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Definitions and notations

e A function g : [0,1] — [0,1] will be called distribution function (ab-
breviated d.f.) if the following two conditions are satisfied:

(i) 9(0)=0,9(1) =1,

(ii) g is non—decreasing.

We shall identify any two distribution functions g, g which coincide at
common continuity points, or equivalently, if g(z) = g(x) a.e.

e Given a sequence x,, of real numbers, a positive integer N and a subset
I of the unit interval [0, 1), the counting function A(I; N;x, mod 1) is
defined as the number of terms of x,, with 1 <n < N, and with z,, taken
modulo one, belonging to I, i.e.

N
A(I;N;zp mod 1) = #{n < N; {z,} € I} = ZCI({xn})a

where ¢;(t) is the characteristic function of I.

e For a sequence x1,...,xny mod 1 we define the step distribution func-
tion Fy(z) for z € [0,1) by

A([0,z); N; x,, mod 1)
N

FN(l‘) =

while Fy(1) = 1.
e A d.f. g is called a distribution function of the sequence x, mod 1 if

an increasing sequence of positive integers Ny, No, ... exists such that the
equality
A(|0,x); Ni; x, mod 1 ,
g(x) = lim ([0, 2); Nii 2w ) (: lim FNk(x))
k—o00 Ny, k—o0

holds at every point z, 0 < z < 1, of the continuity of g(z) and thus a.e.
on [0, 1].

o If there exists a limit limy_,oo Fn(z) = g(x) a.e. on [0, 1], then g(z) is
called asymptotic distribution function (abbreviating a.d.f.) of z,, mod 1
and if g(z) = x then x,, mod 1 is called uniformly distributed in [0, 1]
(abbreviating u.d.)

4
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e The set of all distribution functions of a sequence x,, mod 1 will be

denoted by G(x,, mod 1). We shall identify the notion of the distribution

of a sequence x,, mod 1 with the set G(z, mod 1), i.e. the distribution of

x, mod 1 is known if we know the set G(z,, mod 1). The set G(z,, mod 1)

has the following fundamental properties for every sequence x,, mod 1:

e G(x, mod 1) is non—empty, and it is either a singleton or has infinitely
many elements,

e G(x, mod 1) is closed and connected in the topology of the weak con-
vergence, and these properties are characteristic, i.e.

e for given a non—empty set H of distribution functions, there exists a
sequence x, in [0, 1) such that G(z,) = H if and only if H is closed and
connected.

e Let z1,...,xn be a given sequence of real numbers from the unit interval
[0,1). Then the number

A([e, B); N; )
N

—(B—a)

DN:DN(fEl,---,IEN): sup
0<a<p<l

is called the (extremal) discrepancy of this sequence. The number

Dy = sup
z€[0,1]

A([0, z); N zn) _x)
N

is called star discrepancy, and the number

L/ N: 2, 2
Dﬁ):/ ( ([O,x])\,[ o )—a:> dx
0

is called its L? discrepancy.
e For multidimensional case see 2.2, p. 88.

e The Riemann-Stiltjes integral fol fol f(z,y)dydy g(z,y) is defined as the
limit

DY flaw, B (g(@r w) + 9(@re1, vier) — 9@k Y1) — 9(Tar1, 00))

k=1 1=1
1 1
%/0 /O flx,y)dedyg(,y)

if diameters of [zy,xr+1] X [y, yi+1] tend to zero for partition 0 = zp <
1 < - < Ty = 1 of rraxis, 0 = yp < y1 < -+ < yp, = 1 of y-axis
and for (g, 5;) € [Tk, Tra1] X [y, yir1]. This integral exists for continuous
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f(z,y) and g(z,y) with bounded variation. Let [J denote the rectangle
[Tk, Tkr1] X [y1, y1+1] and denote

Og(x,y) = 9(xk, v1) + 9(@kt1, Yir1) — 9@k, Y1) — 9(xpt1, Wi1)-

If diameter (0 — 0, then we find the differential d, d, g(x,y) as

dy dy g(z,y) = g(x,y) + g(x + do,y + dy) — g(z,y + dy) — g(x + dz,y).

In some cases we shorten d, d, g(z,y) = dg(x,y).



1. Problems

1.1 Extended van der Corput difference theorem.
Prove or disprove: If the sequence
k(zpin — xn) — h(xpik —xn) mod 1, n=1,2,...,
is u.d. for every k,h =1,2,..., k > h, then the original sequence
rp,modl, n=1,2,...,

is also
u.d.

NoTEs: This problem was posed by M.H. Huxley at the Conference on Analytic
and Elementary Number Theory, Vienna, July 18-20, 1996.
Entered by O. Strauch.

1.2 Inverse modulo prime.

Let p > 2 be a prime number. For an integer 0 < n < p, define n* by the
congruence nn* = 1 (mod p), 0 < n* < p. Is it true that the sequence of

blocks . 1y
(H_,M)’ n:1727"'7p_27
p b

isud. asp— 00 ?
NoOTES: Tsz Ho, Chan (2004) proved that

peo(t2)

1222

p

n*  (n+1)*

p p

n=1

for every prime p > 2. Moreover, the sequence

<E;n_)7 n:1727"'7p_17
b p

is u.d. as p — oo,



8 1 Problems

see [SP, p. 3-25, 3.7.2].

Solution: The s-dimensional sequence

(1MM> n=1.2.. ..
p P P

is u.d. as p — oo,

D; = o(“ojg)s) 1)

for all s > 2, and this estimate is essentially best possible up to the logarithmic
factor.

NoTES: A. Winterhof sent to us that (1) was proved by H. Niederreiter (1994). A
generalization is given in H. Niederreiter and A. Winterhof (2000).

Proposed by O. Strauch.

and the discrepancy bound is

Tsz Ho CHAN : Distribution of difference between inverses of consecutive integers modulo p,
Integers 4 (2004), A3, 11 pp. (MR2056009(2005b:11159)).

H. NIEDERREITER: Pseudorandom vector generation by the inverse method, ACM Trans. Model.
Comput. Simul. 4 (1994), 2, 191-212 (Zbl 0847.11039).

H. NIEDERREITER — A. WINTERHOF: Incomplete exponential sums over finite fields and their
applications to new inverse pseudorandom number generators, Acta Arith. XCIII (2000), 4,
387-399.

1.3 Logarithm of primes.

See [SP, p.2-175, 2.19.8]. Let p, be the nth prime. Find the set of all
distribution functions G(z,,) of the sequence

Tn =logp, mod1l, n=1,2,...

Notes: (I) A. Wintner (1935) has shown that logp,, mod 1 is not u.d. A proof
can be found in D.P. Parent (1984, pp. 282-283, Solut. 5.19).

(IT) S. Akiyama (1996, 1998) proved: Let ¢;, i =0,1,2,...,k — 1, be real numbers
with Zfz_ol ¢; # 0. Then the sequence x,, = Zf:_ol cilogppr;modl, n=12...
is not almost u.d., i.e. ¢ G(zy,).

(IT) R.E. Whitney (1972) proved that logp, mod 1 is u.d. with respect to the
logarithmic weighted means, i.e.

(1 L o ({logpa )

n=1 n=1
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for all z € [0, 1].
(ITI) D.I.A. Cohen and T.M. Katz (1984) have shown the u.d. of logp,, mod 1 with
respect to the zeta distribution, i.e.

a1i>nl1+ C (a

1 ) i::l c[O,m)(il;)gpn}) .

for all z € [0, 1].
Solution. Y. Ohkubo (2011) proved the following results (i)—(ix):
(i) Two sequences log p,, mod 1 and logn mod 1 have the same d.f.s, i.e.

G(log p, mod 1) = G(logn mod 1).

(ii) Every u.d. sequence x,, mod 1 is statistically independent of log p,, mod 1, i.e.,
xn, mod 1 and (x,, + logp,,) mod 1 are u.d. simultaneously.

(iii) The result (ii) follows from that every u.d. sequence z,, mod 1 is statistically
independent with log(nlogn) mod 1 and

lim (logp,, — log(nlogn)) = 0.
n— oo

(iv) The result (ii) implies that, for every irrational 6 the sequence p,0 + log p,, is
u.d. mod 1.

(v) Also, every u.d. sequence x,, mod 1 is statistically independent with 2= mod 1.
It follows from the limit

lim <& — log(nlog n)) = —1.
n—o00 n

(vi) The result (v) implies that p,0 4 2* is u.d. mod 1.

(vii) Theorem: Let the real-valued function f(z) be strictly increasing for x > 1

and let f~!(z) be the inverse function of f(z). Suppose that

o limy o fTHk+1)— f1(k) = oo,

o limy o0 f_;ﬁkfw = 1(u) for every sequence wy, € [0, 1]

for which limy_, o, wr = u, where this limit defines the function t(u) on [0, 1],

e (1) > 1. Then

G(f(pn) mod 1)

fo @) =1 1 @) -1
= {futo) = PR L B

uE[O,l]}.

(viii) The result (vii) implies that logp,, and the sequences log(p,, log(i) Pn), @ =
1,2,... have the same distribution as the sequence logn.

(ix) S. Akiyama (1998) proved

/-1 £—1
lim (Zcz log ppyi — (Z Ci) 10gpn> =0.
n—roo

i=0 1=0
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Then
(-1 -1
G Z c;logpprimodl ) =G Z ¢; | log p, mod 1
i=0 i=

and by (vii) we have

er/c —1

G (clogp, mod 1) = {1/—1
et/ e —

e—u/c + (emin(:c/c,u/c) o 1)8—u/c = [07 1]} :

where ¢ = Zf;é Ci-
Entered by O. Strauch.

S. AKIYAMA: A remark on almost uniform distribution modulo 1, in: Analytic number the-
ory (Japanes) (Kyoto, 1994), Sirikaisekikenkytisho Kokytiroku No. 958, 1996, pp. 49-55 (MR
99b:11081).

S. AKIYAMA: Almost uniform distribution modulo 1 and the distribution of primes, Acta Math.
Hungar. 78 (1998), no. 1-2, 39-44 (MR 99b:11083).

D.I.A. CoHEN — T.M. KATZ: Prime numbers and the first digit phenomenon, J. Number Theory
18 (1984), 261-268 (MR 85j:11014).

D.P. PARENT: Exercises in Number Theory, Problem Books in Mathematics, Springer Verlag,
New York, 1984 (French original: Exercices de théorie des nombres, Gauthier — Villars, Paris,
1978) (86£:11002).

Y. OHKUBO: On sequences involving primes, Uniform Distribution Theory 6 (2011), no. 2, 221—
238.

R.E. WHITNEY: Initial digits for the sequence of primes, Amer. Math. Monthly 79 (1972), no. 2,
150-152 (MR 46#3472).

A. WINTNER: On the cyclical distribution of the logarithms of the prime numbers, Quart. J.
Math. Oxford (1) 6 (1935), 65-68 (Zbl 11, 149).

1.4 Fractional part of na.

See [SP, p. 2-86, 2.8.12]. Characterize the set G(z,) of all d.f.’s of the
sequence

{na}ta, if {na} <1—aq,

(1 —={na})(1 - «), if {na} >1—aqa,

n —

for 0 < a < 1.

NoTEs: A.F.Timan (1987) proved that the series > ° | £z converges for all o €
(0,1) if and only if r > 1.

Solution. S. Steinerberger: For irrational 0 < a < 1 we have =, = f({na}),
where

T, if z €[0,1—q,

I@ =0 —a), ifrell-all
Then a.d.f. g(x) of z,, is

g(x) = |F([0,2) = |

a(l—a)?

if x € [a(1 — a),1],
others .
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Proposed by O. Strauch.

A .F. TiMAN: Distribution of fractional parts and approximation of functions with singularities
by Bernstein polynomials, J. Approx. Theory 50 (1987), no. 2, 167-174 (MR 88m:11054).

1.5 Strange recurring sequence.

[SP, p. 2-243, 2.24.10]: Characterize the G(x,) of the so—called strange
recurring sequences of the form

(i) Tn = Tp—[z,_1] T Tn—[z,_2]s

(11) In = Tn—[x,_1] + Llxp_1]

(iii) Tn = Tz, _,] + Tn—[zn_a]>

with real initial values x1, xo.

NoTES: If 21 = x5 = 1, the sequence (i) was defined by D.R. Hofstadter (1979), (ii)
was defined by J.H. Conway (1988) during one of his lectures and C.L. Mallows (1991)
established the regular structure of (ii) and introduced the monotone sequence (iii).
Proposed by O. Strauch.

D.R. HOFSTADTER: Gdédel, Escher, Bach: an External Golden Braid, Basic Books, Inc., Publish-
ers, New York, 1979 (MR 80j:03009).

C.L. MaLLows: Conway’s challenge sequence, Amer. Math. Monthly 98 (1991), no. 1, 520
(MR 92e:39007).

1.6 Function 7(n).
[SP, p. 2-193]: Riemann hypothesis implies that the sequence

Lmodl, n=12...,

m(n)

is not u.d. Find all its d.f.’s.

NoTES: Under the Riemann hypothesis 7(x) = li(z) + O(y/z log ) which implies
lim,, o0 (n/m(n))—(n/li(n)) = 0 the sequences n/m(n) (mod 1) and n/li(n) (mod 1)
have the same d.f.s if we prove the continuity of all d.f.’s of n/li(n) mod 1 at 0
and 1, cf. [SP, p.2-24, 2.3.3]. Niederreiter’s theorem: If z,, n = 1,2,..., is a
monotone sequence that is u.d. mod 1, then

i |Tn|
1m = 0
n—o0 log n

implies that the sequence n/7(n) mod 1 is not u.d. (probably without the Riemann
hypothesis).
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Solution: Without the Riemann hypothesis sequences n/m(n) and logn
have the same d.f.’s mod 1.
NoOTES: According to F. Luca this follows from

% o lizln) = O((logn)? exp(—cy/logn)) = o(1);

li(nn) - % = O((logn)~1) = o(1), where f(n) = @ + (lognn)2;
7oy = log(n) — 1+ o(1);
immediately.

Proposed by O. Strauch.

H. NIEDERREITER: Distribution mod 1 of monotone sequences, Nederl. Akad. Wetensch. Indag.
Math. 46 (1984), no. 3, 315-327 (MR 86i:11041).

1.7 Glasner sets.

A strictly increasing sequence of positive integers k,, n = 1,2, ... is called
a Glasner set if for every infinite set A C [0,1) and every ¢ > 0 there
exists ky such that the dilation k,A mod 1 = {k,x mod 1 : x € A} is
e—dense in [0, 1], i.e., k, A mod 1 intersects every subinterval of [0, 1] of the

length €. The following sequences k,,, n = 1,2,..., are Glasner sets:

(i)  kn=n.

(i) kn = P(n), where P(z) is a non-constant polynomial with integer
coefficients.

(iii) k, = P(pn), where p, is the increasing sequence of all primes and
polynomial P(z) is as in (ii).

A strictly increasing sequence of positive integers k,, n = 1,2,..., has

quantitative Glasner property if for every given € > 0 there exists an

integer s(e) such that for any finite set A C [0,1) of cardinality at least

s(e) there exists ky such that the dilation k, A mod 1 is e-dense in [0, 1).

The following sequences k,, n = 1,2,..., have this property:

(iv) k, = n as in (i) with s(¢) = [¢7277], where v > 0 is arbitrary and
e <eo(7)-

(v) kn = P(n), where P(x) is a non-constant polynomial with integer
coefficients.

(vi) kn = P(pn) as in (iii) with s(e) = [e7297°], where d = degP(z), § > 0
arbitrary and ¢ < go(P(z),0).

(vii) kp, n = 1,2,..., is: (%) uniformly distributed for each positive in-
teger m (i.e., for each i = 0,1,...,m — 1 the relative density of
km = i (mod m) is 1/m), and (xx) for each irrational «, the se-

quence kpa mod 1 is uniformly distributed in [0,1]. Here s(¢) =
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[8_2_3(1°g1°g(1/5))_1] + 1, for every € < &g, where £y depends on the
sequence k,, n=1,2,....

(viii) k, = [f(n)], where f(x) denotes a non-polynomial entire function
that is real on the real numbers and such that |f(z)] = O(e(lo8l2D®)
with @ < 4/3 and s(¢) is as in (vii).

(ix) kn = [f(pn)], where f is as in (viii) and s(¢) is as in (vii).

(x) kp =[n? for any a > 1 not an integer > 2 and s(¢) is as in (vii).

Open problem: For x = (z1,...,2,) € [0,1]" and positive integers

ki < k9 < --- < kg define the N-dimensional sequence kix, kox, ..., kX

and let Dg)(knx) be its L? discrepancy. Generalizing O. Strauch (1989),

H. Albrecher (2002) (cf. [SP, p.3-14]) proved, for the mean value of the

L? discrepancy D](\?)(kn:c), that

K

11 (kpm,kn)?
D (k) da = T G A
/[0,113 N (kaz)dz = ) | 3+ 5 T

m,n=1
(2 5\ V) 1
2N 12 3N’
where (kp,, kn) is a g.c.d. of k,, and ky,. Find some connection between

Glasner sets and mean values of such L? discrepancy.
Proposed by O. Strauch.

H. ALBRECHER: Metric distribution results for sequences ({gnd}), Math. Slovaca 52 (2002),
no. 2, 195-206 (MR 2003h:11083; Zbl 1005.11036).

N.ALoN — Y. PERES: Uniform dilations, Geom. Funct. Anal. 2 (1992), no.1, 1-28 (MR
93a:11061; Zbl 0756.11020).

D.BEREND — Y.PERES: Asymptotically dense dilations of sets on the circle, J. Lond. Math.
Soc., II. Ser. 47 (1993), no. 1, 1-17 (MR 94b:11068; Zbl 0788.11028).

S. GLASNER: Almost periodic sets and measures on the torus, Israel J. Math 32 (1979), no. 2-3,
161-172 (MR 80£:54038; Zbl 0406.54023).

H.H. KAMARUL — R. NAIR: On certain Glasner sets, Proc. R. Soc. Edinb., Sect. A, Math. 133
(2003), no. 4, 849-853 (Zbl prev02064747).

R.NAIR: On asymptotic distribution on the a—adic integers, Proc. Indian Acad. Sci., Math.
Sci. 107 (1997), no. 4, 363-376 (MR 98k:11110; Zbl 0908.11036).

R.NAIR — S.L.. VELANI: Glasner sets and polynomials in primes, Proc. Amer. Math. Soc. 126
(1998), no. 10, 28352840 (MR 99a:11095; Zbl 0913.11031).

O.STRAUCH: Some applications of Franel — Kluyver’s integral, II, Math. Slovaca 39 (1989),
127-140 (MR 90j:11079).

1.8 Digitally shifted Hammersley sequences.

Let = 0.x122... 2, and y = 0.41¥y2 ... ym be two real numbers written
in dyadic expansion. Define x @y = z = 0.2129... 2, where z; = x; + y;
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(mod 2), i = 1,2,...,m. Let y2(n) be the van der Corput radical inverse
function defined by ~2(n) = 0.apa; ... am—1, where n = apy_16m—2...ag is
a positive integer (again in dyadic expansion). Then for the L? discrepancy

Dg\?) of the sequence

(ﬁ,w(n)@x>, n=0,1,...,N—1, with N =2m

N
we have
m2  19m Im 2 5 m l 5 1 9
64 192 16 + 16 + 16 + 8.9m  49m + 16.2m  72.4m — N>
m2 19m Im 12 | 7 m I 3 1

2
N2D(2)<_____ o2 _ _
N =64 192 16 * 16 * 4 * 16 * 8.2m  4.2m * 16.2m  72.4m’

where [ denotes the number of zeros in the dyadic expansion of x. If m is
even and [ = m/2, then

2) log N
D _(9( 5] >

which is the best possible. A similar situation holds in the case of odd m
and [ = (m —1)/2.

Problem: Find an exact formula for N QDE\?).

NoTes: (I) See P.Kritzer and F. Pillichshammer (2005,Th. 2 and 3) for L? dis-
crepancy bounds.

(IT) For the L? discrepancy of the 2-dimensional Hammersley sequence (also called
Roth sequence)

(%»’72@)), n=01....N—1, N=2M

the following exact formula

2 29m 3 m 1 1
NQD(Q) — m_ I = - .
N 64 * 192 + 8 16.2m + 4.9m  72.92m

was proved by I.V. Vilenkin (1967) and independently by J.H. Halton and S.K. Za-
remba (1969).

Solution: According to P. Kritzer and F. Pillichshammer (2006)
m? 19m Im 1> 1 3 m l 1 1

64 192 16 16 178 T16am gaom T a2m  Toam

N?DY) =

Proposed by O. Strauch.
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J.H.HALTON — S.K. ZAREMBA: The extremal and L? discrepancies of some plane set, Monatsh.
Math. 73 (1969), 316-328 (MR 40#5550).

P.KRITZER — F.PILLICHSHAMMER : Point sets with low Lp—discrepancy, Math. Slovaca 57
(2007), no. 1, 11-32 (MR2357804(2009a:11155)).

P. KRITZER — F. PILLICHSHAMMER : An exact formula for the Lo of the shifted Hammersley point
set, Uniform Distribution Theory 1 (2006), no. 1, 1-13 (MR2314263(2008d:11084)).

I.V. VILENKIN: Plane sets of integration, (Russian), Z. Vicisl. Mat. i Mat. Fiz. 7 (1967),
189-196; English translation: USSR Comp. Math. and Math. Phys. 7 (1967), 258-267 (MR
0205464(34#5291)).

1.9 Block sequence.

Let x,, n = 1,2, ... be an increasing sequence of positive integers, d(z,) be

the lower asymptotic density, d(z,,) be the upper asymptotic density of =y,
n=12,...,and X, = (xl 2 .., i—z) . Let G(X,,) be the set of all d.f.’s

of the block sequence X,,, n = 1,2,..., i.e., the set of all possible weakly
limits F(X,,,,z) = g(z) as k — oo, where

.
(X ) = TS ”k’:;:/x"k <)

G(X,,) has the following properties:

i) If g(x) € G(X,) increases and is continuous at x = § and g(8) > 0,
then there exists 1 < a < oo such that ag(zf) € G(X,). If every d.f.
of G(X,,) is continuous at 1, then a = 1/g(p).

(ii) Assume that all d.f.’s in G(X,,) are continuous at 0 and ¢;(z) ¢ G(X,,).
Then for every g(z) € G(X,) and every 1 < a < oo there exists
g(r) € G(X,) and 0 < B < 1 such that g(z) = ag(zl) a.e.

(iii) Assume that all d.f.s in G(X,,) are continuous at 1. Then all d.f.’s in
G(X,,) are continuous on (0, 1], i.e., only possible discontinuity is in 0.

(iv) If d(x,) > 0, then for every g(z) € G(X,,) we have (d(z,)/d(z,)).x <
g(z) < (d(xy)/d(zy)).x for every z € [0,1]. Thus d(z,) = d(z,) > 0
implies u.d. of the block sequence X,,, n =1,2,....

(v) If d(x,) > 0, then every g(z) € G(X,) is continuous on [0, 1].

(vi) If d(x,,) > 0, then there exists g(x) € G(X,,) such that g(x) > = for
every x € [0,1].

(vii) If d(x,) > 0, then there exists g(z) € G(X,) such that g(z) < z for
every x € [0, 1].

(viii) Assume that G(X,,) is singleton, i.e., G(X,) = {g(x)}. Then either
g(x) = co(x) for x € [0,1]; or g(x) = 2> for some 0 < A < 1 and
z € [0, 1]. Moreover, if d(x,) > 0, then g(z) = .
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(ix) maxgec(x, )fo z)dz > 3.

(x) Assume that every d f. g(x) € G(X,,) has a constant value on the fixed
interval (u,v) C [0, 1] (maybe different). If d(z,) > 0, then all d.f.’s in
G(X,,) has infinitely many intervals with constant values.

(xi) There exists an increasing sequence x,, n = 1,2, ..., of positive inte-
gers such that G(X,,) = {ha(z); @ € [0, 1]}, where hy(z) = a, z € (0,1)
is the constant d.f.

(xii) There exists an increasing sequence z,, n = 1,2, ..., of positive inte-
gers such that

c1(z) € G(X,,) but co(x) & G(Xp)
where c¢o(z) and ¢1(z) are one—jump d.f.’s with the jump of height 1 at
x =0 and x = 1, respectively.

(xiii) There exists an increasing sequence x,, n = 1,2, ..., of positive inte-
gers such that G(X,,) is non-connected.

(xiv) G(X,) = {2} if and only if lim, se0(Tgn/zs) = K/ for every k =
1,2,.... Here as in (viii) we have 0 < A < 1.

(xv) If d(zy) > 0, then all d.f.s g(z) € G(X,) are continuous, nonsingular
and bounded by hi(z) < g(z) < ho(x), where

, 1) |
T-(1-d

Furthermore hi(z) and ha(z) are optimal and h;i(z) € G(X,,).
NoTES: The properties (i)—(x) can be found in O.Strauch and J.T.Téth (2001,
2002); (xi), (xiii) in G. Grekos and O. Strauch (2007); (xii) was found by L. Misik (2004,
personal communication); (xiv) is in F.Filip and J.T.T6th (2006); (xv) is in
V.Balaz, L. Misik, J.T.Téth and O. Strauch (2009). For concrete examples, cf.
[SP, p.2-217, 2.22.6; p. 2-219, 2.22.7; p. 2-222, 2.22.8; p. 2-225, 2.22.9, 2.22.10;
p. 2226, 2.22.11].

T

x% if z € {0

;_n
IS8

}’ m@g:mm<x

1|

otherwise,

Methods:
(I) Z-transform. For positive integers xo < x1 < 3 < ... we can assign the
complex function f(z) =Y " £&. The following holds:

(1) zn — f(2) = 2020 2
i) xo + o1+ + Ty —>
i) xpp1 —xn — (2 —1)f(2)
iv) 2o — [ L8 dg;

(
(
(
(v) —de( );
(
(

f(z).
1>
— ZX0,

nx
vi) (n—l)ﬂﬁn 1 — — 5 f(2);

vii) If =, — f(2) and yn — ¢(2), then for convolution x,, * y, = z,, where
Zn = ToYn + T1Yn—1 + - -+ + Yo We have



1.9 Block sequence. 17

Ty x Yo — f(2).9(2);
If f(z) is known, then there exists inverse transform

(viil) Zp = 5 $ f(2)2" 1 dz = Zle res,—., f(2)2" 4

. To+x1 T i?: reszzzig%)znfl 1

() = = z"_zfl: (*%fl(z))zn—l = Jo #dF(Xn, 2).

Problem: Using Z-transform (vii) and (ix) for a study of G(Z,), where z, =
Ty * Yn.

(IT) Algorithm. [V.Baldz, L. Misik, O.Strauch and J.T.T6th (2008)]: Let z,,
n = 1,2,... be an increasing sequence of positive integers. Put xy = 0 and
th = Tp —Tp_1, n=12,.... Foreveryn =1,2,..., from ¢, we compute the

tgn), tgn)

finite sequence e ,tﬁf) by the following procedure:

1. For n =1, tgl) =11 = 21;
20, For n = 2, t§2) =t1+to—1=x9—1 andtg) =1;
39. Assume that for n — 1 we have tz(.n_l)7 1 = 1,2,...,n — 1, for n we put
t, = tz(.n_l), i =1,2,...,n—1, and t/, = t,. The following steps (a) and (b)
produce new t|,...,t .
(a) If there exists k, 1 <k <mn,such that t| =t, =---=1t,_; >, and ¢, > 1,
then we put ¢ =t} + 1, ¢/, :=1t, — 1 and ¢} := ¢/ in all other cases.
(b) If such k does not exist and ¢/, > 1, then we put t] :=t] + 1, ¢, =t —1
and t; := t/ in all other cases.

In the nth step we will repeat (a) and (b) and the algorithm ends, if ¢, = 1 and

which gives the resulting t§”) =t,..., )= t.
Assuming that ¢,, # 1 for infinitely many n, these t§”), it =1,2,...,n can have two

possible forms:

(A = oo =t = Dy >ty >tk =ty = ) = 1,
(B)tﬁn):mszﬁ)ZDn>tf§)+1='--=tfﬁf)+sZDn—lztiﬁsH:"-:t,ﬁ?)=1,

where m = m(n), s = s(n), D1 < Dy < ... and D,, > 2 starting from n with
t, > 1. Thus there are two possibilities:

(I) D,, is bounded;

(I) D,, — o.

In the case (I) we have only the form (A) and D, = const. = ¢ > 2 for all
sufficiently large n.

In the case (II) both cases (A) and (B) are possible. Further properties:

oa:n:Z?zlt(.n) forn=1,2,....

(2

e Denoting xg.n) = 2:1 tg"), then we have z; < xg.n) for j=1,2,...,n.
n 2 gl 2(™) n
e Putting X = ( O T &)) then F(Xﬁb ),x) < F(Xp,x) for all z €

[0,1] and n =1,2,....
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e Selecting a sequence of indices ny such that F'(X,,, ,z) — g(z) and F(X,(,,T,:’“) , ) —
g(x), then we have g(z) < g(x) for all z € [0, 1].
Open problem is to execute Algorithm on a some number-theoretic sequence.

Examples:
(I) O.Strauch and J.T. Téth (2001): Put x,, = p,, the nth prime and denote

2 3 Dn—1 P
Xn:(_v_a"'7 = ,_"'L .
Pn Pn Pn  DPn

The sequence of blocks X, is u.d. and therefore the ratio sequence py,/pn, m =
1,2,...,n,n=1,2,... is ud. in [0,1]. This generalizes a result of A. Schinzel
(cf. 'W. Sierpinski (1964, p. 155)). Note that from u.d. of X,, applying the L?
discrepancy of X,, we get the following interesting limit

Jim o > n—nl-
2,7=1

(IT) O.Strauch and J.T.Téth (2001): Let v, 0, and a be given real numbers
satisfying 1 < v < § < a. Let x, be an increasing sequence of all integer points
lying in the intervals

(v,9), (va, da), ..., (ya®,da"), . ...
Then G(X,,) = {g:(x);t € [0, 1]}, where g;(z) has constant values

1 (6, ay) .
_ for 7 € — —0,1,2,...
9@ = A ) T w0y
and on the component intervals it has a constant derivative
’ to + (1 _t)7 (7,0) .
x) = for x € — , 1=0,1,2,...
W= G 0 T @ =)

gl
and z € (té—l—(l—t)fy’l)'

Here we write (zz,yz) = (z,y)z and (x/z,y/2) = (z,y)/z. From it follows that

the set G(X,,) has the following properties:

(i) Every g € G(X,,) is continuous.

(ii) Every g € G(X,,) has infinitely many intervals with constant values , i.e., with
g’ (z) = 0, and in the inﬁnitely many complement intervals it has a constant
derivative ¢'(x) = c, Where L<e<t 3 and for lower d and upper d asymptotic

. _ (5 7 g (0=7)a
density of x,, we have d = Sa=1) d= 5(a=T1)"

(iii) The graph of every g € G(X,,) lies in the intervals [%, 1] x [1,1] U [, ﬂ X
[a%, ﬂ U... Moreover, the graph ¢ in [ L kl 1} X [ L kl 1} is similar to the
graph of ¢ in [ak—lﬂ, aik} X [#, aik] with coefﬁment 1 Usmg the parametric

_ gt(a 95)

a'L 5 /L:

expression, it can be written for all z € (alﬂ, al) that gi(x) =
0,1,2,....
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(iv) G(X,) is connected and the upper distribution function g(z) = go(z) €
G(X,) and the lower distribution function g(z) ¢ G(X,). The graph of g(z)

-1
on [é, 1} X [é, 1] coincides with the graph of y(z) = (1 + é (% — 1)) on

[2,1], further, on [, 2] we have g(z) = 1.

(v) G(xp) = {2leBipe 1, 5],

(ITI) O. Strauch and G. Grekos (2007): Let x,, and y,, n = 1,2, ..., be two strictly
increasing sequences of positive integers such that for the related block sequences
X, = (ﬂ x—") and Y,, = <y1 y—"), we have singleton G(X,,) = {g1(x)}

T’ Ty Yn '’ > Yn

and G(Y,,) = {g2(x)}. Furthermore, let ng, k = 1,2, ..., be an increasing sequence

of positive integers such that N = Zle n; satisfies ]’f,—’; — 1. Denote by z, the
following increasing sequence of positive integers composed by blocks (here we use
the notation a(b, ¢, d,...) = (ab,ac,ad,...))

(x]J A 7$n1)7$n1(y1a et 7yn2)537n1yn2(3717 . '3xn3)7'rn1yn2xn3(yl7 A 7yn4)7 R

Then the sequence of blocks Z,, = (j—l, cee i—”) has the set of d.f.s

G(Zn) = {91(2), g2(@), co(2)} U{g1(zyn)in = 1,2,... } U{ga(zn)in = 1,2,.. . }

U{Hl_aco(m) + 1jagl(x);oz € [0,00)} U{ + 1ja92(9€);04 € [0700)},

where g1 (zy,) = 1 if 2y, > 1, similarly for go(zz,,).
Open problems:

1. Characterize a nonempty set H of d.f.s for which there exists an increas-
ing sequence of positive integers x,, such that G(X,,) = H.

2. Probably #11 — 1 implies that G(X,,) is singleton.

Solution of 2. By F.Filip, L. Misik and J.T. Téth (2007) the solution is
negative. They found counterexample:

Let ag, ng, k = 1,2,..., and z,,, n = 1,2,... be three increasing integer
sequences and hi < ho be two positive integers. Assume that

(i)%—)Ofork—)oo;

(ii) - — 0 for & — oo;
k+1
(iii) for odd k we have
aZQ < xp, = (ap_1 +ng — ng_1)" < (ag +1)" and

z; = (a +1i — ng)"? for ng < i < npyq;

(iv) for even k we have
aZl <y, = (ag—1 +np — nk—1)" < (ap +1)"M and



20 1 Problems

T; = (ak + 17— nk)hl for np < i < ngyq.
Then -*z— — 1 and the set G(X,) of all distribution functions of the

Tn+1

sequence of blocks X, is G(X,,) = G1 U G2 U G3 U G4, where

Gi = {a¥2.t: € [0,1]},

Gy = {z™2(1— 1) + t;t € [0,1]},

Gs = {max((),x’%l —(1- a:hfll)u),u € [0,00)} and

Gy = {min(l,xﬁ.v);v € [1,00)}.

F.Filip, L.Misik and J.T.Téth (2007) also proved: If G(X,) = {g(z)}

such that g(x) < 1 for x € [0,1), then 7. — 1. This implies that for u.d.
sequence X,, we have — 1.

_Tn
Trt1
3. Characterize increasing sequences x,, n = 1,2, ..., of positive integers
for which G(X,,) is connected.

NOTES: Some criterion of connectivity of G(X,,) is given in G. Grekos and O. Strauch

(2007, Th. 2) which is based on the relation g(x) < g(z) defined on G(X,,) if there
exist «, 8 such that §(z) = ag(xp).

4. Prove or disprove: G(X,) C {ca(z); € [0,1]} = G(X,) = {co(2)},
for every increasing sequence xz,,, n = 1,2, ... of positive integers.

NoTES: G.Grekos and O.Strauch (2007) proved that if G(X,,) C {ca(z);a €
[0,1]}, then co(7) € G(X,) and if G(X,,) contains two different d.f.s, then also
ci1(x) € G(X,,). Furthermore, we have that d(z,) = 0 and d(z,) > 0 implies
c(z) € G(X,).

5. Prove or disprove: limy, 00 7= = 0 <= co(z) ¢ G(X,). If it is
true, then co(x) ¢ G(X,,) gives necessary and sufficient conditions that the
sequence Y,,n =1,2,... of blocks

Yn: <i7377x_n)
Ty T T
is u.d. For a theory of blocks sequences Y;,, see S. Porubsky, T. Saldt and
O. Strauch (1988).

6. There is open the theory of d.f. G(X,,Y,) for two-dimensional blocks

(Xn7Yn) — ((ﬂ7£> ) (Q7&) AR (ﬂ7y_n>) Y
xn yn xn yn xn yn

where z,,, n = 1,2,..., and y,, n = 1,2,... are increasing sequences of

positive integers. It can be proved that the sequence (ﬁ, 1), 1=1,2,...,n
Pn’' M
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is not u.d. in [0, 1]%. Here p,, n = 1,2,..., is the increasing sequence of all
primes.
7. L. Misik: For every increasing sequence x,, n = 1,2,..., of positive

integers there exists g(x) € G(X,,) such that g(x) > z for all z € [0, 1]. For
d(z,) > 0 it holds by (vi).

Solution of 7. V.Baladz, L.Misik, J.T.T6th and O.Strauch (2013): If
d(x,) = 0 and we select ny, such that £ = min;<,,, a:% and that F'(X,, ,x) —

N
g(x), then g(x) > x for x € [0, 1].
Proposed by O. Strauch.

V.BALAZ — L. Mi§fk — J.T. TO6TH — O. STRAUCH: Distribution functions of ratio sequences, III,
Publ. Math. Debrecen 82 (2013), no. 3-4, 511-529 (DOI:10.5486/PMD.2013.4770).

G. GREKOS — O.STRAUCH: Distribution functions of ratio sequences, II, Uniform Distribution
Theory 2 (2007), no. 1, 53-77.

F.FiLip — J.T. TOTH: Distribution functions of ratio sequences, (2006), (prepared).

F.Fiip — L. MISik — J.T. TéTH: On distribution functions of certain block sequences, Uniform
Distribution Theory 2 (2007), no. 2, 115-126.

S.PORUBSKY — T.SALAT — O.STRAUCH: Transformations that preserve uniform distribution,
Acta Arith. 49 (1988), 459-479.

W. SIERPINSKI: Elementary Theory of Numbers, PAN Monografie Matematyczne, Vol. 42, PWN,
Warszawa, 1964.

O.STRAUCH — J.T. TOTH: Distribution functions of ratio sequences, Publ. Math. Debrecen 58
(2001), 751-778 (MR 2002h:11068).

O.STrRAUCH — J.T. TOTH: Corrigendum to Theorem 5 of the paper ” Asymptotic density of A C N
and density of ratio set R(A)” (Acta Arith. 87 (1998), 67-78), Acta Arith. 103.2 (2002), 191—
200 (MR 2003f:11015).

1.10 Logarithmic and trigonometric functions.

[SP, p.2-131 and 2-132]: Find the set G(x,,) for the following sequences z,
n=12...:

(i) zn = (logn)cos(na) mod 1

(ii) xp, = (cosn)™

(iii) x,, = cos(n + logn) mod 1

NOTES:

(I) D. Berend, M.D. Boshernitzan and G. Kolesnik (1995) proved that (i) is every-
where dense in [0, 1]. They showed that there are uncountably many a’s for which
every of these sequences (i) is not u.d.

(IT) The original problem of everywhere density in [—1,1] of (ii) was posed by
M. Benze and F. Popovici (1996) and was solved by J. Bukor (1997). This problem
was also solved (in some generality) in F.Luca (1999). S. Hartman (1949) proved
that if 2 is irrational, then

lim inf(cos an)™ = lim inf(sin an)™ = —1.
n—oo n— oo
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(ITI) The sequence (iii) is not u.d., which was proved by L. Kuipers (1953).
Solution of (iii). S. Steinerberger: The sequence z,, = cos(n + logn) mod 1 has
the same a.d.f g(x) as the sequence cosn mod 1. It follows from that

(a) cos(n + logn) = cos2m (4= + 5= logn) = cos 27z, where

(b) 2n = 5= + % logn mod 1 is u.d. sequence since - and 5=~ + % logn are u.d.
simultaneously, see [SP, p. 2-27, 2.3.6.]

(¢) Put f(z) = cos2mx mod 1 Then a.d.f. g(z) of z,, is

1 1 1
g(z) = |f71(0,2))| = 5~ - arccosz + 1 — —arccos(z — 1).
T T

(IV) D. Berend and G. Kolesnik (2011): The sequence
P(n)cosnamod 1,n=1,2,...,

is completely u.d. for any non-constant polynomial P(z) and «a with cosa tran-
scendental. If cos a is not transcendental Berend and Kolesnik (2011) also proved:
Let a be such that e!® is an algebraic number of degree d which is not a root of
unity. Then the sequence

(1)(P(n) cosna, P(n+ 1) cos(n+ 1), ..., P(n+d—1)cos(n + d — 1)o) mod 1,

n=1,2,...,is u.d. for any non-constant polynomial P(x).

Open problem. Berend and Kolesik (2011): Let P(x) = z, a = arccos3/5,
i.e. € = (3+44)/5 and denote z, = P(n)cosna = n(3+4i);gﬁ3_4i)n. Then by
(1) the sequence (z,,z,+1) mod 1 is u.d., but (z,, Tn11, Tni2, Tnts, Tnys) mod 1
is not u.d. The authors ask whether the sequences (x,, Zn41,Znt2) mod 1 and
(T, Tnt1s Tnt2, Tnys) mod 1) are u.d.

Solution of (ii). Ch. Aistleitner, M. Hofer and M. Madritsch (2013): Let x,, =
cos(an)” mod 1, n =1,2,.... For - ¢ Q we set a = 3/4, in the case 3- =2 € Q
for p, ¢ co-prime let

for ¢ odd and let

%4_‘14;(127 if4f{qgand 8| (q—2),

o %:g%? %f4fqand8f(q—2)a
22+ 4 if 4| ¢ and 81 ¢,
oL i8] g

for ¢ even. Then a.d.f. of x,, is given by

0, ifz=0,
go(z)=<¢a, f0<z<l,
1 if x =1.

Y
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Partial solution of (i). 1°. Ch. Aistleitner, M. Hofer and M. Madritsch (2013)
proved: Let a be such that the discrepancy Dy of the sequence

gnmodl n=12...,N
27

is of asymptotic order Dy = o(ﬁ). Then the sequence (logn) cos(na) mod 1

is u.d. in [0, 1].

20, Let 2,, = (logn)cos(na) mod 1, n = 1,2,..., = = §7 where p, g are co-prime

and let N7 < Ny < ... be fixed integer sequence such that
klim {cos(ai)log N} = f;, fori=1,...,q. (1)
— 00

Then there exists d.f. g(x) = limg_ 00 Fn, (2), Fn(x) = w

1 q
= Z h,B:.e: (2), (2)
q =1

, such that

where hy g, ¢, (z) =

fﬂz,cz(x"f’l_VZ) f8i,e: (1 = v3), if0<z<w and ¢ >0,
fBi.ci(@—vi)+1— fa,c,(1 — 1), if vy <z <1landg¢ >0,
f8;.c:(@ +1i) — f,.0. (i), if0<xr<1-vy and¢ <0,
faicile—(1—v))+1—fg,c, (i), fl—v;<z<1landc <O,
1{(0 1]}( ) if ¢; =0,

where v; = {|c;|1og(q)}, ¢; = cos(ai) and

9s.c(), if ¢ >0,
fﬁ,c(iﬂ) =q1-— g/37|c|(1 — I) if ¢ <0,
1{(071]}(.%) if c = O,
and in(z,8)
e e —1 1ec—1
9e(@) = ——F—+ 5 T
ec €c €Ec — 1

Moreover, the set G(z,,) is the set of all d.f. of the form (2) for those (51, ..., 5;)
for which a subsequence (Ny)i>1 satisfying (1) exists.

The authors note that for arbitrary ¢, it is a difficult problem to determine all
possible vectors (B, ..., 8,) for which there exists N; < Ny < ... such that (1)
holds, referred to K. Gristmair (1997).

Proposed by O. Strauch.

CH. AISTLEITNER — M. HOFER — M. MADRITSCH: On the distribution functions of two oscillating
sequences, Uniform Distribution Theory 8 (2013), no. 2, 157-169.
M. BENCZE — F. Poprovict: OQ. 45, Octogon Math. Mag.(Brasov) 4 (1996), 77.
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1.11 Euler totient function.

(cf. [SP, p.2-191, 2.20.11]). If ¢ is the Euler totient function then the
sequence
o) 103
n

has in [0, 1] singular a.d.f.

go(z)-
NotEs: (I) I.J. Schoenberg (1928, 1936) proved that this sequence has continuous
and strictly increasing a.d.f.
(IT) P.Erdés (1939) showed that this a.d.f. is singular. Here a function is sin-
gular, if it is continuous, strictly monotone and has vanishing derivative almost

everywhere on the interval of its definition.
(ITT) H. Davenport (1933) expressed

oo

go(x) = 3 Au(a),

n=1

1 1 L
A = o T D @@ 2 e @@

1<j<n

and [a, b] is the least common multiple of a and b. Here a;(x) < az(z) < ......

is the sequence of the all positive integers n for which @ < z and for every

divisor d|n, d # n we have # > x. These n are called z-numbers. Directly from

definition we have

(i) Every z-number is square-free.

(ii) Every square-free a is an z-number for some x. Concretely, if a = p1ps ... pm,
p1 < p2 < -+ < Dm, p; are primes, then a is xz-number for every x €

Iz (=3) 1 (0-50))
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(iii) For every i < j we have a;(z) { a;(z).

(iv) Let py < pa < ... be an increasing sequence of all primes and let = €
[1 — i,l). Then a1(z) = p1 = 2, az2(x) = p2 = 3,...,as(x) = ps. If further-
more z < 1 — ﬁ then for every j > s, the a;(x) cannot be a prime and

pitaj(z), i=1,2,.
(v) Ifz € [H (1 - ) ,Hf;ll <1 - p%)), then a1 (z) = [[._, pi (pi as in (iv)).
vi) For every n =1, 2, ... and every x € (0,1) we have
p(n)

—— <z <= =1, .ai(z)|n.
n

(vii) Assume that < z’. Then for every xz-number a;(x) there exists z’-number
a;(x") such that a;(z")|a;(z).

(IIT’) Applying Davenport’s method B.A. Venkov (1949) proved that

(i) (1 —go(x)) log = — € ¢ asx — 1, where c is Euler’s constant.

(ii) xloglog go(l,) —> e “asx — 0.

(

iii) Let p be a prime. Then for every 1 — l < x we have

2
L= go(x) = (= Voo (a(1- 1)) + (0 — 1)% (x(l— ) -
(iv) The function go(x) at every x = —) ,n=1,2,..., has infinite left derivative.

) (fol 2° dgo(z)) log s — e as s — oo (s are positive integers).
(IV) A.S.Fainleib (1967) proved that

A([0,2); N; () /) 1
NSD :go(m)—ko(loglog]\f)’

(V) W.Schwarz (1962)(c.f. A.G.Postnikov (1971, p. 267)) proved: Let f(x) be a
polynomial with integer coefficients having non-zero discriminant. Assume that
g.c.d of coefficients of f(x)is 1 and f(n) > 0forn =1,2,.... Let L(d) denote the
number of solutions f(n) =0 (mod d). Then

L) _ 17 (L o
vy - 1l (1= 5) oo

where ¢ > 0 is a constant. This leads to
Open problem 1: Find a.d.f (if exists) of the sequence

(VI) O.Strauch (1996) proved that

1()d_1 6 1. 1 3
0 g 71'2 2N—I>HOON2

m,n=1
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and he gave an estimate

N
2 ) 1 e(m)  @(n 6 6
£ <« _ RSV S SN I _
4 = ZJE)HOO N2 mzn;1 m n 2772 1 2 (1)

Open problem 2: Find an estimation of the limit

p(m)  ¢(n)

m n

=L

better as (1), where L € [0.021,0.392].
e J.-Ch. Schlage-Puchta (2009) send a method which gives L € [0.27425,0.274465].

(VI') The aim of this problem is to find fol g2 (x) dz. Tt is motivated by the paper
of O. Strauch (1994) about three dimensional body 2 of points of the form

(/01 g(z)dz, /01 xg(x) d:zc,/o1 & (z) d:z;) ,

where g(z) runs the set of all d.f.’s. The points achieved for singulars g(x) are
interior points of 2. Using an expression of the boundary of {2 in Problem 1.23.2
we can find

1
0.250 < / g (z) dr < 0.307 .
0

(VII) F.Luca ([a]2003) proved that, if M,, = 2™ — 1 is the nth Mersenne number
then the subsequence ¢(M,,)/M, is dense in [0, 1] and has an a.d.f. ([b]2005).
(VIT’) F. Luca and L.E. Shparlinski (2007) proved the existence of the moment

N
for all k =1,2,... with some positive constant I'y. Thus the sequence
F,
%, n=0,1,2,...

has an a.d.f. Luca in ([a]2003) also proved that ¢(F,)/F;, is dense in [0, 1].
(VIII) (See [SP, p.1-13]). I.J.Schoenberg (1959) introduced the following sum-
mation method: the sequence x, is called p—convergent to « if the sequence
Yn = %de o(d)xq converges to a. Schoenberg’s Theorem 2 (1959) shows that
the p—convergence of z,, implies the classical convergence of x,,, (to the same limit)
for every sequence ny for which liminfg_, %’f) > 0. Since a 0—1 ¢—convergent
sequence has the ¢-limit 0 or 1, no p—u.d. sequence exists (E. Kovac (2005)).
Open problem 3: Find a sequence z,, for which y, = %de o(d)xg mod 1 is
u.d. in [0, 1].

In connection of this we mentioned (cf. A.G.Postnikov (1971, p.219, Th. 6b),
[SP, p. 2-189, 2.20.8])): Let f(n) be an arithmetical function which satisfies
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(i) f(n) =g, (d),
. [%e) d(d
(i) 302, < oo
for some arithmetical function . Then the sequence

has the a.d.f.
defined on (—o0, 00).
e For z,, = @ and an interval (k, k + N] define the step d.f.

k. k4 Nz, €0,
F(k,k+N]($):#{n€(7 +N]’x <l m]}-

Open problem 4: Find all possible limits of step d.f.s F{j, 54 nj(z), for sequences
of intervals (k, k + NJ.

(IX) P.Erdé&s (1946) proved:

(i) If % —+ 0 as N — oo, ten Fy p4n)(2) — go(w) for z € [0,1] and

by Chinese remainder theorem he found k£ and N such that % — % and

n N n o
%Zk<n§k+N # <5< N Xn=1 # == +0 (l %vN> , thus Fg. pq () #

go(x).
(ii) For a proof of (i) he used

v 2 -5z ()

k<n<k+N

where n(t) = Hp\n,pgt p, p are primes and t = N.

(X) V.Baléaz, P. Liardet and O. Strauch (2007) proved:

(i) Necessary and sufficient condition: For any two sequences N and k of pos-
itive sequences, N — oo, we have Fi; 1 nj(z) — go(z), for every z € [0,1], if
and only if, for every s = 1,2,..., %Z,KnSkJFN ZN<d|n<I>(d) — 0, were (cf.
A.G. Postnikov (1971, p. 360)) ®(d) = [],4 ((1 - %)s - 1) for the squarefree d

and ®(d) = 0 in others, where p denotes a prime. In quantitative form:

LB ) B

k<n<k+N N<d|n k<n<k+N
3°(1+1log N)®
@) .
Using this they found that for k = ] p we have F(; 14n)(7) — go(z) as
N
p<es”

log log log k
- N — OQ.

N — oo and contrary to (IX)(i) we have
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(ii) A quantitative form of Erdés’ (IX)(ii): For every integer k, N and ¢t = N we

have
FoNC DRCIRIEEES

k<n<k+N

fors=1,2,....
(iii) This implies that every d.f. g(x), Fx x+n) — g(x) on (0, 1) must satisfies

1 1
| dgta) < [ ot dgo(a),
0 0

for every s =1,2,....

(iv) By Chinese theorem it can be found a sequence of intervals (k, k + N] such
that F(y r+n1(2) = co(z), where d.f. ¢o(z) has a step 1 in 2 = 0.
(v) Assume that F ;4 nj(2z) = g(x) for all z € (0,1). Then

- 1
(o) < gle) < gnfe) + [T (1- ) 1)
i=1 v
for x € (0,1), where p1,pa, ... is the increasing sequence of all primes and 1— pi <

x. By an anonymous referee in all cases the right hand side of (1) is > 1.
(XI) A. Schinzel and Y. Wang (1958) proved that for any given (a1, o, ..., an—_1) €

[0,00)V =1 we can select a sequence of k such that
ok +2) p(k+3) o(k+ N) )
, ey — (a1,09,...,an_1).
(gp(k:-l—l) ek +2)"" " pk+ N —1) (a1, 02 N-1)
Select a subsequence of k£ such that %ﬁl) — «. Then
kE+1 k+2 k+ N
(@; :1 ), 905{: _:—2 ),,%) — (o, aaq, aag, ..., a0 .. N 7).
Now, for arbitrary d.f. g(z) there exists a sequence a,, n = 1,2,... in (0,00)
such that for every n = 1,2, ... we have ajas ..., € (0,1) and that the sequence
Q10 ..., no=1,2,..., has asymptotic d.f. g(z). Then there exists a € (0, 1]

and a sequence of intervals (k, k + N| such that Fy ,4n) — g(x) and for z € (0,1)
we have

g (%) if z €[0,a),

1 if 2 € [o, 1].

Open problem 5: Find a distribution of the sequence

(wm)¢m+1v, n=1,2,...

Y

n n-+1

Problems 1-5 proposed by O. Strauch.
Open problem 6 proposed by F. Luca:
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(i) Is the sequence of general term (¢(1) + --- + ¢(n))/n uniformly dis-
tributed modulo 1?7
(ii) Is the sequence of general term (o(1)@(2)---¢(n))Y" uniformly dis-
tributed modulo 17
Regarding (i) above, R.Balasubramanian and F.Luca (2007) have shown
that the set of n such that (¢(1)+---+¢(n))/n is an integer is of asymptotic
density zero.
Solution of 6. J.-M. Deshouillers and H. H. Iwaniec (2008) gave positive
answer to (i) and conditional positive answer to (ii), they proved:
(XII) Let v(n) be an arithmetic function which is completely multiplicative
and satisfies the conditions
(i) |v(p)| < v for some positive number v and every prime p,
(i) 3 ye, u(d)r(d) < x (logx)~* for every positive A,
where the implied constant depends only on v and A. Define the arith-
metic function ¢ by ¢(m) = m [] ( V(p)) . Then, if the number o =
plm
3 H( (12))) is irrational, the sequence =3 _ ¢(m), n = 1,2,..., is

u. d modulo one.

NoTES: For classical Euler ¢(n) function corresponding a = 2.

(XIII) Let v(n) be a completely multiplicative function such that

(i) —v < v(p) < min{p, v} for some positive v and every prime p

(ii) that there exist real numbers 8 and A such that [[, ., (1 - %) =

B(logn)~ (1 +0 (logn)) , where the implied constant depends only on v.
Again as in ( ), we define the strongly multiplicative function ¢ by ¢(m) =

m [] ( ) and we let o = 2], ( — Vg))) . If « is irrational, then
plm
1

the sequence (ngn qb(m)) " n=1,2,...,1is u.d. modulo one.
(XIV) Let the arithmetical function v satisfy (i) and (ii) in (XIII). If « is ra-

1

n

tional and v takes only algebraic values, then the sequence (ngn ¢(m)) :

n =1,2,...,is not uniformly distributed modulo one. By the authors com-
ments, for the classical Euler ¢(n) the arithmetic property of corresponding
1

a=1 H ( — —) ? is an open problem. This constant is very likely to

be 1rrat10nal Richard Bumby showed that if « is rational, then its denom-
inator has at least 20 decimal digits. A special case of (XIV) shows that if
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3=

the constant « is rational, then the sequence (ngn gp(m)) ,n=12 ...,
is not u.d. modulo 1.
(XV) F.Luca, V.J. Mejia Huguet and F. Nicolae (2009) show that

(@(Fn—l-l) ©(Fni2) @(Fn—l—k)) n—=1.9
p(Fn) - o(Fn) p(Fn) )’ T
is dense in [0, oo)k, k=1,2,.... The authors have the following comments:
- for any positive integer k£ and every permutation (i1,...,7) there exist

infinitely many integers n such that o(Fp4i,) < @(Fntiy) < -+ < @(Fnti, )-

- P. Erdos, K. Gyory and Z. Papp (1980) call two arithmetic functions f(n)
and g(n) independent if for every permutations (i1, ...,ix) and (ji,...,jk)
of (1,...,k), there exist infinitely many integers n such that both

fn+i) < f(n+iz) <--- < f(n+ig),

g(n+j1) < gln+j2) <--- < g(n+jp).

- ¢(n) and Carmichael A(n) are independent (N. Doyon and F. Luca (2006)).
-o(p(n)) and p(o(n)) are independent (M.O. Hername and F. Luca (2009)).
Open problems in F.Luca, V.J. Mejia Huguet and F. Nicolae (2009):

- Are the functions ¢(F},) and Fy(,) independent?

- Are the functions ¢(F,,) and ¢(M,) independent?

Entered by O. Strauch.
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1.12 van der Corput sequence in the base ¢
[SP, p.2-102, 2.11]. Let ¢ > 2 be an integer and

n=ap(n)+ai(n)g+-- -+ak(n)(n)qk(n), aj(n) € {0,1,...,q—1}, gy >0,

be the g—adic digit expansion of integer n in the base g. Then the van der Cor-
put sequence v,4(n), n =0,1,2,..., in the base ¢ defined by

ap(n) al(n)_l_”_ g (n)(N)

q + q2 qk(n)—l-l

Yq(n) =
is u.d.
Open problem: Find the distribution function of the sequence
(vq(n),...,7q(n+s—1)),n=0,1,2,...,in [0, 1]
NOTES:
(I) The ~4(n) is called the radical inverse function of the natural ¢-adic digit
expansion of n.
(IT) The Halton sequence in the bases q1, ..., qs is defined by

Xn = (Y ()y .- -,7. (), m=0,1,2,....
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For the pairwise coprime bases qi,...,qs the Halton sequence is u.d., cf. [SP,
p.3-72].

(i) The Halton sequence x,, is u.d. in [0,1)® if and only if the bases ¢, ..., qs are
coprime, see P. Hellekalek and H. Niederreiter (2011).
(III) Van der Corput sequence v,(n), n =0,1,..., N — 1 has discrepancy

Dx (o) < (L)),

i.e., it is low discrepancy sequence, but for s = 2 we have, see O. Blazekova (2007),

Div(3g(n), 7q(n + 1) = § + 0D (4(n))),

Dy (a(m). 7+ 1))) = max (1 (1-2)1(- 3)) +O(Dx(3(n).

q q

Thus, van der Corput sequence is not pseudo-random.

(IV) Discrepancy bounds of the van der Corput and Halton sequences can be found
in the added bibliography.

(V) Solution for s =2 is given in J. Fialovd and O. Strauch (2010):

Every point (v4(n),v4(n+1)), n =0,1,2,..., lie on the line segment

1 1 1 1
for k =0,1,... and let T be their union. Because v,(n) is u.d., then the sequence

(7¢(n),vq(n + 1)) has a.d.f. g(z,y) of the form

g(x,y) = [Project, (([0,2) x [0,y)) N T)],

where Project,, is a projection of a two dimensional set to the x-axis. It is a copula
and g(x,y) can be computed explicitly as

0 if (z,y) € A,
l1-1-y)—-(1-—2)=z+y—1 if (x,y) € B,
9wy =9, _ L if (z,y) € Ci,
a:—1+qi%1 if (z,y) € D;,

1 =1,2,..., where
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D,
B
Cq
1
q
Dy
Cs
1
72
A
1
7°
1 1 1
0 -7 1= 1-5

Figure 1: Line segments containing (v4(n),v4(n +1)),n = 1,2, ... The graph of von

Neumann-Kakutani transformation.

(VI) Formal solution. Ch. Aisleitner and M. Hofer (2013): Let T denote von
Neuman-Kakutani transformation described in Fig. 1. Define an s-dimensional
curve {y(t);t € [0,1)}, where ~(t) = (¢, T(t), T?(t),...,T*"'t). Then the searched
a.d.f. is

9(@1, 22, ... xs) = [{t € [0,1];7() € [0, 21] X [0, 2] X -+ X [0, z4]}],

where |X| is the Lebesgue measure of set X. An explicit formula of a such a.d.f.
for s =4 is open.

(VI') For an arbitrary continuous F'(x1,zs,...,zs) we have

1
/ F(a:l,xg,...,xs)dg(xl,mg,...,a:s):/ F(z,T(z), T*(z),..., T ' (x))dz.
[0,1]° 0

Proof: Put v(n) = x,,. Then
(Yg(n), -, Yg(n+ s = 1)) = (2, T(20), T*(x0), ..., T (1))

and by Weyl’s limit relation

N
1
lim — Y F(y,(n),...,v(n+s—1)) :/ F(x1,29,...,25)dg(z1, 22, ..., x5)
N—oco N; 4 d [0’113
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and

1 & !
lim N;F(%,T(%),...,T (xn)):/o Fla, T(2),.... " (z)) da.

N—oo

(VII) A.d.f. of (v4(n),v,(n+2)),n =1,2,... All terms of the sequence (v,4(n), v4(n+
2)),n =1,2,..., lie in the line segments

2 2
Y=X+-, X€|:0,1——),01“
q q

1 1 1 1 1 1 1
Y=X+-+ + -1, Xe{l——— 1—--— .+2) or
q q

qitl qit? q qi+1’ _q
1 1 1 1 1
VX g X (1 i )

for i = 0,1,.... Divide [0, 1]? by the following figure

Do BO
Co
2
q
DI/ 17
C{/ B
FEo -
A// (oK
1
q Ao
D; ’
ci| B
D Fo
Al e
0 1-2 1 1

then we have the following explicit form of a.d.f. g(z,y) of the sequence (v4(n), v4(n+
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2)).
(2 if (z,y) € Do,
y—% if (z,y) € Cy,
0 if (x,y) € Ao,
y+zx—1 if (x,y) € B,
r—1+2 if (x,7) € Eo,
Y if (z,y) € Fo,
0 if (xz,y) € A,
9z, y) = :1:—|—y—1—|—% if (z,y) € B,
x—l—l—%—#% if (x,y) € D},
Yy — o if (x,y) € C},
% if (z,y) € A,
r+y—1 if (z,y) € B”,
w—1+%+% if (x,y) € DY,
¥ qi—L if (z,y) e CV

(VIII) A.d.f. of (v4(n),v,(n+1),7(n+2)),n =1,2,.... An explicit form of
g(x,y,z) is given in Fialova, J., Misik, L. and Strauch, O (2013) and it have 27
possibilities. For example, if ¢ > 3 then

(IX) As an applications, by the Weyl limit relation, we have

N—-1
) 1

:/01/Ol/olm,y,z)dggdydmg(m?y,z),

where F(x,v, z) is an arbitrary continuous function in [0, 1]3.
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(X) For the right-hand side of (IX) we can using

/o1 /01 /01 F(z,y,2) dp dy d (2, y, 2)

1 1
:F(l,l,l,)—/0 g(l,l,z)sz(l,l,z)—/O g(l,y,1)d, F(1,y,1)
—/ g(x,1,1)d, F(x,1,1) / / (1,y,2)d,d. F(1,y,2)

// (2,1,2)dpd. F(z,1,2) + // 9(z,y,1)dy dy F(z,y,1)
—///g(x,y,z)dgcdysz(x,y,z)-

(XI) Example: Put F(z,y, 2) = max(x,y, z). Then by (X)

/// (,y,2)dp dy d. g(, 9, 2)
:1_/0/0/Og@,y,z)dxdysz(a:,y,z)

1
=1 —/ g(z,x,z)dx
0
and for ¢ > 3 we have

1 2 3

Jim Z masx(yq(n), g (n + 1), 7g(n 4 2)) = 5 - =

(XII) Example: Put F(z,y, 2) = min(z,y, z). Then by (X) we have

/// (@,9,2) dv dy &y 9(2, 9, 2)

1
1-3- —+2 /g(azml)dx-{—/ g(x,l,x)dx—/g(m,x,aj)dx
0

2 0 0

which implies

32+ 3 ifg>4,
J\}gn — Zmln Y2(n),72(n 4+ 1),72(n +2)) = < & if ¢ = 3,
1—36 if ¢ =2.

(XII) Example: Put F(z,y,z) = zyz. By (X) we have

/// (,y,2)dpdydp g(z,y,2) =1 -3 —+2// g(z,y,1)dz dy
+/0/Og(x,1,z)dxdz—/0/O/Og(x,y,z)dxdydz



1.13 Sequences of differences 37

and we find

¢* —3¢3 +3¢> +2q¢+2
4q4 + 4q3 +4q2

N—o00

N-1

) 1

lim = 3 () - Y(n +1) - 7y(n +2) =
n=0

for ¢ > 3.

Entered by O. Strauch.

CH. AISLEITNER — M. HOFER: On the limit distribution of consecutive elements of the van der
Corput sequence, Uniform Distribution Theory 8 (2013), no. 1, 89-96.

O. BLAZEKOVA: Pseudo-randomnes of van der Corput’s sequences , Math. Slovaca 59 (2009),
no. 3, 291-298.

H. FAURE: Discrépances de suites associées a un systéme de numeération (en dimension un),
Bull. Soc. Math. France 109 (1981), 143-182 (MR 82i:10069).

J. F1ALOVA — L. MiSik — O. STRAUCH: An asymptotic distribution function of three-dimensional
shifted van der Corput sequence, pp. 27, INTEGERS: Electronic Journal of Combinatorial
Number Theory, 2013 send.

J.F1aLoVA — O.STRAUCH: On two-dimensional sequences composed of one-dimensional uni-
formly distributed sequences, Uniform Distribution Theory 6 (2011), 101-125.

J.H. HALTON: On the efficiency of certain quasi—random sequences of points in evaluating multi—
dimensional integrals, Numer. Math. 2 (1960), 84-90 (MR 22+#12688).

P. HELLEKALEK — H. NIEDERREITER: Construcrions of uniformly distributed sequences using the
b-adic method, Uniform Distribution Theory 6 (2011), 185-200.

L.—K.HuA — Y. WANG: Applications of Number Theory to Numerical Analysis, Springer Verlag &
Science Press, Berlin, Heidelberg, New York, Beijing, 1981 (83g:10034).(Chinese edition Science
Press, Beijing, 1978,7Zbl 451.10001).

P.D.ProiNOV — V.S. GROZDANOV: On the diaphony of the van der Corput — Halton sequence, J.
Number Theory 30 (1988), no. 1, 94-104 (MR 89k:11065).

I.M. SoBOL: Ewaluation of multiple integrals, (Russian), Dokl. Akad. Nauk SSSR 139 (1961),
no. 4, 821-823 (MR 25#3608).

I.M. SoBOL: Multidimensional Quadrature Formulas and Haar Functions, (Russian), Library of
Applied Analysis and Computational Mathematics, Izd. ”Nauka”, Moscow, 1969, 288 pp. (MR
54410952).

J.G. VAN DER CORPUT: Verteilungsfunktionen III-VIII, Proc. Akad. Amsterdam 39 (1936),
10-19, 19-26, 149-153, 339-344, 489-494, 579-590 (JFM 61.0204.01, 61.0204.02, 62.0206.06,
62.0207.01, 62.0207.02, 62.0207.03).

1.13 Sequences of differences
[SP, p.2-7, 2.1.7]. The sequence

xn €0,1), n=1,2,...,

is u.d. if and only if the sequence

has the a.d.f.
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g(z) = 2z — 2.

Here the double sequence |x,, — x,|, for m,n = 1,2,..., is ordered to

an ordinary sequence ¥, in such a way that the first N? terms of y, are

| — x| for m,n =1,2,..., N.

Open problem: Assuming u.d. of x,, n = 1,2,... find a.d.f of the

sequences

o ||xm — xn| — |2k — xp||, myn, K, I =1,2,. ..,

o |||z —xpn|—|zk—x]| = ||z — 25| — |2 — 6] ||, My, K LA, gy s = 1,2,
etc.

NoTES: We can use the following method: Let us denote by g;(z) an asymptotic

distribution function of the sequence of jth differences (thus g;(z) = 2z —2?). For
kth moment we have

/01 xF dgjt+1(z) = /01 /01 iz — yl* dg; (z) dg; ().

For 7 =1 we have

1 1 8
| [ =l a0 @ a0 - s

which implies

8 1
g2(z) = 3% 222 + §x4.
Conjecture proposed by S.Steinerberger (2010): The density function dgé'—c(f) of

the a.d.f. g;(x) of j-th iterated differences is of the form

dg;(w) _ 22+
dz 271

(z — 1)7p(2),

where p(x) is a polynomial with integer coefficients. What can be said about p(z)?
For j = 3 he found
dgs(z) 8

i ﬁ(ac —1)%(—132 — 1162 — 3622 + 32° + x%).

Proposed by O. Strauch.

O. STRAUCH: On the L? discrepancy of distances of points from a finite sequence, Math. Slovaca
40 (1990), 245-259 (MR 92¢:11078).
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1.14 Bernoulli numbers

Open problem. For Bernoulli numbers Bs,, find the distribution
Bs,modl n=12,....

NoTEes: (I) By von Staudt-Clausen formula Bs, = As, — Z(p_1)|2n zl?’ where p
are primes and As,, are integers.

(IT) F. Luca’s comment: This problem was studied by P. Erdés and S.S. Wagstaff
Jr. (1980). They proved that >° 1), 113 is everywhere dense in [5/6, c0).

Proposed by O. Strauch.

P.ERDOS — S.S. WAGSTAFF, JR.: The fractional parts of the Bernoulli numbers, Illinois J. Math.
24 (1980), no. 1, 104-112 (MR550654 (MR 81c:10064)).

1.15 Ratio sequences.

[SP, p.2-215, 2.22.2]. For an increasing sequence of positive integers z,
let d(x,), and d(z,) denote the lower and upper asymptotic density of x,,,
resp., and d(z,)(= d(x,) = d(z,)) its asymptotic density if it exists. The
double sequence, called the ratio sequence of x,,

Lm
—, m,n=1,2,...,
Tp

is everywhere dense in [0, 00) assuming that one of the following conditions
holds:

(i) d(xzn) >0,

(i) E(xn) =1,

(iii) d(zp) +d(x,) > 1,

(iv) d(zn) > 1/2,

(v) A([0,z);2,) ~ 5&=, where ¢ > 0, > 0 are constant, A([0,x);z,) =

#{n e N; z, € [0,2)}, and ~ denotes the asymptotically equivalence
(i.e. the ratio of the left and the right—hand side tends to 1 as x — oc0).
Notgs: (I) (i), (ii) and (v) were proved by T.Salat (1969), for (iii) see O. Strauch
and J.T.Téth (1998) and (iv) follows from (iii).
(IT) Strauch and Téth (1998, Th. 2) proved that if the interval (o, 8) C [0, 1] has

an empty intersection with Z—’: for m,n=1,2,..., then
d(x,) < %min(l —d(zy,),d(z,)), d(z,) <1—(8—a). (1)

(ITI) S. Konyagin (1999, personal communication) improved the second inequality

to 15
d(z,) < L

(2)
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Problem: Find a best possible estimation of d(z,).

Solution: G. Grekos (2006, personal communication) notes that in (2) the equa-
tion is valid for the sequence x,,, n = 1,2, ... defined in O. Strauch and J.T. Téth (1998,
Ex. 1) such that z,, is the sequence of all integer points lying in the intervals

(7,90), (va, da), (7&2,5612), ey (ya™ 0a™), . .

where 7, § and a are positive real numbers satisfying v < ¢ and a > 1. In this
case the lower d and upper d asymptotic density of x,, can be given explicitly by

(0—1) = (0 —v)a
d(wn) = ~—2 () = %
d@n) = 20 (@) = S@=1)
and an interval (o, 8) which does not contain points i—j, m,n=12,...1s
d v
@ =(2.3), )

assuming §/y < y/a. All others subintervals of [0, 1] with empty intersection have
the form (a/a?, 3/a’), i = 1,2,.... For interval (3) we have d(z,) = 11:0?6 then
(2) is the best possible.

(V) Strauch and Téth (1998, Th. 6) also proved that (1) and (2) are also valid
for interval («,3) containing no accumulation points of 7=, m,n = 1,2,.... If
X C [0,1] is an union of such intervals, then !

d(z,) <1-—|X]|,

where | X| denotes the Lebesgue measure of X. Its improvement is open.
Proposed by O. Strauch.

T.SALAT: On ratio sets of sets of natural numbers, Acta Arith. 15 (1968/69), 273278 (MR
39#4083).

O.STrRAUCH — J.T. TOTH: Asymptotic density of A C N and density of the ration set R(A), Acta
Arith. 87 (1998), no. 1, 67-78 (MR 99k:11020).

O.STRAUCH — J.T. TOTH: Distribution functions of ratio sequences, Publ. Math. (Debrecen)
58 (2001), 751-778 (MR 2002h:11068).

1.16 Continued fractions.

[SP, p.2-264, 2.26.8]. Let 0 = [0;a;,a2,...] be an irrational number in
[0,1] given by its continued fraction expansion and let p,(6)/g.(0), n =
0,1,2,..., be the corresponding sequence of its convergents. An open
problem is to find, for the sequence

ZTn = qn(0) (mod 2)
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the frequency of each possible block (...,0,...,1,...,0,...) of length s
which occurs in x,, as (Tp41,-..,%nts) for a special class of 6 (e.g., with
bounded a;).

NoTES: R.Moeckel (1982) proved that, for almost all 8, the three possible blocks
(0,1), (1,0) and (1,1) of length s = 2 occur in z,, with equal frequencies. The
blocks of lengths s = 3 and s = 4 are investigated in V.N. Nolte (1990).

Proposed by O. Strauch.

R. MOECKEL: Geodesic on modular surfaces and continued fractions, Ergodic Theory Dynamical
Systems 2 (1982), no. 1, 69-83 (MR 84k:58176).
V.N. NOLTE: Some probabilistic results on the convergents of continued fractions, Indag. Math.
(N.S.) 1 (1990), no. 3, 381-389 (MR 92b:11053).

1.17 Strong uniform distribution.

Say a sequence of integers (a,)52; is in A* for a class of measurable func-
tions A on [0,1) if

Here of course, for a real number y we have used {y} to denote its fractional
part. In a paper solving a well known classical problem of A. Khinchin’s
[Kh], J. M. Marstrand [M] also showed that if q1,---, ¢ is a finite list
of coprime natural numbers all greater than one then the semigroup it
generates, m = (m;)%2, =, {¢}! q,zf c (i, ..., 0k) € (Za“)k} when ordered
by size is in (L°°)*. To do this he invoked D. Birkhoff’s pointwise ergodic
theorem [W] and the following lemma:

For strictly increasing sequences of natural numbers (a, )52, and (by,)o2 ; if
G(u) ={(r,s) : azbs <u}, (u=1,2,---) and f € L> then

i ! = 1 a.e
i e S fabad) = [ r@drae

(r,s)eG(u)

Here for a finite set A we have used |A| to denote its cardinality. R.C. Baker
[B] asked if m is in (L!)*. This was proved by the author [Nal] using
A. A. Tempelman’s generalization of Birkhoff’s pointwise ergodic theorem
[T]. With a view to applications to sequences other than m, it would be
interesting to know if an L' version of Marstrand’s lemma is true. Some
partial results in this direction are known. In [Na2] we show that for strictly
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increasing sequences of natural numbers a = (a,)%2; and b = (bs)2,,

both of which are (LP)* sequences for all p > 1, if there exists C' > 0
such that

H{r @ ar < ulll{s : bs < u}| < Cl{(r,s) : arbs < u}|, (1)

for (u = 1,2,---) then aob = {a.bs : (r,s) € N?} (the sequence of
products of pairs of elements in a and b) once ordered by size is also an
(LP)* sequence. An open question is whether this result from [Na2] is true
for p = 1. We have the following partial result. Let

a1 = (a14)Z1, -0k = (k)2
denote finitely many (L!)* sequences, and for a sequence a, let
Go(u) = |{i:a; < u}|
Also let aj o --- o a; denote the set
{by---bp:b1 € ay,...,bp € ay},

counted with multiplicity and ordered by absolute value. Suppose there
exists K > 0 such that forallu > 1

|Gy (w)] -+ Gay (W)] < K[Gayonon, (u)]-

Then if log, |z| = logmax(1,|z|) we show that ajo- - -oay is an (L(log . L)*~1)*
sequence [Na3]. To be more specific, we ask if the space (L(log, L)*~1)*
can be be replaced by (L')*. A second open question is whether a condi-
tion like (1) necessary for any of these results. As Marstrand observed the
answer is no when p = co. It might be the case that if for fixed p € [1, 0]

if all three sequences a = (a,)72¢, b = (bs)> and a o b are (LP)* then (1)
automatically holds. This too is unknown.

Proposed by R. Nair.

[B] R.C. BAKER: Riemann sums and Lebesgue integrals, Quart. J. Math. Oxford (2) 27 (1976),
191-198.

[K] A.KHINCHIN: Ein Satz uber Kettenbruche, mit Arithmetischen Anwendungen, Math. Zeit.
18 (1923), 289-306.

[M] J.M. MARSTRAND: On Khinchine’s conjecture about strong uniform distribution, Proc. Lond.
Math. Soc. 21 (1977), 540-556.

[Nal] R.NAIR: On strong uniform distribution, Acta Arith. 54 (1990), 183-193.

[Na2] R. NAIR: On strong uniform distribution II, Monatsh. Math. 132 (2001), no. 4, 341-348.
[Na3] R. NAIR: On strong uniform distribution III1, Indag. Math. (N.S.) 14 (2003), no. 2, 233—
240.

[T] A.A. TEMPELMAN: Ergodic theorems for general dynamical systems, Soviet. Math. Dokl. 8
(1967), 1213-1216 (English Translation).

[W] P. WALTERS: Introduction to Ergodic Theory, Graduate Texts in Mathematics, Vol. 79,
Springer-Verlag, Berlin, 1981.
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1.18 Algebraic dilatations.

Let 01,...,0; denote a finite set of real algebraic numbers all greater than
1 and let (my)7°,; denote the semigroup generated multiplicatively by these
numbers given an order consistent with the magnitude of the elements of
this semigroup. Suppose f € LP([0,1)) for some p € [1,00). Under what
conditions on p and the sequence (m;);°, is it the case that

1 & L
nggo 17 lz:;f({mla:}) = /0 f(t)dt a.e.
This question is probably best understood by comparison with the cases
where the 01, ...,0; are coprime natural numbers, in which case the result
is true for p = 1 [Nal] and the case where k£ = 1 in which case the result
is known for p = 2 [Bo][vPS]. In unpublished work the author has also
shown that the result is true for p > 1 if only one of the set 64,...,6;
is not a rational integer. It seems likely some other arithmetic condition
on the 601,...,0; is necessary. For instance is the result true for instance
when p > 1 assuming the natural logarithms of the numbers 61, ...,60; are
linearly independent over the rationals? Are there circumstances where the
assumption that k is finite can be dropped? The answer is yes for 61,6, ...
chosen to be some rapidly growing rational primes as shown in [L].
Proposed by R. Nair.

Bo J.BOURGAIN: The Riesz-Raikov theorem for algebraic numbers, in: Festschrift in honor
of LI Piatetski-Shapiro on the occasion of his sixtieth birthday, Part II (Ramat Aviv, 1989),
Weizmann, Jerusalem, 1990, pp. 1-45.

[L] Y.LACROIX: On strong uniform distribution. III, Monatsh. Math. 143 (2004), no. 1, 13-19.
[vPS] A.J. VAN DER POORTEN — H.P. SCHLICKEWEL: A Diophantine problem in harmonic analysis,
Math. Proc. Cambridge Philos. Soc. 108 (1990), no. 3, 417-420.

1.19 Subsequence ergodic theorems.

Suppose (X, 3, ) is a measure space. Say T a map from X to itself is
measurable if T7'A := {z : Tx € A} € B for all A in the o-algebra
B. We say a measurable map T from X to itself is measure preserving if
w(T71A) = p(A) for all A € 3. Building on earlier work of J. Bourgain
[Bol],[Bo2],[Bo3], the author showed [Na4] [Na5| that if ¢ is a non-constant
polynomial mapping the natural numbers to themselves, (p,)52; is the
sequence of rational primes and if for p > 1 we have f € LP(X, 3, 1)) then
My o0 & 2521 f(T?Pn)g) exists p almost everywhere. See also [Wil.
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Our first question is what happens when p = 1. The analogous question for
the case where p,, is the n!* natural number is also open. For the second
question suppose T, ..., T} is a finite set of commuting measure preserving
maps on (X, 3, 1) and that ¢1, ..., ¢, are nonconstant polynomials mapping
the natural numbers to themselves and for p > 1 that f € LP(X, S, ).

Then is it the case that limpy_,s % Zgil f(Tld)l(p”) e T,f’“(p"):c) [ exists [
almost everywhere? In the case where p,, is the n'® natural number this is
a theorem, at least when p = 2 [Bo2].

Proposed by R. Nair.

[Bol] J. BOURGAIN: On the mazimal ergodic theorem for certain subsets of the integers, Israel
J. Math. 61 (1988), no. 1, 39-72.

[Bo2] J. BOURGAIN: On the pointwise ergodic theorem on LP for arithmetic sets, Israel J. Math.
61 (1988), no. 1, 73-84.

[Bo2] J. BOURGAIN: Pointwise ergodic theorems for arithmetic sets. With an appendiz by the
author, Harry Furstenberg, Yitzhak Katznelson and Donald S. Ornstein. , Inst. Hautes Etudes
Sci. Publ. Math. (1989), 5-45.

[Nad] R.NAIR: On polynomsials in primes and J. Bourgain’s circle method approach to ergodic
theorems, Ergod. Th. & Dynam. Sys. 11 (1991), 485-499.

[Na5] R.NAIR: On polynomials in primes and J. Bourgain’s circle method approach to ergodic
theorems II, Studia Math. 105 (3) (1993), 207-233.

[Wi] M. WIERDL: Pointwise ergodic theorem along the prime numbers, Israel J. Math. 64 (1988),
315-336.

1.20 Square functions for subsequence ergodic averages.

For a probability space (X, 3, i), measure preserving 7' : X — X, a non-
constant polynomial ¢ mapping the natural numbers to themselves and a

i measurable function f defined on X and a strictly increasing sequence of
integers (Ni)72 ,, set Ay f(z) = + ZnNzl f(T*Mz) (N =1,2,...) and set

2

S(H)@) = | Y AN, f(@) — A, f(2)]?
k=1

In the situation where ¢(n) = n and (N)72, is any strictly increasing
sequence of natural numbers it is shown in [JOR] that there exists C > 0
such that p({z : S(f)(x) > \}) < C%. One implication of this is that
for any p > 1 there exists Cp, > 0 such that ||S(f)||, < Cpl|f||p- Results of
this sort provide an alternative means, to almost everywhere convergence,
of measuring the stability of the averages (Anf)X_;. Ideally we would
like to prove an analogue of the [JOR] inequality for general ¢ or if it
were not true to find out the extent to which it was and how and when it
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fails. One approach to questions of these sorts is via spectral theory and

this reduces to a study of the behaviour of exponential sums of the form
an(a) = L3707 e?miéma (p =1,2,...). In the case where ¢(n) = n these

are for each «a, averages of geometric progressions and consequently have
well understood distributions. For more general ¢ these are Weyl sums,
are more complicated and our understanding is less complete. What is
known follows from an application of the Hardy-Littlewood circle method.
Using this, for N, = k (k = 1,2,...), the author has shown that for each
p > 1 there exists Cp > 0 such that we have |[[S(f)||p < Cpl|fl|p- The same

inequality is also true in the case p = 2 where 1 < a < N’““ < b for some a

and b. These results are not as yet published [Na6] though see [NW] where
variants of the method involved appear.
Proposed by R. Nair.

[Na6] R. NAIR: Polynomial ergodic averages and square functions, (unpublished manuscript).
[NW] R. NAIR — M. WEBER: On variation functions for subsequence ergodic averages, Monatsh.
Math. 128 (1999), 131-150.

[JOR] R.L.JoNEs — I.V. OSTROVSKII — J.M. ROSENBLATT: Square functions in ergodic theory,
Ergodic Theory Dynam. Systems 16 (1996), no. 2, 267-305.

1.21 Sets of integers of positive density

In this section for simplicity we confine attention to sets of integers of pos-
itive density in N, though much of what we deal with can be meaningfully
discussed in higher dimensions. For a set of natural numbers S C N and a
countable collection I = (1,,),,>1 of intervals with |I,,| tending to infinity as
n does, let
SNI
B(S,I) = limsup |—n|

We call

B(S) = sup B(S.1),

I

where the supremum is taken over all collections I, the Banach density of
S. The second definition we need is that of upper density defined as
SN0
d*(S) = limsup |[—,n)|
n—00 n
If the limit exists, we call d*(S) the density of S and denote it by d(.5).
Plainly B(S) > 0 if d*(S) > 0. A sequence of integers k = (k(n))n>1 is
called intersective if given any S C N with B(S) > 0 there exist a and b in
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S such that a — b is in k. A sequence of integers k = (k(n)),>1 is called
a set of Poincaré recurrence if given any (X, 3, ) any measure preserving
transformation T : X — X, and any A in 8 with u(A) > 0 there exists k
in k such that

w(ANTEA) > 0.

The terminology is motivated by the fact that as proved by H. Poincaré,
k is a set of Poincaré recurrence in the case k(n) = n. What makes er-
godic theory relevant to the study of intersectivity is that as proved by
A. Bertrand-Mathis [Be| and Furstenberg [F] a sequence on integers is a set
of intersectivity if and only if it is a set of Poincaré recurrence. Fursten-
berg used this viewpoint to show that when k(n) =n? (n =1,2,...) then
k = (k(n))s2, is intersective. We say a sequence k = (kj,)>2; is Hartman
uniformly distributed [Ha| if for every non-integer 6 we have

1 N
lim — Z e?mi0kn —
N—oo N
n=1

It can be shown that any k that is Hartman uniformly distributed is also
intersective [Bo]. E.Szemeredi [S] showed that if B(S) > 0 then S contains
arithmetic progressions of arbitrary length. This was shown by Fursten-
berg to be a consequence of the fact that given any (X, 3, 1) any measure
preserving transformation 7' : X — X, and any A in 8 with u(A) > 0 there
exists a natural number n such that [F]

(1) wANTPAN---nT"F=D4) > 0.

Motivated by (1)it would be interesting to decide whether if k is Hartman
uniformly distributed then given any S C N with B(S) > 0 there exist
R C N with d(R) > 0 existing and d(R) > B(S) such that for any finite
subset {h(1),...,h(l)} of R,

B(SNS +k(h(1)N--- NS+ k(1)) > 0.

The question arose in a conversation with H. Furstenberg at the Newton

Institute in 2000. So far it has been possible to prove this hypothesis subject

to conditions similar to but stronger than Hartman uniform distribution

[Na7|][NW][NZ]. A theorem of V.Bergelson and A.Leibman [BL] is that

given any polynomials

Pi(x),..., Py(z) with integer coefficients such that 0 = P;(0) = P(0) =
- = P(0), any (X, 8, ) any measure preserving transformation 7' : X —
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X and any A in § with p(A) > 0 there exists a natural number n such that
p(ANTPMW AN ... ATPM 4) > 0.

This implies both Szemeredi’s theorem and the intersectivity of k where
k(n) = n% Tt can also be shown [Na8] that given any polynomial Q(z)
such that for each non-zero integer m there exists another integer [(m) with
(m,Q(I(m))) = 1 any probability space (X, 3, ) any measure preserving
transformation 7' : X — X, any A in 8 with u(A) > 0 there exists a prime
p such that

w(ANTP 4) > 0.

This leads one to conjecture that given polynomials Q1(z),...,Qr(z), all
with the property assumed for @Q(z), then given any probability space
(X, B, ), any measure preserving transformation 7' : X — X, and any
A in 8 with p(A) > 0, there exists a prime number p such that

p(ANTAP AN ... QTP 4) > 0.

If proved this conjecture would imply analogues of both the Szemeredi the-
orem and the Furstenberg intersectivity phenomenon with the integer n
chosen to be a prime. Examples of polynomials () aren’t quite as easy
to construct as examples of polynomials satisfying the Bergelson-Leibman
condition but they include Q(x) = ™ + 1 or 2™ — 1 for any natural num-
ber n. Recently B.Green and T.Tao have proved that the set of primes
contain arithmetic progressions of arbitrary length. It becomes natural to
ask if, by analogy with the Bergelson-Leibman theorem, the primes contain
arithmetic progressions of arbitrary length whose common difference is the
value P(a) say, for a given integer valued polynomial P(x) with P(0) =0
and some natural number a. We might also ask whether the primes con-
tain arithmetic progressions of arbitrary length whose common difference is
Q(p) for a given polynomial @ such that for each non-zero integer m there
exists another integer [(m) with (m, Q(l(m)) = 1 and some prime p.
Proposed by R. Nair.

[Be] A. BERTRAND-MATHIS: Ensembles intersectifs et recurrence de Poincaré, Israel J. Math. 55
(1986), 184-198.

[BL] V. BERGELSON — A. LEIBMAN: Polynomial extentions of van der Waerden’s and Szemerédi’s
theorems, J. Amer. Math. Soc. 9 (1996), no. 3, 725-753.

[Bo] M. BOSHERNITZAN: Homogeneously distributed sequences and Poincaré sequences of integers
of sublacunary growth, Monatsh. Math. 96 (1983), no. 3, 173-181.

[F] H. FURSTENBERG: Recurrence in Ergodic Theory and Combinatorial Number Theory, Prince-
ton University Press, 1981.

[Ha] S. HARTMAN: Remarks on equidistribution on non-compact groups, Compositio 16 (1964),
66-71.
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[Na7] R. NAIR: On uniformly distributed sequences of integers and Poincaré recurrence I, Indag.
Math., N. S. 9 (1998), no. 3, 405-415.

[Na8] R.NAIR: On certain solutions of the diophantine equation x —y = p(z), Acta Arith. LXII
(1992), no. 1, 61-71.

[NW] R. NAIR — M. WEBER: Random perturbations of intersective sets are intersective, Indag.
Math. (N.S.) 15 (2004), no. 3, 373-381.

[NZ] R. NAIR — P.ZARIS: On certain sets of integers and intersectivity, Proc. Camb. Phil. Soc.
131 (2001), no. 1, 157-164.

[S] E.SZEMEREDI: On sets of integers containing no k terms in arithmetic progression, Acta
Arith. 27 (1975), 199-245.

1.22 Uniform distribution of the weighted sum-of-digits
function.

Let v = (y0,71,.-.) be a sequence in R and let ¢ € N, ¢ > 2. For n € Ny
with base ¢ representation n = ng + n1q + neg®> + - - - define the weighted
q-ary sum-of-digits function by

Sqy(1) 1= yono + yin1 + yang + - - .

For d € N, weight-sequences ) = (fy((,j), 79), ...)inRand ¢; € N, ¢; > 2,
j€{1,...,d}, define

Sq17"'7qdaf}/(n) = (Sql”y(l) (n)7 ) Sqd,’y(d) (n))’
here v = d v, = (1) ‘) for k e N
Were’y_(707717"')an 7/@_(7]{; v Tk ) or k € No.
Open question: Let qp,...,q5 > 2 be pairwisely coprime integers. Under

which conditions on the weight-sequences fy(j) = (fy(()j ) fyy ), ...)inR, j €
{1,...,d}, is the sequence

Sql,...,qd;y(n) mod 1, n = 07 17 27 L (1)

u.d. mod 17

Proposed by F. Pillichshammer.

NOTES: .

(I) For example if fy,(j) = qj_k_1 for all j € {1,...,d} and all £ € Ny, then we
obtain the d-dimensional van der Corput-Halton sequence which is well known to
be uniformly distributed modulo one.

(IT) If 7,(63) = qé?aj for all j € {1,...,d} and all k € Ny, then the sequence (1) is
the sequence ({n(aq,...,aq)})n>0 which is well known to be uniformly distributed
modulo one if and only if 1, aq, ..., aq are linearly independent over Q.

(I11) If 7,(3) =a; € Rforall j € {1,...,d} and all k£ € Ny, then it was shown by
M. Drmota and G. Larcher (2001) that the sequence (1) is u.d. mod 1 if and only
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ifOél,...,Oéd ER\Q

(IV) For q; = --- = qq4 = q it was shown by F. Pillichshammer (2007) that the
sequence (1) is u.d. mod 1 if and only if for every h € Z%\ {0} one of the following
properties holds: Either

oo
> )P = o0
k=0
(hyvE)agL
or there exists a k € Ny such that (h,v,) € Z and (h,~,)q € Z. Here || - || denotes
the distance to the nearest integer, i.e., for z € R, ||z|| = mingez |z — k| and (-, -)

is the usual inner product.

(V) The generalization can be found in R. Hofer, G. Larcher and F. Pillichshammer
(2007), where a similar result was proved with the weighted sum-of-digits function
replaced by a generalized weighted digit-block-counting function.

(VI) R. Hofer (2007) proved: Let qi,...,qq > 2 be pairwise coprime integers and
7 4(4) be given weight sequences in R. If for each dimension j € {1,...,d}
the following sum

Sl () ok
ZHh(’YzZ'H - %”ng )H
=0
is divergent for every nonzero integer h, then the sequence (1) is u.d. in [0,1).

M. DRMOTA — G.LARCHER: The sum-of-digits function and uniform distribution modulo 1, J.
Number Theory 89 (2001), 65-96.

R.HOFER: Note on the joint distribution of the weighted sum-of-digits function modulo one in
case of pasrwise coprime bases, Uniform Distribution Theory 2 (2007), no. 1, 1-10.

R.HOFER — G. LARCHER — F. PILLICHSHAMMER: Average growth-behavior and distribution prop-
erties of generalized weighted digit-block-counting functions, (2007), (Submitted).

F. PILLICHSHAMMER: Uniform distribution of sequences connected with the weighted sum-of-digits
function, Uniform Distribution Theory 2 (2007), no. 1, 1-10.

1.23 Moment problem.
1.23.1 Truncated Hausdorff moment problem

Recovered a d.f. g(z), given its moments

1
sn:/ z"dg(z), n=1,2,...,N. (1)
0

The set of all points (s, 52,...,sy5) in [0,1]"Y for which there exists d.f.
g(z) satisfying (1) is called the N-th moment space Q. It can be shown:

(i) the point (s, s2,...,snx) belongs to the moment space €2 if and only
if S8 o(=1)7(%)si; > 0 for all j,k=0,1,2,...,N.

i
(ii) Qu is a simply connected, convex, and closed subset of [0, 1]V.
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(iii) If the point (s1, s2, ..., sn) belongs to the interior of the moment space
Qp the truncated moment problem (1) has infinitely many solutions.

(iv) If (s1,82,...,sn) belongs to the boundary of the €, the (1) has a
unique solution g(z).

(v) If the sequence x, € [0,1), n = 1,2,..., satisfies limﬁzgzl Ty =
.1 N 2 -1 N N
s1, im < > 2n = s2,..., im & > x,) = sy, where (s1,52,...,5N)

belongs to the boundary of the €y, then z, has an a.d.f. g(x).

Exact characterization of the moment space €2y can be found in S. Karlin
and L.S. Shapley (1953), also see G.A. Athanassoulis and P.N. Gavriliadis
(2002).

1.23.2 L? moment problem

Given a triple of numbers (X1, X2, X3) € [0,1]3 O. Strauch (1994) gave a
complete solution to the moment problem

(X1, Xy, Xy) = (/Olg(:t) dx,/olzz:g(m) dx,/ong(a:) d:z)

in d.f. g(z):[0,1] — [0,1]. He expresses the boundary of the body
Q= {(fol g(z)dx, fol zg(x)dz, fol g*(x) d:c) . g is d.f.}

as Iy, ..., IIg surfaces and the curve II7 such that for (X, Xz, X3) € US_T1;
the moment problem has unique solution, for (X1, Xo, X3) € II; exactly two
solutions, and in the interior of €2 has infinitely many solutions (see [SP,
2-20, 2.2.21] for exact results). Now, if a sequence x,,, n = 1,2,...,in [0, 1]
has limits
Xl =1- limN_>oo % Zivzl Tn,
X = % — %th_)oo % 25:1 :1:,21 and

: N . N
X3=1-limn_ 0o % Do T — %th_mo % me:l | T, — Ty

and if (X1, X9, X3) € |J II;, then the sequence x,, possess an asymptotic
1<i<7
distribution function g(x).

Open problem is to solve the moment problem

(X1, X0, X3, Xy) = (/Olg(x) d:v,/olmg(:z:) dx,/oleQ(x) da:,/olgz(:t) dm).

E.g. for g(x) = 22 — 22 it has the unique solution.
Proposed by O. Strauch.
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G.A. AtHANASSOULIS — P.N. GAVRILIADIS: The truncated Hausdorff moment problem solved by
using kernel density functions, Probabilistic Engineering Mechanics 17 (2002), 273-291.

S. KARLIN — L.S. SHAPLEY: Geometry of moment spaces, AMS Memoires, Vol. 12, Providence
RI, 1953.

O.STRAUCH: A new moment problem of distribution functions in the unit interval, Math. Slo-
vaca 44 (1994), no. 2, 171-211 (MR 95i:11082).

1.24 Scalar product.

Let x,, = (Zn,1,...,%ns) and yn = (Yn1,---,Yn,s) be infinite sequences in
[0,1)°. Assume that the sequence (x,,y,), n =1,2,..., is u.d. in [0, 1]%.
Then the sequence of the inner (i.e. scalar) products

xn:Xn'Yn: E xn7iyn’i, n = ].72,...
=1

has the a.d.f. gs(z) = [{(x,y) € [0,1]*; x-y < z}| on the interval [0, 5],

and gs(x) = (—1)* / l.logzy ... logxsdzy ... das.
21+ +rs<T
z1€[0,1],...,x5€[0,1]

For z € [0, 1] we have
g1(z) =z —logz,
””22 ((logm) —3logx + £ 5 — % 2),

3

ga(x)
g3()
()

= ”26—( (log x)3 —(loga:) +( 255 + )log :L’—I—575 337T2—9C(3)),
(1 20 (o)™ i
(log x1+ - +logxj_1 + log(l — xj)):c"i_l e xj_j doy ... dx;.
[0 1]
Open is the explicit formula of gs(z) for z € [1, 5.
NOTES:

(I) O.Strauch (2003). The formula for gs(z) with z € [0,1] was proved by
L. Habsieger (Bordeaux) (personal communication). A motivation is an appli-
cation of gs(x) to one-time pad cipher, see O. Strauch (2004).

(IT) E.Hlawka (1982) investigated the question of the distribution of the scalar
product of two vectors on an s—dimensional sphere and also the problem of the
associated discrepancies.

Proposed by O. Strauch.

E. HLAWKA: Gleichverteilung auf Produkten von Sphdren, J. Reine Angew. Math. 330 (1982),
1-43 (MR 83i:10066).

O.STRAUCH: On distribution functions of sequences generated by scalar and mized product,
Math. Slovaca 53 (2003), no. 5, 467-478 (MR 2038514).

O.STRAUCH: Some modification of one—time pad cipher, Tatra Mt. Math. Publ. 29 (2004),
157-171.
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1.25 Determinant.

Let xq(f) = (x S)l,.. xg)s) ¢t = 1,...,s, be infinite sequences in the s—
dimensional ball B(r) with the center at (0,...,0) and radius r. Assume

that these sequences are u.d. and statistically independent in B(r), i.e.,
=V, ..., x%)) is wd. in B(r)*. Then the sequence

Tn = | det(x(V, .. .ng)){

has the a.d.f. gs(r, =) defined on the interval [0, r°] by

|{(x(1) xGNEB(r)® ;| det(x(M).. x(s))|<a:}|
9s(r, %) = BT

and for A = X there exists g5(A) such that gs(r, x) = gs(A) if A € [0,1].
Here we have

g1(A) = A,

g2(A) = 2(1+2X?) arcsin A + SAV1 — A2 — 222,

G3(\) = 14 9N [} areeosz qp 333 arccos A — V1 — A2+ IA2V/1 — A2,
Open is the explicit form of gs()\) for s > 3. A further open question is
the explicit form of the a.d.f. of the above sequence with [0, 1] instead of
B(r).

NotEes: (I) O.Strauch (2003).

(IT) Note that the integral in gs3(\) cannot be expressed as a finite combination of
elementary functions, cf. I.M. Ryshik and I.S. Gradstein (1951, p. 122).

(ITI) The d.f.’s gs(A) and gs(z) from 1.24 form the basis of a new one-time pad
cryptosystem introduced in Strauch (2002).

Proposed by O. Strauch.

I.M. RysHIK — I.S. GRADSTEIN: Tables of Series, Products, and Integrals, (German and English
dual language edition), VEB Deutscher Verlag der Wissenschaften, Berlin, 1957; translation from
the Russian original, Gos. Izd. Tech.— Teor. Lit., Moscow, 1951 (MR 22#3120).

O.STRAUCH: On distribution functions of sequences generated by scalar and mized product,
Math. Slovaca 53 (2003), no. 5, 467-478 (MR 2038514).

O.STRAUCH: Some modification of one—time pad cipher, Tatra Mt. Math. Publ. 29 (2004),
157-171.

1.26 Ramanujan function.
Let 7(n) be the Ramanujan function given by

g[Ja—=g¢"* =) ()"

n>1 n>1
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Is {r(n+1)/7(n)}nen dense in R?
Proposed by F. Luca.

1.27 Apéry sequence.
Let (An)n>0 be the Apéry sequence given by

w50 ()

Let P = {p prime : p| A, for some n}.

(i) Is it true that P misses infinitely many primes?

(ii) For a positive real number z let P(x) = P N [1,z]. Find lower bounds for #P(x).

Regarding (ii), it follows from the results of Luca (2007) that #P(x) > loglogx.
Proposed by F. Luca.

F.Luca: Prime divisors of binary holonomic sequences, Adv. in Appl. Math. 40 (2008), no. 2,
168-179 (MR2388609(2009¢e:11004)).

1.28 Urban’s conjecture.

Let k£ € N be fixed, and let \;, u;, for 1 < i < k be real algebraic numbers
with absolute values greater than 1. Assume that, for 1 = 1,2,...,k, the
pairs \;, i; are multiplicatively independent (i.e. they are not integers m,n
such that A" = p'), and (A, i) # (Aj,p) for i # j. Then for any
real numbers 61, ...,0; with at least one 6; ¢ Q(U¥_,{\;, u;}) the double

sequence
k

Z)\;”u?&i mod 1, m,n=1,2,...

=1
is dense in [0, 1].
NOTES:
(I) R. Urban (2007). In a first step he proved (Theorem 1.6):
Let A1, 1 and Ao, o be two distinct pairs of multiplicatively independent real
algebraic integers of degree 2, with absolute values greater than 1, such that the
absolute values of their conjugates )\1,,u1, )\g,ug are also greater than 1. Let
p1 = g1(A1) for some g1 € Z[x] and ps = g2(A2) for some go € Z[x]. Assume that
at least one element in each pair \;, u; has all positive powers irrational. Assume
further that there exist k, k', I’ € N such that

(a) min([Az|*pzl’, [A2l*|fi2]') > max(IA[*|ual", |A[*|f|") and
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(b) min(|Aa[¥ [ [" A [F ") > max([ Ao Klp2|”, [ Aa|* | fi2]").
Then for any real numbers 61, 6> with at least one 6; # 0 the sequence
AT 01 + A us0s mod 1, myn=1,2,...
is dense in [0, 1]. For illustration
(V23 +1)"™(V23 +2)"01 + (V61 +1)™(V61 —6)"0; mod 1, m,n=1,2,...

is dense in [0, 1], assuming (61, 602) # (0,0).
R. Urban note that (a) and (b) hold, when

A2l > Ao > |As| > [A1| > Land |pg| > |fia| > o > |fio] > 1.

He also note that Theorem 1.6 can be extended in the case when not all of \;, u;
are of degree 2, but if \;, u; are rationals, then 6; must be irrational. As example,
for every 0, # 0, the sequence

(3+V3)™2" 4+ 5™m7"05v/2 mod 1, m,n=1,2,...

is dense in [0, 1].

(IT) The Conjecture is motivated by H. Furstenberg’s (1967) result: If p,q > 1
are multiplicatively independent integers, i.e., they are not both integer powers of
some integer, then for every irrational 6 the double sequence

p"¢"0mod1l, m,n=1,2,...

is everywhere dense in [0, 1].

(ITT) Further generalization was given by B. Kra (1999): For positive integers 1 <
pi < qi,t=1,2,... k, assume that all pairs p;, ¢; are multiplicatively independent
and pairs (p;, ¢;) # (pj,q;) for i # j. Then for distinct 64, ..., 0, with at least one
irrational 6; the sequence

K
ZP?QT@' mod 1, m,n=1,2,... (1)
1=1

is dense in [0, 1].

(IV) Berend in MR1487320 (99j:11079) reformulated Kra’s result:

Let p;,q; integers and 6; real, i« = 1,2,...,k. If p; and ¢; are multiplicatively
independent, 0 is irrational, and pairs (p;,q;) # (p1,¢q1) for ¢ > 2, then the
sequence (1) is dense in [0, 1].

(V) Precisely, Furstenberg (1967) proved: Let S be a non-lacunary semigroup of
rational integers. Then Sa mod 1 is dense in [0, 1] for any irrational .

D. Berend (1987) extends it:

Let K be a real algebraic number field and S a subsemigroup of the multiplicative
group of K such that
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(i) S C (=00, —1) U (1, 00),

(ii) there exit multiplicatively independent A, u € S (i.e., there exist no integers m
and n, not both of which are 0, with \™ = p™),

(iii) Q(S) = K.

Then for every a ¢ K the set Saw mod 1 is dense in [0, 1]. If, moreover

(iv) S ¢ PS(K),

then Sa mod 1 is dense in [0, 1] for every a # 0.

Here, if [K : Q] = m denotes by PS(K) the semigroup of all Pisot or Salem
number of degree m over Q.

Furthermore, if Sav mod 1 is dense in [0, 1] for every a ¢ K or for all a # 0, then
S has a subsemigroup having the same property generated by two elements.

(VI) D. Berend (1987a): Let p, ¢, and ¢ be non-zero integers with p and ¢ multi-
plicatively independent, £ an irrational and S arbitrary. Then the set

{p"q" &+ M Bim,n € N}

is dense modulo 1.

(VII) R. Urban (2009): Let a3 > a2 > 1 and b; > by > 1 be two pairs of
multiplicatively independent integers, and let ¢ be a positive real number. Suppose
that a; < by and ay > bs. Then, for any real numbers &1, &> with at least one &;
irrational, there exists ¢ € N such that for any real number (3, the set

{a" a5 q&1 + b"b5 g€ + "B i m,n € N}

is dense modulo 1.
Entered by O. Strauch.

[a] D. BEREND: Actions of sets of integers on irrationals, Acta Arith. 48 (1987), 275-306.

D. BEREND: Dense ( mod 1) semigroups of algebraic numbers, J. Number Theory. 26 (1987),
no. 3, 246-—256 (MR901238 (88¢:11102)).

H. FURSTENBERG: Disjoitness in ergodic theory, minimal sets, and a problem in Diophantine
approzimation, Math. System Theory. 1 (1967), 1-49 (Zbl 0146.28502).

B.KRrA: A generalization of Furstenberg’s diophantine theorem, Proc. Amer. Math. Soc. 127
(1999), no. 7, 1951-1956 (MR1487320(99j:11079)).

R. URBAN: On density modulo 1 of some expressions containing algebraic integers, Acta Arith.
127 (2007), no. 3, 217-229.

R. URBAN: Multiplicatively independent integers and dense modulo 1 sets of sums, Uniform
Distribution Theory 4 (2009), no. 1, 27-33.

1.29 Extreme values of [ [ F(z,y)d, d, g(z,y) for copulas
9(x,y)

Let F(z,y) be a Riemann integrable function defined on [0, 1]? and z,,, v,
n =1,2,..., be two u.d. sequences in [0,1). A problem is to find limit
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points of the sequence

LN
NZ (Tnsyn), N =1,2,... (1)
Applying Helly theorems we obtain limit points of (1) form the set

{/01 /01 F(z,y)d dyg(z,y); 9(x,y) € G((xmyn))}’ (2)

where G(x,,yn) is the set of all d.f.’s of the two-dimensional sequence
(Tn,Yn), n = 1,2,... In this case, two-dimensional sequence (z,,y,) need
not be u.d. but every d.f. g(z,y) € G((zn,yn)) satisfies

(i) g(z,1) = x for z € [0,1] and

(ii) g(1,y) = y for y € [0, 1].

The d.f. g(z,y) which satisfies (i) and (ii) is called copula and a basic theory
of copulas can be found in R.B. Nelsen (1999), see [OP, 2.3, Deterministic
analysis of sequences].

Open problem: Find extreme values of fol fol F(z,y) dy dy g(z,y), where
g(z,y) is a copula.

NOTES:

(I) Firstly, for F(z,y) = |x — y|, this problem was formulated by F. Pillichsham-
mer and S. Steinerberger (2009). They proved: Let xn and Yn be two uniformly
distributed sequences in [O 1) Then lim SupN—)oo ~ Z |xn Y| < 3 and in
particular, limsupy_, . 7 Z |xn+1 z,| < 3 and thzs result is best possible.
They also found limy_ o ~ ~ Z \:z:n+1 .fl?nl 2(b_1) for van der Corput se-
quence z, in the base b and th_>Oo ~ Z ]:L’,LH zn| = 2{a}(1 — {a}) for
T, = na mod 1, where « is irrational.

(IT) Secondly, S. Steinerberger (2009) study (1) for F(z,y) = fi(z)f2(x) and
for u.d. sequences x, = ®(z,) and y, = ¥(z,), where ®(z) and ¥(z) are
uniformly distributed preserving (u.d.p.) functions and z, is a u.d. sequence.
For u.d.p. see this [OP, 2.1 Uniform distribution theories]. He proved: Let
f :[0,1] — R be a Lebesgue measurabble function, we see it as random vari-
able, and g(x) = |f~1([0,2))| be its d.f. and put f*(z) = g~ (). If d.f. g(x) does
not have inverse function we put f*(z) = inf{t € R; g(¢t) > =}.

Let f1, fo be Riemann integrable functions on [0,1]. Let ®, ¥ be arbitrary u.d.p.
transformations. Then

/f1 )fo(l—x) d:z:</f1 da:</f1 ) f5 (z) dz

and these bounds are best possible. Also, every number within the bounds is at-
tained by some u.d.p. @, W. In his proof Steinerberger used the Hardy-Littlewood
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inequahty [Hardy, Littlewood and Pélya (1934), Th. 378§] fo fi(x) fa(x)dx <

f() fl )d.’L‘
(I11) J. Flalova and O. Strauch (2010) proved: Let F(x,y) be a Riemann inte-
y)

grable function defined on [0,1])%. For differential of F(x,y) let us assume that
d; d, F(x,y) > 0 for every (z,y) € [0,1]2. Then

1 1 1
max / / F(z,y)d dyg(z,y) = / F(z,z)dz,
g(z,y)-copula J 0 0
1 1 1
min / / F(z,y)dy dyg(x,y) = / F(z,1 —x)dz,
g(z,y)-copula J 0 0

where, precisely, max is attained in g(x,y) = min(z,y) and min in g(x,y) =
max(z +y — 1,0), uniquely. In proof they used expression

[ [ e aqsen=ran- [y

_/O g(x,1)d, F(x,1) // (2, y) dv d, F(z,y)

which holds for every Riemann integrable function F(z,y) and d.f. g(x,y) which
have no any common discontinuity points. And then they used Fréchet-Hoeffding
bounds [Nelsen (1999), p. 9] max(z +y — 1,0) < g(z,y) < min(x,y) which holds
for every (z,y) € [0,1]? and for every copula g(x,y).

(ITIa) Using Sklar theorem that every d.f. g¢(z,y) can be express as g(x,y) =
c(g(z,1),9(1,y)) for related copula c(z,y) Fialovd and Strauch extend: Let us
assume that F(x,y) is a continuous function such that d, d, F'(z,y) > 0 for every
(x,y) € (0,1)2. Then for the extremes of integral fol fol F(z,y)dy d, g(x,y) for
g(x,y) for which g(z,1) = g1(z) and g(1,y) = g2(y) we have

max [ 1 / Fla.y) dody gley) = / g (@), g7 (o) dar

g(z,y) Jo

1,1 1

win [ [ P dd o) = [ Flor@).05" (1~ 0) da,
9(zy) Jo Jo 0

where the mazimum is attained in g(x,y) = min(g1(z), g2(y)) and the minimum

in g(z,y) = max(g1(z) + g2(y) — 1,0), uniquely.

(IIIb) Fialova and Strauch (2011) criterion: Assume that a copula g(x,y) mazimize

fo fo (z,y) d dy g(x,y) and let [X1, Xa2] x [Y1,Ya] be an interval in [0,1]? such
that the differential

9(X2,Y2) + g(X1,Y1) — 9(X2, Y1) — 9(X1,Y2) > 0.

If for every interior point (z,y) of [X1, Xa| x [Y1, Y] the differential d, dy F'(x,y)
has a constant sign, then
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(i) if &y dy F(x,y) > 0 then

9(z,y) = min(g(z, Y2) + g(X1,y) — 9(X1,Y2), g(z, Y1) + 9(X2, ) — 9(X2,Y1))
(ii) if &y d, F(z,y) < O then

9(z,y) = max(g(z, Y2) + 9(X2,y) — 9(X2,Y2), g(z, Y1) + 9(X1,y) — 9(X1,Y1))

for every (z,y) € [X1, Xa] x [¥3, Ya.
(IV) Fialova and Strauch (2010) also consider F(x,y) in the form F(x,y) = f(x)y

and study the limit points of % 25:1 f(xn)yn, where x,, is u.d. sequence and
u.d. sequence y, is given by y, = ®(x,), where ®(x) is a u.d.p. This problem is
equivalent to find

max /01 f@)®(z)dz,  min /01 F(2)®(x) da.

®(z)—u.d.p. P(z)—u.d.p.

Fialovd (2010) solve this problem for piecewise linear f(x). Here the function
f :10,1] — [0,1] is piecewise linear (p.l.) if there exists a system of ordinate
intervals Jj, j = 1,2,...,u which are disjoint and fulfilled the whole interval [0, 1],
and a corresponding system of abscissa intervals I;;, ¢ = 1,2,...,l;, such that
f(x)/1;; is the increasing or decreasing diagonal of I;; x J;. Fialova (2010)
proved: Let f :[0,1] — [0,1] be a p.l. function with ordinate decomposition
Jj, 3 =1,2,..n, and abscissa decomposition I;;, © = 1,2,...l;. Define a p.l.
function ¥(x) in the same abscissa decomposition I;;, but in a new ordinate
decomposition J}, with the lengths |J}| = 2?:1 |Liil, 3 = 1,2,..n, ordered
similarly as Jj, j = 1,2,...,u. Put the graph of Y(x)/1;; on I;; X JJ’- as
the diagonal / or ™\, if and only if f(x)/1;; is the /* or \ diagonal. Note
that if f(x) is a constant on the interval I;;, then J; is a point, and the
graph ¥(x)/1;; can be defined arbitrary, either increasing or decreasing in
Iji x J;. Then V(x) is the best u.d.p. approzimation of f(x).

For example

T U(x
) (@) 1 @
J4
J4 JE
JJ
Ji
J3
Jj
Ji

0 10 1
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(IVa) The result in (IV) correspond (IT) since we have \I/( ) = gf( f(x)).
But Fialova used fo (f(z) — ¥(x))?dr = fo f?(x)dx — 2 fo YU (x)dx +
fo U2 (z) da, fo U2 (z)de = % Wthh gives

max/ F(@)U(z) do = mln/ol(f(:r) ()2 da.

(V) Steinerberger (2009) generalized open problem to give bounds for

1
/0 F1(®1(2)) fo(@2()) .. fo(@a()) da

of Riemann integrable fi,..., fs and u.d.p. maps ®q,...,P,. He proved
the following partial results:

a) maxy, o fo f1(®1(2)f2(Pa(w) ... fo(Ds(w)) da

1

_( 21f0|fz |dx>

b) ming, 4 fo D1 (z)Pa(z) ... Ps(z)dx > L.

¢) ming, g [ 1(2)®a(z) ... s(x)dz < eds 252 L
Comments: Let z,,n =1,2,..., beau.d. sequencein [0, 1) and g(¢1,...,ts)
be an a.d.f. of the s—dimensional sequence (1 (zy), ..., Ps(xn)), n =1, 2, .
We have
gtis- - ts) = [@71([0,t1)) N+ N @H([0,25))],
g(l...,t;,1...,1)=¢t;fori=1,...,s, ie., it is a copula and
/ f1 @1 fS(CI)s(a:))da: = 0 fl(tl) fs(ts) dg(tl,...,ts).
0,15

(VI) Thus we arrive at the open problem: Find extreme values of f[o s F (x)dg(x),

where g(x) is an s-dimensional copula.
(VII) Steinerberger (2010) generalized (I) to give bounds for the asymptotic

behavior of
1 N
1 = vall
n=1

where x,,,y, are u.d. sequences in a bounded Jordan measurable domain
Q. E.g., for s-dimensional ball he found the sharp inequality + Zﬁle ||xpn —

yn|| < S+1
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(VIII) Open problem: Transform the theory of d.f.’s to the multidimen-
sional unit sphere S and find extremes of the energy integral

/S Ix — yII° dg(x) dg(y).

The expository paper on Riesz energy can be found in J. Brauchart (2011).
(IX) See also problem 1.37.

Entered by O. Strauch.

J.S. BRAUCHART: Optimal discrete Riesz energy and discrepancy, Uniform Distribution Theory
6 (2011), no. 2, 207-220.

G.H. HARDY — E. LITTLEWOOD — G. POLYA: Inequalities, Cambridge University Press, London,
1934.

R.B. NELSEN: An Introduction to Copulas. Properties and Applications, Lecture Notes in
Statistics 139, Springer-Verlag, New York, 1999.

F. PILLICHSHAMMER — S. STEINERBERGER: Awerage distance between consecutive points of uni-
formly distributed sequences, Uniform Distribution Theory 4 (2009), no. 1, 51-67.

S. STEINERBERGER: Uniform distribution preserving mappings and variational problems, Uni-
form Distribution Theory 4 (2009), no. 1, 117-145.

S. STEINERBERGER: FEzxtremal uniform distribution and random chords, Acta Math. Hungar.
130 (2011), no. 4, 321-339 (MR2771097 (2012a:11106)).

J. FIALoVA — O. STRAUCH: On two-dimensional sequences composed of one-dimensional uni-
formly distributed sequences, Uniform Distribution Theory 6 (2011), no. 1, 101-125.

1.30 Niederreiter-Halton (/NH) sequence

Directly from R.Hofer and G.Larcher (2010): Niederreiter-Halton (NH)
sequence is a combination of different digital ('T;, w;)-sequences in different
prime bases q1, . .., ¢ with wi+---+w, = s into a single sequence in [0, 1)*.
Finite row NH sequence is a NH sequence if all generating matrices

of the component digital (T;, w;)-sequences have each row containing only
finitely many entries different from zero.

Infinite row N H sequence is a (N H) sequence which is not finite row.
Digital (T, s)-sequence over F,.

e Let s be a dimension,;

e ¢ be a prime;

e Represent n = ng + n1q + nag® + ... in base ¢;

o Let C1,...,C, be N x N-matrices in the finite field [Fy;

™ Cz . (no,nl,...)T = (y(()z)7y§l), . .)T - FqN;

; (%) (@)
i y y
o:p,(l) ::07+ql—2+...;
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e The sequence x, = (.73511), .. .,ng)) is said to be (T, s)-sequence if for

every m € N there exists T(m) such that 0 < T(m) < m and for all
dy+ -+ +ds =m—T(m) and the (m — T(m)) X m-matrix consisting of

the upper left d; x m-submatrix of Cy

the upper left dy x m-submatrix of Cy

the upper left ds x m-submatrix of C
has rank m — T(m).
If T is minimal we speak strict digital (T, s)-sequence.

Open Problem: Determine whether the following two-dimensional N H
sequences in base 3 and respectively 2 are low-discrepancy sequences (i.e.

D%, = O((log N)®)/N)) or not:

1. ¢ is the unit matrix in F3 and

1 00...0 1 0 0 \
~——
I
0 1 00...... 0 1 0O O
—_—
2) l2
c? o 0 1 00......... 01 0 0
——
I3
in Fo with [1,[2,13,... arbitrary but lim,,_,~ l,, = c0.

2. CM ig the unit matrix in F3 and

l l
1 00...0 1 00...0 1 O
e 0 1 0 0 0 0
0 0 1 0 0 0

in Fo and the first row contains infinitely many 1’s but with density 0.
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3.
( 1 1 11
01 0 0
oW _ @) _ 0O 010
0O 010
but C) in Fy and C? in F,.
NOTES:
(I) A basic example is the Halton sequence which is a combination of s digital
(0, 1)-sequences in different prime bases q1, ..., qs generated by the unit matrices

in [y, for each 7.

(IT) General N H sequences were first investigated by R. Hofer, P. Kritzer, G. Larcher
and F. Pillichshammer (2009) and R. Hofer (2009) and she proved: NH sequence
is u.d. if and only if each (T;,w;) is u.d.

(III) A strictly digital (T, s)-sequence is u.d. if and only if lim,, o, (m —T(m)) =
oo. If T(m) <t for all m, then (T, s)-sequence is (¢, s)-sequence.

(IV) R. Hofer and G. Larcher (2010) give concrete examples of digital (0, s)-sequences
generated by matrices with finite rows.

R.HOFER: On the distribution properties of Niederreiter-Halton sequences, J. Number Theory
129 (2009), 451-463.

R.HOFER — P. KRITZER — G. LARCHER — F. PILLICHSHAMMER: Distribution properties of general-
ized van der Corput-Halton sequences and their subsequences, Int. J. Number Theory 5 (2009),
719-746.

R.HOFER — G.LARCHER: On ezistence and discrepancy of certain digital Niederreiter-Halton
sequences, Acta Arith. 141 (2010), no. 4, 369-394.

1.31 Gauss-Kuzmin theorem and ¢(z) = gs(x)

Denote

f(x) =1/x mod 1,

gr(x) = / 1.dg(z),
F-1(0.2))

(gpn) (@) = gpnir(z),

log(1 + x)
go(z) = W'
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The problem is to find all solutions g(z) of the functional equation g(z) =
gf(x) for x € [0,1]. It is equivalent to

ONIC

! 33) for d.f. g(z),x € [0,1]. (1)

The following is known:
(I) go(x) satisfies (1).
(II) Gauss-Kuzmin theorem: If g(x) = x, then g (x) — go(z) and the
rate of convergence is O(qvV"), 0 < ¢ < 1.
(ITII) Theorem in (II) was proved by R. Kuzmin (1928) assuming for a
starting function g(z)
(i) 0 < ¢'(x) < M and
(if) [g"(x)] < p.
Thus, if g(x) satisfies (i), (ii), and (1), then g(z) = go(z).
(IV) Theorem (II) was inspired by Gauss. He conjectured m,(z) — go(x),
(

where my,(z) = |{a € [0,1];1/rp(a) < z}| and for continued fraction
expansion a = [ag(a); a

) ( ) --]7rn(a) = [an+1(a);an+2(a),...

1(
In this case my,(x) = g (x) for g(z) = z, since f(1/rp(a)) = 1/rp41().

(V) For starting point xg € [0, 1] we define the iterate sequence z,, as

r1 = [f(xo), 22 = [(f(20)), w3 = f(f(f(20))), - .-
Then a.d.f. g(x) solves (1). For example, the sequence x1 = 1/71,z9 =
1/rg,... for f L —[0;1,1,1,...] produces solution g(z) = €51 (x).
(VI) Chain of solutions. If d.f. gi(x) solve the equation g¢(z) = g(x)

and (g2)7(z) = g1(z), then ga(z) solve gf(z) = g(x), again. The gs(z)
can be found as solution

SSa(l) (!

= g2 o g2 T
n=1

From it

() =t as(]) ()

and thus it is suffice to define a non-increasing g2(x) on [0, 1/2), such
that

(i) g2(0) = 0,
(i) X020 02(5) — 92(z) < 2ol a1(n) — 91(z):
(i) Y020 95(3) G < Lot 95(3) e

St
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(VII) If d.f. gi(x) and go(x) satisfy (1) and g1(x) = g2(x) for x € [0,1/2),
then g1 (z) and g2(x) coincide on the whole interval [0, 1]. Other sets
of uniqueness are [0, n%rl) U (%, 1] for arbitrary positive integer n.

(VII) If z, € [0,1) has a.d.f. gi(z), then {-=} has a.d.f.
g2() = 3021 91 (3) — 91 (55)-
Entered by O. Strauch.

R.O. KuzMIN: A problem of Gauss, Dokl. Akad. Nauk, Ser. A, 375-380, 1928.

1.32 Benford law

Let b > 2 be an integer considered as a base for the development of positive
real number z > 0 and M;(z) be a mantissa of x defined by x = My(z) X
v™(*) such that 1 < My(x) < b holds, where n(z) is a uniquely determined
integer. Let K = kiko ...k, be a positive integer expressed in the base b ,
that is K = ky x 0" 1+ ko x 0" 2+ -+ k,_1 x b+ k,, where k; # 0 and
at the same time K = kiky ...k, is considered as an r—consecutive block
of integers in the base b . We have

K< Myz)x b < K+1

< My(a) < T

log, (bfi) < logy,(Mp(x)) < logy, (%)

log, <br£—1> <logy x mod 1 < log <l;—_|—11) . (1)
e Definition: A sequence z,,, n = 1,2,..., of positive real numbers satisfies

Benford law (abbreviated to B.L.) of order r if for every r-digits number
K = kiky ...k, we have

. #{n < N; first r digits of My(z,,) are equal to K}
lim
N—00 N

= log, (K+1)—log, K.

Here "the first r digits of Mp(z,) = K is the same as "the first r digits
(starting a non-zero digit) of x, = K.

e Definition: If a sequence z,, n = 1,2,..., satisfies B.L. of order r, for
every r = 1,2, ..., then it is called that z,, satisfies strong B.L. or extended
or generalized B.L. In the following we will described it as B.L.
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From (1) directly follows:

(I) Theorem: A sequence x,, z, > 0,n =1,2, ..., satisfies B.L. if and only
if the sequence logy x, mod 1 is u.d. in [0, 1).

(IT) Theorem: For every K and r there rexists infinitely many n such
that the first r digits (starting a non-zero digit) of z,, = K if and only if
log, ,, mod 1 is dense in [0, 1).

Characterization u.d. of log, z, mod 1 using d.f’.s in G(z,, mod 1)
In V. Balaz, K. Nagasaka and O. Strauch (2010) is proved:

(ITT) Theorem: Let x,, n =1,2,..., be a sequence in (0,1) and G(x,) be
the set of all d.f.s of x,,. Assume that every d.f. g(x) € G(x,) is continuous
at x = 0. Then the sequence x,, satisfies B.L. in the base b if and only if
for every g(z) € G(x,,) we have

3 (o) o (L)) e e

1=0

Find all solutions of (2). Some examples are:

T if x € [0,%},
g(z) = L 1
1+logyz+ (1 — )55 ifze[g,1].

~ 0 if z € [0,

L+ log b if [%’ ]’
(0 if z € [0,5],
g () =<2+ 112223 if z € [b%,%],
|1 if x € [§,1]
(0 if z € [0, 5],
g"(x) = {3+ 1EF ifwe [k b],
|1 if x € [35,1] .

(IV) Simple results:

(i) Fibonacci numbers F,, n!, n™, n”Q, satisfy B.L.

(ii) The positive sequences =, and 1/z,, n = 1,2,... satisfy B.L. in the
base b simultaneously.

(iii) The positive sequences x,, and nz,, n = 1,2,... satisfy B.L. in the
base b simultaneously.
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(iv) For a sequence z, >0, n =1,2,..., assume that
- lim,, o T, = 00 monotonically,

Intl — () monotonically.

- lim,, , log
Then the sequence x,, satisfies B.L. in every base b if and only if

lim,, 0 1 log x;—:l = 00.

(v) Assume x,, > 0,n =1,2,.... If forevery k = 1,2,... the ratio sequence
Tpik/Tn, n =1,2,... satisfies B.L. in the base b, then the original sequence
Tn, n=1,2,... also satisfies B.L. in the base b, see A.I. Pavlov (1981).

(IX) J.L. Brown, Jr. and R.L. Duncan (1970): Let z,, be a sequence gen-
erated by the recursion relation

Ttk = Ag—1Tntk—1 T+ A1Tpy1 + A0Tp, N = 17 27 SRR

where ag, a1, ..., ar_1 are non-negative rationals with ag # 0, k is a fixed in-
teger, and 1, x2, ..., x) are starting points. Assume that the characteristic
polynomial

zk — ak_la:k_l — s —aA1T — Qg

has k distinct roots 81, B2, ..., O satisfying

0 <|Bi] <-- < By
and such that none of the roots has magnitude equal to 1.
Then log x, mod 1 is u.d.

Furthermore, the general solution of the recurrence is x,, = Z?Zl ;37 and
if jo is the largest value of j for which a; # 0 and if logy, 3;, is irrational,

then also
log, x, mod 1 is u.d.,

i.e. x, satisfies B.L. in the base b. This implies that Fibonacci and Lucas
numbers obey B.L. what rediscovered L.C. Washington (1981).

Entered by O. Strauch.

V. BALAZ — K. NAGASAKA — O. STRAUCH: Benford’s law and distribution functions of sequences
in (0,1) (Russian), Mat. Zametki 88 (2010), no. 4, 485-501; (Anglish translation) Math. Notes
88 (2010), no. 4, 449-463.

J.L. BROwWN, JR. — R.L. DUNCAN: Modulo one uniform distribution of the sequence of logarithms
of certain recursive sequences, Fibonacci Quart. 8 (1970), 482-486.

F. LucAa — P. STANICA: On the first digits of the Fibonacci numbers and their Euler function,
Uniform Distribution Theory, accepted 2013.

A.I. PavLov: On distribution of fractional parts and Benford’s law, (Russian), Izv. Aka. Nauk
SSSR Ser. Mat. 45 (1981), no. 4, 760-774.

L.C. WASHINGTON: Benford’s law for Fibonacci and Lucas numbers, Fibonacci Quart. 19 (1981),
175-177.
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1.33 The integral f[o,l]s F(x,y)dg(x)dg(y) for d.f.’s g(x)

e Let F(x,y) be a real continuous symmetric function defined on [0, 1]? and
let G(F) be a set of all d.f.s g(z) satisfying

/ / Fl(z,y) dg(z) dg(y) = 0. 1)
0 0

The study of G(F') is motivated by the fact that for every sequence x,, €
[0,1) we have

N
. 1
G(an) C G(F) <= lim —; ZlF(zL‘m,:pn) =0,

where G(x,,) is the set of all d.f.s of the sequence z,, n=1,2,...
This immediately follows from Riemann-Stieltjes integral

N

1 1 1
| [ Femam@ane = g5 Y Fema),

m,n=1

where Fiy(x) = %#{n < N;z, < x}. Assuming limy_, Fn,(z) = g(x) for
all continuity points x of g, then Helly-Bray lemma implies

klim/ / (x,y)dFn,(x) dEN, (y / / (z,y)dg(z)dg(y).
—00

Open problem is to solve fo fo F(z,y)dg(x)dg(y) = 0in d.f.s g(z). The
multi-dimensional case is mentioned in Problem 2.2 (II).

Partial results:
(I) Let us denote

1 1 1
Fg(x,y):/o g2(t)dt—/ g(t)dt—/ G(t) dt + 1 — max(z, y).

From the relation

1 1 1
— g(z))dx = o (x T
/0(9(96) g(x))*d /O /0 Fy(x,y)dg(x)dg(y),

'"Define G(F = A) is the set of all d.f.s g(x) for which fol fol F(z,y)dg(x)dg(y) = A, and
G(A < F < B) is the set of all d.f.s g(x) for which A < fo fo F(z,y)dg(x)dg(y) < B.
Then again G(zn) C G(F = A) is equivalent to imy o0 5 Zm et F(@m,xn) = A,
and G(z,) C G(A < F < B) is equivalent to A < liminfy e 7> SN F(zm,xn)

and limsupy_, ., ~ SN F(zm,®,) < B.

m,n=1
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we see that the moment problem (1) with F'(x,y) = F;(z,y) has the unique
solution g(z) = g(z).

(IT) Let F : [0,1]> — R be a continuous and symmetric function. For every
distribution functions g(z), g(x) we have

// (x,y)dg(x)dg(y —O<:>// (z,y)dg(z) dg(y)

=/0 (o) — 327 (240 Plz.1) - /0<g<y> T d Fa)).

Especially, putting g(z) = co(x), we have

/01 /01 F(z,y)dg(z)dg(y) =

F0.0) = [ (o)1) (2artn)- | (o) + ) dd, Fla)).

e A symmetric continuous F(z,y) defined on [0, 1]? is called copositive if

1 1
/ / F(z,y)dg(z)dg(y) >0
0 0

for all distribution functions ¢ : [0, 1] — [0, 1].

(IIT) Let F(z,y) be a copositive function having continuous F)(z,1) a.e.,
and let g1(x) be a strictly increasing solution of the moment problem (1).
Then for every strictly increasing d.f. g(x) we have

|| Fewds@ dsw) =0 & Fiw1) = [ 04, File.y) ae. on 0.1),
0 0 0

Proposed by O. Strauch.

O. STRAUCH: On set of distribution functions of a sequence, in: Proc. Conf. Analytic and
Elementary Number Theory, In Honor of E. Hlawka’s 80th Birthday, Vienna, July 18-20, 1996,
Universitdt Wien and Universitat fiir Bodenkultur, (W. G. Nowak and J. Schoilengeier, eds.)
Vienna, 1997, 214-229 (Zbl 886.11044).

O. STRAUCH: Moment problem of the type fol fol F(z,y)dg(z)dg(y) = 0, in: Proceedings of the
International Conference on Algebraic Number Theory and Diophantine Analysis held in Graz,
August 30 to September 5, 1998, Eds. F. Halter—-Koch, R.F. Tichy, Walter de Gruyter, Berlin,
New York, 2000, 423-443 (MR 2001d:11079).
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1.34 Comparison of random sequences using the game
theory

A finite two-person zero-sum matrix game with the payoff matrix A.

ain a1,2 c. a1,m

ain a2 a1,m
A=

am,1 Gm,2 am,m

In this form, Player I chooses a row, Player II chooses a column, and II
pays I the entry in the chosen row and column. Note that the entries of the
matrix are the winnings of the row chooser and losses of the column chooser.
This pure strategy for Player I of choosing row ¢ may be represented as the
e, =(0,...,0,1,0,...,0), the unit vector with a 1 in the i-th position and
0-f’s elsewhere. Similarly, the pure strategy for II of choosing the j-th
column may be represented by e; = (0,...,0,1,0,...,0) and the payoff to
Tis
eiAef = a4 ;-

(1)

Now, let Player I use a sequence e;,’, n = 1,2,..., of pure strategy and
Player II a sequence e%II)’ n =1,2,..., of pure strategy. Then the mean-

value of the payoff of I after N games is

1 N

—3 e AU’

N n "
n=1

Assume that there exist densities

llmNﬁoo%#{ngN,e%I) :ei}:pi,i:]_,Q,...,m
th_mo %#{n < N;G%II) :ei} :q“Z: 1,2,...,m

The vector p = (p1,p2,---,Pm) is called a mixed strategy for Player I. Sim-
ilarly q = (q1,¢2, - - -, qn) is a mixed strategy for Player II. If the sequences

e,(f) and e,(fj) are statistically independent, then we have

N m
1
: _E (1) (IIDNT _ T_E
]\}1_{%0 N — €n A(en ) =pAq" = piai 4. (1)

i.j=1

The mixed strategies p and q can be computed optimally such that pAq? =
(1) (1)

0, but independence of e,;’ and e; "’ is a problem. Player with better
sequence can be found payoff positive.
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Now, we transform the above matrix game to continuous case: Put
Lij = [p1+pa+- - +pi—1, p1+p2et+ - +pi) X[ tae+ - +gj—1, 1+ + - +4;).
Define F(x,y) on [0, 1] such that

F(z,y) =a;;if (x,y) € I;,4,5,=1,2,...,m. (1)

Let Player I use u.d. sequence x, and Player II u.d. sequence y,, n =
1,2,... If (zp,yn) € I;j the Player I choices pure strategy e; and Player II
pure strategy e;. Then mean value of the payoff of the Player I is

N 1,1
nmiZﬂ%%hA[ﬁuw@mm 2)

N—ooo N

where g(z,y) is a d.f. of the sequence (xn,yn), n =1,2,....

Example: Odd or Even. Players I and II simultaneously call out one of
the numbers one or two. Player I wins if the sum of the numbers is odd.
Player II wins if the sum of the numbers is even. The payoff matrix A is

A -1 1
L1 —1
and the function F'(z,y) corresponding to (1) is

F(z,y)
1 -1

Let x,, and y,, n = 1,2,... be u.d. sequences such that (x,,y, has a.d.f.
9(z,y).

(i) If g(x,y) = zy then fol fol F(x,y)dxdy = 0.

(ii) 1f g(x,y) = min(z,y) then [ [y F(z,y) dmin(z,y) = [y F(z,z)de =
—1.

(iii) If g(z,y) = max(x + y — 1,0) then fol fol F(z,y)dmax(x +y —1,0) =
folF(a:,l—a:)dx: 1.

(iv) If (2n,yn) = (v4(n),74(n + 1)), where v4(n) is the van der Corput
sequence in the base ¢, then
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fo fo (xz,y)dg(z,y) = 5 — 1. Thus for ¢ = 2 Player I wins prize 1 and in
the case ¢ > 5 he loses.

Proposed by O. Strauch.

1.35 Oscillating sums
Directly from J. Arias de Reyna and J. van de Lune (2008):

e Su(n) = Z?Zl(—l)[ja] where « is any real number.

e Denoted by ty = 0,t1,t2,... the sequence of those n for which S,(n)
assumes a value for the first time, i.e., is larger/smaller than ever before.
e Let a = [ag; a1, a9,...] and 8 = a/2 = [by; b1, ba, . .. ] be simple continued
fraction expansins.

Open Problem: Determine whether the ¢ is recurrent and the sequence
sign(S(tx)) is to be purely periodic.

NOTES:

(I) H.D. Ruderman (1977) proposed and D. Borwein (1978) solved (among other)

that the series Y °° (1)l ("V2] /ny converges.

(IT) P. Bundschuh (1977 ) proved that the series S°°° | (—1)["®l/n converges for
numbers « with bounded b; of 5 = a/2 = [by; b1, ba, ... ].

(ITI) J. Schoissengeier (2007) proved that the series

> (1)l /n and
D R0, 244 (—=1)*(log brt1)/ax
converge simultaneously. Here Z—’; are convergents of 8 = «/2 = [bg; by, ba, ... ].

(IV) A.E. Brouwer and J. van de Lune (1976) have shown that S, (n) > 0 for all n
if and only if the partial quotients ag; of a = [ag; a1, as,...| are even for all i > 0.
(V) J. Arias de Reyna and J. van de Lune (2008) proved that S, (n) is not bounded,
so that the corresponding sequence t; actually is an infinite sequence. They also
prove that for every j > 1 there is an index k such that t;—t;_1 = Q, where Py /Qj
is a certain convergent of o = [ag; a1, az,...|. They also give a fast algorithm for
the computation of S, (n) for any irrational « and for very large n in terms of § =
a/2 = [by; by, ba,...], e.g., Sﬂ(lolooo) = —10, S\/ﬁ(loloooo) = 166, S, (100000) =
11726.

J. ARIAS DE REYNA—-J. VAN DE LUNE: On some oscillating sums, Uniform Distribution Theory
3 (2008), no. 1, 35-72.

D. BORWEIN: Solution to problem no. 6105, Amer. Math. Monthly 85 (1978), 207—208.

H.D. RUDERMAN: Problem 6105* Amer. Math. Monthly 83 (1977), 573.

P. BUNDSCHUH: Konvergenz unendlicher Rethen und Gleichverteilung mod 1, Arch. Math. 29
(1977), 518-523 (Zbl 0365.10025).

J. SCHOISSENGEIER: The integral mean of discrepancy of the sequence (na), Monatsh. Math.
131 (2000), 227-234 (Zbl 1153.11033).
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A.E. BROUWER — J. VAN DE LUNE: A note on certain oscillating sums, Math. Centrum, Ams-
terdam, Afd. zuivere Wisk. ZW 90/76, 16 p. 1976 (Zbl 0359.10029).

1.36 Discrepancy system in the unit cube

Let S™~! be the unit sphere of the n-dimensional euclidean space R” and a
cap is a portion of the sphere cut of by hyperplane. P. Gruber (2009) discus
the problem whether the family of all caps of given size is a discrepancy
system. A. Voléi¢ (2011) in the planar case proved that the family of all
arcs of S! of a constant length [ is a discrepancy system if % is irrational.
For rational % there exists a non-uniformly distributed sequence x,,, m =
1,2,..., in S! such that WL;"GC} — % for every arc C C S' of the
length [. In the case n —1 > 2, Vol¢i¢ (2011) proved that if s is a zero of a
d + 2 dimensional Legendre polynomial of even degree, then x,, need not
be uniformly distributed even if #{REN}\?: m€Cs} ., p (Cs) for any spherical
cap Cs(u) = {v € 8" L;u.v > s}. Here P is the the normalized Hausdorff
measure on the sphere and u.v is the usual scalar product in R™. In his
proof he used Ungar result (1954) that sz fdP = 0 for all spherical caps

Cs need not imply f = 0.

(I) Open Problem: Discuss a similar problem in [0, 1]*. For example:
(IT) Let x,,, m = 1,2, ..., be a sequence in [0, 1) such that w — |
for all intervals I C [0, 1] of the fixed length |I| = a. Then x, need not be
u.d. Proof: All g(z) € G(z,,) must satisfy

g(x+a)=g(x)+afor z€[0,1—al (1)
The following d.f. g(z) satisfies (1) but g(z) # =.
g(x)
0 a 1

P. UNGAR: Frreak theorem about functions on a sphere, J. London Math. Soc. 29 (1954), 100-103.
A. VoLCIC: On Grubner’s problem concerning uniform distribution on the sphere, Arch. Math.
97 (2011), no. 4, 385-390.
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1.37 Extremes of fol fol F(z,y)d.d,g(z,y) attained at shuffles
of M

(I) R.B. Nelsen (1999, p. 59, 3.2.3.): Let I;, i = 1,2,...,n be a decompo-
sition of the unit interval [0, 1], let = be a permutation of (1,2,...,n), and
let T : [0,1] — [0,1] be an one-to-one map whose graph 7T is formed by
diagonals or anti-diagonals of squares I; X I, ¢ = 1,2,...,n. Then the
copula C(z,y) defined by

C(x,y) = [Project, (([0,2) x [0,y)) N'T)]

is called the shuffle of M.

(IT) M. Hofer and M.R. Iaco (2013) proved: Let (a;;), ¢,7 =1,2,...,n be

a real-valued n x n matrix. Let I; ; = [%, m X []Tl, 5} i,j =1, 2

and let the piecewise constant function F'(x,y) be defined as

F(z,y) = a;; if (z,y) € I; 5,4, =1,2,...,n

Then
max (x x A o
g(%y)-mpula/ / ¥ & &y 9(,9) Z b0
Here 7* (i) maximizes " | a; r(;), where 7 is a permutation of (1,2,...,n).

The maximum is attained at g(z,y) = C(z,y), where C(z,y) is the shuffle
of M whose graph T' is formed by diagonals or anti-diagonals in I; 7« (),
1=1,2,...,n

(ITI) Applying (II) Hofer and Iaco approximate extremes of

/01 /OIF(w,y) dg(z, y)

which respect to copulas g(z,y) by the following: For continuous F(z,y)
on [0,1]? define piecewise constant functions Fy(z,y), Fa(z,y) as

Fi(x,y) = (n;lr} F(u,v) if (z,y) € 1,4, =1,2,...,n,
u,v)€L; ;

Fy(x,y) = max F(u,v)if (z,y) € [;j,i,5 =1,2,...,n, where
(u,0)€L; ’

[ 1—1 1 j—1 7
ol m T n ‘nl|
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Let Cy(z,y), Ci(x,y), Ca(z,y) be copulas such that
1,1
C4(z,y) maximizes / / Fi(x,y)dg(x,y),
o Jo
1,1
Cy(z,y) maximizes / / Fy(z,y)dg(x,y) and
o Jo

1 1
Co(z,y) maximizes / / F(x,y)dg(x,y).
0o Jo

over all copulas g(x,y). Then

jgljglfTw,y)dC%(x,y)

zlim//leydClxy—hm//FQ:Uyngxy)
n—oo n—oo

(IV) Open problem: Using (I1I) and a numerical experiment the authors
conjecture that the extreme of |, fol sin(m(z +y)) dy dy g(z,y) is

1
max sin(m(z + y)) d T S —
g(x,y)-mpula/ / v)dedygle,y) = 4\/_ 27

and it is attained at shuffle of M formed by anti-diagonal of [O, %] X [0, %}
and by diagonal [%, 1} X [%, 1}. Compare with Problem 1.29.

(V) The copula in (IV) satisfies (IIIb) in 1.29 which is a necessary condition
for a copula maximizing a related integral.

(VI) Note that if z,, n =1,2,..., is a u.d. sequence, then two-dimensional
sequence (xn, T'(zy)) has a.d.f C(x,y) and thus for every continuous F'(z,y)

e / [/ Feanicio = [ Fe i

Solution of ( S Thonhauser noted that the problem of optimizing
the integral fo fo (x,y)dC(z,y) over copulas C(z,y) (cf. Problem 1.29)
belongs to the well-known mass transportation problems, or the Monge-
Kantorovich transportation problem, see e.g. L. Ambrosio and N. Gigli
(2013).

(i) He found that L. Uckelmann (1997) proved: Let

F(x,y) = ®(x +y) for (z,y) € [0,1]%

For 0 < k1 < ky < 2 let ®(x) be a twice differentiable function such that
®(x) is strictly convex on [0, k1] U [k2, 2] and concave on [k, ko], i.e
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@ () > 0 for x € [0, k1) U (ko, 2],
®"(x) > 0 for z € [0,k1) U (ko,2].

If a and B are the solutions of

P(20) — Pla+ B) + (8 — a)® (a+ B) =0,
©(28) — ®(a+ ) + (o = B)®'(a+ ) =0

such that 0 < a < 8 < 1, then the optimal copula C(z,y) is the shuffle of
M

B
«
0 1
with the support “ &
I(x) = x for z € [0,a] U [B, 1],
a+pB—x forzxe (apf).

Then

1,1 a 1

max/ / F(:c,y)dC(a:,y):/ <I>(2x)da:+(6—a)<1>(a+ﬁ)+/ O (2z)dx.
o Jo 0 B

(ii) S. Thonhauser adapts (i) for ®(z) = sinwz. In this case ®(z) is

convex-concave and he proved that the copula C(z,y) which maximizes
fol fol sinw(z + y)dC(z,y) is the shuffle of M
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with the support

I(z) = B —x for x € [0, ),
= x for x € [, 1],

where 8 = 0.7541996008265638 solves
sin(27f) — sin(w8) = wf cos(mf).

For not colliding with the corresponding literature the function ¢ plays the
role of the cost function F' from above in the following.

The proof of the sin(7(x+y)) result, or originally of Uckelmann’s statement,
is based on a particular optimality criterion based on c—convex functions.
A function f: X — R is called c-convex if it has a representation

f(z) = Sgp{C(w, y) +a(y)},

for some function a. The associated c-subdifferential of f at x is given by

Ocf(x) ={y| f(2) = f(2) = e(z,y) — clz,y) V2 € X}

and O.f = {(z,y) €e X xY |y € 0.f(x)}.
Now the criterion is as follows: A pair (X;, X2) of random variables with

X1 ~ 1, Xo L is an optimal c—coupling between p and v if and only if
(X1, X5) € 0.f as.

for some c-convex function f, equivalently, X5 € d.f(X1) a.s. Additionally
on has that y € 0.f(x) if and only if Ja(= a(y)) € R such that

Vya(r) = c(z,y) +aly) = f(x) and Py a(§) =c(€,y) +aly) < f(f() V§ € X.
1.0.1

For the case ®(x + y) = sin(w(x + y)), with one change from convexity to
concavity, one can set 8 as the solution to

$(28) — ¢(B) = B¢ (B).

Furthermore define:

filz) = 2¢'(B), falx) = ( ¢(2z) — ¢(28)) + B¢ (B),

(
P(€) —:r+£)+:w>( ) o(8),

1

o(B
V28 = oz +€) - 59(22) — §¢(25) + B¢/ (8)-
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For building up a candidate c-convex function define

f(x) = fi(x) ) () + falx) 51 (2),
and put for £ € [0, 1]:

o ©) = { $LE), we0,B),

V&), @€ [B,1].
Here vp(y)(€) plays the role of 1, 4(€) = (€,y) + a(y) with y = ()
in (1.0.1). Some tedious calculations show that y = I'(z) is in the c-

subdifferential of f(z) for all x € [0,1] which implies optimality of this
particular coupling and optimality of the distribution induced by (U, I'(U)).

(iii) L. Riischendorf and L. Uckelmann (2000): Let F(z,y) = ®(x + y)
where ®(x) changes its convexity behaviour more than two times. They
assume e.g. that ®(x) is convex-concave-convex-concave-convex and let
a < (8 solve equations in (i) and 0 < o < f < § < € < 7y solve additionally

P(20) —P(0+e)+ (e =)D (0+¢) =0,
P(2e) — D6 +e)+ (6 —e)@'(6+¢) =0.

Then they conjectured that an optimal copula C(z,y) is the shuffle of M
with the support

x for x € [0,a] U [B,0] U [, 1],
I'z)=Cqa+pB—z, forzxe(ap),
d+e—x  foraze(de).

The authors do not have a formal proof of this statement but one can see
however analytically that I'(x) is optimal in the class of all copulas of this
special form.

Example. Consider ®(x) = 0.0922° — 0.4982° + 2% + 0.91023 + 0.40622,
then ®(x) has four convexity changes and one obtains o = 0.1, 8 = 0.3,
0 = 0.6, ¢ = 0.8. The shuffle of M is
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L. AMBROSIO- N. GiGLI: A User’s Guide to Optimal Transport Modelling and Optimisation of
Flows an Networks, Lecture Notes in Mathematics, Springer, 2013.

M. HOFER — M.R. IACO: Optimal bounds for integrals with respect to copulas and applications,
Journal of Optimalization Theory and Applications (2013), accepted.

R.B. NELSEN: An Introduction to Copulas. Properties and Applications, Lecture Notes in
Statistics 139 Springer-Verlag, New York, 1999.

L. RUSCHENDORF — L. UCKELMANN: Numerical and analytical results for the transportation
problem of Monge-Kantorovich, Metrika, 51 (2000), 25—258.

L. UCKELMANN: Optimal couplings between one-dimensional distributions, Distribution with
given Marginals and Moment Pproblems, V. Benes and J. Stépan (eds.) (Prague, 1996), 275
281, Kluwer, 1997.

1.38 Two-dimensional Benford’s law

Let x, >0, y, >0, n=1,2,... and b > 1 be an integer base, K1, Ko be
positive integers, and

K, = kil)kél) k( ) in base b,

Ky = kiz)k‘@) kg) in base b,

uy = logy, (le_ )’
up = logy (34)
U1 = logb (brlg{gl)a

vy = logy, (%)

(I) As in Problem 1.32 we have
first 71 digits (starting a non-zero digit) of x,, = K1 <= {log, x,,} € [u1, us2),

Y

first ro digits (starting a non-zero digit) of y, = Ky <= {log, yn} € [v1,v2).
Denote 2

#{n < N;{logy x,,} < z and {logy y,} < y}
N )

FN(xay) =

(IT) From definition of d.f.’s the following holds:
Let g(z,y) € G({logy xn},{logy yn}) and limy_,o F, (z,y) = g(z,y) for
(z,y) € [0,1]%. Then

lim #{n < Ny; first ry digits of x,, = K and first ry digits of y, = K>
= g(u2,v2) + g(u1,v1) — g(uz, v1) — g(u1, v2).

2In the following the sentence ” starting a non-zero digit” we will not mention.
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(IT1) As example we give:

G({log n}, {logy(n +1)})
bmin(m,y) 11 bmin(m,y,u) —1

:{gu(%y):b_—lb—u—i- bu ;uE[O,l]}.

By Sklar theorem

B bE — 1 bmin(w,u) -1
b—1 '

gu(x7 y) = min(gu(x); gu(y)), where
gu(2) =

bu
Put z,, = log, n mod 1 and y,, = logy(n + 1) mod 1. Then by (II)

’ #{n < Ni; first r; digits of x,, = Kj and first ro digits of y, = Ky
im
k00 N,

= gu(u2,v2) + gu(u1,v1) — gu(u2,v1) — gu(u1, v2).

If K1 = Ky then = gy (u2) — gu(u1). It can be found directly.

In the following examples we use statistical independent sequences:

Let x, € [0,1), n =1,2,..., be an u.d. sequence. Then

(IV) z,, and logyn mod 1 are statistically independent (Rauzy (1973) see
[SP, p. 2-27, 2.3.6.].

(V) z,, and logy(nlogn) mod 1 are statistically independent (Y. Ohkubo
(2011)).

(VI) z,, and logy, p, mod 1 are statistically independent (Y. Ohkubo (2011)).
(VII) The sequences log, n mod 1, logy p, mod 1 and log log n mod 1 have
the same set of d.f.’s. (Y. Ohkubo (2011).

(VIII) From (IV) it follows: Let =, € [0,1), n =1,2,..., be u.d. sequence.
Then

G (2n, {logyn}) = {gu(r,y) = 2.9u(y);u € [0,1]},

where .

1 1 N bmln(m,u) -1
b—1 b bu
and Fy, (z,y) — gu(,y) if {logy N} — u.

(IX) Let x, € [0,1), n =1,2,..., be u.d. sequence. Then

gu(z) =

G(wn, {logy pn}) = {gu(z,y) = 2.9u(y);u € [0, 1]},
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where _
bE — 1 i N bmln(x,u) -1
b—1 bv b
and Fy, (z,y) = gu(z,y) if {log, Ni} — u.
(X) We have

gu(z) =

G({logy Fr}, {logy pn}) = {z.9u(y); u € [0,1]}
and let {log, N} — u. Then

y #{n < Ny; first ry digits of F,, = K7 and first ro digits of p, = K}
im

k—o0 N,

= U29u(v2) + ulgu(vl) - U’qu(vl) - U1gu(?)2),

where F), is the sequence of Fibonacci numbers and p,, is the increasing
sequence of all primes and

Ky Ki+1
up = logy | oy | up =logy { - 7=~ )

K5 Ky +1
v1 = log, b1 , V2 = logy, a1 )

b —1 1 N bmin(x,u) —1
b—1 bv b '

gu(x) =

(XI) Problem 1.38 is inspired by the result of F. Luca and P. Stanica (2013):
There exists infinite many n such that Fibonacci number F,, starts with
digits K7 and ¢(F),) starts with digits Ko in the base b representation.
Here K; and K are arbitrary and ¢(x) is the Euler function.

We see that (XI) is equivalent to the sequence
(logy, F,,logy w(Fy)) mod 1, n=1,2,...,

is everywhere dense in [0, 1]?, but the authors use the following method:

(i) By the first author ¢(F,)/F, is dense in [0,1]. Thus, for an inter-
val I with arbitrary small length which containing Ky/Kj, there exists
o(F,)/F, € 1.

(ii) Then @(F,p)/Fap € I for all sufficiently large primes p.
(iii) There exists infinitely many primes p such that Fj, starts with K.
(iv) Finally, multiplying I by Fj, they find ¢(F,,) which starts with K.
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(XII) Definition: The sequence (zn,yn), Tn > 0, yp > 0, n = 1,2,...,
satisfies 2-dimensional B.L. in base b, if for every K, Ko we have

’ #{n < N; the first r digits of z,, = K7 and the first [ digits of y, = K}
im
N—o0 N

1 1
= logy, (1 + E).logb (1 + E)

(XIII) From definition follows: The sequence (zy, y,) satisfies 2-dimensional
Benford law (B.L.) if and only if (log, x,, log, y,) mod 1 is u.d. in [0,1)2.

(XVI) Open problem:Prove that the sequence (n™, n™) satisfies 2-dimensional
B.L. in any base b. Motivation is that by [SP, 3.13.4.] the sequence
(n?logn,nlogn) mod 1 is u.d. in [0,1]2.

(XV) Open problem: Prove that the sequence (log,n,log,logn) mod 1

is dense in [0,1]%. If this is true, then there exists infinite many n such
that n starts with digits K7 and logn starts with digits K9 in the base b
representation, where K7 and Ky are arbitrary positive integers. By [SP,
3.13.5.] the sequence (logn,loglogn) mod 1 is dense in [0,1]? but not u.d.

Proposed by O. Strauch.

F. Luca — P. STANICA: On the first digits of the Fibonacci numbers and their Euler function,
Uniform Distribution Theore accepted.

Y. OHKUBO: On sequences involving primes Uniform Distribution Theory, Vol. 6 (2011), no. 2,
221-238.

M. SKLAR: Fonctions de répartition a n dimensions et leurs marges, Publ. Inst. Statis. Univ.
Paris 8 (1959), 229-231 (MR 23# A2899).

G. RAuzy: Propriétés Statistiques de Suites Arithmétiques, Le Mathématicien Vol 15, Collection
SUP, Presses Universitaires de France, Paris, 1976, 133 pp. (MR 53#13152).

O. STRAUCH — S. PORUBSKY: Distribution of Sequences: A Sampler, Peter Lang, Frankfurt am
Main, 2005.

1.39 Problem of N.M. Korobov

M.B. Levin(1999):

(I) A number « is normal in the base ¢ if and only if the sequence x,, =
aqg”mod 1,n=1,2,... isu.d. in [0, 1). See also 2.4. Exponential sequences
(40)—(50).

(IT) N.M. Korobov (1955) proposed to found normal o with minimal dis-
crepancy Dy (z,). He found o with Dy = O(N~1/2),

(ITI) J. Schiffer (1986) was proved: Let p(n) be a polynomial in n with
rational coefficients, p(z) not constant and let d,,, n—1,2,..., be a bounded
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sequence of rational numbers, such that p(n) + d,, is a positive integer for
all n > 1. Then Dy = O(log™ )N for a = 0.(p(1) + d1)(p(2) + da) . ...
Moreover, if p(x) > 1 be a linear polynomial with rational coefficients, then
Dy > K/logN for K >0 and N =1,2,... for a = 0.[p(1)][p(2)] ..., ie.

for Champernowne normal .

(IV) N.M. Korobov (1966) for g-prime and M.B. Levin for arbitrary integer
¢ found Dy = O(N—2/310g?/3 N).
(V) M.B. Levin (1999) construct normal « such that Dy = O(N~1log® N).

N.M. KoroBov: Numbers with bounded quotient and their applications to questions of Diophan-
tine approximation, Izv. Akad. Nauk SSSR Ser. Mat. 19 (1955), 361-380.

N.M. KoroBov: Distribution of fractional parts of exponential function, Vestnik Moskov. Univ.
Ser. I Mat. Mekh. 21 (1966), no. 4, 42—-46.

M.B. LEVIN: The distribution of fractional parts of the exponential function, Soviet Math. (Izv.
VUZ) 21 (1977), no. 11, 41-47.

M.B. LEVIN: On the discrepancy estimate of normal numbers, Acta Arith. LXXXVIII (1999),
no. 2, 99-111.

J. SCHIFFER: Discrepancy of normal numbers, Acta Arith. 47 (1986), 175-186.




2. Open theories

2.1 Uniform distribution theories.

There are some different ways for generalizing of the classical u.d. theory,
see [KN, Chap. 3 and 4], [H, Chap. 2], [DT, Chap. 2] and [SP, p. 1-5, 1.5].
For example:
e Points of investigated sequences x,, are elements from a general space.
e For basic sets A, = {n € N;z,, € [0,2)} in the definition of u.d. as
d(A;) = x, the asymptotic density d is exchanged by another types of
densities.
e The asymptotic density d is preserved but in A, the relation z,, € [0, x)
is exchanged by more complicated relations (cf. O.Strauch (1998)).

Here we start with a main theorem of u.d. theory due to H. Weyl (cf. [KN,
p.2, Th. 1.1], [SP, p. 1-4, Th. 1.4.0.1]):

Weyl’s limit relation. The sequence u(n), n = 1,2,... from the unit
interval [0,1] is u.d. if and only if for every continuous f : [0,1] — R we

have
1
| t@ fc—]\}gnoo—Zf

This relation can be used as a definition of u.d. of u(n) and also for def-
inition of u.d. in abstract spaces, see [KN, p. 171, Def. 1.1]: Let X be a
compact Hausdorff space and C(X) consists of all real-valued continuous
functions on X. Let dX be a nonnegative regular normed Borel measure
in X. The sequence u(n) € X, n=1,2,... is called u.d. in X with respect
to dX if

V(f eC(X /f dX_ngnoo—Zf

The basic application of Weyl’s limit relation is a possibility computing the
Riemann integral fol f(x)dz on [0, 1] of a continuous function f(z) as the
limit imy_ye0 & SN f(u(n)) of arithmetic means of f(z) (quasi-Monte
Carlo method) and vice-versa, the limit of arithmetic means by integral.
Looking at limy_,e 7 Zﬁle f(u(n)) as an integral defined on Z*, then
the classical u.d. theory is the theory of coherence between two types of

83
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integrals. Thus the concept of u.d. theory can be generalized (see O.
Strauch (1999, Chap. 4)) to a theory of the integral equation

/ F(X) dX = / F(u(¥)) Y, 1)
X Y

of two types of integrals, where X,Y are arbitrary spaces equipped with
integrals or measures dX and dY’, respectively, or more generally, equipped
with functionals which in the following we also call integrals. Here f :
X —- Rand u : Y — X. The main problem is to compute integral of the
first type on the left-hand (1) by the integral of the second type on the
right-hand side. This is our aim in these new u.d. theories. Here are a few
selected spaces with theories of integration.
X1 = [0, 1], equipped with the integral fo x) dx;

X9 =1{1,2,...}, equipped with the integral th_mo N ij 1 f(n);
X3 = [0, —l—oo) equipped with the integral lim7_,q = fo r)dx;
X4 = [0,1], equipped with the integral max,¢(o 1] f(7);
X5 ={1,2,...}, equipped with the integral lim supy_, % ZnNzl f(n);
X = [0, +00), equipped with the integral f0+°° f(z) da;
X7 ={1,2,...}, equipped with the integral limy_, % ijzl f(n);
Xg = [0, 1]*, equipped with the integral f[o,l]s f(x) dx;
X9 =1{1,2,...} x [0,+00), equipped with the integral
UMy 700 37 Zi:;l fOT f(n,z)dz.

Varying couples (X;, X ) we find the following known u.d. theories

. fo dZL‘ = 11mN_>Oo % Zn 1 f(u(n)) - classical u.d. theorys;

o fo = limy_y00 & S f(u(n)) - theory of g-distributed se-
quences see [KN pp. 54— 57] and [SP, p. 1-11, 1.8.1.];

o fo r)dz = lim7_ o 7 fo (u(z))dz - cu.d. theory, see [KN, pp. 78—
87] and DT, pp- 277 300];

° fo x)dr = fg x))dz - theory of u.d. preserving functions, it was
1ntroduced by S. Porubsky, T.Saldt and O. Strauch (1998), see [SP, p. 2-
45, 2.5.1);

e max,co,1) f(z) = limsupy_, + Z;V:l f(u(n)) - theory of maldistributed
sequences, it was introduced by G.Myerson (1993), see [SP, p.1-19,
1.8.10];

o imy oo + 32N | f(n) = limyooo + 32N, f(u(n)) - wd. theory in Z,
see [KN, pp. 305-319].

These examples lead to the following common definition.
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Definition. Let C be a set of functions f : X — R. The u.d. theory
(C,X,Y)-ud. is a theory of functions u : Y — X satisfying

W(reo) [ fx)ax = | fluyay 2)

These functions u are called u.d. in (C,X,Y)-u.d. theory.

e The (X,Y)-u.d. theory is a theory of the integral equation (1), in which
the set C is not strictly specified.

e The (Y, X)-u.d. is the inverse theory to the (X,Y)-u.d.

e The (X,Y)-u.d. theory is empty if there does not exist any u for some
class f such that (1) is valid.

e The (X, X)-u.d. theory of [y f(X)dX = [y f(u(X))dX is a theory of
integration, where the inside part u(X) can be omitted. We shall call it
u.d. preserving theory (abbreviating u.d.p. theory), because the equation

/ F(X)dX = / Flu(X))dX = / f(u (3)
gives

Theorem. Let u be u.d. in (C,X,X)-u.d. theory and C o u = C, where
Cou={f(u(X);feC}. Then

visud. in (C,X,Z) <= uovisud. in (C,X,Z).

e Using the equation

/X F(X) dX = /Y f(u(¥))dY = /Z f(u(v(2))) dZ (4)

anew (Y, Z)-u.d. theory can be found by means of known (X, Y)-u.d. and
(X, Z)-u.d. theory.

In the followmg we hst some new u. d theories:

I My oo + ))dz is an inverse theory to the
N n= 1 0 Yy
classical u.d. one.
) limy_e & r f(x ))dx is an inverse theory to the
T Jo 0
c.u.d. theory.

(III) 0+O° f(x )dx = limy 00 & ij:l f(u(n)) is an empty u.d. theory.
) In fo fo r,y)dzdy = fol f(u(z),v(x))dz, the curve (u(z),v(z))
must be Peano. The equation (4) in the form fol fol flz,y)dedy =
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i F (@), v(@)) de = limyoo & X0, F(u(w(n)), v(w(n))) gives that
(u(m),v(az)) is u.d. in this theory if and only if for every classical
u.d.sequence w(n), n = 1,2,...,1in [0, 1], the sequence (u(w(n)), v(w(n)))

is u.d. in [0,1]2.

N

(V) In limpoo 7 fOTf(:v) dz = limy_eo & > f(u(n)), assuming that C
n=1

contains only bounded continuous functions f which have bounded

variation on every interval [0, n] such that V' (f/[0,n]) = O(n), then we
can construct u.d. sequence u(n) directly: u(i),i = 1,2,...,n? is com-
posed with n parts that are contained in the intervals [0, 1), [1,2), ...,
[n — 1,n), all are congruent mod 1 and having discrepancy D} — 0.
By applying Koksma inequality we have

n n? . % M
RS —#ZZJ<UN<DKW&J

(VI) In fo 2)dz = impy 100 o Do fo (u(n,r)) dz we can used the
followmg L2 discrepancy

2 T T
DEV)T(U) =i+ i fy (wn,@)?de — F S0 [y uln,z) da

N T (T
_2(N1T)2 Zm,n:l fo fo [u(m, z1) — u(n, x2)| dry dos,
which characterlzes u.d. of u(n x).

(VII) The fo r)dr = fo x))dz is known u.d.p. theory, where the
(3) has the form
fo r)dr = fo 2)) dz = imy 00 & SN, f(u(v(n))) which gives

(*)  wu(x) is udp = u( (n)) is u.d. in [0, 1].

In [SP, p.2-45, 2.5.1] the result (*) was used as definition: The map u :

[0,1] — [0,1] is called uniform distribution preserving (abbreviated

u.d.p.) if for any u.d. sequence x,, n = 1,2,..., in [0,1] the sequence

u(xy) is also u.d. In this u.d.p. theory we register the following progress:

A Riemann integrable function « : [0,1] — [0, 1] is a u.d.p. transformation

if and only if one of the following conditions is satisfied:

(i) f h( )dz = fo r)) dzx for every continuous h : [0,1] — R.

(i) fo d:(:—,ngl for every k=1,2,....

i) [, 627”’““(“3) dx = 0 for every k = +1,+£2,....

iv) There exists an increasing sequence of positive integers Nj and an
Ni—almost u.d. sequence x, for which the sequence u(x,) is also
Ni—almost u.d.

(v) There exists an almost u.d. sequence x, in [0,1) such that the se-
quence u(x,) — x, converges to a finite limit.

(vi) There exists at least one x € [0, 1] of which orbit z,u(z), u(u(z)),. ..
is almost u.d.
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(vii) u is measurable in the Jordan sense and |u~'(I)| = |I| for every
subinterval I C [0, 1].

(viii) fo r)dr = fo xdx = %

fo d:c— 'y dx—é,
fO fO |u )|dxdy_f0 fo |x—y|dxdy—

From the other propertles of u.d.p. transformations let us mention:

(ix) Let wj,uz be u.d.p. transformations and « a real number. Then
ui(uz(x)), 1 —ui(z) and ui(x) + @ mod 1 are again u.d.p. transfor-
mations.

(x) Let uy, be a sequence of u.d.p. transformations uniformly converging
to u. Then v is u.d.p.

(xi) Let u:[0,1] — [0,1] be piecewise differentiable. Then w is u.d.p. if
and only if ) = 1 for all but a finite number of points
y €10, 1].

(xii) A piecewise linear transformation u : [0,1] — [0,1] is u.d.p. if and
only if |J;| = [Ij1] + -+ + |Jjn,| for every J; = (y;-1,y;), where 0 =
Yo < y1 < --- < ym = 1 is the sequence of ordinates of the ends of line
segment components of the graph of f and u=1(.J;) = I;1U---U Jjmn;-

(xiii) w(x) is u.d.p. if and only if

/ / u(y))dxdy =0,

where F(z,y) = (1/2)(|lz —u(y)| + |y — u(@)| — |z — y[ = [u(z) —u(y)]).
NoTES: The problem to find all continuous u.d.p. is formulated in Ja.-I. Rivkid
(1973). The results (i)-(vii), (ix)-(xii) are proved in S.Porubsky, T.Salit and
O.Strauch (1988). The criterion (viii) and (xiii) are given in O.Strauch (1999,
p. 116, 67). Some parts of these results are also proved independently in W. Bosch
(1988). R.F. Tichy and R. Winkler (1991) gave a generalization for compact metric
spaces. Some related results can be found in: M. Pastéka (1987), Y.Sun (1993,
1995), P. Schatte (1993), S.H. Molnar (1994) and J. Schmeling and R. Winkler (1995).

Multidimensional u.d.p. map @ : [0,1]®* — [0, 1]° is called uniformly distribu-
tion preserving (u.d.p.) map if for every uniformly distributed (u.d.) sequence x,,,
n=1,2,..., the image ®(x,) is again u.d. The main criterion of u.d.p. map is
Theorem 2.1.0.1. A map ®(x) is u.d.p. if and only if for every continuous
f:[0,1]° = R we have

/W F(®(x)) dx = /H F(x) dx.

The multi-dimensional u.d.p. functions are:

z€u~(y) IU’(w)I
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(i) ®(x) =x® o, where

I®o = zo+oo b(rnod b) + :Cl—l—albgmod b) 4. and
XQ0o=(r1 D01, 22D 02,...,%s D 0y);

(i) ®(x) = (P1(z1),...,Ps(xs)), where @, (x) are one-dimensional u.d.p. maps,
especially

(iii) ®(x) =b*xmod 1 = (b]*z1,...,b%xs) mod 1;
(iv) ®(x) =x+omod 1= (x1+01,...,25+ 05) mod 1;

(v) ®(x) = (Ax)T mod 1, where A is an s X s nonsingular integer matrix, cf. S.
Steinerberger (Th.2, 2009);

(vi) ®(x) = m(x), where m(x) = (Zr(1),- -, Tr(n)) is a permutation.

Open question: Find another multidimensional u.d.p.

Proposed by O. Strauch.

W.BoscH: Functions that preserve uniform distribution, Trans. Amer. Math. Soc. 307 (1988),
no. 1, 143-152 (MR 89h:11046).

S.H. MOLNAR: Sequences and their transforms with identical asymptotic distribution function
modulo 1, Studia Sci. Math. Hungarica 29 (1994), no. 3—4, 315-322 (MR 95j:11071).

M. PASTEKA: On distribution functions of sequences, Acta Math. Univ. Comenian. 50—51
(1987), 227-235 (MR 90c:11115).

S.PORUBSKY — T.SALAT — O.STRAUCH: Transformations that preserve uniform distribution,
Acta Arith. 49 (1988), 459-479 (MR 89m:110722; Zbl 656.10047).

JA.I. RIVKIND: Problems in Mathematical Analysis, (Russian), 2nd edition ed., Izd. VySejsaja
skola, Minsk, 1973.

P.SCHATTE: On transformations of distribution functions on the unit interval — a generalization
of the Gauss — Kuzmin — Lévy theorem, Zeitschrift fiir Analysis und ihre Anwendungen 12 (1993),
273-283 (MR 95d:11098).

J.SCHMELING — R. WINKLER: Typical dimension of the graph of certain functions, Monatsh.
Math. 119 (1995), 303-320 (MR 96¢:28005).

S. STEINERBERGER: Uniform distribution preserving mappings and variational problems, Uni-
form Distribution Theory 4 (2009), no. 1, 117-145.

O. STRAUCH: Distribution of Sequences, (in Slovak), Mathematical Institute of the Slovak Academy
of Sciences, (DSc Thesis), Bratislava, Slovakia, 1999.

Y.SuN: Some properties of uniform distributed sequences, J. Number Theory 44 (1993), no. 3,
273-280 (MR 94h:11068).

Y. SuN: Isomorphisms for convergence structures, Adv. Math. 116 (1995), no. 2, 322-355 (MR
97¢:28031).

R.F.Ticuy — R. WINKLER: Uniform distribution preserving mappings, Acta Arith. 60 (1991),
no. 2, 177-189 (MR 93c¢:11054).

2.2 Distribution functions of sequences.

For a multi-dimensional sequence x,,, n = 1,2,..., in [0,1)%, the theory
of the set G(x,) of all d.f.s of x,, n =1,2,..., is open. A motivation to
study of G(xy) is the deterministic analysis of sequences in 2.3. 1 The set

'We shall identify the notion of the distribution of a sequence x,, mod 1, n =1,2,...,
with the set G(x, mod 1), i.e., the distribution of x,, mod 1 is known if we know the
set G(x, mod 1).
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G(xy,) has the following fundamental properties for every sequence x,, in
[0,1)%:

(I) G(x,,) is non—empty, and it is either a singleton or has infinitely many
elements. Precisely, G(x,) is non—empty, closed and connected set in the
weak topology, and these properties are characteristic for G(x,,), i.e., given
a non—empty set H of distribution functions, there exists a sequence x,, in
[0,1)® such that G(x,) = H if and only if H is closed and connected.

(IT) There are no general methods for computing G(x,,), without the fol-
lowing one: Let F'(x,y) be a continuous function defined on [0, 1] x [0, 1]*
and let G(F') be the set of all d.f.’s g(x) satisfying

/ F(x,y) dg(x) dg(y) = 0. 1)
[0,1]5x[0,1]®

If the sequence x,,, n = 1,2, ..., satisfies

N

) 1

Jm D Flomxa) =0,
n,m=1

then G(x,) C G(F).

Open problem 1. Find a method for solving the moment problem (1).
(IIT) The definition of d.f.s of sequences in the multi-dimensional case is
different as in the one-dimensional one.

o If x = (x1,...,25) € R® is given, then x mod 1 denotes the sequence
({x1}, .. {zs}). I x = (Tp1,...,2p,) is the sequence of points in R®
then we define

e the s—dimensional counting function by

A([U’lvvl) X X [US,US);N;Xn mod 1) =
#{n < N; {znq1} € [ur,v1), ..., {Tns} € [us,vs)}.

e the s—dimensional step d.f. also called the empirical distribution
by

(i) Fn(x) = +A([0,21) x -+ x [0,25); N;x, mod 1) if x € [0,1)*,
(ii
(
(
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iii) Fy(1) =1,

iV) FN(l,...,1,.561'1,1,...,1,1’1'2,1,...,1,561'“1...,1) :FN(;Uil,.’,UiQ,...,LUil)
for every restricted [~dimensional face sequence (Zp i, Tnigs-- -, Tn,i;)
of x, for | =1,2,...,s.
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Then
o If f:[0,1]° — R is continuous, again
| N

~ > f(xnmod 1) = f(x) dFn(x).

n=1 [031]8

e A function ¢ : [0,1])® — [0,1] is called a d.f. if

(i) ¢(1) =1

(ii) ¢(0) = 0, and moreover g(x) = 0 for any x with a vanishing coordinate,
(

iii) ¢g(x) is non—decreasing, i.e. A(S)(. . (Agl)g(xl, ..., Ts))) > 0 for any
h; >0, z;+h; <1, where Ag)g(ml, cess) = g(x1, .o iR, Ts)—

g(T1, ... Ty, Ts).
e If g is such d.f. then f012dg(x):1.
o If dg(x) = A(S) ...A(l) 9(x1,...,25) is the differential of g(x) at the
point x = (x1,...,s), then also dg(x) = A(g,J), where J = [z1,21 +

dzq] x -+ % [:cs, T ~|—dx5], and A(g, J) is an alternating sum of the values of
g at the vertices of J (function values at the adjacent vertices have opposite
signs), i.e.,

2 2
A(ga J) - Z U Z (_1)€1+m+€k9(37g); ) S:]Z))
51:1 €k:1

for an interval J = [:Eg ),xg )] X [x 52),5552)] X+ X [x g ) (k)] c [0,1]*. More-
over, g(x) is non—decreasing if and only if dg(x) > 0 for every x € [0, 1)*
and dx > 0.
e The d.f. ¢(1,...,1,24,1,...,1,24,1,...,1,25,1...,1) is called an [—
dimensional face d.f. of g in variables (z;,,,,...,7;) € (0,1)}
0<I<s.
e We shall identify two d.f.’s g(x) and g(x) if:
(i) g(x) =g(x) at every common point x € (0,1)® of continuity, and
(i) g(1,..., L@, 1, .0 Loy, 1,000 2y, 1. 0001) =
=1, L@, 1, Ly, 1, e, 1. 1)
at every common point (z;,, ¥i,, - - -, x;,) € (0,1)! of continuity in every
[-dimensional face d.f. of gand g, 1 =1,2,...,s

e The s—dimensional d.f. g(x) is a d.f. of the sequence x,, mod 1 if
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(1) g(x) = limg_00 Fiv, (x) for all continuity points x € (0,1)® of g (so—
called the weak limit) and,

(i) g(1,..., Lz, 1, .00, Loy, 1,000 2y, 1. 0001) =

= hmk—)oo FNk (:L'il,:L'iQ, . ,:L'il)

weakly over (0,1)! and every [-dimensional face sequence of x, for
l=1,2,...,s, and for a suitable sequence of indices N1 < Ny < ....

e The Second Helly theorem shows that the weak limit?

Fn,(x) — g(x) implies

/[0 N f(x)dFn,(x) — f(x)dg(x)

0,1

for every continuous f : [0,1]® — R.

e (G(x;, mod 1) denotes the set of all d.f.’s of x,, mod 1.

(IV) For one-dimensional case s = 1 we have:

(1) The continuity of all d.f.s in G(x, mod 1) follows from the limit

: 1 K - 1 NN 2rikan
limg o0 7 D keq Br = 0, where By, = limsupy_, ’N Do €T

(2) The lower and upper d.f. g, g of z,, belong to G(x, mod 1) if and only if

fo x))dz = hmsupN_>OO ~ Zn 1{gcn}—hmmf]\;_mo ~ Zn Hznt
(3) Let H be non—empty, closed, and connected set of d.f.’s. Denote

9,(x) = infgem g(x) and gy (x) = supyey g(x). Further, if g € H let

Graph(g) be the continuous curve formed by all the points (x, g(x)) for

x € [0,1], and the all line segments connecting the points of discontinu-

ity (z,liminf, ., g(2’)) and (z,limsup,,_,, g(z')). Assume that for every

g € H there exists a point (z,y) € Graph(g) such that (x,y) ¢ Graph(g)

for any g € H with g # g. If moreover g = gy and g =gy for the lower

d.f. g and the upper d.f. g of the sequence x,, € [0,1) and G(z,) C H,

then G(z,) = H.

(4) For given two different d.f.s gi(x), and g2(x), we define

Fy,(z,y) fo go(t dt+f0 go(t) dt — max(z,y) +f01(1 — go(t))% dt,

g2(t)—g1(t)) dt 1—g2(t))(g2(t)—g1(t)) dt

Fy, g(2) = Jo (g2()— )f)o (gQéo)(gl(t)()z)L(t H)—g1(t)) 7

1
F91,92($7y) ng( y) — Fgl,gz( )Fgl,gz fo ga(t) — ())2dt
Let g1(x) # g2(x) be two d.f.’s. Then the set of d f.s G(azn) of x,, in [0,1)
satisfies

G(zn) = {tgi(z) + (1 —t)g2(x) ; t € [0,1]}
if and only if

2that is (i), and (ii) above are fulfilled
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(i) Lmy_eo 1z zg’nzl Fyy g0 (Tm, Tn) = 0,
(i) liminfy_ oo x ij 1F91792 (zn) = 0,
(iil) limsupy_,q0 N Z Fy,:(zn) = 1.
(5) A symmetrlc Contlnuous F(x,y) defined on [0, 1]? is called copositive if
fo fo (x,y)dg(z)dg(y) > 0 for all distribution functions g : [0,1] — [0, 1].
Let F(x,y) be a copositive function having continuous F,(z,1) a.e. and
let d.f. g1(x) be a strictly increasing solution of the moment problem (1).
Then for every strictly increasing d.f. g(x) we have
[fof]o (z,y)dg(z)dg(y) = 0 < Fi(x,1) = fo y)d, Fl(xz,y) a.e. on
0,1
(6) Let F(z,y) be a continuous, symmetric, copositive and Fy, = 0 a.e.
such that the set H(F') of jumps of F,(z,y) is covered by

H(F) C U” H(zi(t), zj(t));t € |a, B)} with pairwise disjoint sets
{z1(t);t € [, B)}, - {zm(t);t € [, B)}-
Assume that the derivatives zi(t), i = 1,2,...,k, are continuous and let
A(t) denote the associated matrix defined by

A(t) = § (d Fa(aa(t), o5 ()l (D] + dy Falay (8),:(0) |2} (1)] ) and
g(t) = (g(z1(t)),g(x2(t)),...,g(xr(t))) is the vector associated with ¢ :

[0,1] — [0, 1]. Finally, let g; be a strictly increasing solution of the moment
problem (1). Then we have

1 rl B
/0 / F(z,y) dg(z) dg(y) = / ((t) — &1 (1) A(1)(&(t) — &1 ()7 dt

for all distribution functions g : [0, 1] — [0, 1].
(7) Directly by definition G(z,) we showed: Assume
e f(x) be a real-valued function defined for x > 1 such that f(z) is strictly

increasing with its inverse function f~1(x).

o limy .o L = 1%2’:163 i 183 = g(x) for each x € [0,1], point of continuity of
g(x);

o limy o # = ¢(u) for each u € [0,1], point of continuity of 1 (u),
or Y(u) = oo for u > 0;

o limy .o f7H(k+1)— f~1(k) = co. Then we have:

If 1 <¢(1) <ooand f'(x) = 0 as x — oo, then

G(f(n) mod 1) = {gu(w) = MG 4 s5(@)u e [0,1]

¥(u)
where §(z) ¢Ef§j and Fy,(x) — gu(z) as i — oo if and only if

W
f(N;) mod 1 — u. The lower d.f. g(z) and the upper d.f. g(z) of




2.2 Distribution functions of sequences. 93

f(n) mod 1 are g(z) = g(x), g(xr) =1- ﬁ(l — g(z)). Furthermore
g(x) = go(z) = g1(x) belongs to G(f(n) mod 1) but g(x) = g.(x) does not.

(8) Let x,, and ¥, be two sequences in [0,1) and G((zy,y,)) denote the set
of all d.f.s of the two-dimensional sequence (z,y,). If 2z, = z, +y, mod 1,
then the set G(z,) of all d.f.s of 2, has the form

G(zn) = {g(t) =/0§x+y<t1-dg(w,y)+/ 1.dg(z,y);

1<z+y<1+t

gla,y) € G<<xn,yn>>}

assuming that all the used Riemann-Stieltjes integrals exist.

NOTES:

(I) A purely topological characterization of G(x,) with a short history can be
found in R. Winkler (1997).

(IT) O. Strauch (1994).

(III) For definitions, cf. [SP, 1.11, p. 1-60].

(IV) (1) is a generalization of the Wiener — Schoenberg theorem given by P. Kostyrko,
M. Magaj, T. Salat and O. Strauch (2001). (2), (3) and (4) are from O. Strauch (1997).
(5) and (6) are proved in O.Strauch (2000), (7) in R. Giuliano Antonini and O.
Strauch (2008) and (8) in O. Strauch and O. Blazekova (2006).
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2.3 Deterministic analysis of sequences.

Assume that the s-dimensional sequence
Xn = (Tnis---sZns) €10,1)°, n=1,2,...,N

is a result of an N often repeated measurement of s physical variables

X1,...,Xs. If g(xq,...,25) is an a.d.f. of x,,, n = 1,2,... (assuming in
the moment that N — oo), then g(z1,...,xs) contains some informations
about relations between variables X7, ..., Xs. For example

(i) X1,...,Xs are independent if and only if every d.f. g(x) € G(x;,) can
be written as a product g(x) = g1(z1)...gs(zs) of one-dimensional d.f.s.
Here g;, i =1,...,s depend on g € G(x,).

(ii) If X5 depends on Xj,..., Xs_1, and Iy, ..., I are subintervals in [0, 1),
then the implication

(Xl ceh N NXg_1€E Is—l) - (Xs S IS),

can be evaluated by f11><~-><Is h(x) dx, where h(x) is the density of g(x) (if
it exists).

The studying of x,, n = 1,2,... via G(x,) we shall call deterministic
analysis of the sequence x,,, since for approximate computation of g(x) €
G(x,) can be used discrepancies of x,, n = 1,2,...,N. We do not use
probabilities and statistical methods.

For approximate computation of G(x,) we need there solve the following
problem.

Open problem. For a big dimension s there exists no real employing N
for a good approximation of a d.f. g(x1,...,xs) of x, by the step d.f.

CH#n S Nyzpg <, s < Xs)
_ ~ .

Fn(xy,...,2s)

But using partial sequences (zpiy,-.-,%Tni,), 7 = 1,2,..., N with small
dimension k it can be found N such that the corresponding step d.f. well
approximates the marginal d.f. ¢g(1,...,1,z;,1,...,1,2;,,1,...). Problem
is to reconstruct g(x1,...,xs) by using marginals

g(1,..., L,z 1, o L, 1,0

with small dimensions.

In the following we shall formulate above problem more elementary.
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Open problem 1. Let x, = (n,1,%n2,...,%ns),n = 1,2,..., be an
infinite s-dimensional sequence in the unit cube [0,1)°. Assume that, for
fixed k < s, all k-dimensional marginal sequences (2, ..., %n,,) are u.d.

(I) Find all possible d.f.s of x,,.

(IT) Find some (possible "minimal”) criterions which imply u.d. of the
original sequence x,, n =1,2,....

e In connection with (I) we denote by G i the set of all d.f.s g(x) on [0, 1]
for which all k-dimensional marginals (i.e. faces) of d.f.’s satisfy

gL, .. L, 1o Loy, Lo Loy 1,00 1) = @y, -,

e For k£ = 1, these d.f.’s are called copulas, which were introduced by
M. Sklar (1959). All basic properties of copulas can be found in the mono-
graph R.B. Nelsen (1999).

e Thus, by definition G, the G 1 is the set of all two-dimensional d.f.s
g(z,y) defined on [0, 1] such that their marginals d.f.’s satisfy g(x,1) = =
and ¢g(1,y) = y. G2,1 contains:

- g1(z,y) = zy,

- g2(, y) = min(z, y),

- 93(z,y) = max(x +y — 1,0),

- go(x,y) = (min(z,y))?(xy)'=?, where 6 € [0, 1] (Cuadras-Augé family, cf.
Nelsen (1999, p. 12, Ex. 2.5),

- ga(z,y) = % (see Nelsen (1999, p. 19, 2.3.4),

-g(z,y) =x+y—1+9(1 —2,1—y) for every g(z,y) € Ga1 (Survival
copula, see Nelsen (1999, p. 28, 2.6.1),

- g5(z,y) = min(ya(x), z(b(y)), where a(0) = b(0) =0, a(1l) = b(1) =1 and
a(z)/z, b(y)/y are both decreasing on (0, 1] (Marshall copula, cf. Nelsen
(1999, p. 51, Exerc. 3.3).

Here are some new copulas:

- g6(x,y) = % min(zy, xzg, yzo) for fixed 29, 0 < 29 < 1.

- gr(z,y) = Zolw min(zyzg, TYug, T2oUg, Yzouo) for fixed zq,ug € [0, 1]

- Shuffle of M is a copula defined in R.B. Nelsen (1999, p. 59, 3.2.3.), cf.
the Problem 1.37.

- Generalized shuffle of M: Let f : [0,1] — [0,1] be an arbitrary uniform
distribution preserving function (called u.d.p., see Problem 2.1 (VII)) and
graph f = {(z, f(z));x € [0,1]}. Then the generalized shuffle of M is the
copula

g(x,y) = [Project ,(graph f N [0,z) x [0,y))].
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There are some basic properties of Ga 1:

- G2,1 is closed under point-wise limit and convex linear combinations.

- For every g(z,y) € Ga1 and every (x1,v1),(z2,92) € [0,1]> we have
19(x2,y2) — g(z1,y1)| < |z — 21| + Y2 — 1.

- For every g(z,y) € G21 we have g3(z,y) = max(x +y — 1,0) < g(z,y) <
min(z,y) = g2(z,y) (Fréchet-Hoeffding bounds, see Nelsen (1999, p. 9).

- M. Sklar (1959) proved that for every d.f. g(x,%) on [0, 1]? there exists

Q(:L‘, y) S G271 such that g(xv y) = g(g(xa 1)79(1,'9)) for every (.T,’y) S [07 1]2
If g(x,1) and g(1, y) are continuous, then g(x,y) is unique (cf. Nelsen (1999,
p. 15, Th. 2.3.3).

e Let (zn,yn), n =1,2,..., be a sequence in [0,1)? such that both coordi-
nate sequences r,, n = 1,2,..., and y,, n = 1,2,... are u.d. Then the set
G((xn,yn)) of all d.f. of (xp,yn), n =1,2,... satisfies

- G((xnayn)) C G2,1;
- G((xn,yn)) is nonempty, closed and connected, and vice-versa

- for every nonempty, closed and connected H C Ga1, there exists a se-
quence (2., y,) € [0,1)? such that G((zn, yn)) = H.

- Let F(x,y,u,v,) be a continuous function defined on [0,1]* and assume
that imy_seo ﬁ Z%m:l F(m, Ym, Tn,Yn) = 0. Then every d.f. g(x,y) €
G((xn,yn)) satisfies the following equation:

/Ol/Jlg(u,v)duduF(l,l,u,v)—i—/ol/olg(:z:,y)dzdyF(gg’y,l,l)

[ [ swowaaa e - [ [ gond aare
—/01/Ol/olg(x,y)vdwdmdyF(m,y,l,v)—/01/Ol/olg(xvy)“dudwdyF(x’y’“vl)

1 1 1 1
[ [ ewgtn v did ddy Py o) =
0 0 0 0
1 1
:—F(1,1,1,1)+/ vdvF(l,l,l,v)—&—/ wdy F(1,1,u,1)
0 0

1 1
+/x%F@LLD+/y%F@%LD
0 0

1 r1 1 p1
_/ / yvdydvF(l,y,l,U)_/ / yUdyduF(lay)ual)
o Jo o Jo
1,1 1 p1
—/ / mvdmdvF(x,l,l,v)—/ / xudy dy F(x,1,u,1).
0 0 0 0

e By definition of G, the G329 is the set of all three-dimensional d.f.s
g(z,y, z) defined on [0,1] such that their two-dimensional marginals (or
faces) d.f.’s satisfy g(x,y,1) = zy, g(1,y,2) = yz and g(x,1,2) = xz. The
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G'3 2 contains

- 1(z,y, 2) = wyz,

- 92(2,y, 2) = min(zy, xz, yz),

- g93(x,y,2) = % min(zyz, ryug, rzug, yzug ), for fixed ug, 0 < ug < 1,

- g4(z,y,2) is a.d.f. of a three-dimensional sequence (uy, v, {tn — vp}),
where two-dimensional (u,,v,) is u.d. in [0,1]2. Applying Weyl’s criterion
we see that also (up, {u, —v,}) and (vn, {un, — v, }) are u.d. and the d.f.
ga(z,y, z) has the following explicit form (cf. O.Strauch (2003).)

(2129, if (z1,22) € A,

—%(:c% + 23 + 23) + 2172 + 273, if (z1,22) € B,

—%x% + X122, if (z1,x9) € C,

%m%, if (z1,22) € D,

g4(x1, 29, T3) = 4 —%x% + zox3, if (z1,22) € E,
—%x% + 2122 + T123 + Tox3 — T1 — T3 + %, if (z1,x9) € F,
%x%+x1x3—|—x2x3—x1—x3+%, if (r1,x9) € G,

(23 + 23+ 23) + 2wz — 11 — 23+ 3, if (x1,22) € H,

(7172 + w23 — X2 if (z1,x9) € I.

where the regions A, B,C, D, E, F,G, H, I are shown on the following Fig-
ure

(0,17’ (1251 (L1
F
A
B
G
FE
(0,z3) (1,23)
C H
D I
> T1
(0,0) (1—23,0) (1,0

- For every g(x,y, z) € G52 and fixed zp, 0 < zp < 1 we have %g(m,y, 20) €
Gi2,1. Vice versa, if ¢.(z,y), z € [0,1] is a system of d.f.s in Ga; such that
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g1(z,y) = zy and for every 2’ < z, we have 2’ d, dy g (x,y) < 2dy dy g-(x,v)
on [07 1]27 then g(:r,y, Z) = Zgz(xay) € G3,2-

- Multi-dimensional case: Let g(x1,z9,...,zs) be an s-dimensional d.f.
and let g1(z1) = g(x1,1,...,1), ga(x2) = g(1,22,1,...,1),... be margins
of g(x1,z2,...,zs). By Sklar’s theorem there exists s-dimensional copula
c(r1,xa,...,xs) such that

g(x1,2,...,x5) = c(g1(x1), g2(w2), ..., gs(Ts))-

Furthermore, for arbitrary continuous F'(x1, o, ..., xs) we have

/ F(x1,29,...,25)dg(x1,22,...,2)
[0,1]°

:/[01] F(g7 (21), 95 (22), ..., 95 Hws)) de(zy, T2, . . ., T5).

e In the direction (II) of Open problem for testing of u.d. of x,, it can be
used statistical independence of marginal sequences, but formulas for L2
discrepancy of statistical independence and classical L? discrepancy have
the following similar structures: For x = (z1,...,z5) and y = (y1,...,Ys)
denote (1-max(x,y)) = (1—max(z1,y1)) ... (1—max(zs, ys)), 0 = (0,...,0)
and 1 = (1,...,1). For every two d.f.’s gi(x) and g2(x) defined in [0, 1]*
we have (see Strauch (2003))

/0 (1) — g2(x))? dx = / / (1 — max(x,y)) dgr (x) — g2(x)) g1 (y) — g2()) (1)

Now, divide the vector x = (z1,...,%,) into two face vectors x(!) =
(@i, ..,x;) and x(2) = (%j,5...,25.), l + k = s. Similarly, divide the
s-dimensional sequence x,, n = 1,2,... in [0,1)% with step d.f. Fy(x) =

Fn(x™M x®)) into two face sequences
[-dimensional X7(11>, n=1,2,..., with step d.f. Fy(x", 1), and
k-dimensional xg) n=1,2,..., with step d.f. Fy(1,x®).

Using (1) we see that the L? discrepancy (with respect to g(x)) and statis-
tical L? discrepancy have the following similar structures

/0 (Fr(x) — g(x))? dx = / / (1 — max(x,y)) - dFn(x) — 9(x)) dFx(y) — 9(y)).

/I(FN(X) — Fn(x™, 1) Fyn(1,x2))? dx =

1 1 1 1
— [ [ ] @ max .y )@ - max(x,y ).
(0] (0] (0] (0]
’ d(FN(X(1)7X(2)) - FN(X(1)> 1, )FN(la X(2)))

dFn(yP,y®) - Fn(y™,1,)Fn(1,y*)).
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Expressing L? discrepancy as
1
|| (0 — g0 dx =
° 1 1
:/ / [(FN(X(l),X(z))—FN(X(l),l)FN(l,X(2)))+
0 0

+ (Fn(x™,1) = g(x™, 1)) Fn (1,x?)+
+g(xM, 1) (Fn(1,x?) — g(1,x®))+

2
+ (9(x'V,1)g(1,x) — g(xV,x®)) | dx® dx®

the Cauchy inequality implies

\/ / (Fx(x) — g(x))? dx <

1 1
S \// / (FN<X(1),X(2)) _FN(X(1)71)FN(1,X(2)))2dx(1) dx(2)_|_
o Jo

1 1
-+ \// / (g(x(l)’ X(Q)) — g(x(l)7 ]_)g(]_’ x(Q)))Q dx(™ dx () 4+
(0] (0]

1

1
+\/ [ (B, 1) = g0, 1)) dx) [ R x®) dx®+
(0]

0

1 1
- \/ / (Fiv(1,x®) — g(1,x2)))? dx(? / g2(x(, 1) dx(V.
0 0
Thus we have an upper bound of the classical L? discrepancy of X1, ..., Xy
which contains the L? discrepancy of statistical independence of partial
sequences xgl), - ,xg\}) and XEQ), .. ,XE\Q,). Note that the infinite partial
sequences x%l), n =12,..., and x7(12), n = 1,2,... of the sequence x,,

n =1,2,... are statistically independent if and only if for every d.f. g(x) €
G (x,) we have g(x) = g(x1),1) - g(1,x®) in common points of continuity
od d.f.s. It can be used as a definition of independence.

Proposed by O. Strauch.

R.B. NELSEN: An Introduction to Copulas. Properties and Applcations, Lecture Notes in Statis-
tics, Vol. 139, Springer-Verlag, New York, 1999.

M. SKLAR: Fonctions de répartition a n dimensions et leurs marges, Publ. Inst. Statis. Univ.
Paris 8 (1959), 229-231 (MR 23# A2899).

O.STRAUCH: Reconstruction of distribution function by its marginals, Math. Institute, Slovak
Acad. Sci., Bratislava, Slovak Republic, 2003, 10 pp.

2.4 Exponential sequences.

The theory of the sequences A\0" mod 1, n = 1,2,..., # > 1 is not satis-
factory. Characterization of distribution of such sequences is a well-known
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and largely unsolved problem, see [SP, p.2-149]. In the following we
listed some conjectures and some positive results.

NOTES:

(1) J.F.Koksma (1935) proved that the sequence A" mod 1 with A # 0 fixed is
u.d. for almost all real § > 1. If we take A = 1 then we get that the sequence
0" mod 1 is u.d. for almost all real numbers 6§ > 1. However, no explicit example
of a real number 6 is known for which this sequence is u.d.

(2) If > 1 is fixed then H. Weyl (1916) proved that the sequence A0 mod 1 is
u.d. for almost all real .

(3) A.D.Pollington (1983) proved that the Hausdorff dimension of the set of all
A € R for which the sequence A0™ mod 1 is nowhere dense is > %

(4) (3/2)™ mod 1 is u.d. in [0, 1] (conjecture).

(5) (3/2)™ mod 1 is dense in [0, 1] (conjecture).

(6) limsup,, ,.{(3/2)"} —liminf, - {(3/2)"} > 1/2 (T. Vijayaraghavan’s (1940)
conjecture).

(7) K.Mahler’s (1968) conjecture: There is no 0 # £ € R such that 0 <

{£(3/2)"} < 1/2 for all n = 0,1,2,.... Such £ does not exists if for each £ > 0
the sequence of integer parts [£(3/2)"], n = 1,2,..., contains infinitely many odd
numbers.

(8) There is no 0 # £ € R such that the closure of {{£(3/2)"}; n=0,1,2,...} is
nowhere dense in [0, 1] (conjecture).

(9) L. Flatto, J.C. Lagarias and A.D. Pollington (1995) showed that for every & > 0
we have limsup,,_,..{£(3/2)"} — liminf,,,{£(3/2)"} > 1/3.

(10) G.Choquet (1980) proved the existence of infinitely many & € R for which
1/19 < {&(3/2)"} < 18/19 for n =0,1,2,.... Him is ascribed the conjecture (v).
(11) A.Dubickas (2006[a]) proved that for any £ # 0 the sequence of fractional
part {£(3/2)"}, n = 1,2,..., contains at least one limit point in the interval
[0.238117...,0.761882...] of length 0.523764 . ... This immediately follows from:
(12) A. Dubickas (2006[a]): Set T'(z) = [[=, (1 —22"). If £ # 0 then the sequence
11£(3/2)™||, n =1,2,..., has a limit point > (3 —7(2/3))/12 = 0.238117... and a
limit point < (1 +7(2/3))/4 = 0.285647 ... ..

(12’) A.Dubickas (2007) from (22’) derived: {{(—3/2)"} has a limit point <
0.533547 and a limit point > 0.466452.

(13) S. Akiyama, C. Frougny and J.Sakarovitch (2006): There is £ # 0 such that
1£(3/2)"|| < 1/3 forn=1,2,....

(14) A.Pollington: There is £ # 0 such that ||£(3/2)"|| > 4/65 for n =1,2,....
(15) R.Tijdeman (1972) showed that for every pair of integers k,m with k > 2
and m > 1 there exists £ € [m, m+1) such that 0 < {{((2k +1)/2)"} <1/(2k—1)
forn=0,1,2,....

(16) O.Strauch (1997) proved that every d.f. g(x) of £(3/2)" mod 1 satisfies the
functional equation

9(x/2)+9((x+1)/2)—g(1/2) = g(z/3)+9((x+1)/3)+9((2+2)/3)—g(1/3) —9(2/3).
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A non-trivial solution (cf. O. Strauch (1999, p. 126)) is

0, if z € [0,1/6],
2 — 1/3, if 7 € [1/6,3/12),
4z — 5/6, if 2 € [3/12,5/18],
20 — 5/18,  ifx € [5/18,2/6],
7/18, if 7 € [2/6,8/18],
g(x) =< o —1/18, if x € [8/18,3/6],
8/18, it € [3/6,7/9],
2r —20/18,  ifx € [7/9,5/6],
4r —50/18,  if z € [5/6,11/12],
or —17/18,  if z € [11/12,17/18],
x, if x € [17/18,1].

\

(17) Strauch (1997) introduced : The set X C [0, 1] is said to be a set of uniqueness
of d.f.s of £(3/2)™ mod 1, if for every two d.f.s g1(x), g2(z) of £(3/2)™ mod 1 with
g1(x) = go(x) for x € X then gi(x) = ga2(z) for every = € [0,1]. He gives the
following sets of uniqueness: X = [0,2/3], X = [1/3,1], X = [0,1/3] U [2/3,1],
X =[2/9,1/3]U[1/2,1] or X = [0,1/2] U [2/3,7/9].
(18) The elements of the sequence (3/2)™ appear in the Waring problem. Let
g(k) =min{s; a=n{ +--- 4+ n¥ for all a € N and suitable n; € Ny }.
S. Pillai (1936) proved that if & > 5 and if we write 3% = ¢2* 4+ 7 with 0 < r < 2%,
then g(k) = 2% + [(3/2)¥] — 2, provided that r + ¢ < 2, i.e. 3% — 2F[(3/2)F] <
28 —[(3/2)"].
(19) Open problem is to characterize distribution of e” mod 1 and 7™ mod 1.
(20) If p > ¢ > 1 are integers and gcd(p, g) = 1 then the sequence (p/q)™ mod 1,
n = 1,2,..., has an infinite number of points of accumulation. This was firstly
proved by Ch. Pisot (1938), then by T. Vijayaraghavan (1940) and L. Rédei (1942).
The density of (p/q)™ mod 1 in [0,1] is an open problem posed by Pisot and
Vijayaraghavan.
(21) L. Flatto, J.C. Lagarias and A.D. Pollington (1995) proved that if £ > 0, then
limsup,, . {§(p/¢)"} — liminf, o {&(p/9)"} > 1/p.
(22) A.Dubickas (2006[a]): Denote T'(z) = [[o—,(1—22"), E(z) = w If
€#0and p>q>1, ged(p,q) =1, then the sequence ||{(p/q)"||, n =1,2,... has
a limit point > E(q/p)/p and a limit point < 1/2 — (1 —e(q/p))T(¢/p)/2q, where
e(q/p) =1—(q/p) if p+ q is even and e(q/p) = 1 if p + ¢ is odd.
(22’) A. Dubickas (2007): Set F(z) = [[o—, (1 — 2+ (=D"N/3)  For two coprime
positive integers p > ¢ > 1 and any real number £ # 0, the sequence of fractional
part {£(—p/q)"}, n = 0,1,2,..., has a limit point < 1 — (1 — F(q/p))/q and a
limit point > (1 — F'(¢/p))/q.
(22”) A. Dubickas (2006[a)): Set T(z) = [[°°,(1 — 2%") and E(z) = =1-0T@),

2z
Let ¢ be an irrational number and let p > 1 be an integer. Then the sequence
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1€p™|], n = 1,2,... has a limit point > §, = E(1/p)/p, and a limit point < ép =
e(1/p))T(1/p)/2, where e(1/p) =1 — (1/p) if p is odd and e(1/p) = 1 if p is even.
Furthermore, both bounds are best possible: in particular, &, ép are irrational
and ||{pp" || < &p, [|€pp™ || > &p for every n=1,2, ...

(23) S.D. Adhikari, P. Rath and N.Saradha (2005) prove that evey d.f. ¢g(z) of
{&(p/q)"} satisfies the functional equation

>0 9 (”) Y109 () =309 (”) >0 9 ()

(24) S.D. Adhikari, P. Rath and N.Saradha (2005) prove that every interval I C
[0, 1] of the length |I| = (p — 1)/q and every complement [0,1] — [(i — 1)/p,i/p],
i=1,2,...,p, are sets of uniquenes of d.f.s of {£(p/q)™}, for definition see (17). In
the second case, if j/q € [(i —1)/p,i/p] for some 1 < j < ¢ they assume p > ¢> —q.
(25) T. Vijayaraghavan (1940a): Let @ = ¢* be irrational, where k and ¢ > 2 are
integers. Then the set of limit points of the sequence 6™ mod 1 is infinite.

(26) H. Helson and J.—P. Kahane (1965): Let 6 > 1 be a real number. There exists
uncountably many £ such that the sequence £6™ mod 1 does not have the a.d.f.
(27) A.Zame (1967): For an arbitrary d.f. g(x) and for any sequence u, of real
numbers which satisfies lim,,— o0 (tn+1 — Up) = 00, there exists a real number 6
such that the sequence 8%~ mod 1 has g(x) as its a.d.f.

e A real algebraic integer § > 1 is called a P.V. number (Pisot — Vijayaraghavan
number) if all its conjugates # 6 lie strictly inside the unit circle.

(28) Let 6 be a P.V. number. Then ™ mod 1 — 0 as n — oc.

(29) A.Thue (1912) proved that 6 is a P.V. number if and only if {§"} = O(c")
for some 0 < ¢ < 1.

(30) G.H.Hardy (1919) proved that if # > 1 is any algebraic number and A > 0
is a real number so that {A\0"} = O(c"), (0 < ¢ < 1), then 6 is a P.V. number.
Hardy posed an interesting and still unanswered question whether there is a
transcendental numbers § > 1 for which a A > 0 exists such that {\0"} — 0.

(31) T.Vijayaraghavan (1941) proved that if § > 1 is an algebraic and if 67,
n=1,3,..., has only a finite set of limit points, then # is a P.V. number.

(32) Ch.Pisot (1937, [a]1937) proved that if # > 1 and A > 0 are real numbers
such that >~ {\0"} < 400, then 6 is a P.V. number.

(33) The set S of all P.V. numbers is closed (R.Salem (1944)). Two smallest
elements of S are 1.324717..., and 1.380277..., the real roots of 23 — x — 1, and
x* — 23 — 1, respectively. Both are isolated points of S and S contains no other
point in the interval (1,1/2] (C.L. Siegel (1944)). The next one is 1.443269 ..., the

real root of % —2* — 23 + 22 — 1 and 1.465571. .., the real root of 3 — 22 — 1. The

smallest limit point of S is the root (1+_2\f5) = 1.618033... of 22 —x —1, an isolated
point of the derived set S’ of S (J. Dufresnoy and Ch. Pisot (1952), (1953)). The
smallest number S” is 2.

e The real algebraic integer 6 > 1 is called a Salem number if all its conjugates lie
inside or on the circumference of the unit circle and at least one of conjugates of
6 lies on the circumference of the unit circle. It is well known that if 6 is a Salem
number of degree d, then d is even, d > 4 and 1/6 is the only conjugate of 6 with
modulus less than 1, all the other conjugates are of modulus 1.
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(34) Let 6 be a Salem number. the sequence ™ mod 1 is dense in [0, 1], but
not u.d. (Ch.Pisot and R.Salem (1964)) Salem numbers are the only known
concrete numbers whose powers are dense mod 1 in [0, 1], see the monograph of
M.J. Bertin, A. Decomps-Guilloux, M. Grandet-Hugot, M. Pathiaux-Delefosse, and
J.P.Schreiber (1992, pp. 87-89). The survey paper of E. Ghate and E.Hironaka
(2001) deals with the following open problem: Is the set of Salem numbers
bounded away from 17 D.H.Lehmer (1933) found the monic polynomial L(z) =
20+ 2% — 27 — 28 — 2% — 2% — 23 + 2 + 1, where its real root § = 1.17628... is
both the smallest known Salem number.

(35) Let 6 be the Salem numbers of degree greater than or equal to 8. Then
the sequence x,, = 0™ mod 1, n = 1,2,..., has a.d.f. g(z) # = which satisfies

(9(y) = 9(@)) = (y — )| < 2 (LEP=2) (2m)! =5 (y — @), where ((2) is the
Riemann zeta function, deg(#) is the degree of # over Q and 0 < z <y < 1. This
was proved by S. Akiyama and Y. Tanigawa (2004).

(35”) Toufik Zaimi (2006): Let 6 be a Salem number and let A be a nonzero element
of the field Q(#) and denote A = limsup,,_, ,{A\0"} — liminf,, ,,{A\0"}. Then (i)
A > 0. (ii) If X is an algebraic integer, then A = 1. Furthermore, for any 0 < ¢t < 1
there is an algebraic integer A and a subinterval I C [0, 1] with the length ¢ such
that the sequence {A\0"}, n = 1,2,... has no limit point in 7. (iii) If # — 1 is a
unit, then A > 1/L, where L is the sum of the absolute values of the coefficients
of the minimal polynomial of 6. (iv) If # — 1 is not a unit, then infy A = 0.

(35”) A. Dubickas (2006[b]): If 6 is either a P.V. or Salem number and A\ # 0 and
A ¢ Q(f), then A > 1/L, where A and A are defined as in (35’).

(35”7) A. Dubickas (2006[b], see MR2201605=20061:11080): Let d > 2 be a positive
integer. Suppose that a@ > 1 is a root of the polynomial ¢ — z — 1. Let & be an
arbitrary positive number that lies outside the field Q(«) if d = 2 or d = 3.
Then the sequence [£a”], n = 1,2,..., contains infinitely many even numbers
and infinitely many odd numbers. Thus « satisfies Mahler’s conjecture (7), i.e.
0 < {&a"™} < 1/2, does not holds for all n =1,2,....

(35””7) D. Berend and G. Kolesnik (2011): If A is a Salem number of degree 4,
then the sequence nA™ mod 1, n = 1,2,... is u.d. Precisely they proved: Let A
be a Salem number of degree 4 and P(z) a nonconstant polynomial with integer
coefficients. Then the sequence

(P(n)A™, P(n + )AL P(n 4+ 2)A" "2 P(n + 3)A"™3) mod 1,n = 1,2,... is u.d.
(36) LI. Pjateckif — Sapiro (1951) proved that every distribution function g(z) of
the sequence ag™ mod 1 with integer ¢ > 1 satisfies the functional equation

9(x) = i (9((x +1)/9) = 9(i/q)).

(37) If o is a non—zero real number and ¢ > 2 an integer then the sequence
aq™ mod 1 has a.d.f. g(z) if and only if fol f(z)dg(z) = fol f(qz)dg(x) for every
continuous f(x) which is defined on [0, 1]. (I.I. Pjateckii — Sapiro (1951)).

(38) Let o be a non—zero real and ¢ > 2 be an integer. If the sequence x,, =
aq™ mod 1 has absolutely continuous a.d.f. g(x), then g(z) = x and thus the
sequence x,, is u.d.

(39) If « is irrational, then for any integer g > 2 the set of all limit points of the
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sequence ag™ mod 1 is infinite (T. Vijayaraghavan (1940a)).

(39’) A. Dubickas (2007): For an integer b < —2 and any irrational £ we have
liminf,, ., {£b"} < F(—=1/b))/q and limsup,, ,. {{b"} > (1 — F(q/p))/q, where
F(z) =110, (1— 2 +EDPN/3) From it he derives: (1) liminf,_y e {&(—2)"} <
0.211811 and limsup,, . {£(—2)"} > 0.788189; (ii) The sequence of integer parts
[£(=2)"], n = 0,1,2,..., contains infinitely many numbers divisible by 3 and in-
finitely many numbers divisible by 4.

e The number « is normal in the base ¢ if and only if a¢™ mod 1 is u.d. The
number « is called absolutely normal if it is normal in the base ¢ for all integers
q > 2. The number « is called simply normal to base ¢ if each digit from 0 to ¢—1
appears with the asymptotic frequency %.

(40) Tt is not known whether the following constants of general interest e, 7, v/2,
log2, ¢(3), ¢((5), .. are normal in the base 10. All are, conjecturally, absolutely
normal.

(41) The first classical example ap = 0.123456789101112... of a simple normal
number in base ¢ = 10 is given by Champernowne (1933). It is also normal in
q = 10.

(42) Let f(x) = ozoxg + oy + -+ 4 2P be a generalized polynomial where
a’s and f’s are real numbers such that g > 1 > --- > [ > 0. Assume that
f(z) > 1 for x > 1 and that ¢ > 2 is a fixed integer. Put o = 0.[f(1)][f(2)]...,
where the integer part [f(n)] is represented in the g—adic digit expansion. Then
« is normal in the base ¢q. This was proved by Y.-N.Nakai and I. Shiokawa in
the series of papers (1990, [a]1990, 1992). They give the following examples
a = 0.1247912151822... with f(z) = x\/i, and a = 0.151222355069... with
flx) = V22>,

(43) If f(x) is a non-constant polynomial with rational coefficients all of whose
values at © = 1,2,..., are positive integers, then the normality of « in base 10 was
proved by H. Davenport and P. Erdés (1952).

(44) K. Mahler (1937) proved that « defined by an integer polynomial f(x) is a
transcendental number of the non-Liouville type.

(45) Y.-N.Nakai and I.Shiokawa (1997): Let f(x) be a non—constant polyno-
mial which takes positive integral values at all positive integers. The number
a=0.f2)fB)fB)f(7)f(11)..., where f(p) is represented in the g-adic digit
expansion and p runs through the primes, is normal in the integral base ¢q. The
normality of a = 0.235711... with respect to base ¢ = 10 was conjectured by
D.G. Champernowne (1933) and proved by A.H. Copeland and P. Erdés (1946).
(45’) M.G. Madritsch, J.M. Thuswaldner and R.F. Tichy (2008) extended the
results of Nakai and Shiokawa by showing that, if f is an entire function of logarith-

mic order, then the numbers 0.[f(1)][£(2)][£(3)] . .. and 0.[F(2)][f3)IFBILF(7)] . ..

where [f(n)] stands for the base ¢ expansion of the integer part of f(n), are nor-
mal.

(46) H.Furstenberg (1967) proved that if p,q > 1 are integers not both integer
powers of the same integer (i.e. p and g are multiplicatively independent), then for
every irrational « the sequence p™q¢"a mod 1, m,n =1,2,... is everywhere dense
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in [0, 1.

(47) B.Kra (1999) extended (46) to the following: Let p; and ¢; be integers and
a; real, 1 = 1,2,..., k. If p1,q1 > 1 are multiplicatively independent, a; is irra-
tional, and (p;,q;) # (p1,q1) for i > 1 then the sequence Zlep’i”q?ai mod 1,
m,n =1,2,... is dense in [0, 1]. He also gave the following:

(48) Let p,q > 1 be multiplicatively independent integers and let z,,, n =1,2,...,
be any sequence of real numbers. Then for any irrational o the sequence p™q¢"«a +
x, mod 1, m,=1,2,... is dense in [0, 1].

(49) Conjecture: Let \;, u;, fori = 1,2, ..., k be real algebraic numbers, |\;|, |u;| >
1, Ai, pi are multiplicatively independent, and (\;, it;) # (Aj, pt5) for ¢ # j. Then
for any real numbers «;,...,a; with at least one a; & Q(UE_ {\;, u;}) the se-
quence Zle A ula; mod 1, m,n =1,2,... is dense in [0, 1].

(50) Conjecture (49) was stated by R.Urban (2007). He proved it for special
algebraic integers of degree 2, see 1.28. As illustrating examples he gave:

For any a1, ap with at least one non-zero, the sequence {(v/23+1)™(v/23+2)"ay +
(V6L 4+ 1)™ (V61 — 6)"az}t, myn =1,2,... is everywhere dense and also for irra-
tional ay the sequence {(3++/3)™2" 4+ 5T a2}, m,n = 1,2, ..., is everywhere
dense in [0, 1]. For more information see Problem 1.28.
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2.5 Duffin-Scheaffer conjecture and related sequences.

D.S.C.: Let f(q) be a function defined on the positive integers and let ¢(q)
be the Euler totient function. The Duffin and Schaeffer conjecture (D.S.C.)
says that for an arbitrary function f > 0 defined on positive integers (zero
values are also allowed for f) the diophantine inequality

w—§'<f(Q), ged(p,g) =1, ¢>0 (1)

has infinitely many integer solutions p and ¢ for almost all € [0,1] (in
the sense of Lebesgue measure) if and only if the following series diverges

> a1 (9)f(q) = oo

NOTES:

(I) The D.S.C. is one of the most important unsolved problems in metric number
theory, cf. Encyclopaedia of Mathematics 2000 (M. Hazewinkel ed.).

(IT) It was inspired by A. Khintchine (1924) result: If ¢> f(g) is nonincreasing and
> a—1 4f(q) diverges, then (1) has infinitely many integer solutions for almost all
x. Originally, he did not assume gcd(p, q) = 1.

(ITI) By the Borel-Cantelli lemma, (1) has only finitely many solutions for almost
all z if 372 o(q)f(q) converges.

(IV) By the Gallagher ergodic theorem (P. Gallagher (1965)) the set of all z € [0, 1]
for which (1) has infinitely many integer solutions has measure either 0 or 1.

(V) R.J. Duffin and A.C. Schaeffer (1941) improved Khintchine’s theorem in (II)
for f(q) satisfying 222:1 qf(q) < 0222:1 ©(q) f(q) for infinitely many ) and some
positive constant c. They also have given an example of f(gq) such that 2211 qf(q)
diverges, Z;il ©(q) f(q) converges and (1) has for almost all = € [0, 1] only finitely

many solutions p and ¢, where the ged(p, ¢) = 1 is omitted (cf. (VI’)). This natu-
rally leads to D.S.C. with >7°Z | ¢(q) f(q) replaced of 372 ¢f(q).
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(VI) In the following a class of sequences ¢, n = 1,2,. .., distinct positive integers
and a class of functions f is said to satisfy D.S.C. if the divergence >~ ©(gn)f(qn)
implies that for almost all € [0, 1] there exist infinitely many n such that the
diophantine inequality

p
x__

n

< f(Qn)v ng(p7 Qn) =1 (2)

has an integer solution p. There are tree types of results of ¢, f satistfying D.S.C.:

(a) any one-to-one sequence ¢, and special f;

(b) any f > 0 and a special ¢, (e.g., ¢, = n*);

(c) special gy, f.

For example:

(VIa) Following f’s satisfy D.S.C. with every one-to-one sequence g:

(i)  f(n) =-%, where ¢ > 0 is a constant.

(i) f(n)=0m7?).

(i) f(n)=0 (MP(Z#), where v = e —¢, ¢ > 0 and g(n) is the first positive
. . 1
integer for which 3> - <1.

pln,p>g(n)
p—prime

Note that (i) was proved by P. Erdds (1970), (ii) by J.D. Vaaler (1978) and (iii)
by V.T. Vil'chinskii (1979).

(VIb) Following one-to-one sequences ¢, satisfy D.S.C. with every f > 0 (zero
values are also allowed):

(i) ‘p(q”) > ¢ > 0 for every n.

(ii) % < ¢ < 1 for all sufficiently large n.

(i) > iz ﬁ(;l”)) < 400, where ¢;; = 70— and w(n) = #{p — prime, p|n}.
(iv) Yoo, 2l < foo,

(V) (gm,qn) = 1 for every m # n.

(vi) Z;X; . (10%1?;]) @E}cln) sogqj) < +o0.

(vii) D07, (1o59)" 46 and di; < (giq;)2~¢ for some & > 0 and every i # j,

0z
where d;; = ged(gs, q;)-

(viii) The sequence d;; = gcd(gi, q;), 4,7 = 1,2,..., has only finitely many differ-
ent terms.

anr < ¢ < 1 for every n.

X) ‘pg‘i") < Kn=9 for some K,§ >0and n=1,2,....

xi) g, =nF, for k> 2.

xii) gn = q¢", Gn = nl, ¢n = 22" 4+ 1-Fermat numbers, ¢, = F, Fibonacci
numbers, ¢, = ¢" — 1, g, = ¢" + 1 (for every positive integer q > 2).

(xiii) ¢, is a one-to-one sequence of primes.

Note that (i) and (ii) can be found in Duffin and Schaeffer (1941).

(iii) and (iv) was proved by O. Strauch (1982, Th. 14 and 15).
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(v) and (vi) by Strauch (1983, Th. 7 and 2).

(vii) by Strauch (1984, Th. 6).

(viii) by Strauch (1986, Th. 8).

(ix), (x), (xi) by G.Harman (1990, Th. 1).

(xii) by Strauch (1986).

(xiii) is an example in Duffin and Schaeffer (1941, p. 245). Also G. Herman (1998,

p. 27, Cor. 2) notes that Duffin-Schaeffer criterion in (VIc(i)) (also in (VIb(i)))

holds for one-to-one sequence ¢, of primes, since it satisfies D.S.C. with every

f=0.

(VIc) The following special sequences ¢, and functions f satisfy D.S.C.:

() Xt @ flan) < e Xy 9(an)flan) for N=1,2,...

(i’)  gn =mn and ¢S f(g,) is non-increasing. Here ¢ may be any real constant.

(ii) Zivzl ©(qn) f(qn) > cN? for infinitely many N, where ¢, > 0 are constants.

(iii)  f(qn) > cqn(p(gn)/qn)" for n =1,2,..., where ¢, R > 0 are constants.

(iv)  gn strictly increase, ¢, f(g,) does not increase and the lower asymptotic

density d(g,) > 0.

(v)  flan)p(an) = O((nlognloglogn)~') and cin® < g, < con®, where c1,¢2,4,8
are positive constants and B > 1.

(vi) % >c¢>0forn=1,2,... and f(g,) is nonincreasing.

(vii) gy is strictly increasing with d(g,) > 0 and f(q) > c¢f(s) forall ¢ =1,2,...,
every s € {g+1,¢+2,...,2q} and some constant ¢ > 0.

Note that (i) and (i’) was proved by R.J. Duffin and A.C. Schaeffer (1942); (ii)
and (iii) G. Harman (1990, 1998, p. 66, Th. 3.7); (iv) G. Harman (1998, p. 41,
Cor. 3); (v) G. Harman (1998, p. 57, Th. 2.10); (vi) O. Strauch (1982); and (vii)
E. Zoli (2008).

(VI') O. Strauch (1982): Let p,, n = 1,2,... be the increasing sequence of all
primes and put g, = pipa .- p and £(gn) = (gunlogn) . Then > | o(gn)(qn)
converges, > - qnf(g,) diverges and for almost all x € [0,1] the inequality
(2) has only finitely many solutions p, ¢, but infinitely many if the assumption
ged(p, ¢n) = 1 is omitted.

(VI”) P.A. Caltin (1976) conjectured that the divergence Y~ ¢(q) gllg)l(f(m.q)

is the necessary and sufficient condition for (1) to have infinitely many solutions.
The D.S.C. implies this conjecture, cf. Harman (1998, pp. 28-29).

(VI*) It is interesting that one-dimensional D.S.C. is open, but multidimensional
D.S.C. was proved by A.D. Pollington and R.C. Vaughan (1999) in the following
form: For every k = 2,3, ..., for every one-to-one sequence q,, n =1,2,..., of pos-
itive integers and for any nonnegative function f, if the series > >, (0(gn) f(qn))"
diverges, then for almost all x = (x1, ..., xx) and for infinitely many n there exists
an integer vector p = (p1,...,px) such that the inequalities

Dk
7‘T__

n

‘ZL‘—& <f(Qn)7

n

hold, where ged(p1ps - - - Pk, qn) = 1.
(VI*b) G. Harman (1998, p. 65, Th. 3.6) proved another multidimensional D.S.C.:
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Let f1(n),..., fx(n) be functions of n taking values in [0, ¢) for some ¢ > 0. Write
O(n) = Hle(nfj (n)) and suppose, for some positive reals ¢ and K, that for each
n for which 6(n) # 0 we have max;<;<g % < K(0(n))®. Let g, be a sequence
of distinct positive integers for which

(©(gn) f1(an)) - - - ((an) fr(qn)) = oo
n=1
Then for almost all X = (x1,..., ) € [0,1]F there are infinitely many solutions
p P
’I -2 < fl(QTL)a s < fk(Q’rL)v ng(p1p2 .- ~pk7Qn) =1

There are two following types of sequences inspired by D.S.C., namely eu-
taxic and quick.

Eutaxic sequences. Let z, € [0,1), z, € RT, n = 1,2,..., be two
sequences and x € [0, 1]. Strauch (1994) introduced a new counting function

A(x; N; (2, 2n)) = #{n < N |z — 2y < 2p}-

e The sequence x,, is said to be eutaxic if for every non—increasing se-
quence z, the divergence of > "7, z, implies that

lim A(x; N;(xp, 2n)) = 00

N—o00
for almost all € [0, 1]. If furthermore

lim A(x; N (2n, 2n))

=1
S 9 Zfz\f: | %n

then x,, is called strongly eutaxic.

NOTES:

(VII) Eutaxic sequences were introduced by J.Lesca (1968). He proved that if 6
is irrational then the sequence nf mod 1 is eutaxic if and only if 8 has bounded
partial quotients.

(VIII) M. Reversat proved the same for the strong eutaxicity of n mod 1, i.e., for
sequence nf mod 1 both notions coincide.

(IX) B.de Mathan (1971) defined the counting function

A*(N,z,) =#{0<k < N; In < N(x, € [k/N,(k+1)/N)}

and proved that liminfy_,.o A*(N,z,)/N = 0 implies that z, is not eutaxic.
Since for the sequence x,, = nfl mod 1 and for # with unbounded partial quotients
we have liminfy_,oo A*(N,z,)/N = 0, de Mathan (1971) recovered half of Lesca’s
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result.
(X) A characterization of strong eutaxicity in terms of L? discrepancy is an open
problem, cf. O.Strauch (1994).

Quick sequences. Let X = U°_,I,, be a decomposition of an open set
X C [0,1] into a sequence I,, m = 1,2,..., of pairwise disjoint open
subintervals of [0,1] (empty intervals are allowed). Let x, be an infinite
sequence in [0, 1). Define a new counting function

A(X;N;x,) = #{m € N; In < N such that x,, € I,,}+
+#{n§N; $n¢X}7

ie,ifx, € X forn=1,2,..., then Z(X; N;x,) is the number of intervals
I, containing at least one element of x1,x2,...,TN.

e The sequence z,, is said to be quick if for any open set X C [0,1] with
the Lebesgue measure |X| < 1, there exists a constant ¢ = ¢(X) such that

A(X; N; )

N >c>0.

NOTES:
(X?) Examples of quick sequences:

(i)  The sequence z,, of all dyadic rational numbers from [0, 1] ordered by %,%,i,
31357 1

(i)  The sequence x,, of all rational numbers (reduced fractions) from (0, 1] or-

111213 12341
dered by 1°2°37394°47 557575362 **
(iii) The sequence z,, of all non-reduced fractions from (0, 1] ordered by 7,5,5,5.3,

304747424050 "
(iv) The denominators 1,2,3,... in (iii) can be replaced by any arithmetic sub-

sequence of positive integers.

e The sequence z,, is said to be uniformly quick (abbreviated u.q.) if for
any open set X C [0, 1] we have

~

A(X; N wy)
lim —— =1—|X|.
e If this limit holds for a special sequence of indices N1 < Ny < ..., then
xy is said almost u.q.
NOTES:

(XI) Quick and u.q. sequences were introduced and studied by O. Strauch (1982,
1983, 1984, [a]1984, 1986) in connection with D.S.C.

(XII) Any quick sequence x,, is eutaxic, i.e., for every non-increasing sequence z,,
> | Zn = 00, for almost all z € [0,1], the inequality |z — y,| < 2, holds for
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infinitely many n.

(XII') Any u.q. sequence z,, is u.d. in (0,1] and it is also strongly eutaxic.

(XIII) The sequence z,, = nf mod 1 is u.q. if and only if the simple con-
tinued fraction expansion of the irrational # has bounded partial quotients (cf.
O. Strauch ([a]1984)).

(XIV) Strauch (1982, Th. 3): The u.d. sequence z,, is u.q. if for infinitely many
M there exist ¢, ¢y, and No(M) such that ¢, — 0 as M — oo and

> 1< emt(N = M)+ dy(N — M)

|zi—z; <t
M<i#j<N

for every N > No(M) and every t > 0.

(XV) The u.q. sequences z,, can be used in the numerical evaluation of integrals
[ f(x)dz over open subsets X of [0,1]. Thus also for Jordan non-measurable
sets X whose boundaries 0X are of positive measure |0X| > 0, cf. Strauch (1997).
(XVI) Let ¢, n =1,2,..., be a one-to—one sequence of positive integers and let
An,,n=1,2,... be a sequence composed from blocks

An = (i}%)_“, a’@(‘ln)) )

dn 4n dn
where 1 = a1 < az < ag < -+ < ag(g,) are the integers < ¢, coprime to g,. If 4,,
n=1,2,... is almost u.q. (With respect to the set of indices N,, = Y ", go(qi)),
then the D.S.C. holds for g, and for every non-increasing f(g,). Thus the D.S.C.
follows from the following conjecture immediately:
Conjecture: For every one-to-one sequence of positive integers ¢,, the block
sequence A,, is almost u.q.
(XVII) For every one-to-one sequence ¢, in (VIb) the block sequence 4,, is almost
u.q., e.g., (v) relatively prime gy,; (xii) ¢, = Fibonacci numbers; (ix) lacunary gy;
(XVIII) From (XIV) it follows immediately: Assume that, for infinitely many m
there exist ¢,, and ¢, such that ¢, — 0 as m — oo and for every 0 < z < 1 and
for all sufficiently large n we have the estimation

2

Z 1<e¢p Z o(@i) | +cm Z o(q) | - (3)

o<a b ~p m<i<n m<i<n
a4  aj

(aaqi):(b7(Ij):1
m<i,j<n

Then the sequence ¢q,, n = 1,2,..., satisfies D.S.C. with every non-increasing
function f. If the estimation (3) holds for every permuted g, and for any
subsequences qr(n,), ¥ = 1,2,..., then the sequence q,, n = 1,2,..., satisfies
D.S.C. with every f > 0, zero values are also allowed. We conjectured that (3)
holds for any one-to-one integers ¢,, where the constants ¢,, and ¢, depend on
dn- All results in (VIb) can be found by proving (3), where we used the following
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partial estimations: For given two integers ¢; and ¢; denote

qiq;

a(z) = H p,  dij = ged(gis q5),  Gij = _d2]’ Tij = xdijqij-
p>z,pla ij
p—prime

Then the sum > 1
O<q%—qij<x

(a,q:)=(b,q;)=1

has the following upper bounds:

() comp(a:)p(a) HEltdds:;

(i) cozep(qi)p(qi);

(ili) cozqigy; )

(iv) corp(q:)e(a5) 5(ssys

(v) corp(ai)e(ay) + 229 o(d;

where w(n) is the number of distinct prime divisors of n and ¢y is an absolute

constant.

(XIX) Let g(x) be an integer polynomial. In generally, the D.S.C. for ¢, = g(n) is

an open problem (we know only g(x) = x*, see (VIb(xi))). In connection with

(VIb(vii)) there is a question: When for polynomial g(x) we have

D=

- (4)

for every sufficiently large integers m # n, where the constants ¢ and € depend on
9(x).

A. Schinzel (personal communication) has shown that the Masser abc-hypothesis
implies (4) for g(z) = 23+k, k = 1,2, ..., with exponent %—%—i—a’. He conjectured
that (4) holds also for g(x) = 2%+ 1, k = 3,4, ..., but he proved that (4) does not
hold for g(z) = 22 + 1.

The problem of restricting both numerators p and denominators ¢ in (1) to
sets of number-theoretic interest was investigated by G. Harman (1988).
NOTES:

(XX) Firstly, he considers (1), where p, ¢ are both primes. In this case D.S.C. has

the following form.
Conjecture: For any function f > 0 if the sum

ged(g(m), g(n)) < c(g(m)g(n))

.- q
q; f@ g (5)
g—prime

diverges, then for almost all x there are infinitely many primes p, ¢ which satisfy

(1).
(XXI) G. Harman (1988) established this D.S.C. for f(q) > 0 satisfying 0 < o1 <

”;}CEZ‘)) < oy for all m with ng < n < m < 2n, where o1,02,n9 are positive
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constants.

(XXII) V.T. Vil’chinskii (1990) replaced (5) by

i f( )qu+1+(m/n) (6)
q —_—_—
g log q

qg—prime

where integers m,n satisfy one from m = n, m > 2n, or n > 2m. He proved
that for special f > 0, if the series (6) diverges, then for almost all x, there exists

infinitely many primes p, ¢ such that ’x - qu’ < f(q).

(XXIIT) Using the theory of u.q. sequences, the D.S.C. for prime numbers and
non-increasing f holds if the block sequence A,,, n =1,2,...,

An: (ﬂvq_Q?"'vq_n)?
dn (4n an
is u.q., where ¢q,, n = 1,2,... is the increasing sequence of all primes. Note that
the sequence of blocks A,,, n = 1,2,..., is u.d., see 1.9 Block sequence, Example
().
(XXIV) G. Harman (1998, p. 168, Th. 6.2): Let A and B be sets of positive
integers and denote
(i) d(B)>0;
(ii) A(kn)/A(n) > ¢+ 1 for all n and for some constants £k > 1, ¢ > 0. Here
A(n) = #{i < mii € A};
(iii) A(2n) — A(n) < C for all n, where C' depends only on A,
(iv) limg oo lim, oo ged(p, ¢) = 00, where ¢ € A and p € B;
(v) f(n) is non-increasing;
(vi) 0 < o1 < ZQT)) < o9 for all m with ng < n < m < 2n, where o1, 09,n¢ are
positive constants;

n
(vil) liminf, ﬁ > % > 1> c(y — z) for all intervals [z,y]|, where
q=1 pEB
9€A  p/q€(z,y]
ged(p,q)=1
¢ > 0 is a constant depending on A and B.

Suppose that (i), (vii) and at least one of (ii), (iii), (iv) holds for A and at least
one of (v), (vi) holds for f. If the series >° =, _, f(q) diverges, then there are
infinitely many solutions to

p
x—5‘<f(q), ge A, peB, gcdpq =1 (7)

for almost all z.

o K(f) = {xGR;

o Exact (f) =K(f) — Un>2K((1 —1/m)f);
(XXV) Y. Bugeaud (2008) collected known results:

r_D
q

< f(q) for infinitely many rationals %’};
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(i) If f(q) is non-increasing and f(q) = o(q~2) then K(f) # 0 (V. Jarnik (1931));
(i) If ¢*f(q) is non-increasing and > a1 f(q) converges then for Hausdorff di-

mension dim Exact (f) = dim K(f) = %, where A = liminf, o —% (M.M.
Dodson (1992)).

Since for convergent ) 2, f(q) the result (i) is very satisfactory, Y. Bugeaud
(2008) proposed two following problems:

Open problem 1. Let f(g) be a non-increasing, f(q) = o(¢~?) and 220:1 f(q)
diverges then to find Hausdorff dimension of Exact (f).

(i) Y. Bugeaud (2008): Let ¢*f(q) be a non-increasing, 3 °-° | f(q) diverges and
1/(¢*T¢) < f(q) < 1/(100¢*log q) for any ¢ > 0 and sufficiently large g. Then
dim Exact (f) = dim gK(f) = 1.

Open problem 2. Study the set Exact (c/n?).

(iv) Y. Bugeaud (2008): For any 0 < ¢ < 1/6 the set Exact (¢/n?) is non-empty.
(XXVI) D. Berend and A. Dubickas (2009) studied diophantine approximation in
the form (VII) |z — x,,| < z,. Putting

© G(xy,2,) = {2 € R;|z — x| < 2, for infinitely many n}

they proved:

(i) Let x,, be an arbitrary dense sequence in [0, 1], and z,, be an arbitrary sequence
of positive numbers. Then the set G(z,, 2, ) is an uncountable dense subset of the
interval [0, 1].

(ii) Let x,, be an arbitrary sequence in [0, 1], and z, be an arbitrary sequence of
positive numbers. If Y >° 25 < oo for some 0 < s < 1, then dimyG(z,, 2,) < s
(the Hausdorff dimension).

(iii) For any sequence z, > 0, lim,_,~ 2, = 0, there exists well distributed z,, €
[0,1) such that dimyG(z,, 2,) = 0.

(iv) For every z,, Y .o, z, = oo, there exists z,, € [0,1] such that G(zp,z,) =
[0, 1].

(v) Note that, by definition of eutaxic sequence and by (VII), for x,, = nf mod 1, if
6 has bounded partial quotients, then the measure |G(z,, 2,)| = 1, for an arbitrary
sequence z, > 0, Y 7 | z, = 00.

(XXVII) L. Misik and O. Strauch (2012) are linked to (XXVI) results:

(i) Let x,, be a sequence in [0, 1) such that the set G(x,,) of all d.f.s of x,, contains
only continuous d.f.s. Then for every sequence z, > 0, z, — 0, and every x € [0, 1]
we have: If |x — z,,, | < zp,, K =1,2,..., then the asymptotic density d(ny) = 0.

(ii)Ex.: The set G(logn) (was found by A. Wintner (1935)) has only continuous
functions. Thus if |z — {lognk}| < zn,, k = 1,2,... then % — 0 for every
sequence z, > 0, z, — 0. Note that, recently Y. Ohkubo (2011) proved: Let
Pn, = 1,2,..., be the increasing sequence of all primes. The sequence {logp, },
n = 1,2,..., has the same d.f.s as logn mod 1. Thus ny with |z — {logp,, }| <
Zng, k=1,2,... satisfies nik — 0, again.

e G. Myerson (1993)(see [SP, 1.8.10]) introduced the sequence z,, in [0,1) to be
uniformly maldistributed if for every subinterval I C [0,1) with positive length

|I| > 0 we have both liminf,, w slisnizi€l} _

=0, limsup,,_, -
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(iii) Let z,, be a uniformly maldistributed sequence in [0,1). Then there exists a
decreasing sequence z,, > 0,n =1,2,..., 2, — 0, such that for every z € [0, 1], the
sequence of all indices ng, | — z,, | < zn,, K =1,2,..., has the upper asymptotic
density d(ny) = 1.

(iv) Ex.: The sequence {loglogn}, n = 2,3, ..., is uniformly maldistributed, thus
there exists a decreasing sequence z, > 0, n = 1,2,..., z, — 0, such that for
every = € [0,1], d(ny) = 1 for all possible ng, |z — {loglogni}| < 2y,

(XXVIII) For Hausdorff dimension the analogue of the D.S.C. is true. G. Harman
(1998, Th. 10,7) proved that if Zzozl qf(q) = oo, then the set

X = {x € [0, 1]; there exists infinitely many integer solutions |x — §|,gcd(p, q) =
1,q > 0} has Hausdorff dimension 1.
(Note that -2 ¢(q)f(q) = 00 = 3.2, qf(g) = o0). The dimensional analogue

of D.S.C. also proved A. Haynes, A. Pollington and S. Velani (2012).
(XXIX) O. Strauch (1983) also studied the diophantine inequality

|z — x| < 2n/2. (8)

He proved

(i) If x,, is dense in [0, 1], z, — 0, the following sets

X1 ={x €10,1]; for every z > 0, (8) and x,, > x holds for infinitely many n},
Xo = {x €10,1]; for every z > 0, (8) and x,, < x holds for infinitely many n},
are also dense and they have a power ¢, and

Xo = {x € ]0,1]; there exists z > 0, (8) holds only for finitely many n}

is of the first category.

(ii) For every z,, € [0, 1], z, — 0, with the possible exception of a nullset, the unit
interval [0, 1] can be decomposed into two sets:

X3 ={z €10,1]; for every z > 0, (8) holds only for finitely many n},

X4 = {x €]0,1]; for every z > 0, (8) and z,, > x hold for infinitely many n

and also (8) and x,, < z hold for infinitely many n}.

(XXX) A. Haynes, A. Pollington and S. Velani (2012) replace Duffin-Schaeffer
series 3.1 ¢(q) f(q) by series > 7, ©(q)(f(q))**¢ and prove that the divergence
> ae1 p()(f (g))'¢ = oo implies that the diophantine inequality (1) has infinitely

many integer solutions p and ¢ for almost all x € [0, 1] and for arbitrary f(q) > 0.
Thus D.S.C. holds in this form. Liangpan Li (2013) replace > 2, o(q)(f(q)tte

by Y021 ©(9)¢°(f(g))' e in this result.
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