPURAUUA KOMNAKMHOLT 08YMEPHBLE 2pareli Napyco8 n-MepHuLT UenHoLy dpo-
beti, pacno0AHCEHHBLET HaA JBYMEPHBLT NAOCKOCTIAT HG UEAOYUCAEHHOM PACCTMOAHUY T
0Mm HAUAAG KOOPIUHAM, COBNAOAEM C KAGCCUPDPUKRAUUET 8TOANE NYCNBLET T-IMAHCHLT

MPELMEPHOLT SUNYKADL ommesertur nupamud (¢ ewdesernnotl sepuunod).
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10 Jloka3aTeJbCTBO TeopeMbl 9.2.

9

10.1 TITommora criuckoB ”a,,” Teopembl 9.2 mpu n > 2.

3aMeTuM, 9TO MHOTOYTOJbHBIE TPAHU MHOTOMEDHON IEeMHO# APoOH ABISIIOTCI Tpa-
HSIMH TPAHUIIBI BBIMTYKJION 000/I0UKH, a, CIeJ0BATEIbHO, OHU TaKKe SIBJISTIOTCS BbI-
nyKJabIMiA. PaccMoTpuM OTMEUeHHYIO MUPaMUILY C BEPIIUHON B HavaJie KOOP/JIWHAT
A C OCHOBaHMWEM B KOMMNAKTHOW IBYMEPHOW I'paHU HEKOTOPOl MHOT'OMEPHON IEeMmHO’
npobu. 3 ompeneneHnss MHOTOMEPHOI NMEMHON ApoOH CaeayeT, ITO MOCTPOEHHAd

OoTMeYeHHad MUupaMuga dABJIACTCA BIOJJIHE HyCTOﬁ.

Jemma 10.1. J[se dsymeprvie 2paru U4ea0UUCAEHHO-AUHETHO IKBUBAAEHMHBL 0200
U MOoALKO Mo20da, K020a COOMBEMCMBYNOULUE UM BNOAHE NYCMBLE OMMEYEHHLE NU-

PAMUODL UEAOYUCAEHHO-APPHUHHO IKEUBAAEHTHDL.

Zoxazameavcmeo. Ecnin nBe aByMepHbIE TPaHW IEJOYUCAEHHO-TNHEITHO SKBUBa-
JIEHTHBI, TO OJIHA U3 HUX MEPEBOJUTCS B JAPYTYI0 HEKOTOPHIM MEJTOYUCTEHHBIM JIU-
HeffHbIM TpeoOpa3oBanueM. [Ipn 3TOM coOTBETCTBYIONMIAS TEPBOI IPAHU OTMEYEHHAS
NUPaMUJIa TEPEBOJIUTCS B OTMEYEHHYIO THPAMUIY, COOTBETCTBYIONLYIO BTOPOil rpa-
HU.

Ecmu cooTBeTCTBYOMNE TPAHAM MYCTHIe OTMEYEHHBbIE TTHPAMU/IBI METOTHCICHHO-
aPUHHO SKBUBAJIEHTHBI, TO OJIHA U3 ITUX MUPAMHU/L, TIEPEBOJIUTCSA B IPYTYIO HEKOTO-
pbIM 1esiouncaeHubM addunabiv npeodbpaszopanneM. [TockoabKy BeprmHamm obenx
OTMEYEHHBIX MUPAMUJ SIBJISETCS HAYAIO KOODJMHAT, HAYATO KOODIUHAT — HEIOo-
JIBUYKHAST TOYKa, ITOTO Mpeodpa3oBaHus, a, CAeJ0BaTeIbHO, TPeoOPA30OBAHNE SABJISA-
ercst auneitnbiM. [ToCcKOIbKY ocHOBaHUE TEPBOil OTMEUYEHHON MUPAMUJIBI TIEPEXOIUT
B OCHOBAHUE BTOPOii, MepBas IpaHb MEPEXOAUT BO BTOpyio. CiemnoBaTerbHO, 9TH

ABYMEpHLbIE I'DaHU HeﬂOqHCHeHHO—ﬂHHeﬁHO 9KBHUBAJICHTHBI. ]

CremoBaTenbHO, /IS JIIOOOTO 1 > 2 KazKIbIHA MeT0YNCIeHHO-THHeHHBI THIT KOM-
MAKTHBIX JBYMEPHBIX T'paHeil, PacHoOJOXKEeHHBIX Ha JBYMEPHOI ILJIOCKOCTH HA Iie-
JIOUMCJIEHHOM PACCTOSIHUU 7” OT HavaJia KOOPAWHAT, ONpelessieTcs eJIOYUCTEeHHO-

a(i)(l)HHHbIM TUTIOM T-9Ta?KHBIX BIIOJITHE IMYCTHIX BBIMTYKJIBIX OTMEYEeHHBIX MUPpaAMMUI.
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)

Takum obpasom, mo teopeme 4.1 (em. cmmcok "M-W”) cimekn "a;,” Teopembr 9.2
MOJIHBI IpH N > 2.
Pazbepém crydait a1BymMepHBIX TenHbIX Apobeit. [Io Teopeme 4.1 moacmucok Tpe-

" MOJIOH /I IBYMEPHBIX IEeMmHBIX Japobeit. OcTtaércs

VIOMbHBIX TpaHeil croucka ” s’
MOKa3aTh, 9TO Y ABYMEPHBIX ICMHBIX JApoOeil HeT rpaHeil, HeJ0IMCIeHHO-INHeRHO
9KBHBAJIEHTHBIX MHOTOYTOJIbHIKAM ¢ BeprmmHamu (2, —1,0), (2,—a—1,1), (2,—1,2),
(2,b—1,1), tme b > a > 1.

JlokazkeM CJIeIYIONIYIO JIEMMY.

Jlemma 10.2. (O 3ampere i AByMEPHBIX IENHbIX Apobeii.) ITycms nekomo-
PAA KOMNAKMHAA 08YMepHas epansy F deymeprot yennot dpobu codepotcum ueawit
napaasenozpamm P, uesovucaenmno-apdurno sxsusasenmmbil napasieso2pammy c
sepwunamu (1,0), (0,1), (=1,0) u (0,—1). Toeda yerowucrernoe paccmosanue om

HAYAA0 KoopduHam Ao naockocmu, codepacaueti 2pand F', pasro edunuue.

Joxazamesvemso. BBeaéM Ha MIOCKOCTH TpaHu F' cHCTeMY KOODIMHAT, B KOTOPOit
BEpIUHBI napatesorpamva P uvetor koopauuatst (1,0), (0,1), (—=1,0) u (0, —1).
3amernm, 9TO B TAKOH CHCTEMe KOODJAMHAT TOYKA TJIOCKOCTH SIBJISIETCST MEJIoif Toraa
U TOJTHKO TOTJIA, KOTJA 3TA TOUKA SIBASIETCS IEJ0H TOUKON MI0CKOCTH Trpanu F' B
CTapoii cucTeMe KOOPAWHAT.

[Ipeanonoxum, 9ro Touka ¢ Koopauaatamu (1, 1) Bxoaur B rpanb F, Torma 1my-
croit nesblit napasaesorpamy ¢ Beprmmaamvu (0,0), (1,0), (1,1) u (0,1) BxoauT B
rpanb F. CiemoBaTeibHO, TI0 YTBEPZXKJICHUIO 7.2 PACCTOSHUE JIO TIOCKOCTH, COIEp-
Kaleit rpanb F', paBHO equHuIe.

Amnasrormano, ecin xorst 661 ogHa w3 Touek (1, —1), mu6o (—1,1), audo (—1, —1)
BXOJIUT B TpaHb F', TO paccTosHme 10 IJIOCKOCTH, cofep:Kaleil rpanb F', paBHO
eJIMHUIIE.

[Tokakem Temepnb, 4To rpanb F' COAEPKHUT ONHY U3 YETHIPEX MEPEUNUCTCHHBIX
TOYEK OT TPOTUBHOTO. [lycTh HI OJHA W3 TMEPEYNCICHHBIX BBINIE TOYEK HEe BXOJWUT B
rpanb F'. PaccMorpuM TpeyrombHUK 1’ Ha TIOCKOCTH TpaHU F', BBICEKAEMBIil TpeMs

MJIOCKOCTSIMU, TIO KOTOPBIM CTPOUTCST ABYMEPHAst IMemHast Apo0b. ITOT TPEYTOILHUK

88



COJIEPXKUT T'paHb F' v HE CONEPKUT HU OJHOI 1EI0it TOUKH, OTJIMIHON OT TOYEK r'pa-
un F. Bamernwm, uro touka (1,0) npunammexur rpann F, a Toukn (1,1) u (1,—1)
He MPUHAJIEKAT eif (IPUUéM Bce STH TPU TOYKU PACIOIOXKEHbI Ha OJHOI TpsAMOii).
Torya OTKpBITHIE yron ¢ Bepmmuoii B Touke (0,0), CTOPOHBI KOTOPOTO MPOXOJIAT
aepe3 Toukn (1,1) u (1, —1), comepKUT HEKOTOPYIO BepIINHY TpeyrojabHuKa T, M.

puc. 26.

Puc. 26: ¥V Tpeyronbauka T 0JHA U3 BEpIIUH COIEPIKUTCSI B 3aKPAIIEHHOM (OTKPHI-

TOM) TEJIECHOM YTJIe.

AHaornyHoe yrBepxKaeHne BEpHO I IBYX CMEXKHBIX YIJIOB U JIJIsT IIPOTHBOIE-
»karrero yria. CieoBaTe/IbHO, TPEYTOIBHUK UMEeeT KAK MUHUMYM YeThIPe BePITHHHI.
[Tpuxoaum K MpOTHUBOPEUHIO.

Takum obpaszom, Bce ciaydan pa3oOpaHbl. Y TBep:KaeHne jJeMMbl 10.2 moKa3aHoO.

O

Caedecmeue 10.3. YV desymepnvix uenuuvr odpobet Hem 2paHeti, UEAOUUCAEHHO-AU-
Hetino IKEUBAAECHMHBIT MHO20y20AbHUKY ¢ eepwunamy (2,—1,0), (2,—a — 1,1),

(2,-1,2), (2,b—1,1), 2de b >a > 1.

Jlokasamenvcmeo. UeTBIDEXYTOTBHAK ¢ BEpIIHHAME B IedbIX Toukax (2, —1,0),
(2, —a — 1,1), (2,—-1,2), (2,b — 1,1) comepKuT mMapajIeJOrpaMM MeJOIHCICHHO-
addUHHO KBUBATEHTHBIN TapasutesorpavMmy ¢ Beprmaavu (1,0), (0,1), (=1,0) u
(0, —1). CemoBarenbHo, mo eMme 10.2 paccTogHue 10 JBYMEPHO MIIOCKOCTH TAKOI
IPaHy JOKHO OBITH paBHO equHuIe. [TI0CKOIbKY paccTosgHre OT Havaaa KOOPIHHAT
J0 IBYMEPHON MJIOCKOCTH, COAepKallleil TAKO MHOTOYTOJIbHUK, PABHO JIBYM, HU OJI-
Ha U3 rpaHeil IBYMEPHBIX IEMHBIX Jpobeit 3TOMYy MHOTOYTOJILHUKY He dKBUBAJIECHT-

Ha. O
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Takum obpaszom, ciucok “ap” Teopembr 9.2 nmoaon. CaegoBaTeabHO, COUCKT ~ay,”
TeopeMbl 9.2 (n-MepHBIX HEMHbIX Apobeil) TOMHBI st Beex 1 > 2.

Y

10.2 PeaansyeMocTh rpaHeil m3 CIIMCKOB ’«,” npu n > 2.
y n =

[TokazkeMm cHaUaIa, YTO BCE TPEYTOTbHBIE IPAHH, IEPEUYHCIeHHbIE B CIUCKAX (v, TIPH
n > 2, peanusyorcd. JlokaxkeMm Oosee o0Imee yTBepKIeHUe IS TPEYTOIbHUKOB, a

3aTeM 0000IUM ero Ha ciydail MHOTOYTOJTbHUKOB.

10.2.1 Peanu3yeMoCTh TPEYTOJbHBIX T'DaHEI.

PaccmoTpum BIosmHe mycTyio TpeyroabHyio ormedennyio nupamuxy OABC ¢ Bep-
munoi O u ocuoBannem ABC. Ilycrb ¥ 4o (3) — KOHMUTYPAITHOHHOE TIPOCTPAHCTBO
YIOPSIIOUEeHHBIX TPOEK TOYEK Ha MIocKocTu Tpeyroabanka ABC. Kondurypammon-
HOe TPOCTPaHCcTBO Y 40 (3) romeomopduo RS. PaccMoTpum cTan apTHyO TOMOJIO-
ruio Ha 3ToM mpoctpancTBe. O6o3uaunM uepes Us C X apc(3) MHOKECTBO TAKHUX
tpoek A'B'C’, uro ormeuennag nupamuaa OA'B'C' comep:KuT oTMEYeHHYIO TUpPa-
vuay OABC u He COEPKUT TEJTBIX TOUEK, OTJUIHBIX OT IEJIBIX TOUYeK OTMEIeHHOM

nupavuasl OABC.

Jemma 10.4. Muooswceecmeso Us asasemes omrpoimoim u wenycmuim. Kastcdas mouka
muoocecmsa Uz onpedensem dsymephyro uentyro dpobs, 0as Komopoti mpey2oivHuk

ABC' asaaemcesa 00noti us 08YymepHuLs 2paned.

Zoxazamesvcmeo. okaxkem, 910 MHOXKeCcTBO Uz — OTKpBITO. PaccMoTpuMm mesnbie
IJTOCKOCTH, TMapasIeabHble IIocKocTn ABC, OTHOCHTETLHO KOTOPHIX HAYAJIO KOOP-
JauHAT 1 iockocth ABC jiexar B pa3HbIX OTKPHITHIX MOJIYTPOCTPAHCTBAX (B TPEX-
MepHOM mpocTpaHncTBe HarsHyToM Ha Toukn O, A, B u C). IIXx KOHEYHOE YHCIIO,
paBHOe r — 1, Tae r — MeJOUNCIeHHOe paccTosHre oT TouKu () 10 ABYMEPHOM ILTOC-
koctu rpaan ABC'. O603HauNM [EJIYI0 IBYMEPHYIO MIOCKOCTh, PACIOJIOKEHHYIO Ha,
HEJTOUNCIEHHOM PacCTOTHIN ¢ < 7 OT Bepimuabl (O, depes m;. OTMedeHHasT MTHPaMAIA,
OABC BbicekaeT Ha ILIOCKOCTH T; TPEYTOMBHUK 1;, KOTOPBIA IpH 4 < 7 HE CONEPIKUT

HEJTbIX TOUeK. PaccMOTpUM Bce TpEXrpaHHbIE YIUIBI ¢ HEHTPOM B ToukKe (), KOTOpbIe
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BBICEKAIOT Ha TJIOCKOCTH T; TPEYTOJbHUK, COACP/KAIINI TPeyroJIbHuK T; u He comep-
JKAIIATT TEJIBIX TOUeK (OTIIMIHBIX OT HeJIbIX To4Yek T, st caydas ¢ = r). Kaxaprit u3
TAKUX YIJIOB OMPEJENsieT TPH TOUYKH Ha MI0CKOCTH Tpeyronbuuka ABC (To ecTh Ha
Ty ), KOTOPBIE B CBOIO OUEPEJib OMPEIETISAIOT MEeCTh YIIOPAIOICHHBIX HAOOPOB TPOEK
Touek B mpocrpancTie Us. MHOXKECTBO ONMMCAHHBIX TPEXTPAHHBIX YTJIOB ONPEIE/IsIeT
OTKpPBITOE HemycToe moaMHuokecTBO B Us (0obo3madnm ero wepes Us ;). Muoxkectso
Us siBisieTcs mepecedenneM MuHOxkKecTB Us; mpu Bcex HaTypaabHbIX ¢ < r. CregoBa-
TEeJIbHO, MHOZXKeCTBO Uz — OTKPBITO.

Hoxkazkem, ato MuO)KecTBO Us — memycro. O603HAIMM Uepe3 Uy TOUKY MHOZKE-
ctBa U3, COOTBETCTBYOIIYIO YIOPsaI0YeHHOMY Habopy Todek A, B, C'. Bo-mepBoix,
CYIIECTBYET HEKOTOpasd OKPECTHOCTL TOUKHM g, BCE TOUKH KOTOPOH YIOBIETBODSI-
0T CleyomeMy cBoiicTBy: ecan Touka A'B'C' npuHaanexut 3T0if OKPECTHOCTH,
TO MHOYKECTBO LEIbIX TOYeK ormedeHHON nupamuasl OA'B'C" asjisercs noaMHoOKe-
CTBOM MHOYKECTBA IEJIBIX ToueK orMedenHoii mupavuasl O ABC. Bo-BTopbix, npons-
BOJIbHAST OKPECTHOCTH TOYKHU Uy (B TOM YHCJIe W ONMMCAHHAS BBIIIE) COAEPIKHUT B cebe
takyto Touky A”B"C", aro ormeuennas nupamuga OA”B"C" nenukom comepykut
ormedennyio mupavuay O ABC. CregoBaTenbHO, cyliecTByeT Takas Touka A'B'C’,
yTo oTMedenHad nupamuaa AB'C'D’ comepxur ormeuennyio nupamuny OABC, a
OrpaHWYeHus] 00EMX OTMEYEHHBIX MUPAMMJ Ha PEmeTKy HEIbIX YUCET COBMAJAIOT.
CuemoBarebHO, MHOKECTBO Uz — HEMyCTO.

Pacemorpum npousBosbHbL Tpeyronbuuk A'B'C’, orBeuarommii Touke MHOMKe-
cra Us. Tlposeném muockocrn OA'B', OA'C' m OB'C’. 3agaBaemast STuMu 11J10C-
KOCTSIMH JIByMepHasl IemHas Apoohb, comep:kut Tpeyroabink ABC' B kavecTse IBY-
MEPHOU I'PaHU.

Bcee yrBepxkaennsa nemvbl 10.4 qoKa3aHbI. U

10.2.2 O peanm3zyeMOCTH MHOTOYTOJIbHBIX I'DaHeil.

O6o6mum yrrepxgenne jjemvbl 10.4. PaccMoTpuM TpéxMepHYyO BIOJIHE MYCTYIO OT-
medennyo mupamugay OA; ... A, ¢ BepmmuOit O u ocHoBanumeM Aj ... Ay. Ilycts

Y A,..4, (k) — KoHUrypaIHOHHOE TPOCTPAHCTBO YHOPSAOYEHHBIX & TOUEK HA ILIOC-
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KocTn MuOTOyrOoabHNKA Aj . .. A, Kondurypannonnoe npocrpanctso Xy, 4, (k) ro-
meomopdro R%** . PaccMoTpuM CTaHIAPTHYIO TOMOJIOIMIO HA STOM IPOCTPAHCTBRE.
O6osnaunm wepe3 U, C Y4, 4, (k) MHOXKecTBO Taknx k Touek Al ...AJ, 910 OT-
medennas mmpavuga OA! ... Al comepxur ormedenuyio mupavuay OA; ... Ay u

HE COAEPZKUT IMEeJbIX TOYEK, OTJIMYHLIX OT IEJbIX TOYEK OTMEYeHHON nmupamMu bl

OA; ... A

Jlemma 10.5. Muoorcecmeo Uy asasemea omrpuimovim u Henycmovim. Paccmompum
npoussosvroe uenoe n > k — 1. Kaorcdoti mouxe mmootcecmea Uy, coomeememeyem
roms v, 00HG N-MePHAA UenHas 0pobv, daa komopol k-yeorvrur Ay ... A, A644-

emea 00Hotl u3 08YMePHLLT 2pated. O

Jla aro6oro BeimyKgoro k-yroapanka P B R npm n > k — 1, nBymepnad
MJIOCKOCTH KOTOPOT'O He MPOXOJIUT Yepe3 HavaI0 KOOPJAUHAT, CYIIEeCTBYeT HADOp U3 n
UIEPILTOCKOCTEH, pa3OUBAOIINX ABYMEPHYIO ILIOCKOCTH MHOTOYTOJIbHIKA P Ha da-
CTH, OJHA W3 KOTOPHIX coBmajgaer ¢ P. B ocraspbHOM 10Ka3aTesbcTBO JeMMbl 10.5

MOTHOCTHIO AHAJIOTHIHO JOKA3aTeIbCTRY JeMMbI 10.4.

10.2.3 O peanu3yemocTu rpamHeii m3 COuCKOB ’«,,” mpu n > 2.

)

VYmeeporcdenue 10.6. aa a0bo2o n > 2 xasncoan 0symepHas 2pard u3 cnucka "oy,

PEANUBYIOMCA 8 KAYECTNEE 2PAHYU HEKOMOPOT N-Meproti uennoti dpobu.

Jlokasamenvcmeo. TIOCKOMBKY Bce rpanu cnucka “a,” (n > 2) TpeyroibHble Win
IeTHIPEXYTOIbHBIE (4 OTMEYeHHbIe MUPAMUJIBI ¢ IIEHTPOM B HAYAJE KOODJUHAT U C

OCHOBAHWSIMH B 9TUX TPaHIX BIOAHE MycThl), jemMbl 10.4 u 10.5 npumennvbr. [

10.3 HeskBUBaJIEHTHOCTD I'paHeii n3 crucka ’a,” (mpu n > 2).

)

Jemma 10.7. s awboco n > 2 mobve dse pasauvHbvie 2panu u3 chucka o’

nonapxo uenouumenno—nuneﬁno HEeIKBUBANAECHTIIHDL.

Joxazamesvemeso. Yrrepxkaenue jemmbl 10.7 caeayer m3 TOro, 94TO OTMEYEHHBIE
MUPAMHUIBI C TIEHTPOM B HAYaJe KOOPJAWHAT W C OCHOBAHUSIMU B IPAHIX CIHCKa M-

W” no teopeme 4.1 nenounciienno-adGUHHO HEIKBUBAJIECHTHDI. O
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10.4 O MHOrOyTOJBHBIX I'PAHAX JIBYMEPHBIX MEMHBIX APODeii.

Caedemeue 10.8. ITyemo komnaxmmuan 08Yymephas 2pard napyca 08YymepHot yenHot
OpobU ABAACMCA MHO20Y20ADHUKOM, KOMOPLLT 00A00aem Kak MUHUMYM “4embiPbMA
BEPUUHAMU, Y245l NPU KOMOPBLL 0MAUYHL 0m padséprymuz. Tozda uesouucrenmoe
paccmoanue om deymeproti naockocmu smot 2pany do HAUAAG KOOPOUHAM PAGHO

edurue.

Joxazamesvcmeo. Y TBepkKIeHUe CJIEJICTBUSI BHITEKAET U3 YTBEPXKJICHUS 7.2 U JieM-

MbI 10.2. O

Samevanue 10.9. N3 yrBepxKaeHus Teopembl 9.2 HENOCPEICTBEHHO BHITEKAET yT-

BepxKIeHne caeacTBus 9.6.

11 HenccaemoBaHHBIE 3aJa49MN.

B sakarodenne BTOpOil rIaBbl TPUBOANM HECKOIBKO 3a/1a49, BO3SHUKAIOIINX 31€Ch

ecTecTBeHHBIM oOpas3oMm. [Ipexkie, deM mpucTynuTh K (POPMYTHPOBKAM 3a71ad, OT-

MetuM ciaenyiomtee. [Tox "kmaccudukammoHHBIME 3ada9aMu’ 11 HEKOTOPOTO MOJI-

MHOYKECTBA B HEKOTOPOM MHOYKECTBE B 3TOM pa3ese MOHUMAETCs WCCIeI0BaHNe

CJIEIVIOIINX BOIIPOCOB:

a) Kakue JeMEHTHI BXOJAT B MOJMHOKECTBO;

b) Kakme 3/1eMeHTHI He BXOJAAT B MOJAMHOYKECTBO;

C) KaKnue 6eCKOHequIe cCepuun 35JIEMEHTOB BXOAAT B MOJMHO?KECTBO, CKOJIBKO HX]

d) kakume GECKOHEUHBIE CEPUU JIEMEHTOB HE BXOJAT B MOJMHOMKECTBO, CKOJIBKO HX;

€) KaKuMU CBOHCTBAMHE O0JIAJAIOT SJIEMEHTHI TOIMHOKECTBA,

f) KaKAMW CBOWCTBAMH 00JIJAIOT 3IEMEHTHI JOMOJIHEHU MOIMHOXKECTBA BO MHOYKe-

CTBE;

g) KaK aJrOPUTMUICCKH OTPE/IETUTh, BXOIUT JTH JAHHBIA JIEMEHT B MOJIMHOKECTBO;

h) cocTaBUTH CIHUCOK 3MEMEHTOB U CepHii 3JeMEHTOB MOJIMHOYKECTBA SBHO.
Hanpumep, B s10il rinaBe Oblia perrena “KiaccudukaiponHas 3ajgada” h)

IS MOIMHOXKECTBA KJIACCOB MEeJIOUNCIeHHO-TNHEeTHO / ahdbuHHOI SKBUBATEHTHOCTH
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KOMITAKTHBIX JIBYMEPHBIX T'DaHeil MapycoB MHOTOMEPHBIX MEMHBIX Jpobeil, pactosio-
KEHHBIX HA JBYMEPHBIX MJIOCKOCTSX, NEJOYNCJECHHBIE PACCTOAHUA OT HaYaJa KOOp-
JIMHAT JI0 KOTOPBIX GOJIbINE eJIUHUIBI (BO MHOYKECTBE BCEX KJIACCOB COOTBETCTBYIO-

me'ﬂ 9KBUBAJIEHTHOCTHU BBLIIIYKJIBIX MHOFOYFOJIBHI/IKOB).

IIpobaema 1. Pemmurh "KiaaccuduKalnnoHHbIe 330491 JIJIS MOAMHOYKECTBA KJIACCOB
EIOUNCTIeHHO-THHEHOH /adDUHHON SKBUBATEHTHOCTH KOMIAKTHBIX TPEXMEPHBIX
(MHOTOMEpHBIX) TpaHeii mapyCcoB MHOTOMEPHBIX MEMHBIX JPO6eil, PACIOTOKEHHBIX
Ha TPEXMEPHBIX (MHOTOMEPHBIX) TIOCKOCTSIX, [MEJ0UYNCIeHHbIe DACCTOSHIST OT HaYa~
JIa KOOPJIMHAT JI0 KOTOPHIX GOJIbIITe eINHUIBI (BO MHOYKECTBE BCEX KJIACCOB COOTBET-

CTByIOHleI 9KBUBaJIEHTHOCTH BBLIIIYKJIBIX MHOFOFpaHHI/IKOB).

B cBa3u ¢ nociegaeit mpodemMoii 0 rpaHsxX mapycoB MHOIOMEPHBIX HEMHBIX JPO-
Geil ecTeCTBEHHO BO3HHWKAET CJIEYIONMI BOMPOC 00 OTMEYEHHBIX MUpamMuIax (3ame-

TUM, 9YTO OTMeYE€HHbIe IMUPpaMHAIbl 10 OIIpeae/ICHUIO KOMH&KTHBI).

IIpobaema 2. Pemmuth "KiaaccuduKalnnoHHbIe 330491 JIJIS MTOAMHOYKECTBA KJIACCOB
TPEXMEPHBIX (MHOTOMEDHBIX) MHOTOITAZKHBIX BIOJHE MYCTBIX BBITYKJIBIX OTMEUeH-
HBIX MHPAMUJT (BO MHOYKECTBE BCEX KITACCOB TPEXMEPHBIX / MHOTOMEDHBIX MHOTOITAZK-

HBIX OTMEYCHHDBIX HI/IpaMI/I,ZL).

Cremyrorrasg mpodaeMa oueHb OJI3Ka 10 (GOPMYIHPOBKE K TPeabIAyIIneii, 0THAKO

KapAWHaJIbHO OTIHYaeTCA IO TeOMETPUYIECCKOMY COAEP2KAHHUIO.

IIpobaema 3. Pemmurh "KiaaccuduKalnnoHHbIe 330a91 IS TOAMHOYKECTBA KJIACCOB
nesounciaeHHo-ahbGUHHON SKBUBATIEHTHOCTH KOMITAKTHBIX JBYMEPHBIX / TPEXMEPHBIX
(MHOTOMEPHBIX ) IpaHeli TapycoB MHOTOMEPHBIX HEMHBIX JIPOGeil, PACTIOIOKEHHBIX Ha
JIBYMEDHBIX / TPEXMEPHBIX (MHOTOMEDHBIX) TIOCKOCTSIX HA eIHHUYIHOM MEeJTOYHCIeH-

HOM PaCCTOdHUHN OT Ha4daJla KOOpAWUHAT.

[To cytu mena, 3Ta mpobJaeMa CBOAUTCS K PEIIeHHI0 ~KIaCCH(MUKAIMOHHBIX 3a-
Jaqa’ I HeJ09ncaeHHO-aOUHHBIX KJIACCOB BHIMYKJIBIX 000J09€K BCEX IEeIbIX TO-
9K, JIeXKAIUX BHYTPH MHOTOMDAHHUKOB (MHOIOYTOJBHUKOB) C OTPAHNYEHHBIM YHC-

JIOM TpaHell MAaKCUMATbHON pazMepHocTH. (OTMETHM eIg pas3, uTo sl e TUHIIHOTO
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MEeJIOYUCJIEHHOT'O PACCTOAHUA Ile.HO‘H/ICJIeHHO—&(l)(bI/IHHOG u He.HO‘{I/ICJIeHHO—.HI/IHefIHOG
OTHOIIIEHUA IKBUBAJIECHTHOCTHA COBH&,ZL&IOT.)
B,ILGCI) yYMeCTeH CJIeILyIOHlHﬁ BOIIPOC O BLIIIYKJIBIX MHOT'OYT'OJIbHUKaX 1 MHOTI'OI'paH-

HUKaX.

IIpobaema 4. Pemurs "knaccudukamponnbie 3amaun” e), f) u h) aurs nommuoxke-
CTBa KJIACCOB TEJI0UNCIeHHO-abMUHHON SKBUBATEHTHOCTH HEJIBIX BBITYKJIBIX MHO-
rOYTOJIGHUKOB/ MHOTOTDAHHIKOB BO MHOZKECTBE KJTACCOB BCEX TEJIBIX MHOTOYTOJbHI-

KOB/MHOTOIPDAHHUKOB.

B srom Hampamiiennn umeercst ciepyommnii pesyasrar. O6osnaunm wepes H(f1)
Jiorapudm 9ucia KJaIaccoB MeI0UncaeHHO-a(pOUHHON SKBUBAJIEHTHOCTA MHOTOYTOJTh-

HUKOB TLIOMATH f1/2 (j1 — 1esoe).
Teopema 11.1. (B. . Apuoaspg, [9].) IIpu p docmamouno boavuius
eip'’® < H(p) < e Inpu.

Kpowme Toro, mMmeercst ciaeayromiasi OleHKa Ha KOJWYECTBO BEPINWH BBHITYKJIOTO

MHOTOMEPHOTO MHOTOTDAHHUKA Yepe3 ero (IMeJTOUNCTeHHBIN) 00bhEM.

Teopema 11.2. (C. B. Koungarun, K. A. CeBactrbsauos [29].) Yucro sepuun
N-MEPHO20 BUNYKA020 MHO202PaAHHUKG M ¢ 8epUIUHAMU 8 UEAWT MOYKAT He npe-
n—=1 o ..
soczodum c(n)V (M)n+1, 2de V(M) — (ueaouucaernnwiii) 06sém mnozozpannuka M,

a KOHCTMaHmMma C(TL) 3a6UCUM TMOABKO OM, PA3MEPHOCTU T1.

Jlamee ecTecTBEHHO BO3HUKAIOT 3aJa4d O KJIACCH(MUKAINN HECKOIBKUX TI'paHei

onnoBpemenno. [Tpuseaém npocreitimuii cojiepzKaTeIbHBII TPUMEp TaKOil MPOoOIeMbI.

IIpobaema 5. (B. WU. Apnoawn.) Pemmrs “kinaccudukannonnsie 3amaan” st
1-3Bé31 (TO ecThb OObEJUHEHHs] BEPIIUHBI MApyca MHOTOMEpHOil HemHoil apobu u
BCEX OJIHOMEPHBIX TpaHeil ¢ OJHUM U3 KOHIIOB B 3TOii BepIINHE) MApyCcoB IBY-
MEPHBIX /MHOTOMEPHBIX TEIHBIX JIPO6Geii ¢ TOYHOCTHIO JI0 HeJ09rcIeHHO-abOUHHOrO

(IeTTOUNCTeHHO-TTHHEIHOTO) OTHOIIEHHsT SKBHBAJTEHTHOCTH.
Bor emgé ogna mpobiema u3 3T0il cepui.
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IIpobaema 6. Pemuth "KaaccuduKannoHHbIe 38091 JJIsi TAp COCEIHUX KOMITAKT-
HBIX JIBYMEPHBIX I'paHeil mapycoB MHOTOMEPHBIX IEIHBIX JIPodeil ¢ TOYHOCTHIO JI0
nesounciaeHno-abGUHHOroO (MeJI0UNCIEHHO-TUHEHOT0) OTHONIEHHS SKBABAJICHTHO-

CTH.

DTa mpobIeMa ecTeCTBEHHO 0000IaeTCa Ha CIydail MHOTOMEPHBIX TPaHeil, a Tak-
JKe Ha, OoJiee CJIOKHBIE reoMeTpudeckne KoHdurypamun rpaneit. [Ipuseaém ciemyro-

IIy1o npob/jieMy B KadecTBe IpuMepa.

IIpobaema 7. Pemmurh "KaaccuduKannoHHbie 331291 JIsT TPOEK KOMITAKTHBIX JIBY-
MEPHBIX TpaHeii, UMEINX OJHY OOILYI0 OJHOMEPHYIO paHb, TPEXMEPHBIX (MHO-
POMEPHBIX) MAPYCOB HEMHBIX Apo0eil ¢ TOYHOCTBHIO 0 HeJovYncIeHHO-abOUHHOrO

(LeTOINC/IEHHO-THHEHHOT0) OTHOIICHNST YKBUBATCHTHOCTH.

Jlastee mHTEpECcHA 3a/a9a O TaK HA3BIBAEMBIX CMAOUALHOLL UEAOYUCACHHLT -

¢’U/HH’OLZE munaxr MHOIOT'paHHHUKOB.

Onpedesenue 11.3. Tenouncienno-adbdUHHBINR THI MHOTOIPAHHUKOB (MHOTOYTOJIb-
HUKOB) HA3BIBAETCS cMabusbhoLM 6 pazgmeprocmu k, ecid 1yist JT060ro meaoro mo-
JIOXKUTEJILHOTO 7' CYIIECTBYET k-MepHas IermHast 1podb, OJIMH U3 MapyCcoB KOTOPOit
COIEPKUT T'PaHb, 0OJIAJAIONLYIO JAHHBIM [MEeJOUNCAEHHBIM ad(MUHHBIM THIIOM, Pac-
HOMOKEHHY0 Ha ILTOCKOCTH C PACCTOSHHEM 7 10 HAYAIa KOODIMHAT.
[enounciaenno-addbUHHBI THIT MHOIOMPAHHUKOB (MHOTOYTOJHHUKOB) Ha3bIBa-
eTcsT 8NOAHE CMAOUNOHULM 6 padmepHocmu k, eciw st JTIOOOTO TOJOKUTETHHOTO
qnciaa N cymecTByeT Takoe r > N, 910 HaiiaéTcsa k-MepHad menHasg ApoOb, OJUH U3
IapyCcOB KOTOPOii COMEPKUT IpaHb, 0013 A0V JAHHLIM HeJT0YNCTeHHBIM adduH-

HBIM THIIOM W PACTOJIO?KEHHYIO Ha IIJIOCKOCTU C PaCCTOAHUEM 7" 10 HaYaJla KOOPpAWHAT.

Ipobaema 8. Kakue nemounciento-apduHHBIE THITBI MHOTOIPDAHHUKOB SIBJISTIOTCS

(BrosiHe) cTabUIBHBIMU B pa3meprocTr 3 (B pazmeprocru k > 3)7
OTBeTMM Ha AHAJOTWYHBIH BOMPOC /1T MHOTOYTOIHLHUKOB.

Caedemeue 11.4. JTas 2106020 nosostcumenrvioz2o k > 2, 044 1100020 NOAOHCUMEND-

Hoz20 a > 1 yeaouucaennvie apdunnvie munv mpeyzosvhukos ¢ sepuwunamu (0,0),
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(a,0), (0,1) asaaromea cmaburviom 6 pasmeprocmu k (na puc. 27 napamemp

a = 6). Hukaxux dpyeur cmabusvHur 4 6NnoAHe CMAbUALHLE 6 paszmeprocmu k

Puc. 27: CrabunbHble MHOTOYTOTbHUKE (@ > 1).

UENOUUCAEHHBLT APPUHHOLE TUNOE MHO20Y20AbHUKOE HE CYULLCMBYEM. U
ABTOpY He M3BECTEH OTBET Jaske Ha CJIEeAYIOIINil BOMPOC.

IIpobaema 9. BepHO 1, 9TO MHOXKECTBO BIOJHE CTAOMIBLHBIX B PAa3MEepHOCTH 3
(B pazmeprocTH k > 3) THIOB TPEXMEPHBIX MHOTOIDAHHHKOB COBITQJAET CO MHO-
JKECTBOM CTAOMJIBHBIX B pa3MepHocTH 3 (B pasMepHOCTH k > 3) THIOB TPEXMEPHBIX

MHOTOIPDAHHUKOB?

KpOMe InepevYnucaIeHHbIX BLIIIE CepI/Iﬁ 3aJa4 HHTEePEeCHBbI TaKzKe 3a/JJa9i aHaJIOrn4-

Hble CIeAYIOIIE:

IIpobaema 10. CyiecTBYIOT T TpEXMEpPHBIE MHOTOIPDAHHUKHU, KOTOPbIE He BCTpeda-
I0TCsl CPeJin TPEXMEPHBIX I'PaHeil mapycoB TPEXMEpPHBIX MEMHBIX JApobeil, pacioso-
JKeHHBIX HA TPEXMEPHBIX TMJIOCKOCTSX, MEJOYNCIeHHbIe PACCTOTHUS /10 KOTOPHIX OT
HavYaIa KOOPJAUHAT OOJbINe eTUHUIbI, HO BCTPEUAIOTCI CPeJau TPEXMEePHBIX IpaHeit
HapyCcOB YeTBIPEXMEPHBIX MEMHBIX JIpo0eil Ha TPEXMEpPHBIX ILTOCKOCTSIX, PACIIOIO-
JKEHHBIX OT HavaJia KOOPJIMHAT HA [EJOYUCTEHHBIX PACCTOSTHUSAX, OOJILITUX €INHU-

! Ecim cymecTByior, To Kakne OHU?

Cdopmyanpyem mpodaeMy O CTATHCTHIECKUX CBOMCTBAX TpaHeil mapycoB MHO-
TOMEPHBIX MEMHBIX JPOOeii.

O603HAUNM MHOYKECTBO BCEX TEJOYHCIEHHBIX (1 + 1)-MepHBIX OIepaTopoB, BCe
cOOCTBEHHBIE 3HAUYEHNST KOTOPBHIX BellleCTBeHHbIe, PAIMOHAJIbHBIE U Pa3JINIHbIe, Ye-

A 06 A! — A
pe3 Appi. Obosnaumm vepes A}, — MOAMHOMKECTBO MHOXKeCTBA Aj 41, COCTOAMICE

13 OMepaToOpPOB, HOPMa KOTOPBIX HE MPEBOCXOIUT MO MOAyio r. ODO3HAUNM Udepe3
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AT, — moxMEOKECTBO MHOKECTBA Ay y1, COCTOSIIIEE U3 BCEX ONEPATOPOB, HOPMA
KOTOPBIX W CYMMa, KBaJIPATOB KO(DDUIMEHTOB XapaKTEPUCTHIECKUX MHOTOYIEHOB
KOTOPBIX HE MPEBOCXOAT 1 (YCIOBUE HA HOPMY HY2KHO JIJIsl TOTO, 4TOObI KOJMIECTBO
oIepaTopoB OBLIO KOHEYHO; B MPUHIIUIE, MOYKHO OpaTh Mpeaea cHada a Mo HOpMaM
OMepPaTOPOB, & 3aTEM MO CyMMaM KBaIPaTOB KOI(M(MUINEHTOB XapaKTEPUCTUIECKUX
MHOTOYJIEHOB OTIePATOPOB).

[TockonbKy Bce cOOCTBEHHBIE 3HAUEHHST HEKOTOPOIO Omeparopa A m3 MHOXKeCTBa,
A, ;1 BellleCcTBEHHBIE U PA3TUIHBIE, COOCTBEHHBIX THIIEPIPOCTPAHCTR oneparopa A B
R**! Bcero n + 1. ITo HIM OIHO3HAYHO CTPONTCS MHOTOMepHAs menHas apobn. [To-
CKOJIBKY BCE COOCTBEHHBIE 3HAUYEHUsT A paloHATbHbIE, Tapyca TOCTPOSHHON MeMHOi
JIPOOH COCTOAT M3 KOHEUHOT'O YHCIa KOMIIAKTHBIX rpaHeii. OOpaTHO, ecin Bce mapyca
HEKOTOPOI IENMHOoit Ipobu COCTOAT N3 KOHEYHOTO YUC/Ia rpaHeil, To OHa COOTBETCTBY-
eT HEKOTOPOMY OMepaTopy m3 MHOKecTBa A, 1.

[Iycte [ — HEKOTOpOE MHOXKECTBO IEJTOUYHCTeHHO-TUHEHHBIX THIOB T'paHeil n-
MepHBIX HerHbX apobeii. OGosnauwnm uepes f] (L) (sepes §]1, (T)) cymmapnoe
KOJIMYECTBO IPaHeil ¢ 1eJOYNCIeHHBIM JINHEHHBIM THTIOM W3 MHOXKecTBa [y apodeit
u3 muoxectsa Al . (coorsercrBenno AT, ).

Vcnonb3ysa BBeaéHHBIE 0003HAUEHHS, C(DOPMYTHPYEM HECKOTBKO CTATUCTHIECKUX

poo.JIeM.

IIpobaema 11. (B. M. Apuoabxa.) CyliecTByeT Jin CTATHCTHKA MOSBICHUS TpPe-
YTOIBHBIX TpaHeil 1jIst 0DIIero mapyca KOHEYHOW MHOTOMepHO# menHoit apobu? B

CIy4ae IOJO2KHUTEJIbHOTO OTBETa HalTH 9Ty CTAaTUCTHKY.

HbiMu c10BaMM, HYZKHO HCC/IEI0BATh CyLIECTBOBAHUE CJIEYIONIEro npejea (u
HalTH ero):

{L+1,T(A) {L{FI,T(A)

lim nan lim
r—00 ﬁn+1,r(*) r—oo n+1,r(*)

31ech depe3 A 00603HAYEHO MHOYKECTBO BCEX IEJIOYMCICHHO-JTUHEHHBIX THIIOB Tpe-
YIOMBHUKOB, a Yepe3 * — MHOXKECTBO BCEX IeJOYNCIeHHO-THHEHHBIX THIIOB BCeX
MHOTOYTOMBHUKOB. BepHo Ju, uto takue npejenbl pasubl (I u I1)?

[TomobHBIE BOMPOCHI MOXKHO 331aBaTh U JIJIsA IPYTUX k-YTOJTBHUKOB, a TaK¥Ke JIJIst
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OTIAEAbHBIX HEJ0YNCIeHHO-TINHeHHBIX TuoB. Kpome Toro, aHajaoruvdHbie 3aa49n Cy-
IIECTBYIOT JIJIsl TPEXMEPHBIX U MHOTOMEPHBIX MHOTOIDAHHUKOR.
Jlaxke, ectm HEKOTOpBIE CTATUCTUKU W HE CYIIECTBYIOT, BO3MOXKHO, CYIIECTBYIOT

“oTHOCUTEJIbHBIE CTATUCTUKU.

IIpobaema 12. (B. . Apuonsa.) CymecrByer jmu “OTHOCHTETbHAS CTATHCTHKA
MOABJIEHUS TPEYTOJBHBIX I'DaHeil K MOSBICHNUIO YeTHIPEXYTOTbHBIX TpaHeil J1sd 00-

IIEro nmapyca MHOTOMEPHOI IemHoi 1podu.

To ecThb, HyKHO HCCIEJOBATH CYIIECTBOBAHIE CJIEIYIONEro mpeera (M HafiTH
ero):

I N I7 A
l1m ﬁn—l—l,r( ) WIH l1m n—l—l,r( )

I I7
r—oo jjn-l—l,r(o) r—oo n+1,r(<>)
Bﬂer gepes <> 0003HAYCHO MHOYKECTBO BCEX HeJIO‘II/ICJIeHHO—III/IHeI'?'IHBIX TUIIOB Y€ThI-

PEXYTONbHUKOB. BepHO Jin, 9TO Takue mpeaebl paBHbl MexK 1y coboit (I w IT)?

Samenanue 11.5. Kpome ommcanupix ncaepnannii (I u IT) muoxkectsa A, umeer
CMBIC/I paCCMaTpUBATH W HEKOTOPbLIE JAPyrue mcueprnaHud 3TOr0 MHOXKeCTBa. (CM

bostee moapoOHO, HanpuMep, B pabore B. . Apuonbaa [6].)

Bamenanue 11.6. B paborax [6], [8] u kuure [7] (cm. 3amadxy 1993-11) B. 1. ApHosbaa
MOJIPOOHO OOCYZKIAeTCS TOHATHE CTATUCTHKH TpaHeil, a Tak:ke cOpMYJIHEPOBAHO
MHOYKECTBO WHTEPECHBIX HEPENIEHHBIX CTATHCTHYECKUX 3a7a9 W THIOTE3 O TPAHAX
IapycoB MHOTOMEPHBIX M OJTHOMEPHBIX MEMHBIX JpPOOeii.

Jlns oHOMEpPHBIX HEemHBIX JIpobeil yacTh rumores B. 1. Apnonbga gokaszana B
paborax M. O. Asgeesoit u B. A. Beikosckoro [1] u [2]. O6o3naunm wepes “k” equn-
CTBEHHBII IEeJ0YNCIeHHO-INHEHHBIN THTT OTpe3Ka mejaovnciaeHnoit qamasl k > 0. B
IpUBEIEHHBIX padOTaX J0KAa3aHO CYNIECTBOBAHHME M HAIEHDBI CIeAYIONINEe IIPeIe b

1
T L) DR
e\ 2L ) T @) Fkv2)”

a TaK¥Ke OIEHEeHA CKOPOCTh CXOJAUMOCTH (COOTBETCTBYIOIIEI IOCIEI0BATEIHLHOCTH

DY HEJIBIX TTOJOKUTETBHBIX ') K 9THM TPe/IeIaM.
EuHCTBEHHBIM pe3yIbTaTOM JIjIs HEIMHBIX JApo0eil pa3MepHocTH, HoIbIneit e1m-

autpl, apasgercs reopema M. JI. Konnesnua u FO. M. Cyxosa [28] o cymecrBoBannu
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CpeJHero 9ucja modBjieHnd MHOTOIPaHHUKOB C 3aJaHHBIM YHUCJIOM HEJIbIX TOYEK Ha
HUX JIJIS TTOYTH BCEX MapycoB HEMmHbIX apobeil (Kpome apobeil MHOXKecTBa Jpobeii
Mepbl HOb 10 Jlebery). HackonbKO aBTOpY W3BECTHO, TH CTATHCTHKH JI0 CUX TOP
HE BBIYUCIEHBI, & METOJbl UX BBHIYUCACHUH (M WX ANNPOKCHMAIMI) He paspabora-
HbI. HepBbIe CTaTUCTUYECKUE JaHHBIE O MEePUOINICCKUX IBYMEPHBIX IMEITHBIX ,ZLpO6HX

npuBeeHB B paboTe aBTopa [24].

Hakownerr, mpakTuveckn Bce mepeduncIeHHbIe BBINE BOTTPOCHI TEPEHOCSTCS Ha, CIIy-
Jail mapycoB MepHOANIEeCKAX MHOTOMEDHBIX IEeIHBIX Apobeii. B kauecTBe mpumepa

MPUBEIEM CJIEIYIONLYIO MTPOOIeMy.

IIpobaema 13. (B. M. Apuoaba.) Pemursh "knaccudukanuonubie 3agadqu’ Jis
KOMITAKTHBIX JIBYMEPHBIX /TPEXMEPHBIX (MHOIOMEpPHBIX) TDaHeil mapycoB MepHoju-
YeCKUX MHOTOMEPHBIX IEMHBIX JIPO0eil ¢ TOYHOCTHIO 0 HEJ0INCIeHHO-a(hOUHHOTO

OTHOIIIEHU A SKBHUBAJIEHTHOCTH.

Samevanue 11.7. B mocnenneit mpodbaemMe TakzKe HHTEPECHBI BOIPOCHI O TPAHAX Ia-
PYCOB TEPUOJAUIECKUX TEMHBIX Jpo6eil, PACIOIOKEeHHBIX Ha ILIOCKOCTAX ¢ (Gosee

qu) CAMHUYIHBIM HEJOYNCJIEHHBIM PaCCTOAHUEM OT Ha4daJla KOOPpAWHAT.

Samevanue 11.8. Ins ki1acca TMepUOANYECKAX IEMHBIX JIPOo0eil JOCTOBHO MepeHo-
CATCSI BCE TIEPEUYNCIEHHBIE CTATUCTUIECKNWE 3a1a9u JJIsi KOHETHBIX IEMHBIX Jpooeit
(Hy?>KHO TOJIBKO BMECTO TpaHeli KOHeUHBIX MHOTOIPDAHHUKOB PACCMATPUBATH I'DAHU
KOHEUHBIX (DYHIAMEHTAJIbHBIX 00/1acTeil MepUOTNIECKIX MHOTOTPAHHBIX MOBEPXHO-

creit).
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I'masa III.
O HOBOM AJITOPpUTME IIOCTPOCHMA
MHOI'OMEPHDbIX IIepnoanveCKux

IEeITHBIX JIPOOEIi.

B s70it ritaBe omumcan HOBBIH JeAYKTHBHBINH aJTOPUTM MOCTPOEHWST MapyCOB MHOTO-
MEPHBIX HemHbIX Japobeit. Tperbs riaaBa opranm3oBaHa cieayiomumM obpaszom. Bech
AJITOPUTM TOCTPOEHUs TTPOXOIUT B IIECTh IIArOB, €ro IIaH 0OCYKIaeTcs B pas3jie-
ne 12. B paszgene 13 npuBoauTCS OMUCAHUE ABYX OONIMX IMATOB JIs HHIYKTHBHBIX
U JICJIYKTUBHBIX MeTOJI0OB. B 3TOM pa3zjese moka3biBaeTcsi, KaK HAaXOAATCs 0Opasy-
fore rpynnel S L(n, Z)-mMarpuil, KOMMYTHPYIOIMX € 3aJaHHON. Bce pesyibrarTs
pazaena 13 He ABAIIOTCS HOBBIMU W MPUBOIATCA JUIIb s MOTHOTHl W3JTOXKEHUS
(em. paborsr I. Koxena [22] u 2K. Jlamo [35]). B pasgenax 14, 15 u 16 onucana
OCHOBHasl HOBasl 4acTh ajropurma. B paszene 14 mokaszano, Kak CJIe/IyeT BbIJIBUTATH
TUIoTe3bl 0 PYyHIAMEHTAJIBHBIX 001acTaX. Pa3men 15 mocBAmER MpoBepKe THIIOTE3 O
dbyHIaAMEHTATBHBIX 001aCTIX /IS MapycoB ABYMEPHBIX IEmHBIX Apobeit. [IpoBepka
runore3 i (pyHIaMeHTAIbLHBIX 00/IacTeil TapycoB MHOTOMEPHBIX MEMHBIX JIpodeit

obcyxkaaercs B pazjene 16.

12 OmnumcaHme HOBOrO aJropmTMa.

12.1 OcHoBHag cxeMa aJropuTMa.

Omuiiem B 00IMUX 4YepTax MJIEI0 HAMIETO AJTOPUTMA MOCTPOEHUST OAHONW w3 (yH-
JIaMeHTAJIbHBIX 00JacTeil mapyca s MHOTOMEpPHOW MemHOil IpoOH, CBSI3aHHON C
3aJIAHHBIM TEJIOYUCTEHHBIM HEITPUBOIUMBIM TUIEPOOTHTIECKAM OTIEPATOPOM.

Wrak, mycTh 3a/1aH NEJTOYUCTCHHBIH HEMPUBOJAUMBIH IUNIEPOOTNYECKUil OTlepaTop

A€ SL(n+1,7Z). dust Toro, 91066l MoIyanTh byHIAMEHTATBHYIO 06IaCTh Mapyca
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MHOTOMEPHOM MEMHO APOodM, CBSI3aHHON ¢ OmepaTopoM A, JTOCTATOYHO BBITIOJTHUTH
CJICIYIOINE JICHCTBHSI.
1. BBIUHCIUTD BBHIIYKIYIO 0DOTOUKY, alPOKCHMUPYIONIYIO Mapyc, a UMEeHHO, B34Th
JIOCTATOYHO OOJBIINOE MOAXOIAIIEe MHOKECTBO IEIBIX TOUEK U HAUTHU ero BBITYKJIVIO
000JI0UKY.
2. BeIABHHYTH THIIOTE3y O HEKOTOPOil dyHIaMEeHTAIbHONW 00J1acTH. 374eCh HYKHO
yrajaTh, KakKue u3 rpaHneit popMupyoT GyHIaAMEeHTATbHYI0 001acTh. Ecan anmpok-
CUMaAIIHsI JOCTATOTHO OOJIBINAS, TO I'PAHN BBIOMPAIOTCS, UCXO/Is W3 TTOBTOPSIOIIEiics
reoMeTPUYIecKOil CTPYKTYPhI alllTPOKCUMAIIAH.
3. [IpoBeputh runoTe3y Ha TPABUIHHOCTb.
4. Ecu runore3a HeBepHA WX HEIIpOBepsieMa, CJIeIyeT MOBTOPUTH, HAUNHAS C MYHK-
ta 1. [Ipm 3Tom mogxosiiee MHOYKECTBO CJIeIyeT BhIOpATH OOJIBITIM.

Yro661 peasn3oBaTh MOAOOHBI AJTOPUTM, HEOOXOAMMO WMETh OTBETHI Ha JIBa
CTeIVIONIHUX BOIIPOCA:
Kax narodums nodrodauwee mmuorHcecmso uesvix mover 0af annpokcumMayul, napy-
ca?
Kax nposepamuv cnpasediusocmsv 2unomes o GyrndameHmarviolx 0baacmar napyca?

B 3T0it T1aBe mpuBOAATCS OTBETHI HA STH BOMPOCHI.

12.2 OcHOBHBIE 3JIEMEHTHI AJrOPUTMA.

[TepeuncanM KpaTKo MO MyHKTaM OCHOBHBIE IMTArW, UCTOTb3yeMble B aJITOPUTME.

enyKTuBHbBIi aJITOPUTM MOCTPOEHNS OAHOIT 13 PyHIJaMEHTAIBHBIX 00-
Jacreii ajg mapyca 3aJaHHOTO omeparopa A B 3aJaHHOM OPTaHTE.

Ilaz 1. BeruueanTs 6a3u¢ aJTATUBHON TPyl KOTbIa =(A).

IMaz 2. Beraucants Gasuc rpymmsl =(A), nenoabsys pesyibrar mmara 1.

IIlaz 3. HaiiTn HEKOTOPYIO BEPIINHY MTapyca 3aJaHHOTO OPTAHTA.

Illaz 4. BeraBunyTh runore3y o (pyHIaAMEHTATBHON OOJACTH Mapyca, UCIOIb3Ys
pe3yJIbTaThl Tara 2 u mara 3.

Ilaz 5. [IpoepuTh npeaIoKeHnyio Ha mare 4 runoredy. Ecian runoresa nesepna,

WJIN HempoBepsieMa, CJIeyeT BO3BPATUTHCS K MYyHKTY 4.
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Samevanue 12.1. TIpeanomaraercst, 9To npemiokerHHas Ha mare 4 @yHIaMeHTaTIb-
Has obmacTh m Gasue Ay, ..., A, rpynmsr =(A) yI0BIETBOPAIOT CIEIYIONAM YCIO-
BUSIM:

1) 3aMbikanne byHIAMEHTATLHON 00JIACTH TOMEOMOP(MHO JUCKY:;

ii) omeparopsr Ay, ..., A, ONpemessIIOT CKJIEHKY 9TOrO IUCKA B N-MEepPHBIH TOP.

Samevanue 12.2. Kak aas naaykTuBHOro Metoga P. Oka3zakn, Tak W JJIsT 1€ 1yKTHB-
ubix MetozoB 2K.-O. Myccadupa u aBropa (npeacrapiasieMoro B pabore), HeoOXou-
MO BBITIOJTHEHIE TIePBOTO W BTOPOIO IMAroB. DTH JBa IIAra OMHCAHBI B CIELYIOIIEM
pasjiesie. Bee octasbHbIe maru XapakTepHbl TOJIBKO JIJIsT HAIEro ajaropurma. B aaro-
purme 2K.-O. Myccadupa [42] runoressl BbIIBATAIOTCS MPH MOMOIIH AMTTPOKCHMAa-
A OPTAHTA HEKOTOPBIM PAIMOHAJIBHBIM OPTAHTOM. B ajaropuTMme, mpeaiaraeMoM
B 9TOif paboTe, BBIABUTAIOTCS THIOTE3BI O HEKOTOPOM MHOXKECTBE MEePUOJO0B B JTaH-
HOM, a He B MpuO/IM:KaeMoOM opTranTe. (cM. onncanue maros 3 u 4). Tns asymepHbIx
HEIHBIX JIPOGeii THIOTe3bl MPOBEPSTIOTCST S7IeMEeHTAPHO (1mar 5), TP MpoBepKe CyIie-
CTBEHHO HCIIOMb3YETCsS TeopeMa O IeJ0UHCIeHHO-TuHeliHo# Kaaccuduramun. Jms
n-MepHBIX (n > 2) memHbIX ApPoOeil MOCTeAHU Iar JO0BOIBHO CJIOXKEH H3-33 OT-
CYTCTBUST KJACCHU(PUKANNA TPEXMEPHBIX TpPaHeil, TPEXMepPHbIe TIOCKOCTH KOTOPHIX
PACIOIOKEHBI Ha OOIBINE YeM Ha eITMHIIHOM IEeJTOUUCTeHHOM PACCTOSHUU OT HAYa-
J1a KOOpAWHAT. B onmucanuu mocaeHero mara J0MOJTHATETbHO HCCIeAyeTCsa YaCTHBII

cIydail, KOTOPBIH MUIMOTEeTHYEeCKN TUIIHYeH /I MePUOJANIeCKNX MEIMHbIX Ipobeii.

Sameuarnue 12.3. OTMernm, 910 BCe, U3BECTHBIE aBTOPY, J€JIYKTHBHBIE AJITOPUTMBI
NOCTPOEHUS MAPYCOB MHOTOMEPHBIX IEMHBIX Jpo0eil He ABISIIOTCA aJrOPUTMAMU B
cTporom cMbicTe. HeoGXoamMo TpaBHIbHO BROIPATE Gasuc rpymmsl =(A) u BHIIBI-
raTh MPaBUJIbBHYIO THUIIOTE3Y, a 3aTeM IMPOBEPIThH €€, MOITOMY TAKOil e yKTUBHBII
AJITOPUTM HE MOYKET OBITh IEJTMKOM BBITIOJIHEH TTPU MOMOIIM HEKOTOPO# KOMIThIO-
TepHOiT mporpamMmbl. Buaumo, make aaropuTMuIeckoe paclo3HaBaHUEe MEPUOIA TI0
3aJIAHHON KAPTUHKE TPAHUIBI alllPOKCUMAIIN TIapyca SBJIIeTCS TPY/IHOM 3a1a4eii.
C apyroit cTOpoHBI, TpeyTaraeMblii B 3TOH paboTe JAe yKTHBHBIN aaroputm d¢hdek-
THBEH HA TPaKTHKe. Bece MpuMepsl, mepevdncieHnbie B CIeIYIONIei rIaBe, BEIYUCIeHBI

IpU TOMOIIX TOTO ajropurMa. OHE 0000IIAT U JOMOTHIIOT MPAKTHIECKN BCE TIe-
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pUOABI ApPYCOB, MMOCYATAHHBIE paHee.

Samevanue 12.4. TlpemcraBieHHBIE METO €CTECTBEHHBIM 00pa30oM 0000IIAeTcs Ha
caydaii Mmogesm MunkoBckoro-Bopororo MuOromepHoii mennoit apobu. (Onpemeste-

Hug Mozenn MunkoBckoro-Boponoro cum. B paborax [38] u [17].)

13 OOmue BoIpochl, OTHOcHAMIecss K Oa3mcaM pe-
IMETKHA.

B stom pazzesie Bkpartiie 00Cy K Ia0TCs 0OIIHEe BOMTPOCHI, HEOOXOMMbIe KaK JJIsi MH-
JYKTUBHBIX, TAK W IS JEIYKTUBHBIX MeTonoB (maru 1 u 2 pasmena 13). OTsers
HA 9TU BOIPOCHI OBLIN M3BECTHHI PAaHbIIE U MPUBOAATCA 37€Ch g TMOJTHOTHI M3-
noxkennst (cM. takxke [35] m [22]). [Jokazkem cHavasa OJHO HYKHOE B JajibHEHITem

YTBepXKJIeHne.

13.1 Teopema o crenuaJbHOM 0a3mMce BHYTPH II€JIOTO MapaJi-

JieJiernuiie/ia.

[Tycts VoVi ...V, — HEKOTOpPBI#T m-MepHBIi TeTpadap ¢ Bepmuaavu Vo, Vi, ..., V4
u V,,. Hamomuum, uro uepes P(VoV; ... V},) obo3Havaercs cieayomuii napaJiiese-
nune/:

{Vb-i—Zak%Vk| 0<ay< l,kzl,...m}.
k=1

Hanee Mb1 Oyem obo3nauars napamterenunen P(VoVy ... Vy,) crenyomum o6pasom:

P(Vo, Vi, ..., Vi) (9r06BI He criyTaTh B MATPHIL C TPOU3BEJICHHEM JBYX MATDWIL).

Ymeepotcdenue 13.1. Ilycmv 3adana nodpeuémra MarxcumMarbH020 PAH2G PEULEM-
KU Uyeav mouekx 6 uesot naockocmu. Ilpednonootcum, umo mouku O; Ay, ..., A,
nopootcdatom smy nodpewémry (3deco O — nauanro Koopdunam peweémxu). Tozda
cywecmeyem makoti basuc O; By, ..., B, ueaiouuciennot peueémru, narodaujuiics
6 napasresenunede P(O, Ay, ..., Ap), wmo daa 2106020 HaMYPasbH020 “ucaa i < n

sepwuna B; npunadaesrcum napasaesenunedy P(O, Ay, ..., A;).
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oxazameavemso. Tlocrpoum Gasuc O, By, ..., B, no wagyknun. Ha ¢-om mrare
crpoutcst BeprmmHa B; 6asuca O, By, ..., B;, pacnosoKeHHass BHYTPH HapaJiieie-
nmunena P(O, Ay, ..., A;). TIpu 5TOM BBITIOTHSIOTCS MEePEYUCICHHBIE BBIIIE YCIOBUS
JITST PEIIETKH B IJIOCKOCTH, HATAHYTOM Ha Toukn O, Ay, ..., A;.

Basa undyxyuu. dnas i = 1 B kauecTBe By BhIOMpaeM Osmzkaiinyo Kk O u OTaInd-
HYIO OT Heé eIy Touky orpe3ka OAj.

laz undykyuu. Tpeanonoxum, sepumnbl O; By, ..., B;_1 (i < n), ymose-
TBOPSIIOIIE YCIOBUSIM WHIYKIIMH, MOCTPOeHbI. [locTponM Temeph MEAYH0 TOUYKY
B;. Tlycts neodncienHoe paccTosiHue OT TOYKU A; /10 MJIOCKOCTH, HATSHYTOW Ha
roukn O, Ay, ..., A;_1 paBHO d;_;. PaccMOTpUM ILIOCKOCTH, HATIHYTYIO HA TOYKH
O, Ay, ..., A;, a B Heil TUIIEPILIOCKOCTD (0603HAYUM Yepe3 7;), HapalIeTbHy 0 MI0C-
KocTH, HaTaHyTOi Ha Toukm (O, Ay,..., A, |, IpUIEM NETOUNCIEHHOE DPACCTOSTHIE
MEKIy STUMH MJIOCKOCTSIMEA paBHO ejunute. [Lrockocts 7; — memast. CregoBareib-
HO, Mlepecedenne MIOCKOCTH T; ¢ napaJienenuneaom P(Ay, ..., A;) cocrout Kak mu-
HUMYM W3 OJHOI 11eJ10if Touku. Beibepem mpon3BOJbHO OHY U3 TAKUX MEIBIX TOYEK
u obo3HavynM eé depes B;.

[TocKONMBKY ILTOCKOCTH, KOTOpBIe HATAHYTH Ha Toukn O, A, ..., A;_1 u Ha TOY-
ku O, By, ..., B;_1, coBIajaior, Bce mejbie TOYKN mapasuienenunena P(By, ..., B;)
pPaCTIOIOKEHBI Ha TeJoYncIeHHoM paccTosanu () wam 1 OT MIOCKOCTH, HATSIHYTON
Ha toukn O, By,..., B;_1. Ilo npeanonoxenuno waayknun toukn O; By, ..., B;_ 1
HOPOXKIAIOT MEJTOTHCTCHHYIO TOIPEIIETKY COOTBETCTBYOmEl mrockoctu. CremoBa-
tesbHO, mapaterenunen P(O, By, ..., B; 1) — nycroii. I3 nociaeaanx aByx yTBep-
Kaennii crenyer, uro mapastenenunes P(O, By, ..., B;) — rmakxe mycroii. Takuwm
obpazom, Toukn O; By, ..., B; TOpOXIAOT NETOUUCICHHYIO MOIPEIETKY COOTBeT-
CTBYIOIIEN MJIOCKOCTH.

Urak, Mo WHIYKIUH CTPOUTCST DA3UC, YAOBIETBOPSIONINI BCEM YCJIOBUSIM yTBED-

K JIeHWTSI. ]

105



13.2 Illar 1. Beraucaenmne 6a3uca aJJuTUBHOIN I'PYTITHI KOJIb-
ma Z(A).

[IpucTtynaem K OMHUCAHWIO MEPBOTO IIAara HOBOTO aJTOPUTMA.

Ha stom mare xosbiio =(A) paccMaTpuBaeTcs Kak aJJIUTHBHAsT TPyMma. Ajro-
PUTM HadnmHaeT paboTy ¢ BhUMCIeHHs Gazuca rpymnbl =(A). OToXKaecTBIM 1po-

M 1 1),R R(+1)?

crpancrso Mat((n + 1) x (n + 1),R) ¢ npocrpancTBoM M PacCMOTPUM
CTAHJAPTHYIO €BKJIUJIOBY METPHUKY Ha 3TOM TpocTpaHcTBe. Kakapril mesoducien-
HBII ONlepaTop Terepb COOTBETCTBYET HEKOTOPOU I1eJI0i TOUKe, a PACCTOAHUE MEXK LY
JIBYMSI OMlepaTOpaMu TojIaraeM PaBHBIM €BKJIMJIOBY PACCTOSTHUIO COOTBETCTBYIONUX

2
(n+1)° B kauecTBe HOpMBI omeparopa A momaraem CyMMY

TO4YeK B mpocTpaHcTBe R
mozyiteit koadduruentos oneparopa A u obo3nauaem depes ||All.

B yrBepxkaennn 13.3 HUKe MOKA3bIBAETCsI, 9TO MHOXKeCTBO =(A) siBasiercss aj-
MUTHBHON rpymmoit, msomopdnoit Z" !, U3 caescrsus 13.4, NpuBeI¢HHOTO HIZKeE,
BBITEKAET, UTO CYIIECTBYeT Oa3uc rpymmbl =(A), comep:kamuiics B mapasieienuie-

e P(0,E, A A?, ..., A"), u, Takum 06pa3oM, MO yTBep:KIeHHIO 13.5 HUZKe, HOPMBI

BCEX OTePaTOPOB ITOTro Haswca OrpaHNIEHBI CBEPXY YNCIOM

N'= 147
i=0

Sameuanue 13.2. Ucnons3ys LLL-aaropurwv, onucannsrit A. K .Jlencrpa, I'. B. Jlen-
crpa u K. u JI. Jlosam B [37|, crpoutca HekoTOpbIil npusedénnnid HGasuc B; mns
MOJIPEIIETKY, MOPOKIEHHON crenensmu omeparopa A. [ns sroro 6asuca wueno N’
yMeHbIaeTcs Jio Hekoroporo jgpyroro uuciaa N. Wcnons3zosanme LLL-anropurma

Heo0A3aTeTLHO, MOYKHO IpOCTO MoI0KAThL N = N,

MHOXKeCcTBO TETOUNCTEHHBIX OMEePaTOPOB, COAEPIKAIIMXCS B Mapasielenunese,

ABJSACTCA TAKIKE TMOIMHOKECTBOM CIEIYIOMEr0 MHOZKECTBA:
Mat((n+1) x (n+1),Z) N By (0),

rae depe3 By (O) obosnauena N-OKpecTHOCTh Havaja KOODAWHAT (T.e. map paju-

yca N ¢ meHTpOM B Havaje KOODAMWHAT). DTO IMOJMHOKECTBO COAEPKUT He Gosee
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((2N + 1) 4 1) 9s1eMeHTOB. [TOCKO/IBKY MOAMHOYKECTBO COAEPYKUT BCE IeJIble TOY-
ku napajenenunena P(0, B, A, A% ... A"), MHOXKECTBO Te/JbIX TOUEK mapaJiiesie-
MU BRIYUCIIETCS 38 KOHEUHOE, MOTHHOMHUATBHOE OTHOCUTETLHO N, KOTHIeCTBO
IIaroB: HEOOXOJAMMO BBIOPATH BCE TOYKH MAPAJISTCIHUIea U3 OMHCAHHOTO BHIIIE
MHOZKeCTBa. VTak, MHOKECTBO BCEX HEJIOYMCICHHBIX OMEPATOPOB, COACPKALIMXCS B
napaJsutesienuresie, mocrpoero. Temnepsb 6aszuc rpymmsl =(A) cTPOUTCS MO AJITOPUTMY,
ONMMCAHHOMY B yTBepxKaeHun 13.1.

Cdhopmynupyem n g0KayKeM YTBEPZKIeHUsI, YIIOMSIHYTHIE BHITIIE.

Ymeeporcdenue 13.3. Onepamopo. muosicecmea Z(A) 0as npouseosvhozo yesouuc-
AEHHO020 HENPUBOOUMO20 2UNEPboAUYECKko20 onepamopa A obpasyrom addumueHyio

epynny, usomopdraro ZH.

oxasamesvcmeo. Tlo ompenenennio Bce coOCTBeHHBIE 3HAaUeHUs oneparopa A Be-
MIeCTBEHHBI U pasanyibl. Cjie0BaTe/IbHO, CYIIECTBYET HEJOYHCACHHBIN 6a3uc mpo-
CTPAHCTBA, B KOTOpOM omepatop A amaronanen. [Iockonbky Bce cOOCTBEHHBIE 3HA-
JeHust oneparopa A pas/mdaHbI, BRIOIHSIETCS CIeIYIONee: BEIeCTBEHHBI 0mepaTop
B xommyTupyer ¢ omeparopom A Toraa m TOJBKO TOTIA, KOTJAA oneparop B smis-
eTCsl TMarOHAIBHBIM B 9TOM Oasuce. MHOXKECTBO BCEX TAKUX OMEPATOPOB 0OPa3yIOT

(n+ 1)-MepHYIO MIOCKOCTD, MPOXOJAILYIO Yepe3 HAYAI0 KOODJAUHAT B IIPOCTPAHCTBE

2
BCeX omepaTopos, m3omopdrom R
[TokarkeM, 9TO 3Ta TUIOCKOCTh — Ileas. PaccMOTPHM CJAELYIONIHe SIeMeHTHI
E, A A% ... A1 u A" JlokaXeM OT TPOTHBHOTO, UTO OHM SIBJISIIOTCS JIMHEHHO
b b) b) b b)

nesapucumbivMu Hag moaeM Q. TIpeanososkum, 94To HEeKOTOpas HeTpUBHAIbLHAS JIH-
HeifHasg KOMOMHAIMA 9TUX MaTpull pasHa Hya0. CliegoBaTeIbHO, XapaKTepruCTHIe-
CKHii MHOTOWIEeH omepaTopa A He aBIgeTca MHHHMAJIBHBIM MHOTOWICHOM s A.
TaxuM 06pa3oM, XapaKTepUCTAYCCKHII MHOTOWIeH MpuBoauM. [IpotuBopeune. ITak,
LEOYMCICHHAs TOAPEIIETKA, MOPOKIEHHAA CTeleHaMu A, 11 paccMaTpuBaeMoil
(n + 1)-maockocTH siBiIsieTcst noaperéTkoii panra n + 1. Bee moarpynmer rpymimsn

Z™+D* papra n 4+ 1 m3omopdusr Z™!. VTBepiKIeHEe T0KA3AHO. O
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Caedemesue 13.4. Cywecmeyem 6asuc epynno. =(A), 6ce saemenmo. komopozo co-

deporcames 6 napaasesenunede P(0, B, A A% ... A").

Jloxazameavcmeo. Kak Tombko uTo OBLIO TOKa3amo, sdements B, A, A% ... A"
nuneitno wesaBucuMmbl Hay moseM Q. CiremoBaresibHO, ITH IJEMEHTHI MOPOKIA-

0T HO,ILpeIHéTKy IIOJTHOT'O paHra A4 ILTOCKOCTH, H&THHYTOfI Ha cjaeayronume TOYKHU

O,E,A, A%, ..., A", TlpuMennm Tenepb yTBep:Kaenne 13.1 K II0CKOCTH, HATAHYTOM
na Toukn O, F, A, A%, ..., A". JloKa3aTeabCTBO CIEJICTBUS 3aBEPIIEHO. O
Ymeepoicdenue 13.5. Pacemompum napasseaenuned P(0, E, A, A% ... A™). Hopmw

BCET ONEPAMOPO8, COOEPHCAULUTCA BHYMPYU NAPAANEAENUNEDG, 02PAGHUYEHD, CEEPTY

YUCAOM
n
>l
=0

Joxazamesvemeo. JlokazaTebcTBO yTBEpKIeHUs mpsiMoanneitno. [Tyctnb

n—1
1=0

SIBJISIETCS HEKOTOPOil TOUKoi mapasienenuneaa. Toraa aas moboro unciaa 0 <2 < n
nonydaem 0 < \; < 1. VI3 3Tux HepaBeHCTB, a TaKKe U3 HEPaBEHCTBA TPEYTOIbHIKA

cIeyeT, 9To:
n n n
1X]] =11 NAT <Y DAY < (147
i=0 i=0 i=0

O

AIIFOpI/ITM IIepBOT'0 IIara CKOpee BCEro He dBadeTCd OINTHMAJIbHBIM. B cBasu ¢

9TUM WHTEPECHA CIeAYIONas 3aa9a;

IIpobaema 14. Haiitn 3dbpeKTUBHBIN aIrOPUTM BBIYUCIEHNS [IEJI0TUCTIEHHON PerméT-
KU JIJII HEKOTOPOTO MOJITPOCTPAHCTBA NMpocTpancTBa R™, 3aJaHHOrO CUCTEMOit Jin-
HeifHBIX ypaBHEHMI, eCIM U3BEeCTeH KaKOH-HuOyab Oa3uc A, ..., A, 119 HEKOTOPOii
MOJPEIIETKH STOTO MPOCTPAHCTBA MAKCUMAIBHO BO3BMOKHOTO panra. (OrMeTum, 4ro
0 ¢rakTOprpyIIe peméTkn, mMOpoKIAEHHONH Ay, ..., Ay, B permérke moampoCcTpaHCTBa

JOIMOJTHUTEJIbHO HUYEro HeI/ISBeCTHO.)
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13.3 ITar 2. Beraucants 6a3uc rpynmnsl Z(A).

C anropuTMHUYECKOil TOYKM 3peHHs BTOPOH 1mar Hambosee CI0KeH. 31eCh OMUCAH
IPOCTERIINI KIACCAICCKUIT AJTOPUTM U IIPUBEIEHBI HEOOXOAUMBIE CCBHLIKH.
[Tycts x(z) — xapakrepucrndeckuii MHOrOWIeH oneparopa A, a & — oxnu u3

KopHeii MHOrowIeHa y(z). Paccmorpum cienyoriee otrobpazkeHne:

h:Z(A) = Q.
Hng moboro smementa B € Z(A) cylecTByer eIMHCTBEHHOE MpejcTaBienne B =

pe(A), Tae pp — MHOrousIeH cremeHn MeHbIeil n + 1 (MOCKOJBKY omepaTophi

E, A, ... A" quneitno -He3asucumbl). [Tomoxnm

h(B) = ps(&)-

OrmernM, 9TO JaHHOE OTOOpaYKEHWE SIBJISETCS W30MOP(MU3IMOM MEXKIY KOJBIIOM
E(A) n ero obpazom h(Z(A)). Croxenne n yMHOXKEHHE B 00pa3e HHILYIHPOBAHO
croxkenneM u ymuHoxkerueM B mose Q[¢] (em. [35]). Bomee Toro, kombio h(Z(A)) aB-
nsercs nopgakoM B mone Q[¢]. Tlo reopeme Tupuxsie 06 eJIMHUIAX CIEYET, UTO
CYIIECTBYeT 0A3UC €IMHUIL MOPSIIKA U TAKOE YUCJIO P, 9TO HOPMBI BCEX €r0 TIeMeH-
TOB OTPaHUYEHBI CBEPXY p. MeTon HAXOXKIEHHS UHCIA p SIBISETCS CTAHIAPTHBIM
u 3jech onyckaercsa. (O HAXOXKJIEHUW YHCIA ) U JIOKA3ATENHLCTBE TEOPEMBI CM. B
kuure [12].) Bamernm, uro memsiit (n + 1)-MepHBIT 00BEM CHMILIEKCA, HATSIHYTOTO
Ha Oa3ucHBIE OMepaTophl, MPUHUMAET HaWMEHbIIee BO3MOYKHOE 3HadeHue. lereps,
crneays kuure [12], 6a3uc mopsiika CTPOUTCSA TPU MOMOIIH HepeGopa BeeX KOMOU-
Hanuii BekTopoB MHOXKecTBa h(=(A)) BHyTpH mapa B,(O), tne B,(0O) asiserca
P-OKPECTHOCTBIO Havata Koopaunat. [Ipoobpas (T.e. h™') sroro Gasuca nocrasiser
Ga3uC TPYIIBI OOPATUMBIX TEMEHTOB Kobiia =(A), a, ¢/ie1oBATeIbHO, U MOATPYIIITHI
Z(A).

3ameuarue 13.6. Koncranrta p 4pe3BbluaiiHo BeTMKa (OHA SKBUBATEHTHA IKCIIOHEH-
Te OT HEKOTOPOro MHorowrteHa ot koddgdunuentos marpunsl A). DddexTuBHbiii
asroput™ Jyist droro miara omucan I. Koxenom B knmre [22]. Asropurm Koxena
uiieT 6a3unc eJNHNUIL 33 MOTHHOMHATHHOE (OTHOCHTETHHO KOIDMUIMEHTOB MATPHII!

omepatopa A) Bpems.
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3ameuanue 13.7. OTmeTHM, 9T0 HCKATH 0Opa3yolye rpymbl =(A) He 06s13aTeIbHO.
Ham anroputv pabortaer yxke ¢ n + 1 JuHEHHO-HE3aBUCUMBIMU ONEPATOPAMHA U3

rpynmel =(A) (em. Gonee moapoGHO B 3aMeuanuu 14.5 nuzKe).

14 O dynmamMeHTAJIbHBIX 00JIACTIX W ANNPOKCHMA-
IASIX IapyCoB.

HamomunwM, uro, 6azuc rpynmsl =(A) nocrpoen B mpeabiayiiem pasmaese. [Ipucryna-
eM K OCHOBHBIM TIaraM aJIropuT™Ma. B 3ToM pazjese mocTpouM HEKOTOPYIO BEPIIUHY
napyca u mokakeM, KaK CJIe/IyeT BBIIBUTATh T'UIOTE3bl O (DYHIAMEHTAJBHON 001aCTH

napyca.

14.1 IIlar 3. HaxoxkJ1eHrue HEKOTOPOil BEPHIMHBI TTapyca.

Haitném cravgasa HEKOTOPYIO TETYI0 TOYKY OPTaHTa, cojeprkariero napyc. Pacemor-
pUM MPOU3BOIbHBIN OpTaHT. CABUHEM TapAJIeJbHO CTAHJIAPTHLIN €TMHUYHBIN TMa-
paJLTeIenume 1 TaK, YTOObI OH MEeTUKOM HaXOJWIcd BHYTpu opranta. Hekoropas te-
Jlagd TOYKa JIE2KUT BHYTPH CABUHYTOI'O MapaJljieJIenuIie/a. KOOp,ZLI/IHaTbI 9TOM TOYKHU
COBTAJAIOT C MEJBIMU YaCTIAMU KOOPJAWHAT OJHOW n3 2" BepIuH NapaJliesenuneia.

Urak, mocTpoeHa HeKOTOpas Iesas ToukKa PP opranTa, HaiiAéM OIHY U3 BepIINH
napyca paccMaTpuBaeMoro opTanTa. PaccMoTpuM Takyio MEIyio MJIOCKOCTD T, MPO-
XOJSAIIYIO Yepe3 HavaJIo KOODJAWHAT, 9TO TepecevdeHre OPTAHTA C TOW TIOCKOCTHIO
COCTOUT POBHO W3 OJHON TOUKHM — U3 Hadanaa KoopamHat. [Ipemamonoxkum, 9To 1e-
JIOYUCTIEHHOe PACCTOSHNE OT TOYKU PP 1o 3Toit mrockoctu pasHo d. [lepebepém Bce
CUMILIEKCHI, TOJIyYeHHbIE B Ka4eCTBe TIepeceveHrs HAlllero OPTanTa ¢ napaJiie bHbI-
MU TTJIOCKOCTH 71 TIJIOCKOCTAMU C HEJJOYUCJIECHHBIMU PDACCTOAHUAMMU OT Ha4daJla KOOP-
JIMHAT JIO 9TUX MJIOCKOCTel, paBHBIME 1, ..., d. [Ipeamonoxum, 4T0 NeI09ncIeHHoe
pPACCTOsIHUE IO TIOCKOCTU TEPBOTO TAKOTO CUMILIEKCA, COAEPZKAIIETO IMeTble TOUKH
paBuo d' < d. Beimyk/ast 0007109Ka BCEX IEJIbIX TOYEK ITOr0 CUMILIEKCA COBIAJIAET C

OJTHOI M3 rpaHeil mapyca. Bece BepmuHBI 3T0# TpaHu ABIAIOTCS BepIIMHAMHA Mapyca.
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Bribepem oy u3 Hux.

14.2 IIlar 4. BeraBmkeHMe THUNOTE3bl 0 (DyHIAMEHTAJIBHOM

obyracTu mapyca.

[Ipeamonozxkum, 4TO MOCTpOEHA HEKOTOpasi BepiinHa V' mapyca B opTante u 06a3uc
Ay, ..., A, rpymmer Z(A). Temeph HEOGXOAMMO BELABHHYTDL THIOTe3Y O (ByHIAMEH-
TaJbHOU oOnacTu mapyca. OmuimeM IJIAH TOrO, KAK HYKHO BBIJIBUTATH THIIOTE3BI.
Bo-mepBoix, BBIYHC/IsIEM HEKOTOPOE MHOYKECTBO IEIBIX TOUYEK, KOTOPOE COJIEPIKUT
BCE BEPIIUHBI KaKO-HUOYIb (byHIaMeHTabHON 0bacTi napyca. Bo-BTOphIX, yKa-
3bIBaEM, KaK BHIOPATh DECKOHEUHYIO MOCTIEI0BATETBHOCTD CNEUUAADHOLT MHO202P0H-

HOLT annpokcumayut napyca. Hakoner, ucrmoab3yst n3o0pakKeHus amimpoKCUMaInii,

dopmyaupyem rumnorely o dyHIaMeHTaJILHON 00/1acTH Tapyca.

Ymeeporcdenue 14.1. ITyecmo V' — sepwuna napyca n-meprot yennotd dpobu (n+1)-
aszebpauveckoti uppayuonarvrocmu. Tozda cywecmeyem maxas GyroameHmans-
HAA 00AGCTND NAPYCA, 4MO BCE €€ GEPULUHDBL COOEPHCAMCA 6 SbNYKA0T 000A0UKeE
(0b0snavwum wepes H) nauwana xoopduram u 2" pasiuunvls mouer 6uda

n

‘41,...,577, - HAZQ (V)a

=1

ede €; € {0,1} dna 1 <i<n.

oxazameavemeso. Pacemorpum MHOrOrpanubiii Konyc C' ¢ BepIIMHONW B HavaJIe KO-
OPJUHAT M OCHOBaHMEM B BHIITYKJTOM MHOTOTPAHHUKE C BepmuHaMu Ve, . . . Bo3bmém
obbeanHeHne BCeX 00pa30B 3TOr0 MHOTOIPAHHOIO KOHYCA IOJ AeiiCTBHEM OIepaTo-

poB
n

— m;
Aml,...,mn - HAZ 17

=1

e m; € Z npu 1 < i < n. C 04eBHIHOCTHIO, 3TO 00bEIMHEHNE COBIAIAET CO BCEM
OTKPBITBIM OPTAHTOM, JIONOTHEHHBIM HAaYaJI0M KoopauHat. CaeaoBaTeabHo, IS JT0-
0oif BepIMHBI Mapyca CyIecTByeT HEKOTopasl BeprmmHa B KoHyce C' W Takoil orme-

paTop A, ... m, IS HEKOTOPBHIX HEJBIX YHCEI M;, YTO UCXOJHAS BEPITHHA Mapyca
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MOJIyYaeTcsT U3 BEPHINHBI mapyca B KoHyce C' IPU MOMOIINA MPUMEHEHUsT OTlepaTopa,
Ap,...m,. DOsee TOTO, BHITyK/Ias 00OTOYKA BCEX IEJBIX TOYEK 3aJaHHOIO OPTAHTA
COZIEP’KUT BBIYKIYIO 0O0MOUKY BepIINH BUIA Ay, m. (V). CremoBarensuo, napyc
(T.e. rpaHUNA BHIMYKJIOH ODOMOUKH MEJBIX TOUYEK OPTAHTA) COJAEPIKUTCS B 3aMBIKA-
HIW JIOTOHEHNUsT O OPTaHTa BBIMYKJIOH 0007M09KH BCex ToUeK BUAA Ap,,  m. (V).
DTO JOTMOMHEHNE SBISETCS TMOAMHOKECTBOM O0beIMHEHNsT MHOMOTPAHHUKOB, TOJIY-
YeHHBIX I3 MHOTOTPAHHHUKA [ MPH MOMOIIH JAefiCTBUS BeeX OmepaTopoB Ay, ., 1

HEKOTOPBIX Heabix m;, 1 <4 < n. /loka3aTeabCTBO YTBEPKICHUST 3aBEPIIEHO. U

Kraccuueckoe onmmcanme BBIYHCICHHS BBIMYKIONH ODOTOUYKHU HMETBIX TOUYEK 37eCh
omyckaetrcs. OO03HAUNM BCe BEPIIHHBI BBITYKIOH 000TOUKH HMETbIX TOUEK, COMeprKa-

muxcst B Muororpanauke H, gepe3s V,, rme 0 < r < N.

Onpedeaenue 14.2. Boimykiiast 000J109Ka, CIEAYIONET0 MHOYKECTBA, TOUEK
Ha3BIBAETCA N -0 CNEYUAALHOUT MHO202parHOT annpokrcumayued mapyca.

OrmpeieIéHHOE BBITITE MHOYKECTBO COJEPXKUT MpuMepHO u He Gosee aem m” N 1e-
JIBIX TOYEK. (OTMeTI/IM, YTO TOYHOE KOJIMYECTBO IEJIbIX TOYEK HEU3BECTHO, MOCKOJIb-
Ky 00pa3bl TOueK rpaHuipl H cauTarorcest HeCKOMbKO pa3.) Yuciao N dburcupoBano
JUTS 33JaHHBIX obpasyomux Aq, ..., A,, a mapamerp m m3mensercs. 2KemareabHo
BBIZIBUHYTH TUIIOTE3Y IO BO3MOXKHOCTHU C MEHBIIIUM M. STO COKpPaTUT BBIYHUCJICHHE

BBITTYKJIOH 00OJIOYKH.

3ameuanue 14.3. 1151 Bcex TPUMEPOB, TIEPEINCIEHHBIX B CJIeAyIoneil riase (1 st
IpUMepa TOCTEJHEr0 Pa3jiesa), 4To0bl BBIABAHYTH BEPHYIO THIOTE3Y, JOCTATOTHO

OBLJIO B3ATH M = 2.

Sameuarnue 14.4. Ormerum, aro N — yHKIHSA, ONpPeIeIEHHAsT HA MHOKECTBE BCEX

obpasytomux rpynibsl =(A), sra dynkuus we 3apucut or m. Cremoparesnbho, "

Ka-

yecTBO" AMIPOKCUMAIINN 3aBUCUAT TaKyKe OT BLIOOpa Oasmca.
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Sameuarnue 14.5. Obcyanm B ABYX cyioBax ciaydait 3amedanust 13.7. [Ipenmomoxum,
9TO W3BECTHBI onepatopel Aq, ..., A,, TOPOXKIAIOIINE TOJIHKO HEKOTOPYIO MOATPYTI-
Iy MaKCHMATLHOTO panra Tpymmsl =(A). IIycTh BHAEKC COOTBETCTBYIONIeH TOATPyTI-
el paBeH k. B pe3yibraTe BO3HUKAET JIWIIB JBE JOMOTHUTETbHBIE TPyAHOCTH. Bo-
nepBbix, dnciao N Oyjer npumepHo B k pa3 Oosbine, 4eM B TPeJbIIyIIeM CIydae.

Bo-BTOpKIX, HY?KHO TaK:Ke BBIJIBUTATH MHMOTE3y 06 obpasyromux rpynmbr =(A).

15 IIpoBepKa BBIABUHYTHIX THUIIOTE3 B JABYMEPHOM
caydae.

Nrak, octaércst UMb MPOBEPUTH BBIIBUHYTYIO Ha miare 4 rumoredy. [lokaxkem cHa-
JaJjia, KaK MPOBEPSATH THIOTE3bI JIJIsT JIBYMEPHBIX MEePHOINYECKUX HEMHbIX JIpooeil,
OMUpasch Ha TeopeMy O KjaccuUKAIMM W3 MPONLIoil mraBbl. [IpoBepka coctont
13 CeMU 3TAMoB. B 3ToM paszmesie T0Ka3bIBAeTCS, YTO ITUX ITAMOB MPOBEPKH JTOCTA-
To4uHO. CJI0KHOCTH Tpe//TaraeMoil MPOBEPKU €CTh MHOTOY/IEH OT KOJIMIECTBA BCEX

rpaneit.

15.1 KparkKoe omnmucaHue 3TamnoB MPOBEPKU U (DOPMYJIMPOBKA

OCHOBHBIX P€3yJibTaTOB 93TOI'0 pa3adeJia.

[IpeamomokuM, UMeeTcss THIIOTe3a 0 HEKOTOPOit dbyHIaMeHTaIbHOi obractu D g
HEKOTOPOT'O Mapyca JABYMEPHO MepUoINYecKoil emHoit 1pobu, MOCTPOEHHOI 110 OT1e-
patopy A, a Takyke o HekoTopom 6asuce By, By rpymmsi =(A). [lycth py — Komu-
YeCTBO BCEX JIBYMEPHBIX rpaHeil byHmamenTanbuoii obtactu D, a F; (i =1,...,p)
— BCe JBYMEpHBbIE TPAHU — MHOTOYTOJbHUKH, ¥ KOTOPBIX M3BECTHHI BCE BEPITHHBI
u croponbl. [Tycrb (pg) py — KommuecTBo Beex (HYJIBMEPHBIX) OJHOMEDHBIX IDaHeii.
Hamomuunm, uto mocrpoenHas yHIaMeHTaIbHAS 00JacTh U 6A3UC THIOTETHIECKH
00JATAIOT CJETYIOTIMMEI CBOWCTBAMUE:

i)3ambikanme GyHIAMEHTATHHON 00J1ACTH TOMEOMOPMHO JIBYMEPHOMY JHCKY;

ii) omeparopsl By u By onpesiesisiior cKIeifiKy 9TOro INCKa B IBYMePHbIH TOp (TTpraém
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oIy YeHHoe oToOpaskenne obaactn D B CKJICEHHBIH TOP B3aWMHO-OIHO3HAYHO).
IIposepra 2unomesn. IIpoBepka MPOXOAUT B CEMb CJIEAYIONIAX ITAIMOB:

1. mpoBepKa ycioBus i);

2. poBepKa ycaoBus ii);

3. HNOUCK IEJJOYUCIICHHBIX paCCTOHHHﬁ OT Ha4aJla KOOpAWHAT A0 ABYMEPHBIX IIJIOC-

KOCTeill JIByMepPHBIX I'PaHeil TpOBepKa X MOJOKUTEJTbHOCTH;

4. mpoBepKa Ha HAJTUYHE MEJILIX TOYeK BHYTPH OTMEYEHHBIX IMHPAMHU/ C BePIIHHAMA

B Hada/ie KOOPJMHAT ¥ C OCHOBAHUSIMU B JIBYMEPHBIX rpaHsx Fj;

5. IpoBepKa BBIMYKJIOCTH TIPH JABYTPAHHBIX yruiax (1ist Bcex pébep dbyHIaMeHTa h-

HOU 00/1aCTH );

6. IpoBepKa MPABUIBHOCTU 3BE3]I IPU BEPIIHHAX;

7. [IpoBepka npuHa/IJIEZKHOCTH BCEX HYJIbMEPHBIX rpaHeil Habopa D ojHOMY OpTaH-
Ty.

Teopema 15.1. Jlas npedarazaemoti nposepxu npednosazaemoti pyndamernmanrvhot

obaacmu Heobrodumo ne boaee

C(po +p1 + p2)4

deticmeuli CAOMCEHUA, YMHONCEHUA U cpasHerus, 2de C' — nexomopas Koncmanma,

HE 3a6UCAUAA O P;.

Sameuarue 15.2. Tlox KoTnIecTBOM yMHOKEHUH 3/1€Ch MOHUMAETCSI CYMMa, KOJIHYIe-
CTBa YMHOXKEHHUl W KoJaudecTBa geneHuii. OTMeTHM TaKzKe, UTO B 3TOH padOTe MbI
HE YUUTBHIBAEM CJIOXKHOCTD TEPEMHOYKEHUs (CI0KEHUsT) JIBYX MHOTO3HAYHBIX UUCEIL.

MpI mostaraem, 9To OHO TPOUCXOAUT 33 OJHY OMEPAINI0 YMHOKEHHUsT (CIOKEHHUS ).

Teopema 15.3. ITycmv nabop epareti D ydosaemeopaem cAedyouuM YCAOBUAM.:

1) yeaosue i);

2) ycaosue ii);

3) 6ce yeAoUUCACHHBE PACCMOARUA OM HAUAAGL KOOPOUHAM, 00 J8YMEPHLLT NAOCKO-
cmeti 08YMEPHLT 2pareti NOAOAHCUMENLHDL;

4) 6ce ommenernvie nuPaMuUdvl ¢ EPUUHAMY 68 HAYAAE KOOPOUHAM U C 0CHOBAHUA-

MU 6 06yMepme 2PpaHALT E ACAANOMCA 6NOAHE NYCITMBIMU,
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5) ece deyepanmvle Yeavl GHINYKADL;

6) 36€300, NPU BCET BEPUUHAT NPABUNBHDL;

7) 6ce nyavmepuvie 2panu wabopa D uz 00nozo opmarma.

Tozda D sasaaemcs dyndamenmanrvroti 0baacmvro HEKOMOP020 Napyca uentoti dpo-

bu, nocmpoenrot no onepamopy A.

Hauném ¢ mokazarenbecrBa TeopeMsbr 15.1. JlokazkeM, 9TO KaxKIblil 13 CEMH 3TAMOB

peaaun3syeTcd 3a MOJIMHOMHAJIBHOE BpeMsd.

15.2 Jloka3aTeabCcTBO Teopembl 15.1: mpoBepKa ycjoBusd i).

3/1eCh HYKHO, BO-TIEPBBIX, TPOBEPUTH, UTO 3aMBIKAHUSI JIIOOBIX JBYX IBYMEPHBIX TDa-
Heil mepecekaioTcst ubo MO BepliuHe, TU00 Mo pebpy, Iubo He MepeceKaloTcs (Tem
CaMBbIM 3aMBIKAHUSA OJHOMEPHBIX T'PaHell Ha IPAHUIAX JABYMEPHBIX TpaHEl mepece-
KAIOTCs JINOO 110 BeplHe, JMO0 He MepecekatoTcs ). 3ajada CBOIUTCS K PENIeHUTo
JIMHENHBIX CUCTEM IBYX ypPaBHEHUN IJIOCKOCTE IpaHeil 1 HepaBeHCTB I'PAaHul] paHeit

B KOJIMUECTBE MEHBINeM 2p; MTyK (¢ TpeMs nepeMeHHbIME). KOInuecTBo TaKuxX CH-

p2(p2—1)

5— - LIocKOIIBKY

CTeM COBIaJaeT C KOJAUIECTBOM Iap Pa3/IMUHbIX I'PaHeil U paBHO
B KaxKJIOf cucTeMe 1O J1Ba YPABHEHWS, a BCErO HEM3BECTHBIX TPHU, KAXKJIAsd CUCTEMA
3a He DoJIee YeM JIUHEeHHOe OT 2p; BpeMs CBOJUTCI K PeIIeHUI0 CUCTeMbl HepaBeHCTB
oT oxHOit mepemennoii. CaegoBaTeIbHO, MPOBEPKA BCEX CHCTEM MPOXOANT He Dojee
9eM 33 C’Llplpg neiicrsuii, riue 01,1 — HEKOTOpas KOHCTAHTa, HE 3aBUCAIIASA OT P;.
Bo-BTophIX, HEOOXOIMMO TPOBEPUTH, UTOOLI PEOpA (O,ILHOMeprIe FpaHI/I) npu-
MBIKaJIX JTHOO K OJIHO, JTUOO K JBYM (,ILBYMeprIM) rpaHsM. DTO IIPOBEpPIeTCS 3a,
P1P2 OAMHOYHBIX IPOBEPOK MpHUMbIKaHUs. Kaykaast mpoBepka MpOXOAuT He OoJiee
geM 3a JInHeiiHoe oT p; Bpewms. CaegoBaTeabHO, TPOBEPKa MPOXOAUT He Oojiee dem
3a Cl,gp%pg neiictsuii, Tae C o — HeKOTOpas KOHCTAaHTa, He 3aBHCAMIAL OT Pj.
B-Tperbux, nmpoBepum, 9TO BCe OJHOMEPHBIE I'PAHN 3aMbIKaHus [), MPUMbBIKAIO-
e JIUIbh K OJHOI JBYMEpPHOW T'paHu, 00Pa3yiT OAHY KYCOYHO-JIMHEHHYIO Heca-
MOTIEPECEKAIONIYIOCd MeTi0. [[7s1 3Toro Heob6X0aAuMo, ITOOBI B KazK A0 OJHOMEPHOIt

BepIINHE CXOIIIOCH He Doee IBYX TaKHX pédep, a Tak:Ke, YTO 00beHHeHNe TaKUX
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pébep GBITO CBA3HO; poBepseTcd He Gojiee YeM 3a pi OMMHOYHBIX TPOBEPOK MPHMbI-
kKanus. Kaxkgas takast mpoBepKa MPOXOIUT 33 KOHEYHOE YUCIO0 MAroB, HE 3aBUCHIIEe
ot p;. Utoro, C 3p} neiicremii, tne C) 3 — HEKOTOpasg KOHCTAHTA, HE 3ABUCAIIASL OT
Di.

B-derBépTrhixX, MpoBepuM, 4TO 00bEINHEHNE 3aMbiKaHus rpaneit D cesa3no. Haii-
JIEM SIBHO OJIHY M3 KOMIIOHEHT CBSA3HOCTU. PaccMOTpUM MPOU3BOILHYIO JIBYMEPHYIO
I'paHb U Bce pEOpa IPAHUIIbI ¢ BepIIMHAMA. PaccMOTpUM BCe IpaHu, TPUMBIKAIOTIIE
K 9TUM péGpam (KpoMe pacCMOTPEHHBIX paHee W WX OOILYI0 rpaHuily). [IpogomxKmv
MOCTPOEHHME KOMIIOHEHTHI CBSI3HOCTH 10 WHAYKIuU. [IycTh MbI ciesann [ maros wH-
JIYKIIIU U TOCTPOUTN HEKOTOPYIO YacTh KOMIOHEHTHI CBA3HOCTH C pEOPAMU I'DAHU-
upl. JIo6aBuUM BCe TPaHM, MPUMBIKAIOIINE K STHM DPEOpaM (KpoMe pacCMOTPEHHBIX
panee u ux oburyIo rpanuiy). [Ipu Takoil onepanun Mbl pACCMaTPHBAIN KazK0e pe-
Opo He Gojlee OZHOTO pa3a, CIeJOBATETHHO, MBI caesaan He 6oaee C 4p; ONMTHOTHBIX
IPOBEPOK MpUMBbIKaHusd. VITak, oHa 13 KOMIOHEHT CBS3HOCTHU MocTpoeHa. Ecau Bee
I'PaHy BCeX pa3MepHOCTel 3aMbIKaHust obtacTu [ BOILIM B 3Ty KOMIOHEHTY, TO OHA,
O/IHA, €C/IU HET, TO €CTh eIl KOMIOHEHThI CBSI3HOCTH.

[Tpeanomoxkum, 9T0 y 3aMblKaHusd [) uMeeTcs BCero oJHAa KOMIIOHEHTA CBSI3HO-
CTH, I'PAHUIA KOTOPOit ToMeoMopdHa oKpyKHOCTH. [TocunTaem 3iitepoBy XapakTe-
PUCTUKY 3aMbiKaHusi rpaneii . DiljepoBa XapakKTepuCTHKa 3aMbIKaHUs rpaneit D
B 9TOM CJIydae paBHa €JIMHUIE TOIJ[a W TOJHKO TOTJA, KOTJa 3aMbIKaHue rpaHeit
D romeomopduO 1ByMepHOMY AUCKY. UTOOBI MOCYUTATH iTEPOBY XapPAKTEPUCTHKY
HeobxomMOo He Oosee 4pg + 2p1 + po IeHCTBUil CI0KEHUSI.

Jlokazana ciaeayromasi JemMMa.
Jemma 15.4. Crootchocmsd nposePkU Ha NEPeoM IMane He NpPesocrooum
Ci(p1 + p2)pip2

deticmeudi CA0AHCEHUA, YMHONCEHUA U cpasHenus, 20e C — Hexomopas Koncmanma,

HE 3a6UCAUAA O D;j. O
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15.3 [loka3arenabcTBO Teopembl 15.1: mpoBepka yciaoBus ii).

31ech HEOOXOANMO MPOBEPHUTH, UTO MPH CKJIEHKe ANCKa, ONpeaeasieMOil 1eicTBreM
omnepaTopoB By n By, mosydnaach TOMOIOTHIECKAsT TPUAHTYIAPYEMas MOBEPXHOCTD,
romeoMopdHas Topy.

[IpoBepum cHavasia, 9TO MOC/IE CKACHKN TOMTYyYN/Iach TPUAHTYJIUPYeMasi TTOBEPX-
HOCTB. /171 9TOT0 HEOOXOIMMO TPOBEPUTH, UYTO HE BO3HUK.IO HUKAKAX OCOOEHHOCTE
MpHU CKJIelKe TpaHeil BCeX pa3MEepHOCTER.

[TpoBepum, 9TO HET OCOOEHHOCTEH BHYTPH JIKWCKA, TO €CTh OTKPHITHIE TPAHU, HE
JIeJKalllie Ha TPAHUYHON OKPYYKHOCTH, W MX 00pa3bl He mnepecekarorcs. s 3Toro
HEOOXOIMMO pentuTh npumepao 2(pg + py + pg)2 CUCTeM JIMHENHBIX YpaBHEHUN U
HepaBeHcTB. Kaxkgasi cucrema 3a He OoJjiee ueM JIMHEITHOE OT Py, Pi, P2 KOJIUIECTBO
JIeHCTBUIT CBOJUTCS K PEIeHUI0 CHCTeMbl HEPABEHCTB OT OJHOI mepemenHoii. Cie-
JIOBATE/IbHO, MPOBEPKA BCEX CHCTEM IMPOXOAUT He Oosee deMm 3a Cg,l(pg +p + 102)3
neiictsuit, e Cy; — HeKOTOpas KOHCTaHTa, He 3aBHCAIMIAL OT Pj.

[TpoBepum, 9TO0 HET OCODEHHOCTEH Ha OO0bEeIMHEHWH BCEX OJHOMEPHBIX IpaHei
rpaHuipl aucka. st 9Toro g0cTarovHO yCTaHOBUTH, YTO JJIA KayKI0i rpaHuIHOi
OIHOMEPHOW I'paHU CYIIEeCTBYET POBHO OHA Apyras I'PaHUYHAA OJHOMEpHAas paHb,
KOTOpasl CKJiemBaeTcs ¢ jgannoil. Becero monyvaercs: ne 6osiee yem p% MTPOBEPOK MPH-
MBIKaQHUS, /I 000 mpoBepku HeoOXoaMMO He Gosee uem Cy o meiicTuil, rae Co o
— HEeKOTOpas KOHCTaHTa, He 3aBucsias ot p;. CiaegoBaTeIbHO, BCErO HYZKHO Cg,gp%
JOeliCTBUTIL.

[Tposepum, uT0 HeT ocobeHHOCTEl Ha 00HEeINHEHNN BCEX BEPITUH IPAHUILHI JIUCKA
nocsie ckJeitku. JIist 3Toro 10cTaTOuHO TPOBEPUTH, UTO OOLeMHEHNE BCeX IpaHeil, K
KOTOPBIM OHA MPHUMBIKaeT, roMmeoMopdHOo aucky. [lockonbKy rpann ¢pyHIaMeHTATb-
HO¥ 00J1aCTH He MEePeceKaloTCsl, OCTAETCs MMPOBEPHUTH, YTO KayKJlasi paccMaTpuBaeMast
OJIHOMEpHast T'PaHb MPUMBIKAET POBHO K JIBYM JIBYMEPHBIM, &, KPOME TOT0, 00'he TnHe-
HIe OJTHOMEPHBIX U JIBYMEPHBIX TAKUX I'paHeil ToMeoMOpdHO KOMBILY, TO €CTh KpOMe
TOTO CBSI3HO U OpueHTHpyeMo. [IpoBepka Bcex ycmoBHit HPOXOAUT He Oosiee deM 3a
np1p2 TPOBEPOK MPUMBIKAHU, TIe N — HEKOTopas KoHcTanTa. CaegoBaTeIbHO BCEro

JIJIST KayKJI0M BePINHBI HY»KHO BBITTOJIHATH He Oojiee qem Cmplpg neiictsuit, rae Cy 3
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— HEKOTOpasi KOHCTaHTa, He 3aBHCAINasg OT p;. TakuMm oOpa3oMm, IJIsT BCEX BEPITHH
neobxomnMo Cy 3pop1p5 MeHCTBHIA.

V1, HakoHer, cleayeT IPOBEPUTH, UTO MOJYIUICT TOp. Bo-MepBHIX, HYXKHO MPO-
BEDPHUTh, UTO SUIEPOBA XAPAKTEPUCTHKA TIOBEPXHOCTH CKJICHKN paBHA HYJIO (MpOBe-
psteTcst 3a He Gosiee YeM JIMHEHHOe OT P; KOJIWYIecTBO JAeiicTBHii). Bo-BTOpHIX, HYKHO
MOKa3aTh OPHEHTUPYEMOCTh MOBEPXHOCTH. OPUEHTHPYEM IPDAHWIHYIO OKPYKHOCTD;
Ha pEéOpax BXOIMIINX B IPAHUIY OKPYYKHOCTH BO3HUKAET MHIYIHPOBAHHAS OPUEH-
tamys. HyKHo npoBepuTh, 9TO rpaHuvYHbIe PEOpPA CKJIEUBAIOTCS TaK, YTO UX OPUEH-
TAIMU HE COTJIACOBAHBI. ECIM XOTh 0JHA U3 COOTBETCTBYIOIINX OPUEHTAINI COTIaco-
BaHa, M3 JUCKa CKIenTcsa OyToLiKka Kireiina. Ecau Bce opueHTAIIME HE COT/IACOBAHDI,
TO CKJIEUTCA TOp. st 93TOro HeobXoamMo He Hostee deM JTHHEHHOe OT p; KOJTHIECTBO
neiicreuit. Crrenosarensio, Beero myxuo Co4(pg + p1 + po) nmeiicrsuit, rae Coq —
HEKOTOpast KOHCTAHTa, HE 3aBUCAIIAS OT P;.

OcTtaéTrca TOMBKO MOKAa3aTh, UTO OTOOpaxKeHwe obgacT D B CKIEEHHBIH TOp
B3aMMHO-OJHO3HAYHO. Ha ABYMEPHBIX T'PAaHAX OHO OJHO3HAYHO aBTOMATUYECKH. Ha
OJIHOMEPHBIX U HYJIbMEPHBIX I'PAHSX HY?KHO MPOBEPHUTH, 9TO MMPOOOPa3 CYMIECTBYET 1
eauncrBenen. Beero myxuo Cs 4(po+pi) Aeiicrsuit, rae Cs 4 — HEKOTOPast KOHCTAHTA,
He 3aBUCAIIASI OT p;.

Jlokazana ciaeayromasi JemMMa.
Jemma 15.5. Crootchocmsb nposepkU Ha 8Mopom IMane He npesocrooum
Ca(popip2 + (po + p1 + p2)?)

deticmeuti CAONHCERUA, YMHONHCEHUA U cpasHenus, 2de Cy — HEKOMOopaa KOHCMaHmMa,

HE 3a6UCAUWAA O D;. O

15.4 Jloka3aTeqbCTBO TeopeMbl 15.1: BbIUUCIEHUE I1€JIOUNC-
JIEHHBIX PACCTOAHUI OT HAa4YaJa KOOPAWHAT A0 ABYMeEp-

HBIX IIJIOCKOCTEI ABYMEPHBIX I'DAHEN.

Haiiném mesiounciiennoe paccrosinve OT Havajia KOOPJAWHAT JO JBYMEPHOM IJIOCKO-

CTH HEKOTOPOro MHOI'OYI'OJILHUKA M. Bce st pacCTOdHNA JOJIZKHDBI OBITHL OTJINY-
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apivi o1 mysis. [yers Vi(zy, yi, 21), Va(Za, Yo, 22) m Va(23, y3, 23) — Tpu Bepurmmbr
9TOr0 MHOTOYTOJMBbHUKA, HE JieXKallue Ha OJHOW TPAMOM, TOT/Ia BEPHO CJeIyIoliee

yTIBEpzKAECHHE.

VYmeeporcdenue 15.6. Ieaouucarenmnoe paccmosanue om mauana xKoopdurnam 0o 08y-

MepHOUU NnAOCKOCMU MHO20Y20ADHUKG M svnucasemes no ¢0p./\/ty./l,6

Ty T2 T3
Y Y2 Y3
21 22 23

V2 -V1,V3-VI1]|z’

ede uepes [V2—V1,V3—V1] obosnaueno eexmoproe npoussederue 6eKmopos

V2 —-V1uV3—V1 e mpéxmeprom npocmparcmee, a uepes |[V2 — V1, V3 —V1]|z

0b03Havena yesouucaennas oauna eexkmopa [V2 — V1, V3 —V1] (mo ecmv nau-

boavwut obuwutd deaumens KoopouHam OMPE3Ka).

Hokazameavcmeo. OTMeTHM, BO-TIEPBLIX, YTO B YUCINUTE/IE BHIPAYKEHUS YTBEPIKIC-
Hust 15.6 cront eBranaoB oobéM mapasenenunensa P(O; ViV,V3), e O — navano
koopauuatT. ITo ompemenennio, MeTOUYHCIEHHBIH 00BEM TeTpasapa COBIATAET C eB-
KJINI0BBIM 00béMOM napasienenunena P(O; Vi15V3).

Bo-BTOpHBIX, BepHA CIEAYIOMAS HOPMYAL UEAOUUCAEHHO20 00BEMA OMMEUEHHOT
nupamMudvl: TETOIUCICHHBIH 00bEM MET0i TPeyToabHOU OTMEeUYeHHON MHpaMUIbl pa-
BEH IIPOU3BEICHUIO IEJTOUNCTCHHO IO OCHOBAHNS TTHPAMU/IBI U IIETOTHCTCH-
HOTO PACCTOSTHHWSI OT €& BePIMUHBI JI0 MJI0CKOCTH ocHoBauus. llemounciaennast dpop-
MyJia 00bEMa ABJISAETCS PAMBIM CJIEJICTBUEM YTBEPXKIACHUS H.5.

OcTaéTcs MUIIL TOKA3aTh, 9To BhIpaxkenue |[W i, Ws]|z ecTh nenouncrennas mwio-
ma1b Tpeyrobanka ¢ Bepumuamu O, O+W, u O+W,. Ilyers mocieame 18e TOUKH
MMEIOT KOOpAMHATH (ay, by, ¢1) n (a9, ba, ¢o). Haiimgm munuMy™M dyHKIMN 1e109mC-
JIEHHBIX 00bEMOB Ha MHOXKECTBE TPEYTOJIbLHBIX OTMEUEHHBIX MHPAMIL, ¢ OCHOBAHUEM
B Toukax O, O+ W, u O+ W, u ¢ BepmmHoil B ToUKe (7, Y, 2), He JexKameil Ha MI0C-

KOCTH OCHOBaHUs. Kak MOKa3aHO BHINIE, MEJOYUCICHHBIN 00bEM TaKOi OTMeYeHHO
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MUPAMAIBl PaBeH

r a1 Qa9
y b by
zZ C1 C9

Munmmy™m ompeieinTe st TAKON MATPHUIBI ¢ OUEBUIHOCTHIO PABEH HAMOOIbITEMY 00-
IEMY JeIUTEI0 BhIpaxKeHuit bico — c1by, cras — ai1¢o m a1by — bias, u, TEM camMbiM,
paBeH IeJOYNCTEHHOH JTHHe BeKTOPHOIO IIPOU3BeIeHNs BeKTOpoB Wi n W.

N3 popMy sl e 109nCIeHHOT0 00bEMa OTMEeUYeHHON MTHPAMU/IBI CIeIYeT, 9TO eCIN
OCHOBAHWE HE M3MEHSeTCsI, & 00bEM MUHUMAJIEH, TO MEJOUNCIEHHOE PACCTOSTHUE OT
BEPIIHUHBI JI0 MJIOCKOCTH OCHOBAHHMS MHHHUMAJIBLHO, TO €CTh paBHO equHUIe. Takmm
obpa3oM, 1o (opMye HMeJTOUUCTEHHOT0 00béMa MUHUMYM TEJTOUHCIEHHOT0 00bEMa
paBeH IEJOYUCJIEHHO TJIOMAIN OCHOBaHMs (TaK KaK [EeJOYHCIEHHOE PACCTOsTHUE
pasro eanuute). CieJoBaTebHO, EJTOYNCIeHHAsT TIOMAH OCHOBAHHS COBMAIAET
C IeJTOYHCAeHHON ITMHOI BEKTOPHOTO IPOU3BeIeHN BeKTOpoB Wi n Wa.

Takum obpazom, B (hOPMYJTUPOBKE YTBEPKIACHUsSI CTOUT (POPMYJIa HMETOIUCTICH-

HOTO 00'bEMa TPEyTroJbHON OTMEYEeHHON MUpPaMUILI. Y TBEPXKIEHNE T0KA3aHO. U

Samevanue 15.7. [locnegnee yrBepKaeHne U J0KA3aTETHCTBO JOCJIOBHO 0DOOIIAIOT-
Cs1 Ha CIydail OTMeYeHHBIX TupaMu B (1 + 1)-MepHOM MpOCTPAHCTBE ¢ N-MepPHBIM

CHMIIJIEKCOM B OCHOBAaHUH.

Jemma 15.8. Caootcrocmo nposepku Ha mpemvem amane we npesocrodum Cspy
deticmeuti CAONCERUA, YMHONHCEHUA U cpasHenus, 2de C3 — HEKOmMOopaa KOHCMaHma,

HE 3a6UCAUAA O D;j.

Zoxazamesvcmeo. Bcee memodncieHnble pacCTOIHUS OT Hadaa KOOPJIWHAT JI0 JBY-
MEPHBIX ILTOCKOCTeH IBYMEPHBIX IpaHeil unryTces mo ¢popmysie yrBepxkaennsa 15.6 3a

KOHEYHOEe YUCJIO JeiicTBuil, He 3aBUCAIIee OT Pj. U
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15.5 Jloka3aTesabCcTBO Teopembl 15.1: mpoBepKa HAJIUYUSA Ii€e-
JIBIX TOY€K BHYTPU OTMEUYEHHbIX MUPaMu’/JI C BEPIIUHAMU
B Ha4daJie KOOPJUHAT WM C OCHOBAHUAMHU B JIByMEPHBIX

rpangax F;.
JlokazkeM CHavasa CIeIyIoIee YTBEPKIeHHE.

Ymeepoicdenue 15.9. Pacemompum 06a 4es0UUCAEHHDLT MPEY20AbHUKAG 8 MPETMED-
nom npocmpancmee ¢ sepuutamts A1 (Tay s Yays Zay)s A2(Tays Yass Zas)s A3(Tass Yas» Zas)
u ¢ sepwunamtc Bi(Tp, Yy 26,); Bo(Thys Ubyy 2bs)s B3(Thsy Ubgs 2b3)s NPUHEM NA0C-
KOCMb NEPE020 MPEY20AbHUKG HE NPOTodum weped nauara koopounam. Tozda mpe-
yzoavruk Ay As Az yeaouucrenno-sunelino sxkeusarenmen mpeyzosvhury By ByBs (¢
YUEMOM HYMEPAUUL SEPULUK) M020a U MOALKO Mo20a, k0204 0Npedesument Mam-
puyvt BA™! no modyato pasen edunuue, a ece koapduryuenmo. smoti mampuyv, —

yeavle wucaa, 20e

l‘al LL‘aZ l‘a3 LL‘bl l‘bz l‘bg
A = ya1 yaz ya3 ) B = yb1 be yb3
Zal Za2 Za3 Zbl Zb2 Zb3

Joxazamesvemeso. TTockoIbKYy TJIOCKOCTH MEPBOrO TPEYTroJbHUKA HE MPOXOIUT Ue-
pe3 HadajI0 KOOpAWHAT, MaTpuiia A — HEBBIPOKIEHA, U YCIOBHE KOPPEKTHO.
Bamernm, uro BA~! — enuncTBeHHOE JMHHEiHOE Mpeobpa3oBaHue, IMepeBodlee
NEPBbIii TPEYTOMBLHUK BO BTOPOH (¢ yuéroMm Hymepanuu Bepinu). Ecau onepatop
BA~! coxpansger peméTKy, TO ONMpeIenTeNh PABeH eIWHUIE, a Bee KodhUImen-
THI Tesble. Eemm e omepatop BA™! He coxpaHSeT peméTKH, TO TPeYTOTLHUKH He
SIBJISTIOTCS TeJIOYNCTEHHO-THHEeAHO SKBUBAJIEHTHBIMH, MOCKOIBKY APYTUX JMHEHHBIX
OTTepPATOPOB, TIEPEBOIAIINX OJIMH TPEYTOJBHUK B APYTOil HET. Y TBEp:KIeHNe T0KA3a-

HO. ]

Jemma 15.10. Croorcrocmsd nposepku Ha wemsépmonm smane we npesocrodum Cypo
deticmeuldi CA0AHCEHUA, YMHONCEHUA U cpasHenus, 20e Cy — HeKxomopas Koncmanma,

HE 3a6UCAUWAA O P;.
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Zoxazameavcmeo. Paccmorpum HekoTopyio rpanb F;. Berawmcianm nemounciennoe
paccTosiaue 70 Hee 7.

Ecan menouncienHoe paccTosHUe 0 ITOCKOCTH TpaHU PaBHO €IWHHIE, TO BCe
1eJIble TOYKU OTMEYeHHONH MUPAME/IBI, OTINYHBIE OT BEPIIUHBI (HAYAIA KOODJNHAT),
JIevKaT Ha OCHOBAHUMU.

Ecnn e mesodunciennoe paccTossHue 0 TJIOCKOCTH TpaHu Fj; OobIe eIWHUIIHI,
TO OHO TPEYTOJBHO 10 caeacTBui0 9.4 0 nemodncienHo-abGUHHON KIaccudUKAIN.
Boraucimm netouncienrbie CTOPOHBI U METOYUCIEHHYIO TJIOMAb Tpeyroabuuka F;
(3a Heckoabko seficTruit). [To menouncaeHHON MIOMAN, ETOYNCTEHHBIM JITTHHAM
CTOPOH U IEJTOYUCTEHHOMY PACCTOSAHHUIO OT ILTOCKOCTH T'PAHM 0 HYJS MPEINOT0KN-
TeJbHBIN TeTOYNCTeHHbIl addUHHBIIT TUII TPaHW ONpeJeasieTcs oaHo3Ha4dHO. [Ipn
9TOM IEJIOYUCIEHHBIN JIMHEHHBII TUT OTNIPe/IeIEH TaKyKe OJJHO3HAYHO, KPOMe CIydast
nestounciaernoro adbduuroro Tuna rpeyroibanka ¢ Beprmaamu (0,0), (0,1) u (a,0).
B sTom ciydae on ompenenén ¢ Tounoctwio o nepemennoit 0 < £ < r;. [IpoBepka
LEJIOYNACICHHO-JIMHETHON 9KBUBAJCHTHOCTHU 3aJaHHBIX ABYX TPEYT'OJbHBIX IpaHeil mo
YTBEPKJAEHUIO 15.9 CBOIMTCS K PEIIeHUIO JEBATH NEJOTUCTCHHBIX JIMHEHHBIX YpaB-
HEHUil B IEJIBIX YNCIaX HA MepeMeHHYo & JTU00 K ITPOBepKe MeJTOUNCTIeHHOCTH JeBATH
IUCe.

Taxum obpaszom, mpoBepKa st Kak10it rpann mpoucxoant 3a C'y meiicTBuii, rjie
C; — HeKoTopasi KOHCTaHTa, He 3aBucsmas ot p;. CieaoBaTeibHO, CI0KHOCTH PO-
BEDKHI HA YETBEPTOM 3Tare He MpeBOCXOMUT Cypo MEHCTBUIT CIOKEHUS, YMHOKEHUS

U CpaBHEHUs. Y TBEPKJIECHUE JIEMMbI JIOKA3aHO. U

15.6 Jloka3aTeqbCTBO TeopeMbl 15.1: mMpoBepKa BBITYKJIOCTHU
Opu JBYTPAHHBIX yIJIaX.
HazoBém AByrpaHHbBIil yTOI NPABUADHO PACTLOAOHCEHHBIM OMHOCUMEADHO HA%ANL KO-

opﬁmmm, €CJIN Ha4daJIO KOOpAWHAT JIE2KUT B COOTBETCTBYIOHIEM HaKPECT JiezKallleM

yrie.

BameTnm, 9TO CBOWCTBO MPABUIBHOCTH PACITOIOKEHUSI OTHOCUTEILHO HAYA/Ia KO-
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opaMHAT Hea09ncaIeHHo-abhduHHO nHBapuanTHO. ClegoBaTeIbHO, HEOOXOINMO TPO-
BEPUTH TO CBOMCTBO TOJBKO JJIsT BCeX pébep pa3buenust Topa (To ecTh Beex pédep
dbyHIaAMEeHTATBHONR 00/IACTH, BKIIOYAS TPAHUIHBIE, s TPAHUIHBIX pédep OGepyTcs
00pa3bl COOTBETCTBYIOIINX I'paHeil mpu Mpeodpa3s0BaHUAX BljEl IR B;El). Kaxxnaa
NpOBEpPKa MPABUIHLHOCTH PACIOIOYKEHNH HavaIa KOOPAWHAT CBOAUTCS K PEIIEHHIO

cHCTeMbI OOBIYHBIX HepaBeHCTB (6e3 mepeMeHHbIX ).

Jemma 15.11. Caosicrocms nposepku na namom amane ne npesocxodum Csps deti-
cmeutl CAONCEHUA, YMHOHCERUA U cpasHerud, 20e Cs — Hexkomopas KOHCMaHMA, He

3aBUCAWAA OM, ;. 0]

15.7 Jloka3aTeqabCTBO TeopeMbl 15.1: mpoBepKka ITPaBUJIbLHO-

CTU 2-3BE€3]] IpU BepIInHAX.

Hazosém 2-36e3doti npu nysvmeproti sepuune yrusepcarvbHoti naxpueatoulets mo-
pa 00beINHEeHNe BCeX IpaHeil YHHBepCATbHON HAKPBIBAIOIIEH TOpa pa3MepHOCTH He
OosIbIITe ABYX, K KOTOPBIM JAaHHAS BEPIIHHA MPUMBIKAET.

[IycTh Hy/JbMepHasi rpaHb ¥ HaKpbIBaloOeil 0ToOparkaeTcss B TOUKY T TpEXMep-
HOTO mpocTpaHcTBa. [Ipu 3TOM rpanu, K KOTOPHIM OHA MPUMBIKAET, OTOOPAKAIOTCS
B MIPUMBIKAIOIITHE.

Ecm x # (a,0,0) m11s HEKOTOPOro HEHYJIEBOTO @, TO OOO3HAYNM Yepe3 BEKTOD
U, BekTop (1/m,0,0), n € N. (Ecim z = (a,0,0), B 3roM ciaydae Gepém BeKTOD
(0,1/n,0).) 3Be3ma npu HyJIbMEpPHOil TPAHU HA3BIBAETCS NPAGUALHOT, €CTH TOCTe-
JIOBATE/TLHOCTD JIy4eil [, ¢ IeHTPOM B HavaJe KOOPAUHAT, ITPOXOISIINX Yepe3 TOUKY
X + U,, HAUYUHAS C HEKOTOPOT'O HATYPAJIHHOTO k, YOBIECTBOPSAET CAEIYIONIEMY YCI0-
BHIO: TTPO0OPa3 Jy4a [, Mpu 0OTOOParKeHUN 3Be3/Ibl Ha, YHUBEPCAJIbHON HAKPBIBAIOIIE

TOpa B TPEXMEPHOE MPOCTPAHCTBO COCTOUT U3 OJTHONW TOUKM.
Jemma 15.12. Croocrocmsb nposepku, Ha Wecmom Imane He npesocrodum

Cspop1(po + p2)

deticmeudi cAodceHUA, YMHONCEHUA U cpasHenus, 20e Cg — HeKomopas Koncmanma,

HE 3a6UCAUWAA O P;.
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Jlokasameavcmeo. st kaxaoii rpann (pebpa) obpasa 060t 2-3Be3/1bI HyZKHO Pe-
HMIATH CHCTEMY U3 He Oosiee deM Dy (94eM py) JUHEHHBIX HEPABEHCTB OTHOCHTETHHO

nepemernoit ¢ = 1/n. CiegoBaTebHO, CIOKHOCTH MPOBEPKH HE MPEBOCXOIUT

Cspo(pop1 + pip2)

neiictuii, rie (g — HEKOTOpasgd KOHCTAHTA, He 3aBUCAIIASI OT P;. I

15.8 IIpoBepka mpWHAIJIEIKHOCTH BCEX HYJIbMEPHBIX T'DAHE
Habopa [) oJHOMY OPTaHTY; 3aBEpPIINEHNE J0Ka3aTeJIb-

cTBa TeopeMbl 15.1.

Jemma 15.13. Carooscrnocmsd nposeprku wa cedomom amane He npesocxrodum Crpg
deticmeudi CA0AHCEHUA, YMHONCEHUA U cpasHenus, 20e C — Hexomopas Koncmanma,

He 3a6UCAWAA OM P;.

Zoxazameavcmeo. Bocnoab3syemcst caeayomum odeBUAHbIM (dakTom: [lycth e —
HEHYJIEBOI BEKTOD, TOT/Ia 00bEM MapaslieNenune/ia, HATSHyTOTO Ha BEKTOPHI €, A(e)
u A%(e) paBen HyJIIO TOTIA W TOTBLKO TOT/A, KOT/IA BeKTOPH e, A(e) m A%(e) obpasyior
COOCTBEHHOE TOAMPOCTPAHCTBO oneparTopa A.

PaccMoTpuM JiBe HyJbMepHBIE IDaHu x; U Tp Habopa D. Ilycrs x(t) = tx +
(1 — t)x. Toukn 1 U Ty HAXOJATCS B OJHOM M TOM YK€ OPTAHTE TOTJA U TOJBHKO TO-
ria, korjga dbyrkuus obbéma f(t) mapasrenenunesa, HATSHYTOTO Ha BEKTOPHI Z (1),
Bi(z(t)) w Bi(x(t)) ne obpamaercss B Hoab Ha orpeske [0, 1]. Dra dynknusa ectsb

0 i B B? C

ONpeIeTATeNh MATPUIBI, 06pa3oBanHoii Bekropamu (t), By(xz(t)) u Bi(x(t)). Cre-
JOBATENBHO, f(t) ABAAETCA MHOTOWIEHOM C TEJIBIMEH KOIDMUIMEHTAME CTEIIeHn He
Beiie Tpéx. Tenepn pemennst ypauenus f(x) = 0 maxomsarces sisHo. Ocraéres ux
TOJBKO cpaBHUTH ¢ 0 m 1.

DukcupyeM x; U U3MeHseM Zp. IIpu 5TOM IpoBepKa MpoiiaéT He Gomee ueMm 3a

C7po neiicreuit, roe C'; — HEKOTOpast KOHCTAHTA, HE 3aBUCAIIAS OT P;. ]

Sameuarue 15.14. Ormernm, aro omeparop By — runepdoJndecKuii MeJJ0Inc/IeH-

HbIIi U HENPUBOJUMBIH, a MHOTOWTeH f (1) — IeJI0unciIeHnblii. 13 5T0ro BBITEKAET,
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aro f(x) uMeeT POBHO TPH BeIECTBEHHBIX KOPHsi. Temepb BOMPOC 0 CyIecTBOBAHNN
KopHeii Ha orpeske [0, 1] cBOAUTCS K WCCIEIOBAHUIO PACTONOKEHNST KPUTHIECKUX
TOYEK OTHOCUTETHHO TOUeK () m 1, a Tak:Ke K BBIYUCICHUI0 KPUTHICCKUX 3HAUCHHUIT
n 3Havennit B Toukax 0 m 1. [Ipu 3TOM TPUXOAUTCS pemIaTh JUIIL OJHO KBaIpaT-
HOe ypaBHeHue ¢ nebivMu Koddbduimentamu (a He caMo ypaBHEHHe TpeThell cTerneHn
f(z) =0).

3asepwenue dokaszamenvemsa meopemo, 15.1. I3 memwm 15.4—15.13 cieayer, ato
JUIs BeeX cemu 3Tanos Heobxoaumo C'(py+p1+ps)? neiicTsuil cioskenus, yMHOKeHHsT
u cpaBHeHus, rae ' — HeKoTopas KOHCTaHTa, He 3aBHCAIasg oT p;. Teopema 15.1

JOKa3aHa. ]

Samevwanue 15.15. Ha camom gmenre BepHO Gostee ciuibHOE yTBep:KaeHue /11 npeama-

raemMoii MpoBepKHu MpeanogaraeMoil pyHIaMeHTaIbHOR 001acTH He0OXOIUMO He 00-
C 3 neficTruil C 4

aee C(po+p1+p2)° AercTBAN CI0KEHUS, YMHOXKEHNUA U cCpaBHeHusd u C (po+p1 + p2)

gormyeckux jgeiictuii Tae C' m C' — KOHCTAHTHI, He 3aBUCSIIAS OT P;.

Ocraércst TOMBKO MOKA3aTh, YTO OOJBITE HUIErO MPOBEPSTH HE HYYKHO.

15.9 Jloka3zaTeJgbCcTBO TeopeMbl 15.3: jeMMa 00 MHBbEKTUBHO-

CTHU IMpOEKIN Ha I'PaHAX.

VTBepxkaeHre TeopeMbl 15.3 T0Ka3bIBAETCS MPH MTOMOIIH HECKOJbKNUX JIEMM.

Cuauaja BBeJIEM HEKOTOPbIE 0003HAUEHU, KOTOPbIE MTOHAT00ATCSA B TOKA3ATETb-
cree. Utak, omepatopsl By m By obpasyior Gasuc rpymmsr =(A). O6osnauanv ue-
pe3 B, ,,, oneparop B} Bj'. Ilycrs mabop rpaneii ) yaoBaeTBOpsSeT BCeM yCIOBUSM
nyHKTOB 1—5. O6o3naunm uepe3 U obbenumHeHne Bcex oOpa3oB Habopa rpaneit D
pu JefiCTBUH 0nepaTopos By, ,, TO ecTb

U= |J Bum(D).
n,me%
Paccmorpum aByMepHyio cdepy S ¢ meHTpoM B Hadase KoopauHat O U ¢ eau-

HUYHBIM paanycoM. ODO3HAYNM Yepe3 T CIeAyIoNnee 0TOOparKeHue
T R\O =S,
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MPU 3TOM TOYKA, T TPEXMEPHOT'O MPOCTPAHCTBA O3 Hava/1a KOOPJANHAT 0TOOpaKaeTCst
B TOUKY Tepecedennst cephl S 1 JIyda ¢ HEHTPOM B Hada e KOOPIAWHAT, ITPOXOISIIErO

qepes .

Jlemma 15.16. Ha 10600 2panu mruozoeparnoti noseprrocmu U omobpastcenue

UHBERTNUBHO.

oxasamesvcmeo. CHadasia, MOKayKeM, 9TO YTBEPKIEHWE JEeMMbl KOPPEKTHO, TO
€CTh, 9TO MOBEPXHOCTH U HEe MPOXOIUT depe3 Hadaao KoopanHat. [Io yemoBuio myHK-
Ta 3 Bce AByMepHbIe rpanu [ jieykaT Ha IJIOCKOCTSX, MeJOYUCIeHHOe PACCTOsTHAE 10
KOTOPKIX OOJIBIIE HYJIsI, TO €CTh Ha MJIOCKOCTSX, HE MPOXOASIINX dYepe3 HavdaJI0 KO-
opauHaT. [ToCKOMBKY HMETOYHCTIeHHOe PAacCTOSHUE I0 HadaJa KOOPAWHAT ABISIETCS
WHBAPHAHTOM IPYIIHEl =(A), Bee IByMepHEIe TPAaHH MHOTOTPAHHOI TOBepXHOCTH U
JIe’KaT Ha, IJIOCKOCTSX, IEJOYMC/IEHHOe PACCTOSHUE JI0 KOTOPBIX Oosbiine HyJis. [lo
YCJIOBUSIM TYHKTOB 1 UM 2 Bce OJIHOMEpHBIE W HyJbMepHbie rpaHu U NpUMBIKAIOT K
JIBYMEPHBIM rpagaM U #, MO3ITOMY TaKKe JIexKaT Ha HEKOTOPHIX TLTOCKOCTAX C IIeTI0-
YUCJICHHBIM PaCCTOdHHUEM JO0 Ha4daJla KOOpAWHAT 6OHbIHeM HYJIA.

Tenepb goKazkem yTBep:KJIeHHE JIeMMbI JJIsl JBYMEpHBIX rpaneii. Paccmorpum
HEKOTOPYIO AByMepHYIo I'panb F' moepxuoctu U. [Ln1ockocTh rpann F' He TPOXOIUT
Jepe3 Havaa0 KOOPAWHAT, TMOCKOMbKY MO YTBEPKICHUIO MYHKTa 3 MEJOYHCICHHOE
paccTosinme OT ITOH IMJIOCKOCTH 0 Hadaja KOOpAWHAT He paBHO Hyq0. CremnoBa-
TeJIbHO, OTODparkeHne m WHHLEKTUBHO Ha rpaHn F.

[Iyctb Temepsr E — HeKoTOpas OJXHOMepHas I'paHb moBepxHocTu U. DTa rpaHb
MO YCJOBUSM TYHKTOB 1 M 2 mMpuUMBIKaeT K HEKOTOPOW JBYMEpHO# IpaHW W, TeM
CaMbIM, JIEKUT B HEKOTOPOI IMJIOCKOCTH, HE MPOXOISIEil depe3 HavaJI0 KOOPJIMHAT.
CrenoBaTeTbHO, TpPsMAas, colep:Kalas rpaib F, Tak:Ke He MPOXOJUT Yepe3 HaTaI0
KOOPIMHAT.

NHBbEeKTUBHOCTS JI/IsI HYJIBMEPHBIX I'DAaHeil OYeBHIHA. U
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15.10 /loka3aTesgbCcTBO TeopeMbl 15.3: JeMMa 0 KOHEYHOM II10-

KpbITHN (PyHIAMEHTAJIBLHOW 00JIacTu.

[Iycts x — HEKOTOpas TOYKa TPEXMEPHOTO MPOCTPAHCTBA, OTIHIHAS OT Hadasaa KO-
opaunar. Obo3HaunM depe3 N, UeTHIPEXTPAHHBII TETECHBI YTOM ¢ BEpIIHHOI B

HavaJie KOOPJAWHAT, B OCHOBAHUHM KOTOPOTO JIE?KAT HeThIPEXYTOJbHUK C BEPITUHAMHA

z, Bi(x), B1By(z) u By(z). Ormernm, aro

U Bum(No) |\ O

n,me”
eCTh OJINH W3 BOCHBMH OTKPBITHIX OPTAHTOB MEMHOW apobu A, KOTOPHIl COMEpKUT
TouKy x. OD03HAYNM OTKPBITHIH OPTAHT, COAEPIKAIINI BCE MeIbie TOUYKH (DYHTAMEH-

TaabHOI obmacTu, depes K.

Jemma 15.17. ITyemsv x — nexkomopas mouka omrpumozo opmanma K. Obsedune-

Hue ZP(IHSUU us H(l60p(l D CO()epOfC’U/mC.ﬂ 68 KOHEYHOM 006EOUHEHUL MENECHDLL Yeno6e

6uda By (Ny).

Aoxasamesvecmeo. [lokaykem cHadasa, 9TO BCe TOUKH 3aMbIKAHUS rpaHeii Habopa D
conepxkarcs B opranTe K. Bee nyabmepubie rpanun Habopa D copepzKaTcss B OTKPbI-
toM opranTe K 1o ycaosuio nyukTa 6. [To ycioBusim nynkTos 1 u 2 Bce HyJIbMepHbIE
IpaHu 3aMBIKAHUs TpaHeit Habopa D comepzkaTcs B OTKpbITOM opTanTe K Bce HyTb-
MepHBbIe TPaHH MHOTOTPAHHOM moBepxXHOCTH U comepKaTcsa B OTKPBITOM OpTaHTe /|
MOCKOJIBKY BCe orepaTopnsl B, , coxpansior oprtanTol. [lanee, Bce ogHOMepHBIE U
JIByMepHbIe Tpanu noBepxuoctu U cojep:Karcss B OTKPHITOM opTaHTe K, MOCKO/Ib-
Ky JTI000# OTKPBITHIf OPTAHT — BBIMYKJI0€ MHOXKECTBO. CJie/1oBaTETbHO, BCE TOUKH
3aMbIKaHust obactu [ cojepkarcss B OTKpBITOM opranTe /K.

Paccmorpuwm 3agannyio Touky x B optante K. VI3 reopembr upuxiie 06 eanau-
nax [12] caeayer, uro mobast BHYTPEHHSAs] TOYKA ¢ OTKPBITOro opTanta K obmagaer
HEKOTOPOI OKPECTHOCTBIO, KOTOPAs:

i) moKpBIBaeTCs OOBEJUHEHHEM TETHIPEX TEJECHBIX YIJIOB Buaa B, ,,,(N,) (B ciyuae,

KOTJIa TOYKA ¢ JIEKAT Ha OJHOM n3 pébep oguoro u3 yrios By (N,));

ii) moKpbIBaeTcs OObEIUHEHNEM ABYX TETeCHBIX YIIOB BHIA B, (N,) (B caydae,
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KOTJIa TOYKA ¢ JIEXKUT Ha OJHOIN u3 rpaneit ognoro u3 yrios By (N,));
iii) MOKPHIBAETCST HEKOTOPBIM TEJIECHBIM YIVIOM BUAd By, 1, (INV,) (B ocTambHbBIX cryda-
AX).

Bo Bcex caydasgx OKpeCTHOCTh HMOKPBIBACTCS OOBEIUHEHHEeM KOHEYHOrO UHCIA
TEJECHBIX YIIOB BUIA B, ., (N,).

PaccMOTpUM TIOKPBITHE TAKUMHU OKPECTHOCTAMHU BCEX TOYCK 3aMBIKAHHA TDaHei
nabopa D. [TockonbKy 3aMbIKaHne TpaHeil Habopa D 3aMKHYTO U orpanndeHo B R,
OHO KOMHIAKTHO, U3 3TOTO MOKPHITHA MOYKHO BBIJICIUTHL KOHEYHOE MOAIIOKPBITHE.

CurenoBareibHO, OObeIMHEHNe TpaHeil n3 Habopa D CONEPKHTCA B KOHCYHOM

00beMHEHUN TETICCHBIX YITIOB BHAA B, (N,). YTBepKaeHne T0KA3aHO. [

Caedemeue 15.18. Ilyemsv x — nexomopas mouka omxpwvimozo opmanma K. B me-

AECHDLT Yyaon Nx MOo2Yym, 8LO0UMD MOYKU AUULDL KOHEUH020 YUCAA 2p0/H€ﬁ U3 6Cexr

nabopos By, m(D).

Joxazameavcmeo. I3 mpeapiayineii meMMbl CeayeT, 9To 00aacThb D comep:KuTCs
!

B KOHEYHOM 0ObeauneHun tejaecHulx yriaoB |J By, m, (N;). Crenosarensno, B Te-
k=1

gecHstit yroa N, MOTYT BXOANTH TOUYKH JIMIIb paHd u3 HabopoB B_,,, ., (D) npu

1<k<I U

15.11 Jloka3areabCcTBO Teopembl 15.3: jJemMMa O B3aMMHO-

OJHO3HAYHOCTHA IIPOEKIINMN.

Jlemma 15.19. Omobpastcenue T 836UMHO-00HO3HAUHO 0TOOPAHCAEM MHO202DAHHYIO

noseprrocmsd U 60 mmootcecmeo S N K.

Jokxazameavcmeso. Kak ObLTO MOKa3aHO BbIIIe, MOBepXHOCTEH U comep:xkutcsa B K w,
CJIeIOBATEILHO, OTODPayKaeTcs Moj IeiicTBHeM T BO MHOXKecTBO S N K.

Beengém cremyrorime 0003HATEHNS.

[To ycmoBuio myHkTa 2 omepaTopbl By u By ckmenBaioT hyHIAMEHTAIbHYIO 00-
nactb B Top. Ilycth W — yHuBepcasibHast HakpbiBaiomasi Topa. Ha yHuBepcasnb-

HO# HakpbwiBawolieir W ecrecTBeHHbIM 00pa30M BO3HUKaeT pa3bWeHue Ha TDAHU U
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JBYTIapaMETPUIECKOe CeMeiicTBO oTobparkeHuit p, ,, : W — U (mockosbKy Ha MHO-
FOIPAHHOIl TTOBEPXHOCTH JIEHCTBYET cHCcTeMa CABHrOB By ), oToOpaskaioniee rpaHu
B rpann. PUKCHpyeM HEKOTOPOe U3 3THX OTOOparKeHWit m 00O3HAYaeM ero 4depes3 p
(p: W —=U).

Paccmorpum kommosnnuio orodopazkennii rop : W — S. JlanHoe oTobparkenue He
nMeeT BeTBJIeHUiT Ha 00pa3ax OTKPBITHIX ABYMEpHBIX rpaHeil W, mocKoIbKY KazxK ast
JByMepHasl rpaHb nopepxuoctu W m3omopdHO 0TOOparkKaeTcs B HEKOTOPYIO I'paHb
U, a Ta, B cBOIO ouepeib, 1o JemMe 15.16 nabekTuBHO oTobpazKkaercss B S N K.

Coceiame Mo 0JHOMEPHOMY peOPY AByMepHbIe Tpauu moBepxaoctn W orobparka-
I0TC B coceinne rpann U, KOTOpbIe IO YTBEPKACHUIO TYHKTa 5 00pa3yioT MpaBUIb-
HBIIl YTOJT U, CIeI0BaTeNTbHO, HHBEKTHBHO oToOpazkatoTca B .S N K. Takum odbpaszom,
oTODOparKeHue 7 O p He MMEEeT BeTBJICHHIT Ha o0pa3ax OJHOMEPHBIX TPaHeil.

Paccvorpum HEKOTOPYIO OfHOMEpHYIO rpanb v nmoepxuHoctu W. Cocemnune 1o
HY/IbMEePHOMY pebpy JABYMepHBIe IpaHu moBepxHocTH W oToOpazkaioTcda B coceaHne
rpanu U, KOTOpBIE 1O YTBEPXKIECHUIO TMYyHKTa 6 00pa3yioT MPaBUJILHYIO 2-3BE3]Ly.
CresoBaTeIbHO, NMEeTCsl CKOJTh YTOAHO OJm3Kas K Touke 7 o p(v) Touka cdepbr S,
obJtaaionas poBHO OJHUM MpooOpa3oM Ha 3Be3ne. Takum 00pa3oM, 0TOOparKeHHe
T O p He UMeeT BETBJIEHUS HA JIUCTe 3Be3/pl B Touke 7 o p(v). CremoBarenbHo, 0TO6-
parkeHue 7 O p HEe UMEEeT BEeTBJIEHHSI B 00pa3ax BCeX HYJIbMEPHBLIX IpaHei.

Nrak, orodopaxkenne wop: W — SN K He nMmeeT HUTIE BETBIEHUIA.

PaccmoTrpum mpon3BosibHYIO TOUKY = € S N K W COOTBETCTBYIONINI TeJTeCHBI
yron N,. [lycts x1 u 25 aBe Toukn MaO)KecTBa S N N,. [Tokakem, 910 y TOUEK X1 1
To OMHAKOBOE YUCJIO TTPoodpa3os nmpu otobpaxkennu wrop : W — SN K. Coennanm
TOUKH T U T9 KPUBOil BHYTpu MHOXKecTBa S N N,. [lo creacruio 15.18 mpoobpas
9TOil KpUBOIl comep:kKuTca B KoHeuHOM Habope rpaneir W. I[lockonbKy BIOMbL Kazk-
J0it 3 rpameil HeT BeTBJICHNUIT (4 UX KOHETHOE YHC/I0), I HUKAKAS TPAHD He sIBJISIETCST
I'PAHUYHON, KOJUYIECTBO MTPOOOPA30B BIOIL ITOI KPUBOH Y OTOOParKEeHUs: T O P MO-
crosHHO (1 KoHeuHO). TakuM 00pa3oM, y Bcex Touek Touek S N N, oJInHAKOBOE KO-
HedHOe IHCI0 TPoobpa3os. CieoBaTe bHo, y BeeX ToUek MHOKeCTBA S N By, 1 (N,)

TO Ke caMoe 9HCI0 mpoodbpas3on. CremoBaTenbHO, y BeeX TOYeK MHOXkecTBa S N K
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OJIMHAKOBOE YHCI0 MPOOOPA30B.

Orcroa BRITEKAET, 9TO OTOOpaYKeHWe T O P YHUBEPCAJIbHOI HAKPBIBAIOIIEH TO-
pa (TO ecTh IIOCKOCTH) SBJISETCS KOHETHOTUCTHBIM HEPA3BETBIEHHBIM HAKPBITHEM
muO)KecTBa S M K (TO ecTh AucKa). Y OTKPHITOTO JUCKA CYNIECTBYIOT TOJIBKO OJHO-
JINCTHBIE Hepa3BeTBIEHHBIe HaKphiTHst. CregoBaTeabHo, oTobpaskenne T op: W —
SN K B3anmuo-01H03Ha49HO. [Tockonbky p : W — U 10 MOCTPOEHUIO CIOPHEKTHBHOE
0oTOOpazkeHue, a MO CKA3AHHOMY BBHIIIe WHBEKTHBHOE, oToOpaxkenud p : W — U u

m:U — SN K — B3anMHO-OJHO3HAYHBIE. Y TBEPKICHNE JTOKA3AHO. ]

15.12 /loka3aTeJbCTBO TeopeMbl 15.3: jjeMMa O BBIIIYKJIOCTHU.

[TockobKy B JIIOOOM OrpaHUYEHHOM Iape ¢ MEeHTPOM B Hada/ie KOOPJWHAT HE Cy-
MECTBYET TOCIeJI0BATEIBHOCTH BEPIIHH MOBEPXHOCTH U (TO €CTh HEKOTOPHIX MEJTBIX
TOYEK ), KOTOpasi Obl NMeJIa B KAYeCTBE MPEIETbHON TOUKH HEKOTOPYIO TOUKY TDAHHU-
bl OpTaHTa, MHOTOI'PaHHasi TMOBEPXHOCTH U pazjiessieT TpEXMepHOoe MPOCTPAHCTBO

Ha JaBe dacTtu. OOO3HAUNM YaCTh, HE COMEPIKAILYIO HAYAJIO KOOpAWHAT, depe3 H.
Jlemma 15.20. Mwuoorcecmeo H — swvinyx.io.

Llokazameavcmeo. 1lpeamono:KuM, 94To HEKOTOPasd ILTOCKOCTh, IPOXOAAIIasg depes
HAYaJIO0 KOODJAWHAT, MepecekaeT MHOTOIPAHHYIO MOBEPXHOCTH U, HO HE TPOXOJIUT HU
gepes oany BepmuHy U. [To memMme 15.19 Takasg mmockocTsb nepecekaet U mo HecaMo-
nepeceKaroreiica CBI3HOH He3aMKHYTOH JIOMaHO#l. DTa JIoMaHasd JAETUT MJIOCKOCTh
Ha JiBe YacTu. Bce BepHUHBI 3TOW JIOMAHON MPUHAJIE)KAT OJHOMEPHBIM T'PAHSIM
muororpannoit nosepxuoctu U. [To ycmoBuio myHkTa 5 Bce JByrpaHHBIE YIJIBI TTpa-
BuabHbIe. Cea0BaTeIbHO, MPH BCEX BEPIIHHAX I'PAHUIBI MepecedeHns MHOMKECTBA
H c nameit mmocKocTbiO yIJIbI MeHbIe pas3BépuyToro. CienoBaTe/bHO, 3TO Iepece-
YeHUue BBIMMYKJIO.

MHO0KeCTBO ILTOCKOCTeH, IPOXOAAIINX Yepe3 HauaI0 KOOPANHAT, IepeceKaronx
MHOTOTPAHHYIO MMOBEPXHOCTH U, HO He MPOXOJAINX HU depe3 oany Beprmuny U, gB-
JISIETCSI BCIOLY-TLJIOTHBIM BO MHOYKECTBE BCeX ILJIOCKOCTEH, MPOXOASIINX Yepe3 HadaI0

KOOPJIMHAT M TIePEeceKaloInX MHOrorpannyio nmosepxuocth U. Torma u3 Hempepbis-
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HOCTH CJIeJlyeT, 4To nepecedenue ¢ H joboit mpoxoisineii yepe3 Hava0 KOOPIHHAT
JI0CKOCTH (1 mepecekaromeit U) BHITYKIIO.

JlokazkeM Temepb, 9TO MHOXKecTBO H BoITyK10. [IycTh 71, X9 IBE TOUYKH MHOZKE-
ctBa H. IIpoBeaéM HEKOTOPYIO ITOCKOCTD Yepe3 TOUKHU T, Lo U HAYATIO KOOPIMHAT.
DTa MIOCKOCTH TepecekaeT rpauuity U, MOCKOJBKY T7 — Touka H, a HavIaI0 KOOpP-
nuaatr — Het. [To jokazannomy BhIle, nepecevenue H ¢ 3TOi MI0CKOCTHIO SIBJISIETCS
BBINTYKJIBIM MHOKecTBOM. CrteIoBaTe/IbHO, OTPE30K ¢ KOHIAMHU B TOUKAX Ty U To Iie-
JINKOM JIE?KUT B H C.He,ZLOBaTeJIbHO, Mo onmpeaeieHnIO BBIMYKJIOCTU MHOXKECTBO H
BBITIYKJIO.

YTBepKIeHNEe TOKA3AHO. I

15.13 3aBepriienue aA0Ka3aTeJIbCTBA TeopeMbl 15.3: ocHOBHad

9aCTh.

WTak, mocTpoeHHAsT MHOTOIpaHHAS MOBEPXHOCTH U 00a7aeT CIeAyIOMUMA CBOM-
CTBaMHU:

— 110 jiemMe 15.20 oHa OrpaHUYMBAET BBIMYKJIOE MHOXKECTBO H

— IO TIOCTPOEHUIO BCE HYJIbMEpHBIE BEPITHHBI MOBepXHOCTH U — IeTbie TOUKH;

— 110 YCJIOBUIO TyHKTa 4 pa3HocTh opranTa K u MHOXkKecTBa H He COIEPKUT HEJIBIX
TOYEK.

CremoBaTeIbHO, MHOTOTPAHHASA MOBEPXHOCTH U ABJsI€TCS TpaHuIeil BHIMYKJION
000JTIOUKHI BCEX TeTbIX TOUeK BHYTpH optaHTa K. CremnoBaTebHO, O ONPeIeTeHIIO
U aBjsieTcss OQHUM W3 MAPyCcoB HEmHOoil apobu, mocTpoenHoii mo omeparopy A. Teo-
pema 15.3 noka3aHa. ]

CdopmynupyeM OJIHY THIIOTE3Y, CBA3AHHYIO C YCJIOBUSIMU MyHKTOB 1—7.

TI'unomesa 15. YcioBue MyHKTa 7 CJIeAyeT U3 yCIOBUU MyHKTOB 1—6.

131



16 O mpoBepKe TUIOTe3 IJIsI MHOTOMEPHOTO CJIyvad.

B 3akmodenue 3Toif T/1aBbl MPUBEIEM M0 TPOBEPKH THIOTE3BI O (bYyHIaMEHTATb-
HBIX 001aCTIX HAPYCOB JIsT MHOTOMEPHOTO Cydasd.

T'unomesa das muozomeprozo cayyas. IIpeanomoknm, nMeeTcst THIIOTe3a 0 HEKO-
Topoit bynaamentanabuoit obactu D, a TakzKe 0 HeKOTOpoM bazuce By, ..., B, rpymn-
mer =(A). Ilyers, KpoMe Toro, bynaaMeHTaTbHAS 06JACTD U 6A3UC 06IATAIOT CITe-
AYIOIIMMU CBOWCTBAMM:

i) 3ambikanne byHIAMEHTATHHON 001aCTH TOMEOMOPMOHO JNCKY;
ii) oneparopsl By, ... B, ONpeIeIsioT CKIEHKY ITOr0 JUCKA B N-MepHbI TOP.

Hoes nposepru 2unomesdv, 0af MHO2OMEPHLLT yennuir dpobeti. [IpoBepum maH-
HYIO THTIOTe3y Ha BEPHOCTh. YCJIOBHUS 1) ¥ ii) MPOBEPSAIOTCS aHAJIOIMIHBIMU MeTO/Ia~
vu. Ecn yenosust 1) n ii) BBITOTHSIOTCS, TO TPOBEPsIEM, SIBJSIOTCS JIH BCe N-MepHbIe
rpann PpyHIAMEHTATIbHOW 00JJaCTH TPAHAMHI Hapyca. DTO MOKET OBITH MPOJAETAHO
CJIEYIOMIAM 0Opa30M.

[Ipeamnonokum, 9To MeJOYNCICHHBIE PACCTOSIHUS OT HAaYa/Ia KOOPJAUHAT JI0 TIJI0C-
KocTeil rpameit F; paBubl d; coorBercTBeHHO (i = 1,...,p, TJie p — YHCIO BCeX
n-MepHbBIX rpameil). Hamra rumoresa BepHa TOTIA M TOJIBKO TOTJA, KOTJA JIIA BCEX
¢ = 1,...,p BBINOJHAIOTCS CJEAYIONNe YCIOBUs. PaccMOTpuM IJIOCKOCTH, TapaJi-
JeabHble Tpanu F; Ha uesnouncieHHbX paccrostansax d (npm d < d;) mo Hauvasa
KOOPIUHAT.

a) Ipu wesbix d < d; nepecedenre HaNIero OPTaHTa C TTOCTPOEHHBIMHU TLIIOCKOCTSIMU
HE COAEP’KAT HU OJHOW IEJIOW TOYKH.
b) Tlpu d = d; BhImyKIas 000JOYKA BCEX HENBIX TOUYEK MepPecedeHus COBIAIALT C

rpanbio Fj.

3ameuarue 16.1. TIpoBepka ycmoBuii a) u b) JOBOJIBHO TPOMO3IKA, a 06GOOIIE-
HUE TPOBEPKU TUIOTE3 JJIsi JIBYMEPHBIX IEIMHBIX JApobeil ymupaercs, B YaCTHO-
CTH, B OTCYTCTBHE TEOPEMBI O IEJOYHCICHHO-THHEHHON KIACCH(MUKAINT TPEXMep-
HBIX /MHOTOMEPHBIX TPaHeil, PaCHONOKEHHBIX Ha TPEXMEPHBIX /MHOTOMEPHBIX ILIOC-

KOCTSIX Ha PACCTOSTHUM, GOJIBIIIEM eMHUIBI, OT Hadaaa KOOPAWHAT (CM mpobyemy 2).
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BaBepiraeM MOCJIEIHWI pa3iesl TPeTheil TIaBbl MPodIeMOil, CBA3aHHO ¢ 0OpaT-
HOI K 00CYXJIEHHOI B 3TOi TyIaBe 3a/iade aJrOPUTMHUYECKOTO TOCTPOCHUS TapyCOB

HePUOINIECKIX MHOTOMEPHBIX TEHHBIX JIpobeii.

IIpobaema 16. (B. . Aproaba.) CyiiecTByer Jin aJropuT™M, OTBEYAOIINIT Ha, CJie-
JIVIOIIHI BOIIPOC: PeaJu3yeTcs JTU 3aJaHHOe pa3dUeHus Topa B KauecTBe pa3OueHus
TOpa JIJIS HEKOTOPOTO Mapyca Mepuojandeckoii nenuoii xpobu? (Onupenenenne pasou-

eHWsT TOpa JIJIs apyca CM. B mojpasjese 3.2.)

OTBer a 3TOT BOMPOC HEM3BECTEH JAZKe ISt Cydasi TBYMEPHBIX TePHOIUIECKUX

HEMHbIX JPOobeii.
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I'maBa IV.
HpI/IMepr q)YHZ[aMeHTaJIbeIX
obJiacreil IIapycoB ABYMEPHDBIX

IepuoJudeckKnx MenHbIX Jpobeit

B nocienneit weTBEpTOii Ti1aBe MPUBOASTCS BHIYNCIEHHBIE aBTOPOM MTpUMephl Dy H/1a-
MEHTAJILHBIX 00J1acTeil MapycoB JIBYMEPHBIX HEIMHBIX JApo0eil KyOMIecknx uppaimo-
HAJTbHOCTE HEKOTOPBIX CIEeMUaTbHBIX ceMeiicTB. B pa3aene 17 usydarores cBoiicTBa
HEePUOIMIECKHUX JBYMEPHBIX MEMHBIX Jp00eii, TOCTPOEHHBIX M0 (DpOOEHNYCOBBIM OIIe-
paropam. B pasmene 18 pasobpanbl npuMepbl OECKOHEUYHBIX cepuii pyHIaMeHTA b
HBIX OOJracTeil MapycoB JIBYMEPHBIX IEMHBIX JIP0o0eif, MOCTPOeHHBIX 110 (POOEHIYCO-

BBIM OINEepaTOpaM.

17 CewmeiictBO ppoOEHNYCOBBIX OIEPATOPOB W €ro

CBOIICTBA.

17.1 Omnpenenenne (ppodOEHMYCOBBIX OMEPATOPOB.

Hemuble apobu KyOMYIECKHX HPPAUOHATBLHOCTEH IBYMEPHBIX MEMHBIX Apobeit, mo-
cTpoeHHble mo omeparopam A nm —A, copmagaror. Takum o6pa3oM, H3ydeHne MemHbIX
JIpo0eit IeJT0YNCIeHHBIX OTePaTOPOB C ompeaeanTesieM +1 CBOAWTCS K W3yUEHUIO
OEeITHbBIX ;Lpo6e171 [MEeJIOYUCJICHHBIX OIMepPaTOPOB C €JJUHUYHBIM ONpeae/InTe/IeM (TO €CTh
onepatopos rpymust SL(3,7Z)).

Omeparop (MaTpHILy) ¢ eMHUIHBIM OIMPeIenTeIeM



rJie M W N — TPOU3BOIBHBIE [EJIbIe YNCIa, OyIeM HAa3bIBATH (POOEHUYCOBLIM ONEPa-

mopom (mampuyed).

Ymeeporcdenue 17.1. Mampuya Ay, , U MPaHCNOHUPOSAHHAA MAMPUYQ Am,nt co-

NPAHCEHDL UYLAOUUCAEHHOT Mampuyed

1 00
0 01
01 n

Onepamopam ¢ mampuyamis Ay, », U Am,nlt COOMBEMCMBYIOM IKEUBANEHIMHLE UeN-

HoLe dpooU. O

Ormerum crejiyiomee: ecim XapakTepHCTHYECKHI MHOTOUIeH X 4,, , (#) Henpuso-
aum Ha mosiem Q, To B moe Q[z] / (X A (x)) MATPHIA ONEePATOPA YMHOKCHUS HA
9/eMeHT 7 B ecTecTBeHHOM Gasuce {1, r, 22} copmamaer ¢ matpureit A, ,".

[Tycts omeparop A € SL(3,Z) nMeer pa3iudHbie BEIIECTBEHHBIE UPPAIHOHATD-
HbIe COOCTBEeHHBIE 3HaYeHUsI. [IycTh €; HeKOTOPHI IeJOUYNCIeHHBI HEHYIEBO BeK-
Top, ex = Ale;), e3 = A%(e;). Torna B 6asuce (e, ey, ce3) NPU HEKOTOPOM DAIHO-
HAJTBHOM ¢ MATpHUIa omepaTopa OyJaeT TPAHCIOHUPOBAHHOI K dpodbernycoBoii. Cire-
JIOBATE/ILHO, MO yTBepxKAeHuio 17.1 cymecTByer Takoit 6asuc, B KOTOPOM MaTpPHIA
omeparopa A Oyxer dpobernycoBoii. OaHAKO MaTpPHIA Tepexoaa MPH 3TOM MOYKET
He OBITH IEeJTOYNCIeHHOI, a COOTBETCTBYIONMIAS IemHas Apo0b HEeIKBHBAJIEHTHA HC-

XOIHOIM.

Teopema 17.2. (Cm. [65].) Ilennasa dpobv, nocmpoennas no onepamopy

1 2 0
A=1 0 1 2 |,
—7 0 29

HE IKBUBAAEHMHA HUKAKOT uenHnot dpobu, nocmpoennot no @pobenuycosy onepa-

mopy ¢ eQUHUYHBLM ONPEIeAUMENEM. O

B cBsi3u ¢ atum unrtepecen ciepymolruit Bonpoc: Hackoavko uacmo scmpeuarom-

ca uenuvie dpobu, He omeeuwarousue @pobenuycosuim onepamopam? Kakosa moms
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dbpobernyconbix Marpun cpean SL(3,7) MaTpul ¢ pa3auaHBIMU BEIIECTBEHHBIMI
UPpAIMOHAJIHHBIMIA COOCTBEHHBIMH YNCIAMU M C CYMMOI MOyJIeil KoahduunenTon
MEHBIIIeH 1, Ipu 1 — 007

B mobom ciydae, cemeiicTBo (hppoOEHIYCOBBIX OMEPATOPOB 001aaeT MOTe3HBIMI
CBOICTBaMM, TO3BOISONINME CTPOUTH Cpa3y mapyca IeIbiX CeMeicTB HeOKBUBAIEHT-
HBIX JBYMEPHBIX MEPHOANUECKUX IEMHBIX Apobeif, 9To camMo 1o cebe Upe3BhITaiiHO

IIOJIE3HO.

17.2 IIpocreiimue cBoiicTBa (ppoOEHIYCOBBIX OIIEPATOPOB.

Obo3raIIM depe3 () MHOYKECTBO OTIEPATOPOB Ay, , Bce COOCTBeHHBIE 3HAUEHN ST KOTO-

PBIX BEIEeCTBEHHBI, PA3TMIHBI U HPPAIMOHATLHBI. BepHO citemyrormiee yTBepKIeHue.

Ymeepotcdenue 17.3. Mnootcecmeo §2 3adaémes nepasencmseom
n?m? — 4m3 + 4n® — 18mn — 27 < 0.

onoanumenvro Heobrodumo uckiowums dée NepnerdurysspHsLe NPAMbLE HA Ue-

novucaennoti naockocmu: Ag _q U Agayo, 0 € Z.

Aoxasamenvcmeo. IlockombKy Bce cOOCTBEHHBIE 3HAYeHHU omeparopa A, Bele-
CTBEHHBI W PA3JNIHBI, TUCKPUMHUHAHT XapPaKTEPUCTUIECKOTO MHOTOYJICHA, TTOJOYKH-
TeJeH:

n?m? — 4m3 + 4n® — 18mn — 27 < 0.

Ocraércst MCKIIYATH OMEPATOPHl ¢ PAIMOHAILHBIMIA COOCTBEHHBIMH 3HAUEHUSIMH.
[TockOMBbKY MepBBIil U MOCTAeIHANR KOIMDMUINEHTH XapaKTepUCTHISCKAX MHOTOWIE-
HOB OIIepAaTOpPOB A, ,, PABHBI 0 MOIYJIIO €INHUIE, BCe PAIMOHAIbLHEIE COOCTBEHHBIE
3HA4YeHNsT TaKyKe DABHBI eimHuIE 10 Moaymo. Omepatop A,,, WMeeT B KadecTBe
KOpHsI 1 Torja m ToJIbKO Torga, Korja m = —n. Onepartop A,,, uMeeT B KadecTse
KOpHsI —1 TOrJa W TONBKO TOrJA, Koraa m = n — 2. YTBep:xkaenue gokazano. (Cu.

puc. 28.) O

MuoxkectBo ) cumMerpudHO, 60/Iee TOTO BBITTOJHSIETCS CAeAYIONee YTBEPIK Ie-

HUe.
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A

D(x) <0

NSNS EE] I >

m=mn-—2 x(1)=0

Puc. 28: Besbie ki1eTKH Ha pHUCYHKe 0003HAYAIOT TTAPHI HEJIBIX THuces (1M, 1), KOTOPhIM
COOTBETCTBYIOT OHepaTOphl A, , ¢ Pa3TNIHBIMHU BeIeCTBEHHBIMU HPPAINOHAIbHBI-

MU COOCTBEHHBIMU YHCIAMHU. JTH Mapbl 00Pa3y0T MHOXKECTBO (2.

Ymeepotcdenue 17.4. Jsymeprvie yennvie dpobu Kybuueckuxr uppayuoHasbHocmer,

nocmpoenrvie no onepamopam Am, , u A_p, _p, sK6USAAEHMMHDL.

Joxazamenvcmeo. Oneparopsr A, L m A_,, _,, CONPSIZKEHDI MEJOYUCTEHHBIM OTIepa-

TOPOM

O

Huzke Mb1 Oy1eM paccMaTpuBaTh BCE YTBEPZKJICHUS IO MOJLYJIIO 3TOW CUMMETPHH.
Samevanue. YTBepKIaeHne 17.6 MOKA3bIBAET, UTO CPEJIU MePHOINICCKUX TEeITHBIX
JIpoOeii, TOCTPOEHHBIX MO OMEpaToOpaM M3 MHOMKECTBa {2, BCTPeUaloTCsa SKBUBAJIECHT-

HbBIC.
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17.3 IIenunie apobu M XapaKTEPUCTUIECKNE MHOTOYJIEHBI CO-

OTBETCTBYIOIINUX ONEPATOPOB.

Kaxkaomy pacmmpeHnio mois panuoHATbHBIX YHCET MOTYT COOTBETCTBOBATDH HEC-
KOJTbKO Pa3/JNYHBIX pa3duennii Topa. B ciaeayromiemM yTBep:K IeHIN TPUBEIEH IPUMED
JIBYX OIIEPATOPOB € OJWHAKOBBIMHU XapPaKTEePUCTUUYECKUMU MHOTOYJIEHAMU, IEelHbIe
JIpobu KOTOPHIX pa3andubl. OUeBUIHO, 9TO TH OMEPATOPHI COOTBETCTBYIOT OJHOMY

1 TOMY 2Ke€ paCIInPEeHUIO IMOJIA.

Ymeepotcdenue 17.5. Onepamopot (A_1,2)3 u A_y 11 umerom paziunole deymepHoie

yenmnvie Opobu (Toms UT TAPAKMEPUCTNUNECKUE MHOZOUAEHDL COBNAOGIOM,).

Joxazameavcmeo. Lennas npobn oneparopa (A _12)% coBnagaer ¢ nennoit 1pobpio
onepaTtopa A_j 9, TTOCKOJIBKY J11000i 0OIepaTop KOMMYTHPYeT CO CBOUMHE CTEeTIeHSIMH.
CrenoBaTeTbHO, COOTBETCTBYIOIINE MAPYCA MEJTOUNCTEHHO-THHEIHO SKBUBATCHTHBI.
Bce pasbuennst Topos napycos st oneparopa (A 2)* cocToaT U3 AByX TpEyroh-
HnkoB. [To Teopeme 18.2 pasbuenne Topa 7151 O1HOTO 3 mapycos oneparopa A_41q

COCTOUT M3 YETHIPEX TPEYTOJTHLHUKOB. 0

C apyroit cTOpOHBI, PA3JIMIHBIM XapPaKTEPUCTHIECKUM MHOTOUIEHAM ONePaTOPOB

MOI'YT OTB€YaTb 5KBUBAJICHTHbBIC NEPUOJNYIECCKUE IEIIHbIEe ,ILpO6I/I.

Ymeepoicdenue 17.6. Onepamopu, A3 _, u A_9_q2 CONPAICEHDL ONEPAMOPOM U3
)

a
epynnw GL(3,7), a, caedosamenvro, nepuoduueckue yennoe opoou (6 mom wucie u
pasbuenus mopos ux napycos), coomsemcmeyrousue onepamopam Ao _q U A 94 a2,

IK6UBANEHITVH L.

Jokasamenvcmeo. Omneparopor AZ _, u A_5,,_42 CONPSZKEHBI OTIePaTOpoM B, rie
)

1 0 O
Ba - 0 0 1
01 a®

O

Samevanue 17.7. OTMeTnM, 4TO Pa3IUIHBIM KYOHYECKUM paciiupeHusM moasa Q

OTBEYaIOT HEIKBUBAJIEHTHBIEC MEPUOANYIECCKUE IEITHbIE ,ZLpO6I/I.
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18 ®dyrmamMeHTaJbHBbIEe 00JIACT HEKOTOPHIX cepmii
onepaTopos A,, ,

3/ech MpuBeaeHBI TpuMepbl (MYHIAMEHTAJBHBIX 00/acTeil HeCKOIbKUX OeCKOHed-
HBIX cepuii ppoOEeHNYCOBBIX OmepaTopoB. B pasmene paccMaTpuBarOTCS TOTBKO Ma-
pyca, comepxkaime Touky (0,0,1) B cBoeit BoimyKJI0ii obomouke. /IokazaTeahcTBO
nepBoit Teopembl paszobpaHo MoApodbHO. /lokazaTeabcTBa BCEX OCTAJIBHBIX TEOPeM
9TOTO pa3Jeaa aHAJOTHIHBI JOKA3aTeTbCTBY MepBoil TeopeMbl. JI1g KpaTKoCTH m3-
JIO?KEeHUA B JO0Ka3aTEJIbCTBAX 9THUX TEOPEM BBIIMHCHIBAIOTCA JIUIIH BCE HeO6XOZLHMbIe

[EJIOYNCICHHO-JIMHEeIHbIe NHBAPUAHTHI IpaHeil.

18.1 {PyHmamMeHTaJbHBbIE 00JIACTH MEPBOrO JAByHapaMeTpudie-
cKoro cemeiicTBa: (bOPMYJIMPOBKA PE3YyJIbTATa M BbIIBU-
2KeHue rurioTe3nl.

Teopema 18.1. Iyecmv> m =b—a—1, n = (a+2)(b+1) (a,b > 0). Paccmompunm

napyc onepamopa Am,,, codepocawezo moury (0,0,1). Hyems A = (1,0,a + 2),

B=(0,0,1),C=(b—a—1,1,0) u D = ((b+1)%,b+1,1). Tozda caedyrousuti nabop

epaneti: 1) mouxa A; 2) ompesrxu AB, AD u BD; 8) mpeyzoavnuxu ABD v BDC

— obpaszyem 00ny u3 GyHIGMEHMAILHULT 00.A0CEN.

TComeomopdublii TuI 3aMbIKauust GyHIaMeHTATbHON obnacTu (npu b = 6) u306-

paKeéH Ha pucynke 29.

A B
a,b>0

Puc. 29: Bambikanue dyHIaMeHTAIBHON 0OJACTH OJHOTO U3 MAPYCOB JIBYMEPHOM

nemHoii 1pobu omepaTopa Ay o1 (a+2)(b+1) (30€Ch b = 6).
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Hoxasameavcmeo. Illazu 1 u 2. Tlpornyckaem mnepBbie JBa ITara BBIYUCIECHMHIT,
OCKOJIHKY BCE BBIYUCIEHWs] TUX IIArOB SBJSIOTCS cTangapTHeIME (cM. [22]). Broi-
IUIIEeM Cpa3y pe3yabTaThbl 3THX maros. Creayoomue IBa ONepaTopa MOPOXKIAIOT
rpymny Z(A):

Xop= A2, Vo= AL (AL = (b+ 1)),

m,n? ) m,n \“*m,n
rje depe3 [ ob6o3HaveH enHUIHBINA memenT rpynmbt SL(3, 7).
Ilaz 3. Tokaxewm, aro touka (0,0, 1) sBisiercst BepimHoii mapyca. Pacemorpum

ILJIOCKOCTh, IPOXOISINY0 depe3 Toukn A, B u D:
(-1—a)x+(ab+a+b+1)y+2=1

[TockoabKy ypaBHeHUe (C epeMeHHBIME T, Y U Z)
(-l—a)z+(ab+a+b+1)y+ 2=«

He nMeeT Tebpx perennit npn 0 < a < 1, meJgo9ncIeHHOe pacCTOSHIE OT TJIOCKO-
ctu ABD 1o Hagasia KOOpAWHAT PaBHO eIuHUIE. B mepecedeHnn 9Toil MI0CKOCTH 1
HAIIIENO OPTAHTA JIe¥KaT POBHO TpH Ieabie Touku A, B u D

Illaz 4. I'unote3a o pyHIaAMEHTAIBHO 001aCTH TpeacTaBIeHa B (hOPMYIUPOBKE

TEOPEMHBI.

18.2 IIpoBepka rumore3nl TeopemMbl 18.1.

Nrak, ocTaércs BBIMOIHUTHL w2 J: MPOBEPKA THIOTE3bl O (PYHIAMEHTAIBHBIX 00-
nactax. JImsa mpoBepKu THIMOTE3bI HAM JOMOJHUTENIHHO MOHATO0ATCS 0003HAUEHUS

CTeIYIONNUX TOYEK:

E=X_,(B)=(1,—ab—a—2b—2,

a?b? + 2a?b + 4ab® + a® + 8ab + 40> + 5a + Tb + 5);
F=Yu(B) =(-a—2,1,0);
H=X_,(F)=(0,—b—1,ab® 4+ 2ab + 20 + a + 4b + 3).

1. (IIposepka ycnosus i).) Kak HeTpyaHO 3aMeTHTh, JBe JBYMEpDHbBIE TDaHU Iepe-

cekaroTcs 1Mo pebpy BD, a omHOMepHBIE TOMBKO MO BepimuHAM. Takmm oOpa3oM,
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BCE TTPUMBIKAHUS MMPABUIbHBIE, & K JII000W OJITHOMEPHOI I'paHu MPUMbBIKAET He Dojee
JIBYX AByMepHBbIX. ['panuna 3ambikanust odbsactu — 3amMkayTast gomanas ABCDA,
roMeoMopdHasg OKPYKHOCTH.

2. (IIposepra ycaosus ii).) Ilox neitctBuem omepartopa X, oTpe3ok AB mepe-
xomuT B otpe3ok DC' (touka A mepexomnt B Touky D, a B B C'). Tlox neiicrBuem
omeparopa Y, orpe3ok AD mnepexoqut B orpe3ok BC' (Touka A mepexoguT B TOUKY
B, a D B (). C 04eBUJHOCTHIO, HUUETO JHIIHENO HE CKIEHTOCH. locie CKieiku
difTepoBa XapaKTepUCTHKA MOBEPXHOCTH paBHA 2 — 3 + 1, TO ecTh HYy/II0, a cama
MOBEPXHOCTH OPUEHTUPYEMA.

3. (Iouck uyerouucrernbr paccmoanud om Hauaaa koopouram 00 08YMEPHOLT
naockocmeti deymepuux 2paned.) Haiiném mo dbopmyrne gemmvbl 15.6 merouncien-
HBbIe PACCTOSTHUS 110 JIByMepHBIX maockocreit rpaneit ABD u BDC'. Paccrosinue 110
JByMepHOit mockoctn rpaan ABD pasuHO

1 0 b*+20+1

1 ) _b+1_1
b+ 1 0 0 +1 Cbh+1

a+1 1 1

Paccrositnue 10 aBymepHoii miockoctu rparun BDC' paBHO

0 B»’+20+1 b—a—1
1 ab+2b+a+2

. — —a+2.
b1 || 0 Ol ! b+1 ot

1 1 0

4. (Ilposepka Ha HAAUNUE YEABT MOYEX BHYMPU OMMEYEHHLT NUPLMUOD C BED-
WUHAMY 8 HAYAAE KOOPOURAM U C OCHOBAHUAMUY 6 dsymeprux eparaz.) [Tockonbky
paccTosgHue 10 ABYMepHOil maockoctn rpann ABD paBHO 1, oTMedYeHHAs THpaMHU-
Jla ¢ BepIINHON B Hadasge KOOPAMHAT M ¢ OCHOBaHUeM B Tpann ABD He comepxKuT
[EeJbIX TOYEK.

OrMmedennast nupamMmniga C BepIHHHOﬁ B Ha4daJie KOOpAUHAT U C OCHOBaHUEM B I'pa-
un BDC' uenouncienno-adGUaHO SKBUBATEHTHA OTMeIeHHOi mupaMue Py, .

[Tpu sToM TpeobpaszoBanme (B JAHHOM CJIydae JIMHEHOe), TPU KOTOPOM OTMedeHHast
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nupamMuaa Pblﬂﬂ 4o TIEPEXOJUT B HAIy, 3aa€TCsl CIeytoneil MmaTpunei

b+1 b—a—1 b—a
1 1 1
0 -1 -1
[To Teopeme 9.2 0 nesoUNCTIEHHO-THHEHHONR KIACCHMUKAIIME IBYMEPHBIX I'paHeil oT-
MeUYeHHas MUpaMUIA C BEPIINHONW B Hadae KOOPAUHAT W C OCHOBAHHEM B T'DAaHU
BDC' ne comepKuT HEIbIX TOYEK, KPOME TOUYEK OCHOBAHWS W BEPIITMHBI.

5. (Ilposepka sunyriocmu npu 0syzparnuy yeaax.) PAaccMOTpUM CHAYAIA TPAHD
BD. K »roii rpann npuMbIKaioT a8e apymepusie rpain ABD u BDC'. I'paus ABD
JeKUT Ha miockoctr fapp(z,y,2) = 0, a rpans BDC' na miockoctn fppe(z,y, 2) =
0, roe

fapp(z,y,2) = (-1—a)z+(ab+a+b+1)y+2—1;
fepc(z,y,2) = z+(b+1)y—(a+2)z+ (a+2).
JInst Toro, 9ToOBI ABYTpAHHBIN yros mpu rpanu BD ObLT TPaBUIbHO PACIONIOKEH-
HBIM OTHOCHTEJIBHO HavaJja KOOPAWHAT, HEOOXOIUMO TPOBEPUTH, IYTO TOUKH C' 1 Ha-
9aJ10 Koopanuat () JieskaT B Pa3HBIX MOJIYITPOCTPAHCTBAX OTHOCUTEIHHO TLJIOCKOCTH,
npoxogsmieit gepe3 Toukn A, B u D, a toukun A u O jexkar B Pa3HBIX MOIYIPO-
CTPAHCTBaX OTHOCHUTEIBHO ILTOCKOCTH, Tpoxoisdiieii depe3 Touku C, B u D. Jlna

9TOTO HEOOXOJIUMO ITPOBEPUTH CUCTEMY:

fap(C) - fapp(O) < 0
fepc(A) - fepc(O) < 0
Cucrema S5KBHBAJEHTHA CJI€/IyOTIENi:
(a>+3a+2)-(-1) < 0
(—a*=3a—-1)-(a+2) < 0
[Tockosmbky a > (0, HEpaBeHCTBa cucTeMbl cripaBenBhl. CJre10BaTEIHHO, JIBYTPAH-
HBII YTOJT TPU OJHOMEPHOi rpann B MpaBUIbHO PACIONOKEH OTHOCHTETHHO Ha-
Jas1a KOOP/IMHAT.

Paccmorpum teneps rpanb AB. K 310 rpasu npuMBIKalOT JIBe JIBYMEpPHBIE IDa-

un ADB u AEB, e
E=X_,(B)=(1,—ab—a—2b—2,a’b* +2a’b+4ab’ + a® + 8ab+ 4b* + 5a + b+ 5).
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I'paunp ABD nexut nHa miockoctu fapp(z,y,2) = 0, a rpanb AEB Ha niockocTu

fAEB(nyJZ) = 07 rme

fap(z,y,2) = (-l—a)z+(ab+a+b+1)y+2z—1;
faes(®,y,2) = (a®+3a+2)x — (a®b+ a* — 4ab — 4a — 4b — 3)y — (a + 2)2
+(a +2).

g Toro, 9ToObI ABYTpaHHBI yroa mpu rpann AB ObLT MpaBHIBHO PACIOIOXKEH
OTHOCHTEJIHHO HadaJia KOOPJAWHAT, HEOOXOIMMO MPOBEPHUTH, JeyKaT JIn TOYKU F u
Ha4Ias10 KoopanHaT () B Pa3HBIX MOIYITPOCTPAHCTBAX OTHOCUTEIHLHO TJIOCKOCTH, TTPO-
xonameil yepe3 Toukn A, B u D, a toukn D u O JexKaT i B pa3HbIX MOJTYIPOCTPaH-
CTBaX OTHOCHTEJIBLHO ILTOCKOCTH, Mpoxondmieil yepes Touku A, B u E. JIng sToro

HEOOXOJMMO TPOBEPUTH CIAEAYIONLYI0 CUCTEMY:

fABD(E)'fABD(O) <0 (ab2 + 2ab + 2b° +a+ 3b+ 2)(—1) <0
fape(D)-fape(0) <0 (ab® +2ab+20* + a+3b+1)-(a +2) <0

[Tockonbky a,b > 0, HepaBeHCTBa cHCTeMbl crnpaBeanBbl. CegoBaTeIbHO, IBY-
IPAHHBI yTOI MpU OJHOMEPHOI rparn AB mpaBuIbHO PAaCHOJ0KEeH OTHOCHTETIHHO
HAYaIa KOOPIUHAT.

Paccmorpum, Hakoner, rpanb AD. 3amernwm, uro rpaan AD u BC' coBMeaoTcs
IeJIOYUC/IEHHBIM JINHEITHBIM TTpeodpa3oBaHneM Y, ,, TTO9TOMY MPaBUIBHOCTH PACIIO-
JIOKEHWST JBYTPAHHOTO yria npu rpain AD OTHOCHTEIHHO Hadaaa KOOPIWHAT K-
BHUBAJIEHTHA MIPABIIbHOCTH PACIONOXKEHHUS ABYTPAHHOTO yria mpu rpann BC oTHO-
CUTEHHO Havdasa KoopawHar. /JJokaykeM MpaBUIbHOCTH PACIOIOKEHHST IBYTPAHHOTO
yria ipu rpaan BC' orHocuTebHO Hava a koopaunHat. K rpann BC mpuMbIKAOT 1B
asymepusle rpann BDC u CBF, tne F =Y, ,(B) = (—a—2,1,0). 'pans BDC e-
JKUT HA WIOCKOCTH fppc(x,y,z) = 0, a rpaus CBF Ha wiockoctu fepp(x,y,z) =0,
rje

fepc(z,y,2) = x4+ (b+1D)y— (a+2)z+ (a+2);
fepr(x,y,2) = y+2—1.
JLnst Toro, 9TOOBI ABYTPaHHBINA yroa npu ogHoMepHOoit rparu BC' ObLI NpaBHIBLHO

PACIOIOKEH OTHOCUTE/HHO Hava a KOOPAUHAT, HEOOXOAMMO MPOBEPUTH, JeKaT I
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touku F' u Hagas10 koopauaar () JIeKaT B PA3HBIX MOJIYITPOCTPAHCTBAX OTHOCUTETHHO
JIOCKOCTH, Ipoxosiiei wepe3 Touku B, D u C', a roukn D u O jexkat u B pa3HbIX
HNOTYITPOCTPAHCTBAX OTHOCUTETBHO IJIOCKOCTH, Tpoxoadieit yepe3 Touku B, C'u F.

JL1g 3TOr0 HEOOXOIUMO MPOBEPUTH CIEAYIONIYIO CHCTEMY:

prc(E)'prc(O) < 0 (—ab—2a—2b—4)-(a+2) < 0
fC’BF(D) . fC’BF(O) < 0 (b—|— 1) . (—1) < 0
[Tockonbky a,b > 0, HepaBeHCTBa cHCTeMbI crnpaBeanBbl. CegoBaTeIbHO, IBY-
MEpHBI yrom mpu oaHoMepHOil rpann BC' mpaBUIbHO PACIOI0KEH OTHOCHTETHHO
Havasa KoopauHar. TakuM oOpa3oM, IBYMEPHBINA Yro IpH OAHOMEpHOH rpanun AD

TOYXKE MPABUJIBHO PACIOIOXKEH OTHOCUTETHHO HavasIa KOOPJIUHAT.

Nrak, ABymMepHbIe YIJIbl TPA BCEX OJHOMEPHBIX I'paHsix (DyHIaMeHTaJIbHONH 00J1a-
CTH TIPABUIBHO PACIOMOKEHBI OTHOCUTEIHLHO Havaaa KoopauHat. [IpoBepka ycioBus
OYHKTAa 5 OKOHYEHA.

6. (IIposepka npasuavrocmu 2-36¢30 npu eepwunar.) Ha wamem Tope Bcero
onaHa BepiinHa. Ha yHEUBepcaabHON HAKpPBIBAIOIIE Topa K JTI060MY Mpoobpa3sy 3Toit
BEPIINHBI IPUMBIKAET MIECTh OTHOMEPHBIX U IEeCTh ABYMePHBIX rpaHeii. PaccMoTpum
HYJIbMEPHYIO BEPINHY HAKPBIBAIOIIE, KoTOopasi oToOparkaeTcst B TOUKy B. 2-3Be31a
IpU COOTBETCTBYIOIIEH BEPINTHHE OTODParKaeTcst B MECTh OJIHOMEpHBIX rpaneit BC,
BD, BA, BE, BH u BF u B mecth nBymepHbIX rpaneit BCD, BDA, BAE, BEH,
BHF u BFC, rne

H=X_,(F)=(0,-b—1,ab® + 2ab + 2b° 4+ a + 4b + 3).

Hy:x#o mpoBepuTh, 9TO 7YY [, ¢ BEepIINHOI B HAaUAIe KOOPAMHAT, TPOXOISIINI depe3
touky P. = (g,0,1), nepecekaer poBHO OJIHY W3 TpaHeil 2-3Be3/bl MPH MAJEHBKUX
MOJIOYKUTEIHHBIX £.

[IpoBepum, mepecekaeT u Jay4d [, TpeyrombHuK BCF Nmpu MAJBIX MOTOKHATETb-
HBIX £. DTO PABHOCHUIBHO TOMY, UTO JyY [, JIEXKUT BHYTPH TPEXTPAHHOIO YTIJIa C
BepIMHOI B Hauvasae koopanaar O u ¢ ocHoBanuem B Tpeyroiabanke BOF'. JIBymep-
Hasl TpaHb TPEXTPAHHOIO yIiIa, cogepsxkaiero Toukn B, C'n O 3amaérces ypaBHEHIEM

fapo = 0; AByMepHag rpaHb TPEXTPAHHOTO yIJa, comepzaiiero Touku B, F' u O 3a-
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naércst ypasuenuneMm fppo = 0; AByMepHasi rpaHb TPEXTPAHHOTO yTJIA, COAEPIKAIIETO

roukn C', F' u O 3agaéres ypasuenneM foro = 0, rae

fBCO(xaya 'Z) = T+ (a +1- b)ya

fBFO(xa Y, 'Z) = T+ (a + 2)3/7

fero(x,y,2) = =z
JLnst Toro, 4ToOBI Jiyd [, JieyKasl BHYTPU TPEXTPAHHOTO yTJIa C BEPIIMHOW B Hada-
je koopauaar () u ¢ ocHOBaHWeM B Tpeyroiabauke BC'F, HeoOX0aMMO MpPOBEPUTH,
yTo Toukn P, m F' nekat B OJHOM 3aMKHYTOM IOJTYITPOCTPAHCTBE OTHOCUTETHHO
niockoct fpoo = 0; Touku P. u C' 1exkat B 0JHOM 3aMKHYTOM ITOJTYTPOCTPAHCTBE
OTHOCHUTEIHHO TI0CKOCTH fpro = 0; Toukn P. n B jekar B OJJHOM 3aMKHYTOM TOJTY-
IPOCTPAHCTBE OTHOCUTETBHO IMJIOCKOCTH fopo = 0 MPHU MAJIbIX MOTOYKUTEJBHBIX €.
[Tockonbky Touku P. m B OJIU3KW NMPU MAJBIX £, OHH JIE2KAT B OJTHOM 3aMKHYTOM
MOTYTTPOCTPAHCTBE OTHOCUTEIHLHO MJIOCKOCTH fpro = 0, TTO9TOMY TPOBEPSTH HYKHO

JINIIH IBa YCJIOBUAA:

feco(P:) - feco(F) (=b—1)e
fero(P%) - fero(C) > 0 (b+1)e > 0

Y
o
v
o

[Tockosbky b, > 0 mepBoe HepaBeHCTBO He BhimOHSAETCsI. CreaoBaTe/bHO, JIyY [,
He nepecekaer Tpeyroabank BCF.

[Tposepum, nmepecekaeT Jin ayd [, TpeyronbHuk BDC' nipu MaJbIX MOJTOKATETb-
HeIX £. [lo aHATOrmIHBIM COOOPAKEHUSM OTBET CBOJUTCHA K BEPHOCTH CJIETYIONICiH

CUCTEeMbl HEPABEHCTB IMPU MaJIbIX IMOJJIO?KUTEJIBHBIX £

feco(P:) - feco(D)
fepo(P:) - fpo(C) > 0

v
o

re
feoo(w,y,2) = x+(a+1-0)y;
fBDO(nyJZ) = T - (b =+ 1)y

Jlannasi cucremMa dKBWBAJIEHTHA CJIeIYOIIeit:

(b+1)(a+2)e
(—a—2)e > 0

Y
o

145



[Tockosbky a,e > 0 BTOpOe HepaBeHCTBO He BhimosHsieTcs. CienoBare/bHo, JIyd [o
He nepecekaer Tpeyroabank BDC'.

[TpoBepum, mepecekaet Ju Jyd [. TpeyroabHuk ABD mpu MablX MOTOKHUTEb-
HBIX £. OTBET Ha 9TOT BOMPOC CBOJUTCA K MPOBEPKE BEPHOCTHU CIAEAYIONMEH CHCTEMBI

HEPaAaBEHCTB MPU MaJIbIX MOJJO?KHUTE/JIBHBIX £

fepo(P:) - fepo(A)
fapo(P:) - fapo(D)

Vv
o

v
o

riue
fBDO(xayaz) = T - (b+1)ya
fABO(nyJZ) = V.

JlanHasi cucremMa dKBWBAJIEHTHA CJIeIYOIIeit:

€ 0
0 >0

v

CremoBaTeTbHO, TMPU MAJIBIX TMOJTOKUTETBHBIX £ JIyY [, MepecekaeT TPeyroTbHUK
ABD, npu 3TOM TOYKA MepecedeHust JeKUT Ha cTopoHe AB.

[Tposepum, mepecekaer Jjim Jjiyd [, Tpeyronbauk ABFE npu Majbx MOTOKUTETb-
HBIX £. OTBET Ha 9TOT BOMPOC CBOJUTCA K MPOBEPKE BEPHOCTHU CIEAYIONMEH CHCTEMBI

HEePaBEHCTB IIPpU MaJbIX IMOJTOXKHUTE/JIbHBIX £

faBo(P:) - fapo(E)
fBEO(P:) - fBEO(A)

Vv
o

Y
o

rae
fABO(x,y,Z) = U
fero(x,y,2) = (ab+a+2b+2)x +y.

JlanHas cucteMa SKBUBAJIEHTHA CJIETYIOMIEN:

0 0
(ab+a+2b+2)% > 0

Vv

CIIe,ILOBaTeJIbHO, IIpU MaJIbIX MOOJOXKHUTEJLHBIX & JIy4 l&* nepecekaeT TpPeyroJbHHK

ABE, upu 3TOM TOYKa IepecedeHns JeKUT Ha cTopone AB.
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[IpoBepum, nepecekaer Jjin Jiyd [ Tpeyroabuuk BEH 1mpu MajabiX MOJ0KHATETH-
HeIX £. OTBET Ha 9TOT BOMPOC CBOJUTCS K MPOBEPKE BEPHOCTHU CIEAYIONMIEH CHCTEMBI

HEePaBEHCTB IIPpU MaJbIX IMOJTOXKHUTE/JIbHBIX £

fero(P:) - fero(H)
feao(P:) - fero(E) > 0

Vv
o

riae
fero(x,y,2) = (ab+a+2b+2)x+y;
fero(v,y,2) = =

JlanHasa cucTteMa SKBUBAJEHTHA CJIETYIOMIEN:

(ab+a+2b+2)*(=b— 1)

v
o

v
o

9

[Tockonbky a,b,e > 0, mepBoe HepaBeHCTBO He BbIMoMHgeTCA. Ce10BaTETLHO, Ty
[, me mepecekaet Tpeyronbauk BEH.

[IpoBepum, nepecekaer Jjin Jiyd [. Tpeyroabuuk BH F' npu MajbiX MOJ0KHATETb-
HeIX £. OTBET Ha 9TOT BOMPOC CBOJUTCS K MPOBEPKE BEPHOCTHU CJIEAYIONMIEH CHCTeMBI

HEePaBEHCTB IIPpU MaJbIX IMOJTOXKHUTE/JIbHBIX £

fero(P:) - fero(F)
fero(P:) - fero(H) > 0

v
o

rie
fBHO(l‘ayaz) =
fBFO(xayaz) = SL‘—|—((Z+2)y

JlanHas cucTteMa 3KBUBAJEHTHA CJIETYIOMIEN:

(—a —2)e
(=b—1)(a+2)e > 0

v
o

[TockonbKy a,b,c > 0, oba HepaBeHCTBa He BBIMOTHsAOTCI. CrenoBaTebHO, JIyY [,
He mepeceKkaeT TpeyroabHuk BHF'.

Urak, aya [ (Tpy MasbIX MOJOXKHUTETHHBIX €) TlepecekaeT obpas Beeil 2-3Be3/Ibl
TOJIBKO TI0 OJHOI TOYKe, PACIOJIOKEHHOIH Ha omgHoMepHOit rpann AB. CiaegoBaresnh-

HO, BCe 2-3BE31bI IIPU BepIINHAX IIPaBUJIbLHEIE.
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7. (Ilposepka npunadiescrocmu 6cex HysvbMepHux epared nabopa D odnomy op-
manmy.) TIpoBepka TpUBHAILHA, TTOCKOIBKY B 001aCTh [ BXOJANT BCEro OJHA HYJIb-
MepHas TpaHb.

JTokazaTembecTBO TeopeMbl 18.1 OKOHYEHO. ]

18.3 ®dyHmamMeHTaJbHBbIE 00JIACTH MEPBOTO OJHOIIAPAMETPHU-

YecKOoro ceMemcrsna.

Teopema 18.2. ITyemv m = —a, n = 2a + 3 (a > 0). Pacemompum napyc one-
pamopa Ap, , codeporcawsezo mouky (0,0,1). yemv A = (0,0,1), B = (2,1,1),
C=(7,4,2), D=(—a,1,0) u E=(3,2,1).

Tozda npu a = 0 caedyrowut nabop epaned: 1) moura A; 2) ompesku AB, AD
u BD; 8) mpeyeoaviuku ABD v BDC (mouxa E codeporcumes 6 mpeyzoavruke
BDC') — obpasyem oduy us pyndamernmanvios obaacmed.

IIpu a > 0 caedyrowudi nwabop epanedi: 1) mouku A u E; 2) ompesku AB, AD,
BD, BE, DE u CE; 3) mpeyeoavuuku ABD, DEB, DEC u BED — obpasyem

001y U3 Ppyndamernmarvholx obaacmed.

Fomeomopdubiit Tun 3aMbiKanust (yHJTAMEHTAJIbHBIX 00J1acTeil m300parkKeéH Ha

pucynke 30.

Puc. 30: 3avpikanust yHIaMeHTAJIBHBIX 00JaCTell TAapyCOB JIBYMEPHBIX MEMHBIX

Ipobeil omepaTopoB BUIA A_g 9q43.

Ji
=

Jokxazamesvcmeo. Chemayromiue aBa omepaTopa MOPOXKIAI0T TPYIIILY

X, = A2

m,n’

Yo = (21 - A;:n)_l
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[Ton neitcrBuem omeparopa X, orpe3ok AB mnepexoaut B orpe3ok DC' (Touka
A nepexomut B Touky D, a B B C). Ilox zaeiicrBuem omeparopa Y, orpesok AD
nepexoauT B otpe3ok BC' (touka A mepexomut B Touky B, a D B C).

Ecmu a = 0, To menouncrennsie amuasl cropon AB, BC', CD u DA pasuwl 1, a
HEeJI0YNCIeHHbIe TIoIaan TpeyroabHukos ABD w BC'D paBHBI cOOTBETCTBEHHO 1
" 3.

[HemouncaeHHble pacCTOSHUSA OT Havasa KOOPAMHAT J0 IJIOCKOCTeH TpeyroJbHUKOB
ABD w BCD paubt 2 n 1 COOTBETCTBEHHO.

Ormedennast mupaMuia, COOTBETCTBYIOIIAsT TPeyroabHoit rpanu AB D, nenouncien-
HO-JTMHEHHO 3KBUBAJIEHTHA OTMEUYEHHON MUpaMUIe Rb.

Ecau a > 0, To Bce mesiouncaeHHbIe JIUHBI CTOPOH U MEJTOYUCTeHHBIe ILTOIIAIN
BCEX YETHIPEX TPEYTOJHHUKOB PABHBI 1.

[HemouncieHHbie PACCTOSTHUST OT HaYaJIa KOOPAUHAT O MJIOCKOCTEH TPeyroJbHIKOB
ABD, DEB, BCE u CED paBHBI COOTBeTCTBeHHO a + 2, a + 1, 1 u 1.

Ormedennast mupaMu/ia, COOTBETCTBYIOIIAsT TPeyroabHoit rpanu AB D, nenouncien-
HO-JINHEITHO SKBUBAJIEHTHA OTMEYEHHON MHpaMUIe R}’a 4o OTveuennas mupavmia,
COOTBETCTBYIONIAs TPeyTroabHOil rpann D FE B, ne/09ucIeHHO-THHEHO SKBUBATCHT-

Ha OTMedYeHHON mupamune R}, .
)

18.4 ®dynHmamMeHTaJbHBbIE 00JIACTH BTOPOTO OJHOIIApPaMETPHU-

YecKoro ceMemcrsna.

Teopema 18.3. ITyemv m = 2a — 5, n = 7a — 5 (a > 2). Paccmompum na-
pyc onepamopa A, codepoicawezo mouxy (0,0,1). IIyemv A = (—14,4,-1),
B = (-1,1 —a,7a®> — 10a + 4), C = (1,5 — 7a,49a* — 72a + 30), D = (0,0,1),
E = (-1,0,2a — 1) u F = (0,2 — 2a, 14a*> — 24a + 11). Tozda caedyrousuti nabop
epaneti: 1) mouku A, E u F; 2) ompesku AB, AD AE, DE, BE, DF, BF u
CF; 3) mpeyzorvnuru EBA, ADE, FDC, FBC u uemuwpéxyzorvnux EBFD —

obpasyem odny u3 pyrdamenmarvholr obaacmed.
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Tomeomopdubiii THI 3aMbIKaHusT DYHIAMEHTAILHOI ob1acT (31ech a = 6) 1300~

pakén Ha pucynke 31.

Puc. 31: 3ambikanne dyHIaMeHTAJIBLHON 00/JIACTH OZHOTO W3 MAPYCOB JIBYMEPHOIt

nenHoii 1pobu oneparopa As, 57,5 (1pu a = 6).

Joxasamenvemeo. Crepyomue 1Ba omiepaTopa MOPOK AT rpyTmy =(A):
X, =24, +7; Y,=A7 .

[Ton peitcrBuem omeparopa X, orpe3ok AB mepexoaut B orpe3ok DC' (Touka
A nepexonut B Touky D, a B B C). Ilox geiicrBuem omeparopa Y, orpezok AD
nepexoanT B orpe3ok BC' (touka A mepexomut B Touky B, a D B ().
[Henouncnennnie guuust cropon AB, AD AE, DE, BE, DF, BF u C'F'; paBubt
coorBercTtBeHHo 1,2, 1,1, a —1, 2a — 2, 1, 1.
[Hemouncaenusle mwioma n aByMepHbIX rpaneit FBA, ADE, FDC, FBC n EBFD
pPaBHBI COOTBETCTBeHHO a — 1, 2, 2a — 2, 2, 3a — 3.
[emouncneHHbIe PACCTOSHAS OT HAYa I8 KOOPAMHAT JI0 ITOCKOCTeH IBYMEPHBIX I'pa-
neit FBA, ADE, FDC, FBC u EBF D paBubl coorBercTBenno 7, 2, 1, 1 u 1.
Orwmedennast mupaMuia, COOTBETCTBYIOIIAsT TPEYToabHON rpann F'B A, nenouncien-
HO-JINHEITHO SKBUBAJIEHTHA OTMEYEHHON MHpaMUIe qu,?- Ormedennast mupaMua,
COOTBETCTBYIOIIAS TPeyronbHoi rparn ADFE, ne1o9nc/IeHHO-THHEeAHO SKBUBAIEHT-

HA OTMEYeHHOH mmpamue RS . O
)
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18.5 ®dynmamMeHTaJIbHBIE 00JIACTU TPETHETO OAHOTIAPAMETPU-

YecKOoro ceMemcrsna.

Teopema 18.4. ITycmv m = a—1, n = 34+2a (a > 0). Paccmompum napyc onepamopa
A, codepocawsezo moury (0,0,1). Hyemv A = (1, —2a — 3,4a* + 11a + 10), B =
(0,0,1), C = (=4a—11,2a+5,—a—2), D = (—a—2,0,a>+3a+3), E = (-2,1,0),
F=(-2a-3,a+1,1) uG = (0,—-1—a,2a® + 5a + 4). Toeda caedyrowuii nabop
epanetdi: 1) mouku A, E u F; 2) ompesxu AB, AG, BG, GD, DF, EF u CF;
3) mpeyeoarvuuku ABG, DFC, ECF u namuyzosvnurx BEF DG — obpasyem oduy

us pyndamernmarvholx obaacmed.

Tomeomopdubiii THI 3aMbIKaHusT DYHIAMEHTATILHOI ob1acT (31ech a = 4) 1306~

pakéH Ha pucyHKe 32.

D c
G 4/
E
B
A a>0

Puc. 32: 3ambikanne dyHIaMeHTAJIBLHON 00/JIACTH OZHOTO W3 MAPYCOB JIBYMEPHOIt

nenHoii 1pobu omeparopa A, 1342, (Ipn a = 4).
Joxazamenvcmeo. Cremyiomue aBa omepaTopa TOPOKIAIOT Tpymmy =(A):

Xo=Q2I+A4,)7% Yo=A72.

[Ton neitcrBuem omeparopa X, orpe3ok AB mnepexoaut B orpe3ok DC' (Touka
A nepexomnt B Touky D, a touka B B Touky C'). ITox meiicreuem omnepartopa Y,
nomanast AG D nepexonut B tomanyio BEC' (Touka A nepexoaut B TOUKy B, Touka
G nepexomut B Touky E, a Touka D B Touky C).

[Henouncnennnie pmunant cropon AB, AG, BG, GD, DF, EF u C'F paBubl co-
orBerctBenno 1, 1, a+ 1,1, a4+ 1, 1, 1.

Bo BuyTpennoctu naruyronbanka BEF DG nexur (a + 1)? menounciennas ToUka

151



una: (—j,—i+7,(2a+3)i—(a+2)j+1),tme1 <i<a+1,1<j<2i—1.
Hemouncnennnie miomaan asymepubix rpaueit ABG, DFC, ECF v BEF DG pas-
HEI COOTBETCTBeHHO a + 1, a + 1, 1, 2a® + 6a + 5.

[eouncieHHbIe PACCTOSIHUS OT HAYa 18 KOOPAMHAT JI0 TLIOCKOCTEl TBYMEPHBIX I'pa-
neit ABG, DFC, ECF uw BEF DG pagubt coorBerctBenno 1, 2, a + 3 u 1.
OrmeuyeHHast TupaMu/ia, COOTBETCTBYIOMAs TpeyroabHoii rparu D FC', neaodncien-
HO-JTMHEHHO SKBUBAJEHTHA OTMEYeHHOI mupavuae R) 11,2 OT™Meuennasa mupamvuia,
COOTBETCTBYIOIAsT Tpeyrombuoit rpann FC'F', nemovunc/ieHHO-INHEeHO IKBUBAJIEHT-

HA OTMeYeHHON mupamuze R}, . 0

18.6 ®dyHmamMeHTaJbHBbIE 00JIACTH BTOPOTO JABYyIIapaMeTpude-

CKOT'0O ceMeimcTBa.

Teopema 18.5. Ilyemv m = —(a +2)(b+2)+3, n = (a+2)(b+3)—3 (a > 0,
b > 0). Paccmompum napye onepamopa A n, codepacawezo mouky (0,0,1). ITycmo
A= (®+3b+3,02+2b—a+1,a%b+3a® +4ab+b*+6a+5b+4), B = (b*+5b+6,b>+
4b+4,0>+3b+3), C = (—ab—2a—2b—1,1,0), D = (0,0,1), E = (b+4,b+3,b+2),
F=0b+2b+1a+b+2)uG=(1,1,1).

Tozda npu a = 0 caedyrowuti nabop zpaned: 1) mouku A, E u G; 2) ompes-
xu AB, AF, FD, BF, DG, GE, u CG; 3) mpeyeoavnuxu ABF, CGD, CEG u
namuyzorvhur BFEDGE — obpasyem odny us dpyrndamenmanrvrovlx obiacmedi.

IIpu a > 0 caedyrowgudi nabop zpaned: 1) mourku A, E u G; 2) ompesxu AB,
AF, FD, BF, DG, GE, CG u BD; 3) mpeyeoavuuku ABF, CGD, CEG, BDF
u wemwipéryzosvhurx BDGE — obpasyem odhy u3 dyndamenmarvuus obsacmed.

Tomeomopdubie Tubl 3aMbikanuii DyHIAMEHTATIBHBIX ObacTeit (3mech b = 5)

n300parkKeHbl Ha PUCYHKe 33.

Joxazameavcmeo. Cremylomue aBa omepaTopa MOPOKIAIOT Tpymmy =(A):

Xop=(0+3)I—(b+ 2)A;&n)A’2 I A;fn.

m,n’
[Tox neitcteuem oneparopa X, orpesok AB mepexoaut B orpe3ok DC' (Touka

A nepexozut B TouKky D, a touka B B Touxky C'). Ilox aeiictBuem omeparopa Y
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Puc. 33: 3ampikanusg GyHIaMEHTAJBHBIX 00JaCTeil TapycoB JIBYMEDHBIX IMEMHBIX

Jpobeit onepaTopoB A _(q412)(b+2)+3,(a+2)(b+3)—3 (31ech b = 5).

nomanast AF D mepexonut B tomanyio BEC' (touka A nepexoaut B Touky B, Touka
F nepexoaur B Touky E, a touka D B Touky C).

Pacemorpum crnavana caydait a = 0.
HemouncaeHubie JIUHBI BCEX CEMU CTOPOH PaBHBI €IUHHUIIE.
Buyrpu naruyronsunka BF DGE nexut b+ 1 nemoqucieHHbie TOYKH, BCE OHU PaC-
IMOJIOXKEHBI Ha oTpe3ke BD.
Hemouncnenusle mwiomaan npyMmepHbix rpaueit ABF, CGD, CEG u BFDGE pas-
HbI cooTBeTcTBeHHO 1, 1, 1 1 2b + 5.
[HemouncieHHbie PACCTOSTHUST OT HAYAJIa KOOPJIWHAT JI0 TJIOCKOCTEH JBYMEPHBIX TPa-
ueit ABF, CGD, CEG n BFDGE papubl coorBercTBenno 1, 2b+ 2, 2b+ 3 u 1.
OTmeueHHAST THpAMHU/Ia, COOTBETCTBYIONMAS TpeyroabHoit rparun C'G D, nenoduciaeH-
HO-JINHEITHO 9KBUBAJIEHTHA OTMEYEHHON THpaMu/Ie R%’Qb 19 OTvedennas nupamna,
COOTBETCTBYIOMIAs TpeyronbHoit rpann C'EG, neT0YncIeHHO-THHEeHO IKBUBATICHT-
HA OTMEYEHHOW TTHpaMU/Ie Ri% 15 (mpu b = 0 oTMedeHHAs MHpaMUIA Ri3 9KBUBA-
JIEHTHA OTMEYEHHOW MHpaMuIe Ri3 M3 CIHCKA KJIACCHDUKAIN).

Paccmorpum cnavana ciaydaii a > 0.
Hemouncnennas amuna BD paBHa b + 2, a IIUHBI BCEX OCTAJbHBIX CEMH CTOPOH
PABHBI eIUHUIIE.
Hemouncnenunie miomaan asymepubix rpaueit ABF, CGD, CEG, BDF n BDGFE
paBHBI cooTBeTcTBeHHO 1, 1,1, b+ 2 1 b+ 3.
[HemouncaeHHble pacCTOAHMS OT HAYaIa KOOPAUHAT JI0 IJIOCKOCTeH JIBYMEPHBIX I'pa-

uweit ABF, CGD, CEG, BDF uw BDGFE pasubl coorBercTBento 1, ab+ 2a + 2b + 2,
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ab+2a+2b+3,1u 1.

Orwmedennast mupaMuia, COOTBETCTBYIOIIAsT Tpeyroiabuoit rpann C'G D, nenouncien-
HO-JIMHE{HO SKBHBATEHTHA OTMEUCHHON mupamuzue R| .00 o o, OTMedenHas mu-
paMmjia, COOTBETCTBYIOMIAas Tpeyroabuoit rpanu C'EG, MeJJ09CTIeHHO-THHeRHO K-

BUBAJICHTHA OTMEYEHHON NHpaMuIe R‘fﬁf+za+2b+3 (mpu b = 0 orMedyeHHas1 TUpaMHU-
)

a+2 I a+1
a R1,2a+3 9KBHBaJIECHTHa OTMEYEHHOU IMMHUPaMHUIE R1,2a+3 N3 CIOUCKa KJIaCCI/I(l)I/IKa—

IUH). O

18.7 O mocTpoeHuUu MapycoB HOBBIX CEPUil IBYMEPHBIX II€Il-

HBIX JIpODeii.

OrmernM, 9TO BO BCEX TPEJIOKeHHsIX oOpasyionue rpynmsl =(A,, ;) BRIPAsKAIOTCs

-1
m,n’

Jepe3 onepaTopsl Ay, , n ol + A rje o v [J HeHyJIeBBIE TeJIble TIUCIa.
OxkazpiBaercs, B OOINEM cJIydae BEpHO CJIEIYIONIee YTBEPXKICHUE: OIpeTeTnTe-

JIU MaTpuIl onepatopos al + BAT;{n n ol + BA;{H? nto DaBHBL. B wacrrocTn, ecin

-1
m,n

onpeeuTe I MaTpunbl oneparopa ol + SA-" 1O MOIYII0 paBeH eIUHUIE, TO W
OTIpeIeTUTeNb MATPHUILl omepaTropa ol + BA;LlJrkﬂ’n tka TIO MOJIY/TIO PaBeH eJUHUIE

JI7ISI TPOU3BOILHOTO [EJI0ro k.

-1
m,n

st moro, arobsr oneparop al + BA;!  npunamgmexan rpynne SL(3,7) weob-

-1
m,n

XOJIMMO CJIeJIYIOIIee: ONpeeJuTeNh MaTpuInl omeparopa al + SA- 1m0 MOLyJIO
JIOJIZKEH OBITH PaBHBIM equHuIe (v U [3 HeHyJeBble HeJble dncia). [IpgMbie BhIauc-
JIEHWST TIOKA3bIBAIOT, YTO OMPEIEINTeIh MATPUIIB onepaTopa ol + BA,;%,Z 0 MOLYJTIO

paBeH eJIWHUIE, TOTJIa W TOIHKO TOTIA, KOT/Ia
lo&® 4+ o?Bm — af’n + B3| = 1.

Taxum o6pa3oM, 9TOOBI Y3HATH, KAKHE MOC/IE/I0BATEILHOCTH OMUCAHHOTO BHITIE BUJIA
OBIBAIOT, HY’KHO HAWTH BCE MapPbl HEHYJIEBBIX MEIBIX YHCET (o W [3, JJIsi KOTOPBIX

CyOIeCTBYIOT TaKH€ IeJIble YUCaIa 1M 1 1, YTOOBI BHIIIOTHIIOCH nmocjaeaHnee ToOXKIeCTBO.

Ymeeporcdenue 18.6. ITyecmv o u B uesvie nenyaesve wucaa. Lleavie vucra m u n,
npu KOMopuT 6vinoansemca moscdecmeo | +a?fm —af’n+ B3| =1, cywecmey-

10M 6 MOM U MOALKO 6 MoM cayuae, Kozda o — 1 nauero deaumes na 3 u B3 — 1

154



nayeao deaumes na o, usu o + 1 nayeno deaumea na f u B2+ 1 nayenro desumca

Ha .

OB603HAINM HACIO J0Ka3aTeIbCTBA. [locae PAaCKPBITHS MOLYIs TPUXOINTCS Pac-
CMOTpPETH JIBa ciIydas. PaccMoOTpuM nepBbiil cydaii.
Pagencrso o + o?m — af3?n + 32 = 1 paBHOCHIBHO PABEHCTBY
1 — 043 _ 63
afs ’

MOCKOTBLKY o, 8 # 0. Ecin a® — 1 naneno genutcs na 3 u 32 — 1 nameso geinTes Ha

am — fn =

Q, TO CIIpaBa IeJioe 9YNCI0, a, KpOMe TOTO, uncjia « u [3 B3ammHo-tipocthl. Cremo-
BaTeJILHO, M U N cymecTByoT. OOpaTHO, ec/iu Takwe m U N CYHIECTBYIOT, TO CIeBa
mesIoe 9ucIo, U mostomy 1 — o gennrtea na 3, u 1 — 32 nenurca na o.

Cayuait o + o?fm — aff?*n + 2 = —1 paszbupaercs aHATOTHIHO.

[To-Buaumomy, U B JIPYTUX MOCIEI0BATEIHLHOCTSAX OMEPATOPOB Am0+55,n0+a5, rie
s € N, (moMumMo mepeducyieHHbIXx B npeniokenusx 18.1—18.5) dbyHnaamenTaabHbie
06IACTH UMEIOT MHOTO 00MIero (HampuMep, KOJIXYeCTBO MHOTOYTOJBLHUKOB U UX TH-
b ).

[Tepeuncanv maper (o, 5) ¢ 10 > o« > f > —10, yJIoBIeTBOpPSIONINE YCIO-
BHIO yTBepzKIeHus 18.6 (mommmMo onucanubix B Teopemax 18.1—18.5): (3, 2), (7, —2),
9, -2), (9,2), (7,—4), (9,4), (9,5), (9,7).

B zak/miouenue npuseaém TadbJINILy, B KJIETKaX KOTOPOI pacmoiaraloTcsi ToCTPOeH-
HbIE B 3TOil paboTe TPUAHTY/ISAINN TAPYCOB, BBIMYKIAS 000T0UKA KOTOPHIX COIEPIKUAT
Touky ¢ Koopauuaramu (0,0, 1), cm. puc. 34. B keTke, pacnoioKeHHON Ha mepece-
YEeHUU CTPOYKHU C HOMEPOM 7 U CTOJIOUKA ¢ HOMEPOM 1M, W300payKeHa TPUAHTYJISIUS
TOpa mapyca JIBYMepHOU IemHoi Jpodu KyOW4ecKOil MppanuoHAILHOCTH, TOCTPO-
eHHOI 1o omepatopy A, ,. [Ipm sTom, ecntn oguH U3 KOpHeil XapaKTepHCTHIECKO-
ro MHOTOYJIEHa OofepaTopa paBeH 1 miam —1, momMedaeM COOTBETCTBYIONMYIO KJIETKY
3HAYKOM * WJIH F COOTBeTCTBeHHO. (CUBET/IO-CephIM 3aKpAITeHbl KJIETKH, COOTBET-
CTBYIOIIIHE OIlepaTOpaM, XapaKTePUCTHIECKHE MHOTOWIEHBI KOTOPBIX HMEIOT Mapy

KOMTLTEKCHO-COTIPSIYKEHHBIX KOPHEIH.
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