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ABSTRACT. We show that for natural numbers h,k, such that k& > 2, and
for real numbers a1, as, such that 0 < a1 < as < 1, there exists a subset A
of N = {0,1,2,...}, such that for all finite subsets B of N such that max B —
min B = h, the lower and upper asymptotic densities of kA 4+ B are a1 and as,
respectively.

Communicated by Radhakrishnan Nair

1. Introduction

Let N denote the set of natural numbers {0,1,2,...}. For any subset A C N,

we define AN{0.1....
d(A) := liminf AN{0, L. n}
n—0o0 n
to be the lower asymptotic density of A and
- An{0,1,...
d(A) := lim sup | {0.1,....n}
n—00 n

to be the upper asymptotic density of A. If d(A) = d(A) = a, then we put
d(A) = « and say that A has natural density a. For two sets A,B C N,
we define the sumset

A+B:={a+b:acAbec B}
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For any k subsets Aq,..., A; of N, we define

A+ 4+ A ={n1 + -+ ng:n; € A, V1 <i<k}.
IfA=A,=A;=-..-= A, then we put
kA=A + -+ A, ={mi+-+np:n; €A VI<i<k}

In [1], it was proved that for any real number « € [0, 1] and positive integer k,
there exists a subset of natural numbers A such that kA is of natural density a.
In the same paper, seven questions were raised.

In [2], it was proved that for all real numbers aq, as such that 0 < a; <
ag < 1, there exists a subset of natural numbers such that the lower and upper
asymptotic density of kA are oy and ag, respectively. This solves the question
in [, Q5].

In this paper, we address the following question that was asked in [I].

[1, Q6]: Given a subset B of N, finite or of zero asymptotic density,
a real number o, 0 < o < 1, and an integer k > 2, is there a set A C N
such that d(B + kA) = a? Search for “thin” and for “thick” such sets A.

In this paper, we deal with finite subsets B. We prove the following theorem.

THEOREM 1. For any two real numbers 0 < ay < as < 1 and natural numbers h
and k, with k > 2, there exists a set A such that for all finite sets B such that
max B — min B = h we have

d(kA+B)=a; and d(kA+ B) = as.

For the approach in [I], the construction of A such that d(A+ B) = «
depends heavily on the choice of the set B. Our present construction is much
more general: B can be any finite set satisfying very general conditions.
Concretely, to construct A, we only need that the quantity max B—min B is fixed.
It is the quantity A in the theorem. Thus B can be any subset of {0,1,...,h}
containing 0 and h, or any translation of such a set.

2. The proofs

We need some lemmas to prove Theorem [Il For any real numbers a, b such
that a < b, let [a, b] denote the set [a,b] N Z. The proof of the following lemma
is similar to the proof of [2, Lemma 1].
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LeEMMA 2.1. Let p,q,h, k be natural numbers such that k > 2, p > 1, and
q>k(p—1)4+h+1. Let a, 8 be real numbers such that o > k3 and 3 > 2 and
let A, = [@™,Ba™ N (¢.N+[0,p—1]) and A = U, A,. Then for any finite
set of natural numbers B such that max B — min B = h we have

(kB—1)(k(p—1)+1+h)

d(kA+ B) =

] (@ —=1)g
- _akB—=1)(k(p—1)+1+h)
d(kA+ B) = 1o —1)q :

Proof. Let min B = m. Since
d(kA+ B)=d(kA+ (B—m)) and d(kA+ B)=d(kA+ (B—m)),

without loss of generality we can assume min B = 0 and max B = h. Let

Kn= | (AntAn +- 44 )

We have kA = -, Kn. As {0,h} C B C [0, h], we have

G (Kn,+{0,h}) CkA+BC G (K +[0,A]).
n=0 n=0

As
Ap = [a", Ba”] N (¢.N+[0,p —1]),

each element of K,, + B= A, + A, +---+ A,,_, + B is greater than or equal
to o, for all sufficiently large n. Additionally, each element of A, is less than
or equal to fa™ and each element of B is less than or equal to h, so we have
that each element of K, + B is less than or equal to kBa™ + h, for all sufficiently
large n. This implies that

K, + B C [&", kBa™ + h].

Each of the sets A, Ay, ..., Ay, _, is a subset of ¢.N+[0,p— 1] and B C [0, h]
which implies

K, + B C ¢N+[0,k(p—1)+ h].

Hence

Ky, + B C [o", kBa™ + h] N (¢.N + [0, k(p — 1) + h]). (1)
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Now consider the least natural number ¢ such that there exists an s € N such
that [sq, sq +p — 1] C A;. Now for any n > ¢ we have

K,+B= |J (An+A4, + - +A4,_,+B)

We have
iA, + (k—1)[sq,sq+ (p—1)] + {0, h}

=14, +[[ —1i)sq, (k — )(sq+ —1)]]+{0h}
=i([a", Ba"] N (¢.N +[0,p — 1]))
+ [(k —i)sq, (k=) (sq+ (p—1))] + {0, h}.
Observe that, except for O(1) exceptions with respect to n, i4, + (k — i)[sq,
sq + (p — 1)] contains all elements of [ia™, ifa”] N (¢.N + [0,k(p — 1)]).
Therefore, i4, + [(k — i)sq, (k — i)(sq + (p — 1))] + {0,h}, except for O(1)
exceptions, contains
lia”,ifa™ +h) N (¢.N +[0,k(p — 1) + h]).
Therefore, i
K.+B>|J ([m”, iBa™ + 1] N (¢N+ [0, k(p— 1) + A]) \sm)
i=1

for a set S, ; containing O(1) elements. As [a™, Ba™ 4+ h]U[2a™, 28a™ +h|U
[ka™, kBa™ + h] = [a™, kBa™ + h] we have

K, + B D [a", kBa™ +h] N (¢.N+ [0, k(p — 1) + h]) \<U8m> (2)

As Ule Sn,i C (¢.N+4[0,k(p— 1) + h]) contains O(1) elements and K,, + B C
[, kBa™ + h] N (¢.N + [0,k(p — 1) + h]), we can conclude that there exists
a positive integer M, independent of n, such that the cardinality of

S, = ([a", kBa™ + Rkl N (q-N+[0,k(p—1) + h]))\(Kn + B)

is less than or equal to M for all n € N.
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We claim that S = (J7—, Sy is of zero density. Since for any positive integer N,
there are O(log V) values of n, such that [a", kBa™ + h] N [0, N] is nonempty,
there are O(log N) values of n, such that S,, N [0, N] is nonempty. Hence,

|S N[0, NJ| | Sl 1 log N
N = Z N — Z N 0 N
S,N[0,N]#£0 SnN[0,N]#0

From ‘Sm[[]?,’Nm = 0(12) we have d(S) = limy_ e w =0.
Note that it is not hard to see that

d ( G [@", kBa™ + h] N (q.N +[0,k(p—1)+ h])) =

n=0
(kB—1)(k(p—1)+1+h)
(—1)q

and

[a™ kBa™ + k] N (q.N +[0,k(p—1)+ hﬂ)) —

alkf—1)(k(p—1)+1+h)
kBla—1)q '
These can be seen by considering, for example, the subsequence o — 1,
for sufficiently large [, for the lower asymptotic density and the subsequence
kBal +h — (q —kip—1)— h), with sufficiently large [, for the upper asymptotic
density. By (@), @) and the fact that d(S) = 0, we obtain
(kB—1)(k(p—1)+1+h)
(a—1)q

d(kA + B) =

and

alkf—1)(k(p—1)+1+h)
kB(ar—1)q '
LEMMA 2.2. Let 0 > 1 be any irrational number and let § < 1 be any positive real

number. Let k and b be non-negative integers such that k > 2 and {b0} + ko < 1.
Let A= {|nf] : n € N\ {0},{n8} € (0,6)}. For every e > 0,

d(kA+ B) = O

k—1
{Lnej {n0} € | ({00} + ¢ + i6, {b0} e+(i+1)5)}\([b9j +kA)

=0

s a finite set.
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Proof. It suffices to show that
{[n0] : {nB} € ({bO} + e+ j6,{b0} — e+ (5 + 1)8)} \ ([b0] + kA)

is a finite set for all natural numbers j satisfying 0 < j < k—1. Let j be a natural
number such that 0 < 7 < k—1. If ¢ > 5 , then the lemma is trivially true
(as {[n6] : {n@}EUf_Ol({bG}+e+26 {b9}76+(z+1) )} =11

Let us assume € < 3. Let r be any positive integer such that 22=¢ < {r} <
min{ ]k‘;jf, 0}. Notice that [r0] € A. We will show that
{[nB] : {nB} € ({b0}+e+j6,{b0} —€+ (j+1)8),n > (k — 1)r +b} C [b0]+kA
which implies

{[n8] : {nb} € ({b0} + e+ jo, {b0} — e+ (j +1)8) } \ ([b0] + kA)

is a finite set.

Let n be any integer such that
n>(k—1)r+b and {nb} e ({b6} + e+ 55, {b0} — e+ (j + 1)J).
We have
[(n—(k=1)r —b)0] + (k—1)|r0] + [b0] — |nb)
=(n—(k—1)r—>0)0+ (k—1)r0 + b0 —nf

—{(n=(k=1)r—0)0} — (k—1){ro} — {b6} + {nb}
—{(n—(k—1)r—1>)0} — (k—1){ro} — {b6} + {n6}
—{(n—(k—1)r—>0)0} — (j6 +¢) — {b0} + {b0} + € + jo
—{(n—(k—1)r—»)6} > -1
and
[(n—(k—=1)r — )6 + (k —1)[r0] + [b0] — [nb]
=—{(n—(k=1r—0)0} — (k—1){ro} — {b6}{nd} < {nh} < 1.
Therefore,

[(n—(k=1)r—b)0] + (k—1)[r0] + [b6] — |nb]
is an integer in (—1,1). Hence

[((n=(k=1)r—0)0] + (k—1)[r6] + [b0] — [nf] =0
and

{(n=(k=1)r—0b)0} = {nb} — {6} — (k — 1){r6}

<A{bO} —e+ (j +1)6 — {b0} — (k— 1)‘7‘S+€

=§—2¢e < 6.
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It follows that
[((n—=(k—=1)r—1b)d| € A

(k—=1)[r0) + [(n— (k—1)r —b)0] + [b0] = [nf] € KA+ [b0].

and

Thus
{[n0] : {nB} € ({bO}+e+j6, {b0} —e+(j+1)0),n>(k—1)r+b} C [b] + kA
which implies
{[n0] : {n6} € ({06} + €+ 56, {b0} — e+ (j + 1)5) }\([b0] + kA)
is a finite set. 0
LEMMA 2.3. Let 0 be any irrational number greater than 1. Let I C [0,1] Il))e

any finite union of open intervals. The density of {|n6] : {nf} € I} = %,
where p(I) is the Lebesgue measure of 1.

Proof. The uniform distribution of the sequence ({nf}),en when 6 is irra-
tional ([3l p.8], [, p.2-72]), implies

d({n e N:{nb} € I}) = u(I)

and so )

d({n] : {nb} € 1}) = . O
LEMMA 2.4. Let 0 > 1 be any irrational number and let k be any positive integer.
Let by,...,b. be natural numbers and § be any positive number. Let B be the

finite set given by B = {|b160],...,|b-0]}. Let mqy = min{{b;0} : 1 < i < r},
my = max{{b;0} : 1 <i <r} and let A= {|[nb] : n € N\ {0}, {nb} € (0,6)}.
If mo+kd < 1 and mq+kd > mo then the density of kA+B s equal to %ﬁ'k‘;.

Proof. First we will prove that kA + B is subset of S = {|nf] : {nf} €
(m1, ma+kd),n € N\{0}}. For any element [n,6]+-- -+ |ng0]+[b;0] of kA+ B,
we have

(ny+ - +np+0)0 > [n0] + -+ [n0] + [b;0]
and
(n1+-- 4+ nk+0:)0 = [n10] +--- + |nkb] + [b:6)]
< ] + -+ ] + [b:i0] + k6 + mo
< b+ -+ i) + [bi6] + 1.
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Hence

[(n1+ - +ng+0)0] = |mb] + -+ [ngb] + ;0]
and

{(n1 4+ +nk+0)0} ={n10} +--- + {n;0} + {b;0} € (m1,mz2 + ko)
and therefore

kA+ B C {|[nf] : {nb} € (my1,ma + kd)} = S.
Hence, by Lemma 23]
d(kA+ B) < d(S) = W 3)

Without loss of generality, assume {b16} =m; and {b,.0} = myp. From Lemma[Z2]

it follows that for all € > 0, kA + B contains all, except for finitely many excep-
tions of the set

k—1
{ [nf] : {nh} € U ({016} + € + 6, {016} — e + (i + 1))

=0

k—1
U | ({0r0} + e+ 6, {00} — e+ (i +1)8), n € N\{O}}.

=0
We have S = {|nf] : {n0} € ({b:10},{b.0} + kd)}. Let

k—1
= {LnGJ {nd} € ({010} + 6, {16} +i6 + e]} :

=0

k—1
r= {LnGJ :{n6} € | J[{b,0} + 0, {b.0} +i6 + e]} :

=0

k—1
T = {LnGJ :{nb} € U {010} + (i +1)0 — e, {0160} + (i + 1)5}} ,
and 1:(1
Ty = {LnGJ :{nb} € U {00} + (i +1)0—¢,{b0} + (i + 1)6]} .
i=0

Except for finitely many exceptions, kA + B contains S \ U?:l T;. Since
d(s) = %ﬁké and for all 1 < i < 4 we have d(T}) < ke. Hence

d(kA + B) > %ﬁkd — ke, (4)
for all € > 0. From (3) and (4), we have d(kA + B) = %ﬁké. O
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LEMMA 2.5. Let a be any real number between 0 and 1 and let h, k be any positive
integers. There exists a 6 > 0, with § < £, 6 > and § > hezhta “gcp

ak
that O;L_'ff 18 1rrational number.

th ak

Proof. As h <2h—a we have 5/ <1 and 22— < 2. As 0 < (a —1)%
we have (a — 1) + a < o? and since (¢« — 1) < 0 we have h(a — 1) + a <
2 e 7. . . . . h _h+a

(a—1)+a<a D1V1d1ng this inequality by ak on both sides we get === < .

Let m= max{ srae . hoshta} Brom 0 < 59— < 2 and 2e=hte 2 we have
0<m< 7.

Let 8 be any positive irrational number less than <= _k(;” We can get a 0 that

—=9 — 3 for §. This is true

ak‘s ﬂ<"‘k;”1mphesm<6< (]

since 0 <

Proof of Theorem [l Without loss of generality assume 0 = min B and
h = max B. Let us divide the proof into several cases.

When a1 = ap = a < 1. For a 0 > 0, with 6 < ¢, 6 > 2}”}; — and 0 >
%, such that C;L__’Zf is irrational (there exists such a ¢ from Lemma [Z7]),
let 6 =1+ C;L%’ff. We have B C {0,...,h} and for all b € B we have [b0]| =
b+ |2e=bE0 | = b since 0 < ba=bhd < he—hkd 1 Hence B = {[bf] : b € B}.
We have m; = min{{b6} : b € B} = 0 and my = max{{b6} : b € B} =
max{bf — |b0] : b € B} = max{b0 —b:b e B} = h(6 — 1). We have § > ha=lta

implies mo + ké = h(&_’f)) + ko = ho=okd  ha- EZOL(X;L-FOL) =1and § > g

implies mq +kd —mo = kb — h((c;l ’ff = 2hk5;a_’;5 ha ~ (. Hence mo+kd < 1 and

my + kdé > mo. From Lemma[2.4] the density of kA + B is equal to %ﬁké =
h( =) +ks
—rem =

When 0 < a3 < a3 < 1. Choose positive integers p and ¢ such that
g=k(p—1)+1+h if 2kas — a1 > 2k — 1 and SR o g <
MifﬂcagfalSQkfl.Letw:m. o = Uzyajas
and f = 2% we have o > kB. We claim that § > 2. Observe that, if

Setting a = Tan)a
kE(1—vyaz)’

2k—1 _ _ 1
2kas — ap > 2k — 1, then Gy T—— <7y = m =1< 25" If 2kag — o <

2k—1, then from the choice of p and ¢, we have 21@2;2_—1(11 <y = m < (%2

Therefore, in both cases, we have %2;2__1&1 <y < (%2 As E(1 —yao)(B —2) =
—(2k — 1) + v(2kaz — 1), which is greater than 0 from the inequality
v > 52521 Therefore, k(1 — yao)(8 —2) > 0, and as k(1 — yag) > 0,

2/{:(12—(11

we have 8 > 2. Let A = |, Ay, where 4, = [a", Ba™] N (¢.N + [0,p — 1]).
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Then from Lemma 21l we have
(kﬂfl)(k(pfl)+1+h): kB —1 _
(a—1)q (a—1)y

d(kA+ B) =

and
- kEB—1)(k(p—1)+1+h kB —1
kB(a —1)q kB(a—1)y
ACKNOWLEDGEMENT. The authors thank the referee for carefully reading
the paper and offering suggestions to improve the manuscript.

REFERENCES
[1] FAISANT, A.—GREKOS, G.—PANDEY, R. K.—SOMU, S. T.: Additive complements for
a given asymptotic density, Mediterr. J. Math. 18 (2021), no. 1, Paper no. 25, 13 pp.
[2] GREKOS, G.—PANDEY, R. K..—SOMU, S. T.: Sumsets with prescribed lower and upper

asymptotic densities, Mediterr. J. Math. 19 (2022), no. 5, Paper no. 201, 9 pp.
[3] KUIPERS, L—NIEDERREITER, H.: Uniform distribution of sequences. Dover, 2005.

[4] STRAUCH, O.—PORUBSKY, S.: Distribution of Sequences: A Sampler. Peter Lang,
Frankfurt am Main, 2005. Corrected version online available at:
https://www.mat.savba.sk/musav/0_Strauch-S_Porubsky_Distribution_of_Sequences_
A_Sampler-20180118.pdf

Received February 1, 2024 Georges Grekos

Accepted August 7, 2024 Institut Camille Jordan

Université Jean Monnet

20 rue Dr. Rémy Annino
FR-42023 Saint-Etienne Cedex 2
FRANCE

E-mail: grekos@univ-st-etienne.fr

Ram Krishna Pandey

Department of Mathematics

Indian Institute of Technology Roorkee
Roorkee 247667

INDIA

E-mail: ram.pandey@ma.iitr.ac.in
Sai Teja Somu
JustAnswer

Bengaluru 560052
INDIA

E-mail: somuteja@gmail.com

96


https://www.mat.savba.sk/musav/O_Strauch-S_Porubsky_ Distribution_of_Sequences_
A_Sampler-20180118.pdf

	1. Introduction
	2. The proofs
	REFERENCES

