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UNIFORM DUAL APPROXIMATION
TO VERONESE CURVES IN SMALL DIMENSION

JOHANNES SCHLEISCHITZ

Middle East Technical University, Northern Cyprus Campus, TURKEY

ABSTRACT. We refine upper bounds for the classical exponents of uniform ap-
proximation for a linear form on the Veronese curve in dimension from 3 to 9.
For dimension three, this in particular shows that a bound previously obtained
by two different methods is not sharp. Our proof involves parametric geometry
of numbers and investigation of geometric properties of best approximation poly-
nomials. Slightly stronger bounds have been obtained by Poels with a different
method contemporarily. In fact, we obtain his bounds as a conditional result.

Communicated by Friedrich Pillichshammer

1. Introduction

1.1. New results

Davenport and Schmidt [5], in the course of investigating approximation
to real numbers by algebraic integers related to the famous open problem of Wirs-
ing [19], implicitly studied uniform exponents of approximation on the Veronese
curve in dimension n defined as {(&,&2,...,&") : &€ € R}. Two variants of these
exponents were addressed in [5], one for simultaneous approximation to succes-
sive powers of £ and one for small values of a linear form (degree n polynomial).
Both types of exponents are indeed closely linked to Wirsing’s problem and
variants of it, see besides [0] for example also [2]. In this paper, we refine upper
bounds for the uniform exponents with respect to the latter polynomial setting.
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J. SCHLEISCHITZ

For £ a real number and n > 1 an integer, let us denote them by w, (§) which
are defined as the supremum of w so that

Hp <X, O0<|P(E[<X™"

has a solution in an integer polynomial P = P(X) of degree at most n, for all
large X. Here Hp is the height of P, that is the maximum modulus among its
coefficients. Let us directly define the associated ordinary exponent of approxi-
mation wy,(§) as well, given as supremum of w so that

0<|P(§)] < Hp"

has infinitely many solutions in integer polynomials P of degree at most n.
Clearly, w,(§) > w,(€) by choosing X = Hp, and moreover

wi(§) S wa(§) <-- - W1 (€) < Wa(€) < -+

hold for any real number £. Moreover, Dirichlet’s Theorem shows the lower
bounds R

A well-known consequence of the subspace theorem is that for £ any real algebraic
number of degree d we have w,(§) = w,(§) = min{n,d — 1}, so we may only
consider transcendental numbers & below. It is well-known that @ (§) = 1 for all
irrational real numbers £, see Khintchine [0], so we may restrict to n > 2.
As indicated above, upper bounds for @, (§) have first been studied by Davenport
and Schmidt [5], whose result shows in our notation that

Wy (&) <2n—1, n>2, (1)
holds for any real £. For n = 2, they proved a stronger bound of the form

3+V5
2

wa(§) < —2.6180..., (2)
which surprisingly turned out to be optimal as shown by Roy [12]. For n > 3
the optimal bound remains unknown. It took almost 50 years for the first small
improvements to (I) in [3], where an upper bound of order 2n—32+o0(1) as n — oo
with positive error term for each n was established. The method also reproved the
optimal upper bound (2)) for n = 2. In fact, as noticed in [I5], the method in [3]
when combined with the later proved optimal ratio for ordinary and uniform
exponents by Marnat and Moshchevitin []], directly yields

On, 2<n<9,

3
2n—2, n > 10, ®)

Wn(€) < o, == max{2n — 2,0,} = {
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UNIFORM DUAL APPROXIMATION IN SMALL DIMENSION

where o, is the real solution to

M—:::H:(nl>n

r—n r—n

in the interval € (n,2n — 1). The case n = 2 indeed recovers (2). We have
on = 2n—C+o(1) asn — oo, where C' = 2.25 . .. is explicitly computable, see [14]
for details. In case of strict inequality w,, (§) > wy,—1(§), the term 2n—2 in ([@B]) can
be ignored, thereby implying the bound w, (§) < ¢, which is stronger than (3]
for n > 10. We remark that a closely related classical exponent, denoted @ (€)
(see [3] for a definition), satisfies W} (§) < o, unconditionally. However, the latter
exponent is always bounded above by @, (§), hence giving a weaker claim.

In a later paper the author [I5] introduced another method, involving para-
metric geometry of numbers. It turned out that in [I5] the same bound for n=3
as in (@) that reads @W3(¢) < 3 + V2 = 4.4142... = a3 was obtained, how-
ever for larger n the bounds became slightly weaker than «,,. Some significantly
stronger but conditional results were stated in [I5] § 2] as well. In a very recent
preprint that appeared just days before the current paper, Poels [10] improved
on the estimates (B]) that had been obtained in [3]. He established a stronger
bound of the form

W) <2n—2, (n>4), @3(6) <2+V5=423... (4)

Moreover, for large enough n, a bound of the form

Bal6) < 20— 303
was obtained in [10].

In this paper, we refine the method from the latter paper [I5] to improve the
bound «,, = o, from (@) in the range 3 < n < 9. Unfortunately, our bounds
in this range will be weaker than the very recent estimates (Hl). We want to point
out however that our method is considerably different from the one in [10] and
may be of independent interest for future improvements. Our main result reads
as follows.

THEOREM 1.1. For any n > 2 and any real number & we have

Wy (&) < B,

where B, is the root of the monic quartic polynomial
Qn(T) =T* + a3T? + axT? + a1 T + ag
in the interval (2n — 2,2n — 1), where
a3 = 4 —4n, ay = 5n? — 12n + 8,
ap = —2n24+11n% —18n+7, ag = —2n3+6n?—4n.
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Any polynomial @,, has four distinct real roots and f,, is the largest among
them. For n = 2 we again obtain the optimal bound 8y = 2.6180... from (2)
obtained by Davenport and Schmidt [5] and independently in [3] and [15].
For n = 3 we get

W3(€) < B3 = 4.3234--- < 4.4142--- =3+ V2 = as. (5)

The value a3 is from (B) and was obtained with an alternative proof in [I5]

as well. It turns out that similarly, for 3 <n <9 we get an improvement to (3)).

We further provide stronger conditional results. For brevity we delay the
definition of best approximation polynomials and refer to §2.1] below.

DEFINITION 1.2. We say an integer k > 2 is good for n, £ if the triple of consec-
utive best approximation polynomials { Py_1, P, Pi+1} defined in Definition 2]
below associated to n, £ is linearly independent.

It is well-known and follows from Lemma below that there are infinit-
ely many good k for each pair n,£. Assuming refinements yield improvements
as follows.

THEOREM 1.3. Let n > 2 be an integer and £ be a real number.

(i) Assume that infinitely often, the integers k—1 and k are both good for n,&.
Then R
Wn (5) < Yns

where v, is the root of the monic cubic polynomial
R, (T):=T3~ (4n — 4)T?+ (5n*~ 11n + 6)T+ (—2n>+ 8n*~ 10n + 3).
in the interval (2n — 2,2n — 1).

(i1) Assume all sufficiently large integers k are good for n,§. Then

NS 52 o=
_ 5+ 1 -1 ’ ’
wn(€)<Pn::maX{ 5T T 2n2}= V5+2, n=a3,

2n —2, n>4.

We point out that the conditional bounds p, coincide with those obtained
unconditionally by Poels in ().
Again all roots of R,, are real and -, is the largest. The condition in (i)
can be relaxed to assuming that on a subsequence of good k, we have
log Py_q
log P,
(understood inside the subsequence) with ¢=/(k)>k+1 chosen minimal so that
{Px—1, P, P;} are linearly independent. A similar relaxation of the hypothe-
sis in (ii) can be stated. Conversely, a stronger assumption then in (i) is four

— 1, k— o
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UNIFORM DUAL APPROXIMATION IN SMALL DIMENSION

consecutive best approximation polynomials being linearly independent infin-
itely often. In view of [9], it is questionable if either condition is true for all real
numbers &, see the comments in §2.2 below.

The quality of the bounds are illustrated in the Table 1 with decimal expan-
sions cut off after four digits. As in [I5], as an artefact of the method, our bound
satisfies the asymptotics

Bn =2n—2+40(1), n — oo,
with positive error terms for each n, however the limit being approached faster
than in [I5]. The same holds for ~,, p,. Since a,, = 2n — 2 for n > 10 by (3,
our largest value n = 9, where an improvement is obtained in either theorem
above is a natural barrier, and surpassing it would probably require significant
new ideas in the method.

TABLE 1.

n [new bound 3, |bound «,, =0, derived from [3]|cond. bd. 7, |cond. bd. p,
2 2.6180 2.6180 2.6180 2.6180

3 4.3234 4.4142 4.3028 4.2360

4 6.1592 6.2875 6.1451 6

) 8.0865 8.2010 8.0791 8

6 10.0528 10.1382 10.0488 10

7 12.0352 12.0906 10.0328 12

8 14.0251 14.0532 14.0236 14

9 16.0187 16.0231 16.0177 16

We emphasize again that especially the improvement compared to (B
for n = 3 is remarkable, as it shows that the previously best known bound
34++/2 that had been obtained from two different methods in [3,15], is not sharp.
The new bounds £, of Theorem [[.I] are not optimal for any n > 3 due to
Poels [10], possibly the same is true for the bounds p,, he obtained (uncon-
ditionally). Indeed, conversely, if n > 3 it is not known if the exponent w,, can
take a value larger than n for any real number £. If this is not the case for some
n > 3, this would imply an affirmative answer to Wirsing’s problem (and some
variants) for this value of n, see [5, Lemma 1].

1.2. Ideas of the proof and related exponents

The foundation of our method will be similar to [15], using an approach
inspired by parametric geometry of numbers, however with several technical
twists. Firstly, we need a claim on consecutive best approximation polynomi-
als (see Definition 2.1]) lying in two-dimensonal subspaces (Lemma [2.5] only
needed for Theorem [[LT]). Moreover, some step from the proof in [15] is simplified
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(via Lemma [2.3), which is necessary for our method here. Furthermore, some
technical improvement in the treatment of parametric geometry of numbers is
obtained (Lemma [B1]). These new elements will be combined in a concise way
to beat the bounds from [I5].

While we restrict ourselves to the linear form exponents here, we want to briefly
remark on the according exponents usually denoted M (&) for the dual problem
of simultaneous approximation to consecutive powers of a real number, also
closely connected to Wirsing’s problem and variants. There, similar progress
in form of (rather small) improvements of the original bound by Davenport
and Schmidt [5] have been made, some very recently. The first improvement
for odd n was due to Laurent [7], and a stronger bound for n = 3 due to Roy [13].
For even n, the author improved the bound from [5] in [16,[17]. Then in a very
recent paper Badziahin [I] improved on the previous results for n > 4, which
in turn has been refined by Poels and Roy [I1] to constitute the currently best
known bounds for Xn(f) In private communication, D. Roy pointed out to me
that he recently obtained a very small improvement on his result [13] for n = 3,
in a paper in preparation. However, as in the case of linear form exponents,
all obtained refinements compared to the original result by Davenport and
Schmidt [5] are rather small, moreover again it remains unclear if the mini-
mum value 1/n is exceeded for any n > 3 and any real number . In summary,
both types of exponents remain rather poorly understood for n > 3.

2. On best approximation polynomials

2.1. Definition and a linear independence result

An important object for the study of exponents of Diophantine approximation
are integer minimal points, used for example in [4,[5], which are polynomials
in our case. Let us first define this sequence of best approximation polynomials
(Pr)k>1 as in [I5], Definition 2.1].

DEFINITION 2.1. For n > 1 an integer and £ a real number, an integer poly-
nomial P of degree at most n will be called best approzimation polynomial
associated to (n,&) if it minimizes |P(§)| among all non identically zero inte-
ger polynomials of degree at most n and height (maximum of absolute values
of coefficients) at most Hp. Any pair n,  with £ not algebraic of degree at most n
thus gives rise to a uniquely determined (up to sign) infinite sequence of best
approximation polynomials. We denote it by (Py)x>1 and the height of Py, by Hj,.
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UNIFORM DUAL APPROXIMATION IN SMALL DIMENSION

Recall that they satisfy

[P > [P(E) > Hi < Hy < -+ (6)
We derive for k > 2 the quantities

log | P.— log | P,

_ lglPa© LA -
log Hy, log Hj,

and see the relation to the classical exponents is given by
Wy (&) = liminf py, wy (&) = lim sup v. (8)

k—o0 k—o0

We comprise some results that were implicitly derived in [15], see more precisely
the beginning of the proof of [I5, Theorem 1.1] and [I5] § 3.2]. Following notation
of [15], let

Y = {Py, TPy, ..., T" 2P}, E>1, (9)

consisting of n — 1 integer polynomials of degree at most 2n — 2.
LEMMA 2.2 ([15]). Let n > 2 be an integer and & a real number that satisfies
D (€) > 2n — 2. (10)

Then for all large enough k, the polynomial Py from Definition[21 is irreducible
of degree exactly n. Consequenctly, for any large k, the set V,—1 U Y is linearly
independent and thus spans a hyperplane in the space of polynomials of degree
at most 2n — 2. Moreover, we have

wp,(€) < n—1
- @n@)_n

Some claims of the lemma originate in results from [3]. We aim to prove
Theorem [[T] by contradiction, assuming throughout we had

Wn(§) > Pn (12)

for some £ and showing that it is impossible. Therefore, as 5, > 2n — 2, the con-
dition (I0) is not restrictive. The same applies to Theorem It will occur
frequently.

(11)

The next, new lemma extends the claim about the dimension of unions of con-
secutive ¥; from Lemma Thereby it avoids case 2 from the proof of [I5]
Theorem 1.1] and gives us more flexibility. The proof uses similar arguments.
It can be interpreted as a partial result towards proving the conditional bounds
from [15] § 2], however per se it does not lead to an improvement in this frame-
work.
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LEMMA 2.3. Let n > 2 be an integer and & a real number. Assume ([IQ) holds.
For all large enough, good k in the sense of Definition [I.3, the polynomials

from the union
Ry = Vo1 U U Ve
span the space of polynomials of degree at most 2n — 2.

REMARK 1. The linear independence assumption of the lemma, that is k being
good, is clearly also needed, else the union spans a space of dimension at most
2n — 2 (with equality if (I0) holds).

REMARK 2. The proof below shows that the claim holds for any three linearly
independent irreducible polynomials of exact degree n, in particular upon (I0)
by Lemma for any linearly independent triple of best approximation poly-
nomials.

Proof. By Lemma [Z7] it suffices to show that some polynomial from ¥j11
does not belong to the span of #,_1 U¥;. If Pyyq1 € Y41 is not contained in this
space, then we are done. So assume it does belong to the span. Then we can

write

Pyi1 = Q1Pi—1 + Q2P (13)
for rational polynomials Q; = Q; x € Q[T of degrees at most

m :=maxdeg@Q; <n— 2.
i=1,2

On the other hand, m > 1 follows from the linear independence assumption
of the lemma. Without loss of generality, assume deg @)1 = m, the other case
works analogously. Then consider T"~™~! P, ; which has degree at most 2n — 2
so it lies in ¥441. Again if it does not lie in the span of #;_1 U ¥ we are done.
So we can assume it does, which again means that there is some identity

T """ 'P 1 = BiPy_1 + By P, (14)
with rational polynomials B; € Q[T of degrees
degB; <n—2,  i=1,2 (15)
On the other hand, by (I3]) we can write
APy + ApPp =T ™' Py, (16)

where A; € Q[T], i = 1,2, are rational polynomials given as A4; = T"~™71Q;.
Note that deg A1 = (n —m — 1) + m = n — 1. Hence by (I3 also

deg(A1 — Bl) =n-—1. (].7)
Now from (I4)) and (I6]) we have an identity
BiPy_1+ BoPy =T" " 'Pyyy = A1 Py_1 + APy
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This yields an identity over Q[T given as

(A1 — B1)Pr1 = — (A2 — Bo) Py,
and multiplying with the common denominator we get an equality

(A} — B1)Py_1 = —(Ay — Ba) Py
over integer polynomials A;, B; € Z[T]. So since Py_1, P, are distinct and
irreducible of degree exactly n by Lemma 2.2 we must have that Py divides
A1—Bj over Z[T1], but since the latter has degree n—1 by ([I7), this is impossible.
The lemma is proved. O
2.2. On consecutive best approximations in two-dimensional subspaces

As alluded by (8), for studying uniform exponents, it is important to under-
stand how fast consecutive best approximations occur. Hence we define

log Hy,
=——>1 k>2 18
Tk IOng_l ) — 4y ( )
that is
H;, = H,:’“_l.

All error terms below will be understood as k — oo. Then, upon assuming ([I0),
by () and a well-known argument (see for example [I8, Lemma 1]) we have
wp(§) n—1

= + 0(1) < —o—
Wy, (§) Wy (§) —m
Note that only the most right estimate of (I9) requires a condition on &.
Furthermore as a consequence of () we have

1<7 <

+ o(1). (19)

Hk—wn(ﬁ)/ﬂc—o(l): Hk—_wln(ﬁ)—o(l)« IPo1(8)] < Hk_@"(g)—i_o(l). (20)

The next lemma, only required for the proof of Theorem [[.I] estimates for how
long a set of consecutive best approximation polynomials can lie in a two-dimen-
sional subspace. The proof follows closely ideas of Davenport and Schmidt [4]
and refines it in a quantitative way. As in [4], it is not specific to points on the
Veronese curve and can be formulated for linear forms in any n real variables
that are Q-linearly independent together with {1}.

DEFINITION 2.4. Given n,&, for k > 2 an integer, let £ = ¢(k) > k+ 1 be
the maximal integer so that Py_1, Py, ..., P,—1 from Definition 21l lie in a two-
-dimensional space (spanned by Pjy_1, Py).

Note that k is good in sense of Definition if and only if ¢(k) = k + 1.
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LEMMA 2.5. Let n > 2 be an integer, & be a transcendental real number, and
let (Pj)j>1 be the sequence of best approzimation polynomials for degree n as
in Definition[2. For k > 2 an integer, assume

Hy>2 - Hy ;. (21)
Let £ = (k) > k+1 be as in Definition[24] and let vi_1 be as in ([{). Then we have

Vk—1 __

log HZ—I < Tk

log Hy — wn(§)—1 + o, o .
In particular, ) w (€)
H,_ e
Oglle—1 . “w + o(1), k — oo. (23)

log H, — wp(§) — 1
Hence Py_1, Py, Py are linearly independent and

w’né‘
log H, < % -1

ogHy = Bn(@ -1 -1¢ + 0(1), k — oo. (24)

REMARK 3. The factor two in (2] can be replaced by any value larger than 1.
The claim probably remains true without condition (2II) at all, however for us
this condition will not cause major problems below.

REMARK 4. If (I0) holds, then we may use (1) to eliminate w,(§) and express
the right hand sides in terms of n, @, (§), 7%, 7¢ only. For example (24]) becomes

log Hy _ (n = Dwn(§) — Te(@Wn(§) —n)
log Hy = mp(Wn(§) — 1)(@n(§) —n)
This will be used in the proof of Theorem [5.1] below.

7o+ o(1), k — oc.

We will only explicitly need (24) below. It implies that we cannot have
that all but finitely many best approximations lie in a two-dimensional space,
a claim from [4, §4]. The latter is false for three-dimensional subspaces and
general real vectors of any dimension n > 3 (possibly none of the exceptions
lie on the Veronese curve though), see [9]. Note further that the ratio in (23]
decreases to 1 as 75, approaches its upper bound from (I9).

Proof. Following the method of Davenport and Schmidt [4] § 4] stated for n = 2
only but which generalizes to any n by the same argument, we see the following:

Whenever consecutive best approximations Pyx_1, P, ..., P71 lie in a two-di-
mensional space, denoting x; > 0 the leading coefficient of P; we have
21 PR(§) — 2k Pr-1(§)] = [we-2Pr—1(§) — me-1P—2(8)]. (25)
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The choice of the leading coefficient is not critical, the according identity remains
true when choosing the coefficient of any other power (the same power for all P;)
by the same underlying determinant argument, not explicitly carried out in [4].

Hence we may assume
T — Hk

as otherwise we choose instead the coefficient for the power that induces Hy, and
the argument below works analogously. Now by (2I)), @) and as zx—1 < Hx—1
is obvious, this leads to

|2k—1Pr(8) — 21 Pr-1(§)] = |2rPe-1(§)] — | p—1Pr(8)]
2 [HpPy—1(8)] — [Hi—1 P (§)]
2 [HiPr—1(8)| — [(Hi/2) P (8|
> [Hy Pp—1(8)] — [(Hk /2) Pe-1(8)]

1
=3 - Hy | Pr—1(§)|
1 —v _1/T
— in: Hk, k k
| S PR
= SH (26)

On the other hand (20)), (@) and again z; < H; for all j imply
[we—2Pr-1(8) = 2e-1Pr—2(§)| < we—2Pr1(§)| + [we-1Pr—2(8)]
< 2max{w_2,x¢-1}|Pr—2(§)]
< 2max{Hy—2, Ho—1}|Pr—2(§)|
= 2H;1|P—2(8)]
< H O o)) (27)
Combining the three claims 28], ([28), 7)) gives the estimate ([22]). Since
Vp—1 < wp(§) +0(1) ask — oo by ), we infer (23).
The last claim (24) follows in turn from (23) via
wal8) _q

logH;, logH,—1 logH, < T
logH,  logHy, logHy—q ~ @Wn(§)—1

T+ 0o(1), k — oo.

The lemma is proved. O
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3. Parametric geometry of numbers: Introduction and
a lemma

Our final prerequisite lemma will be formulated in the language of paramet-
ric geometry of numbers, which will also be used in the proofs of the main
claims Theorem [A.1] B below. We only give a brief summary of the most
important notation. We consider the classical lattice point problem induced
by linear form (polynomial) approximation to (£,£2, ..., £2"72), as in [I5].
Concretely,
we consider the successive minima functions £;(Q),1<j<2n — 1, with respect
to the lattice and parametrised family of convex bodies of constant volume

A¢ :{(al, sy Qop—2,00 F a1+ -+ a2n_2§2n_2) eR? 1. g, € Z} ,
K(Q) = [—Qﬁ, Qﬁrwx - Q7' c R, Q> 1,
in R?"~! and we derive the parametric functions
Lj(q) =logrj(e?), ¢>0,1<j<2n—1.

These are piecewise linear with slopes among {—1/(2n — 2),1}, as locally they
are realised by the trajectory of some integer polynomial P of degree at most
2n — 2 and height Hp, defined as

q
2n —2

Lr(q) = max {1og Hp— —9 log |P(¢)] + q} . (28)

In other words, for each ¢ > 0 there are linearly independent polynomials
pm . perD)
as above (depending on ¢) with integer coefficients and of heights

HM . HEC=D,
so that

£5(0) = Lo (0) =max {log 1Y) — 2L tog | PO+ 4.
1<j<2n—1. (29)

The polynomial P() minimizes Lp over all relevant choices of P, hence

L log PO +q}

Li(¢q) = min Lp(q) = min max {long ~5
n

with the minimum taken over all non-zero integer polynomials P of degree
at most 2n — 2.
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In Lemma [3.T] as well as in Theorems [£.1], 5.1l below, we will consider the tra-
jectories ([28)) for P = P; the best approximation polynomials of degree at most n
(with their natural inclusion in the set of polynomials of degree at most 2n — 2)
as in Definition 211 Hence

q .
Loy (@) = max {log H — 5. og PO + ). 521,

2n
(30)
More generally, we will consider Lp(q) for P € ¥ as defined in ([@)). We recall
that Minkowski’s Second Convex Body Theorem is equivalent to

2n—1

> Lilg)| =0(). (31)

The constant depends on n only. We recall that the quality of approximation
|P(§)] induced by some integer polynomial P is essentially encoded by the quo-
tient Lp(q)/q at its unique global minimum point ¢ where the rising and decaying
part of the trajectory Lp in (28] coincide. Now we can finally state our lemma.

LEMMA 3.1. Let n > 2 be an integer and & be a real number satisfying (I0).
Let P,_1, P be two consecutive minimal polynomials with respect to approx-
imation to (£,€2,...,€") as in Definition [21. Consider the combined graph
with respect to (£,&%,...,&"72), with induced piecewise linear functions Lp,
as in BA) and parametric functions Ly,. .., La,—1. Let g be the unique point,
where Lp, ,(qx) =Lp,(qx) and si < qx be the place where Lp, , is minimized,
i.e., so that
kafl(sk) = min LPk71<q)'
q>0

then 2n? —b5n + 2
Lon-a(aq) 2 =(2n = 2) - Le_(06) + = ——

(g — sk) — O(1).

The gain compared to the method in [I5] Theorem 1.1] is the non-negative
expression ((2n? —5n+2)/(2n—2)) - (qx — s)- If 71, exceeds some 0 > 1 strictly,
then the estimate qr — s =>¢ qr can be verified, leading to an improvement
for n > 3. On the other hand, the identity 2n? — 5n + 2 = 0 for n = 2 naturally
agrees with the bound () for n = 2 from [5] (also obtained with different proofs
in [3] and [15]) being optimal.

The proof of Lemma [31] is rather straightforward.

Proof. Since the slope of any trajectory is at least —1/(2n—2), we clearly have

G = sk

Lon—1(qx) > Lon—1(sk) — o9

(32)
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On the other hand, it is clear that in the interval (s, qx) the function Lp, ,
increases with slope 1, whereas Lp, has slope —1/(2n — 2). Thus

o — 2) (qk — sk)- (33)

Since we assume (), we may apply Lemma to see that ¥;_1 U ¥ span a
space of dimension 2n — 2 (hyperplane). We may assume & € (0,1) so that

|[P;(&)| = max|P(¢)]
with maximum taken over P € ¥j, for all j. Since the heights of all P € ¥;
coincide (all equal to Hj), via (Z8)) in particular this implies Lp,(¢) maximise
Lp(q) on (0,00) among all P € ¥, for all j > 1, i.e.,

Lo (@) + Lo (@) > Lo, (s2) + Loy (1) + (1 -

Lp,(q) = max Lp(q),  ¢>0,j=1 (34)
Then (B33) implies
S L)< Y Lot < (0- D(La, () + L (50)
7j=1 PeY 11U
<(n-1) (ka—l(qk) + Lp, () — (1 - 2n17 2)(% - 5k)>
= = 1) (22l - (1= 575 ) (o - o)
— 0= 2Ln) - (n- ) - s
Thus by (B1)
Lon-1(sk) > — Z_ L;(sk) —O(1)
> (20— 2)Lp, (gi) + (n _ g) (g — 1) — O(1). (35)

Now combining [32)), (33) gives

3 1
Lon—1(qx) > —(2n —2)Lp,_, (qx) + <n T3 o, 2> (qr — sk) —O(1)
2n? — 5n + 2
=—02n—=2)Lp,_, () + —5—5—(ar — sx) — O(1),
2n — 2
the claimed inequality. d
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UNIFORM DUAL APPROXIMATION IN SMALL DIMENSION
4. A bound for w,(§) increasing in 7

The method of the proof of [I5, Theorem 1.1] essentially implicitly gives the
following estimate.

THEOREM 4.1. Assume n > 2 is an integer and & is a real number. Let k > 2
be an integer and 1y, be defined as in (A8) and py as in ([M). Then for all good k
in terms of Definition[1.3, we have

Tht1 > ik — (2n — 3).
By ) we conclude that for any € > 0 and all good k > ko(e) we have
Tht1 = Wn(§) — (2n —3) —e. (36)

Proof. We may assume (I0) as otherwise the claim is obvious by 7, > 1.
We use the parametric geometry of numbers setup introduced in §Bl Very simi-
larly to the proof of [I5, Theorem 1.1], at the position g, where the trajectories
Lp, , and Lp, meet we have

2n — 2 —
Lon—2(qr) < Lp, (q) = s

(2n = 2)(1 + pp)
The left inequality stems from Lemma Indeed, it provides 2n — 2 linearly
independent integer polynomials P one of them being Py, each of which have
small evaluations in absolute value at £. By definition of L, o, this means
that Lop—2(qr) is at most the maximum of the Lp(gr) taken over the 2n — 2
polynomials P in question. Assuming without loss of generality £ € (0, 1), then
by Lp, ,(qx) = Lp,(qx), we see that Lp, (¢r) maximizes the numbers Lp(gy)
in question. Then the inequality is immediate. For the latter identity in (37,
notice that it is clear that Lp, decreases with slope —1/(2n — 2) up to this
point ¢, whereas Lp, , increases with slope 1 on some left neighborhood of gj.
Hence by (B0) we have

log |Py—1(§)| +qr = Lp,_,(qx) = Lp, (q) = log Hy, —

“d- (37)

k
2n — 2 (38)
and the identity can be derived with some calculation and the definition of .
We remark that by (), we may deduce

2n — 2 — W, (§)
(2n —2)(1 + w, (€

which is precisely [15] (49)]. Combining (37) with the rightmost identity of (38])

we get 9 9 1
n—2—
log H;, < k. 39
©8 k_<(2n—2)(1+uk)+2n—2> I (39)

Lan_(qs) < L (a4) < ( ; +o<1>) P
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On the other hand, again very similar to [15] from BII), B7) we get

Lon-1(ak) > —(2n — 2)Lon o(qe) — O(1) > 22
+ fke

Let P of height Hp denote the integer polynomial realizing the last minimum

at qi, i.e., Lp(qx) = Lan—1(qx). Since Lp is easily seen to decrease until gy

with slope —1/(2n — 2) (see the proof of [I5 Theorem 1.1] for details) by (28]

we get

qk-

log Hp = Lp(qr) + ani 5 = Lon—1(qr) + ani 5
Pe — 2n + 2 1
> - Q- 40
_< T+ +2n_2 Ak (40)

Using the linear independence assumption and Lemma 23] we will now
show that
Hiy1 > Hp. (41)

Assume otherwise Hy, 11 < Hp. By LemmaR.3 we have TV P 1 (T) not in the span
of ¥;,_1 U for some 0 < j < n—2. We may assume j = 0 the other cases work
analogously. Then since both Lp,, and Lp clearly decrease until g, from (28]
we get

Lp,,,(qx) =log Hy1 — 5 B <logHp — =2 = Lp(ar) = Lan—1(a1),

n—2 2n — 2
contradicting the linear independence of
Y1 U P U {Prgr}

So we have proved ([{I]). Combining the estimates ([B9), [ 0), [T, we get
M —2n+2 + 1

_ log Hxy1  log Hp T+ in n—2
TS os Hy = log Hy © 22— L
& Hk ek Gyt T s
Finally, the right hand side can be simplified to the desired expression
pur—(2n—3). O

REMARK 5. If we combine (B6) with (I9) for index k£ + 1, we get the upper
bound for @, (§) from [15, Theorem 1.1]. Recall this bound is weaker than oy

from § [L11

Note that we only used Lemma and Lemma 23] the latter can even be
omitted upon introducing a more complicated argument, see Case 2 from the
proof of [I5, Theorem 1.1].

From 7, given in (I§), derive

7 := lim sup 7%. (42)
k—o00
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For the concern of Theorem [[IJ we will only apply Theorem 1] in form
of the following corollary.

COROLLARY 4.2. Assume n > 2 is an integer and £ is a real number satisfy-

ing . Then
m W (&) <T+2n—3.

Proof. Since infinitely many k are good (as follows from Lemma 235 or
Davenport and Schmidt’s method [4] extended to general n), considering such
a subsequence, the estimate follows directly from Theorem E.11 O

5. A bound for w,(¢) decreasing in 7,7y

The main new contribution to improve the upper bound for @, (§) is
the following slightly technical result whose proof uses all three new lemmas
from §[2 and §[31

THEOREM 5.1. Let n > 2 be an integer and & be a real number satisfying (I0).
For any € > 0, there exists ko(e) > 0 such that for any integer k > ko(e)

satisfying 1), of £ = £(k) is as in Definition and with 7. defined in ([I8),
we have R
@n = @n<wn(£)a7-ka7-€) < €,

with d; = d;j(n, T, T¢) given by

where

ds = Tk,
dy = —(2n1 +n — 2),
dy =mere + (2 4+n -1+ (1 —n)mp +n —n—2,
do=-n-((n—1+7)m +n—2).
REMARK 6. Again the assumption (2I]) is probably not necessary.

We prove the theorem.

Proof of Theorem B We again consider the combined graph with re-
spect to approximation to (&,&2, ..., £€2772), with notation as in § Bl Take a se-
quence of k satisfying (21)). Recall g, is the first coordinate of the meeting point
of Lp,_, and Lp,. Define 2}, < 0 by
Qk; = ka—l(qk) — ka(qk) (43)
qk qk
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As in the proof of Theorem (] again by [I5], (49)] we have

2n — 2 — w, (&)
@n—2)(1+an(©) °

From Lemma Bl similarly to the proof of Theorem E.1] we get

Q <

(1), k — oo. (44)

2n% — 5n + 2
Lon-1(ak) 2 =(2n = 2)Lan—2(qr) + (@ = sx) —5 —5— — O(1)
2n? —5n 4+ 2

> _(2n — : e Ll o TE |
2 =(2n = 2) g + (gr = s8)—— o(1)

2n? — 5n + 2 2n? — 5n + 2
— (TS o )0 ) g — T 0(1). (4
< o — 2 (2n )’“>q’“ on—g or O (49)

We next provide an estimate for sp in terms of ¢gx and 7. Notice first
that the definition of ¢ implies that Lp, decays with slope —1/(2n — 2)

on the interval (0, ¢x), so [28) and (@3] imply

qk 1
log H, = =q - . 4
og Hy = Lp, (ax) + om—o I <2n2 +Qk> (46)

Since Lp, , decreases with slope —1/(2n—2) up to sj and increases with slope 1
from sy to gr by (28), we get

Sk
Lp, ,(qx) =log Hy—1 — o5 (qr — sk)
. IOng Sk
R o2+ (ar = s8)
1
sn—s + Sk
< | 2n=2 "% _ _
( " >Qk 2n_2+(qk Sk)
ns T % 2n —1
2n—2
= 1 — 47
( T ) = on —2%k (47)
On the other hand, by (@3] we have
Lp.(ar) = Lp, . (q) = Qg (48)

Comparing ([{7), [ @8) and solving for s; we get

1
m—2 [55+9Q
sp < ~<2“‘2 k+IQk>~qk. (49)

7271*1 Tk
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Note that the bound for s; becomes gj if 7, = 1, an intuitively expected result.
Inserting (@9) in (@5) and dividing by ¢ we get

Lon—1(qk) < 2n? —5n + 2 B
qk - 2n — 2

2% —5n+2 2n2_<ﬁ+9k+19k>

(2n — 2)Qk

m—2  oan—1

Tk
M2 — 5n + 2
NV TORTE L 9y~ 2)0
o —2 (2n = 2)8
1
_ 2 —bn+t2 2"‘2+Qk+1f§2k .
2n—1 Tl

Now by differentiating the bound with respect to €2x and observing
(2n—2)(2n—1)=4n* —6n+2>2n*> —5n+2 for n > 1,

we readily check that this lower bound decreases in the variable ;. Hence we
may assume asymptotic equality in ([@4]) as k — oco. Inserting, after rearrange-
ments this leads to the estimate

Lon-1(qx) _ (2n —2)73 - @0, (€) — (2n% — 3n + 2)73, — (2n2 — 5n + 2) €
w (o — 271+ ,(6)) T3 0

for € > 0 and any large enough k > kq(e).

We now aim to find a reverse upper bound for Lo, _1(qx)/qr.- With £=£(k)
as in Definition 4] note that Px_i, Py, Py are linearly independent and
so by Lemma the polynomials 71 U % U ¥, span the space of polyno-
mials of degree at most 2n — 2 (Lemma [2.3] holds for any linearly independent
triple of P;, see Remark [2)). Thus 77 P;(T') does not lie in the span of ¥,_1 U ¥
for some 0 < j < n — 2. We may assume for simplicity j = 0 so that P, € %
does not belong to the span of ¥;_1 U ¥, the other cases work very similarly.
So ¥—1 U ¥ U {P,} are linearly independent. Now

Lr(qe) > 0> max  Lp(g)=Lr.(qx)

is easily verified where the last identity comes from (B34) and Lp, ,(qx) = Lp, (qx)
by definition of ¢x. Moreover, again by (28], the function Lp, obviously decays
with slope —1/(2n — 2) in the interval (0, ¢x) as its minimum is taken at some
qe¢ > qx. Combining all these facts we get

Lon—1(qr) < max Lp(qr) = Lp,(qx) = log Hy — I

. 51
PE'Vk_lu'VkU{Pg} 2n — 2 ( )
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To bound the right hand side we next estimate H,. Note that we may apply
Lemma by assumption (2I)). By applying in this order (24) of Lemma 2.5

(@6), [@4), and (L), we get

wn(§) _
log Hy < (W e+ 0(1)) - log Hy,
(EE v
g (ms ) o) a
wi—ig)*l 2n —1 )
@1 " E e W)

(n—1)w, (&) — (W, (&) —m) (2n — 1)1y . .
<( T (Bnl®) —D(@n(©) 1) @2+ an@) | (”> -

(52)
See also Remark [l Inserting in (5Il) and dividing by ¢ yields
Lon—1(qx) 1 €
— < A- —
qk - 2n —2 * 2 (53)
where R N
A = (n — 1)wn<§> - Tkr<wn<§) - n) ) (2TL — ].)Tg

(W (§) = 1)(@n(§) =n) (20— 2)(1+ @n())’

for e > 0 and k > ki (¢) again.

Comparing the lower bound (B0) and the upper bound (B3]) obtained
for Lon—1(qr)/qx gives a relation involving n, 7, 7, and @, (§) of the form

(2n — 2)7g - W, () — (2n2 — 3n + 2)7% — (2n% — 5n + 2) <
(2n = 2)7(1 + Wn(8)) B

(n—1)W, (&) — (W (§) — n) ' (2n — 1)1y 1
Te(Wn(§) = 1)(@Wn(§) —n)  (2n—2)(1+wn(§)) 2n—2

+ €,

for k > max{ko(e), k1(€)}. Subtracting the right side from the left, multiplying

with the common denominator and some rearrangements lead to the estimate
in Theorem [5.1] upon modifying e. d
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6. Deduction of Theorem [I.1] from Theorems 4.1}, 5.1

Recall that we want to prove the claim indirectly, assuming (I2) holds
for some £ and leading it to a contradiction. Hence, as 3, > 2n — 2, we can
assume the condition (I0) of Theorem [l is satisfied. Recall 7 from (@2).
Notice this quantity depends on &, n only. We distinguish two cases.

CASE 1 (7 = 1.). Then Corollary directly implies
Wp(§) <TH+2n—3=2n—2< B,.

CASE 2 (T > 1.). We may assume the sequence 7 < oo in view of (I9)), otherwise
again the strengthened bound @, (§) < 2n—2 < f,, follows immediately. Choose
a sequence of values k converging to 7. For any large enough k in this sequence,
by assumption of Case 2 we have that 7, > 6 > 1 is strictly bounded away from 1,
in particular condition (2I]) of Lemmal[2.5land Theorem [5.Iholds. Thus for such &
we can apply Theorem [5.11 Note that its bound ©,, increases as a function in he
third argument 7, (but decreases in the argument 7). As 7, — 7 and clearly
¢ < T+o0(1) for ¢ = ¢(k) as in Definition 24las k — co, we may put 7, =7 =7
in the inequality claim of Theorem Bl upon modifying €. In the limit we may
ignore this error term € and we obtain

O (Wn(€),7,7) <0. (54)
It can be checked that (54]) induces a bound

Wn (&) < Fu(T)

for some decreasing function F, : (1,00) — R. Combined with Corollary

we get
Wy (&) < min{7 + 2n — 3, F,(7)}.

Now the left bound increases while the right bound decreases in 7, hence the
maximum (worst case) of the above minimum is obtained for the equilibrium 7
where the expressions coincide. Hence we can put

T=w,(&) —2n+3
in the defining equation (54]) of F,, and solve for equality
O (W (£),7,7T) = Op(Wn (), Wn (&) —2n+ 3,w,(§) —2n+3) =0

in the variable @, (§). After simplifications, this gives a quartic polynomial
equation Q,(W,(§)) = 0 for Q,(T) precisely the polynomial in Theorem [Tl
Its largest root S, is checked to be in the interval (2n — 2,2n — 1) and so
Theorem [Tl is proved.
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7. Sketch of the proof of Theorem [1.3

We establish a variant of Theorem 5.1l Assume first hypothesis (i) of Theo-
rem [[L3 holds and fix any large good k. Then £ = k + 1 in Definition 224] hence
in (52) within the proof of Theorem [5.1] the factor

(wa(€)/ 7 = 1)/ (@n(€) — 1)

derived from Lemma can be omitted (replaced by 1). Proceeding as in the
proof of Theorem [5.1] this results in an estimate

O = O, (Wn(€), 7, 70) <, (55)
>k

for € > 0 provided that k > ko(e) is good, where

O :=(2n — 2)7 W, (&) — (2n® — 3n 4 2)71, —
(2n® —5n+2) — 7 ((2n — )70 — 1 — @, (€)).

This again defines an inequality @, (&) < F},(1g, 7¢)+0(1) with some function F},
decreasing in 73 and increasing in 7. Now we estimate 7, as in (I9) in terms
of W,(€) to derive a bound @, (¢) < G, () +o(1) for some decreasing one-
-parameter function G,,. Since linear independence is assumed for Py_o, Py_1, Pk
as well, on the other hand, we may apply Theorem ] for index & — 1 and
combining we get

@ (&) < min{r + 2n — 3, Gy ()} + o(1).

We let k& — oo within our subsequence to make the error term disappear, and
the worst case scenario happens when the bounds coincide, which in particular
means 7, = W, (§) — 2n + 3. Plugging this into ©,, yields

0, <@n(§),@n(g) 2n+3, = (f)in> <0

and the claimed bound 7, follows after some rearrangements.

Now as in (ii) assume the linear independence hypothesis holds for all large k.
For the same reasons as in § [6] we may again assume the sequence (73)r>1 is
bounded from above. Then choosing a subsequence of k with 7, — 7 < oo,
by (G5) and as © increases in 7, we obtain

én = én(@n(g),7,7) S €1, k‘ Z kl(el). (56)

This results in a bound of the form @, (£) < H,(7) + o(1) for the function

72
(z)—x—l—n—l—l—n
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This function has a local minimum at  =+/n—2 and decreases on x € (1,v/n—2),
if non-empty, and increases for x >+/n—2. Moreover, f[n(x) can be checked to be
smaller than x+2n—3 from Theorem [Tl for all x > 1. By these observations and
since 7 > 1, it follows from (I9) that

where the left bound applies if 7 < +/n — 2 and the right bound applies if
T > y/n — 2. In case that the right hand side value is the maximum, rearrange-

ments lead to the bound
- 5+1 5—1
wp (&) < \/_2+ n— \/_2 )

Finally, it is checked that precisely for integers n > 4 this is smaller than 2n — 2.

REMARK 7. Assume a slight generalization of Lemma [2.3] namely that the
polynomials need not be irreducible of exact degree n (which was implied by as-
sumption (I0) via Lemma [22)) for the implication. Then the proof above shows
that, for n > 4 we could improve the bound p, = 2n — 2 in the setting (ii)
if we can settle a non-trivial lower bound for 7. A related estimate for simulta-
neous approximation is obtained in [8], however the result for linear forms is not

implied immediately. Thus for n > 10 we would improve the best known
bounds a,, in ([B]) from [3].
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