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ABSTRACT. We show that for natural numbers h, k, such that k ≥ 2, and
for real numbers α1, α2, such that 0 < α1 ≤ α2 < 1, there exists a subset A
of N = {0, 1, 2, . . .}, such that for all finite subsets B of N such that maxB −
minB = h, the lower and upper asymptotic densities of kA + B are α1 and α2,
respectively.

Communicated by Radhakrishnan Nair

1. Introduction

Let N denote the set of natural numbers {0, 1, 2, . . .}. For any subset A ⊆ N,
we define

d(A) := lim inf
n→∞

|A ∩ {0, 1, . . . , n}|
n

to be the lower asymptotic density of A and

d(A) := lim sup
n→∞

|A ∩ {0, 1, . . . , n}|
n

to be the upper asymptotic density of A. If d(A) = d(A) = α, then we put
d(A) = α and say that A has natural density α. For two sets A,B ⊆ N,
we define the sumset

A+ B := {a+ b : a ∈ A, b ∈ B}.
© 2024 Mathematical Institute, Slovak Academy of Sciences.
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For any k subsets A1, . . . , Ak of N, we define

A1 + · · ·+Ak :={n1 + · · ·+ nk : ni ∈ Ai, ∀1 ≤ i ≤ k}.
If A = A1 = A2 = · · · = Ak, then we put

kA = A1 + · · ·+Ak = {n1 + · · ·+ nk : ni ∈ A, ∀1 ≤ i ≤ k}.
In [1], it was proved that for any real number α ∈ [0, 1] and positive integer k,
there exists a subset of natural numbers A such that kA is of natural density α.
In the same paper, seven questions were raised.

In [2], it was proved that for all real numbers α1, α2 such that 0 ≤ α1 ≤
α2 ≤ 1, there exists a subset of natural numbers such that the lower and upper
asymptotic density of kA are α1 and α2, respectively. This solves the question
in [1, Q5].

In this paper, we address the following question that was asked in [1].

[1, Q6]: Given a subset B of N, finite or of zero asymptotic density,
a real number α, 0 ≤ α ≤ 1, and an integer k ≥ 2, is there a set A ⊆ N

such that d(B + kA) = α? Search for “thin” and for “thick” such sets A.

In this paper, we deal with finite subsets B. We prove the following theorem.

������� 1� For any two real numbers 0 < α1 ≤ α2 < 1 and natural numbers h
and k, with k ≥ 2, there exists a set A such that for all finite sets B such that
maxB −minB = h we have

d(kA+B) = α1 and d(kA+B) = α2.

For the approach in [1], the construction of A such that d(A+B) = α
depends heavily on the choice of the set B. Our present construction is much
more general: B can be any finite set satisfying very general conditions.
Concretely, to construct A, we only need that the quantity maxB−minB is fixed.
It is the quantity h in the theorem. Thus B can be any subset of {0, 1, . . . , h}
containing 0 and h, or any translation of such a set.

2. The proofs

We need some lemmas to prove Theorem 1. For any real numbers a, b such
that a ≤ b, let �a, b� denote the set [a, b] ∩ Z. The proof of the following lemma
is similar to the proof of [2, Lemma 1].
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����	 2.1� Let p, q, h, k be natural numbers such that k ≥ 2, p ≥ 1, and
q ≥ k(p− 1) + h+ 1. Let α, β be real numbers such that α > kβ and β > 2 and
let An = [αn, βαn] ∩ (q.N + �0, p − 1�) and A =

⋃∞
n=1An. Then for any finite

set of natural numbers B such that maxB −minB = h we have

d(kA+B) =
(kβ − 1)(k(p− 1) + 1 + h)

(α− 1)q
and

d(kA+B) =
α(kβ − 1)(k(p− 1) + 1 + h)

kβ(α− 1)q
.

P r o o f. Let minB = m. Since

d(kA+B) = d
(
kA+ (B −m)

)
and d(kA+B) = d

(
kA+ (B −m)

)
,

without loss of generality we can assume minB = 0 and maxB = h. Let

Kn =
⋃

n1,...,nk−1≤n

(An +An1
+ · · ·+ Ank−1

).

We have kA =
⋃∞

n=0 Kn. As {0, h} ⊂ B ⊂ �0, h�, we have

∞⋃
n=0

(Kn + {0, h}) ⊂ kA+B ⊂
∞⋃
n=0

(Kn + �0, h�).

As
An = [αn, βαn] ∩ (q.N+ �0, p− 1�),

each element of Kn +B = An +An1
+ · · ·+Ank−1

+B is greater than or equal
to αn, for all sufficiently large n. Additionally, each element of Ani

is less than
or equal to βαn and each element of B is less than or equal to h, so we have
that each element of Kn+B is less than or equal to kβαn+h, for all sufficiently
large n. This implies that

Kn +B ⊂ [αn, kβαn + h].

Each of the sets An, An1
, . . . , Ank−1

is a subset of q.N+ �0, p− 1� and B ⊂ �0, h�
which implies

Kn +B ⊂ q.N+ �0, k(p− 1) + h�.
Hence

Kn +B ⊂ [αn, kβαn + h] ∩ (q.N+ �0, k(p− 1) + h�). (1)
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Now consider the least natural number t such that there exists an s ∈ N such
that �sq, sq + p− 1� ⊂ At. Now for any n ≥ t we have

Kn +B =
⋃

n1,...,nk−1≤n

(
An +An1

+ · · ·+ Ank−1
+B

)

⊃
k⋃

i=1

(
iAn + (k − i)At + {0, h})

⊃
k⋃

i=1

(
iAn + (k − i)�sq, sq + (p− 1)� + {0, h}).

We have
iAn + (k − i)�sq, sq + (p− 1)� + {0, h}
= iAn +

�
(k − i)sq, (k − i)

(
sq + (p− 1)

)�
+ {0, h}

= i
(
[αn, βαn] ∩ (q.N+ �0, p− 1�))

+
�
(k − i)sq, (k − i)

(
sq + (p− 1)

)�
+ {0, h}.

Observe that, except for O(1) exceptions with respect to n, iAn + (k − i)�sq,
sq + (p − 1)� contains all elements of [iαn, iβαn] ∩ (q.N + �0, k(p − 1)�).
Therefore, iAn +

�
(k − i)sq, (k − i)

(
sq + (p − 1)

)�
+ {0, h}, except for O(1)

exceptions, contains

[iαn, iβαn + h] ∩ (q.N+ �0, k(p− 1) + h�).
Therefore,

Kn +B ⊃
k⋃

i=1

(
[iαn, iβαn + h] ∩ (q.N+ �0, k(p− 1) + h�)∖Sn,i

)

for a set Sn,i containing O(1) elements. As [αn, βαn+h]∪ [2αn, 2βαn+h]∪· · ·∪
[kαn, kβαn + h] = [αn, kβαn + h] we have

Kn +B ⊃ [αn, kβαn + h] ∩ (q.N+ �0, k(p− 1) + h�)∖
(

k⋃
i=1

Sn,i

)
. (2)

As
⋃k

i=1 Sn,i ⊂
(
q.N+ �0, k(p− 1) + h�) contains O(1) elements and Kn +B ⊂

[αn, kβαn + h] ∩ (q.N + �0, k(p − 1) + h�), we can conclude that there exists
a positive integer M , independent of n, such that the cardinality of

Sn =
(
[αn, kβαn + h] ∩ (q ·N+ �0, k(p− 1) + h�))∖(Kn + B)

is less than or equal to M for all n ∈ N.
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We claim that S =
⋃∞

n=0 Sn is of zero density. Since for any positive integerN,
there are O(logN) values of n, such that [αn, kβαn + h] ∩ �0, N� is nonempty,
there are O(logN) values of n, such that Sn ∩ �0, N� is nonempty. Hence,

|S ∩ �0, N�|
N

≤
∑

Sn∩�0,N��=∅

|Sn|
N

≤ M
∑

Sn∩�0,N��=∅

1

N
= O

(
logN

N

)
.

From |S∩�0,N�|
N = O

(
logN
N

)
, we have d(S) = limN→∞

|S∩�0,N�|
N = 0.

Note that it is not hard to see that

d

( ∞⋃
n=0

[αn, kβαn + h] ∩ (q.N+ �0, k(p− 1) + h�)
)

=

(kβ − 1)(k(p− 1) + 1 + h)

(α− 1)q
and

d

( ∞⋃
n=0

[αn, kβαn + h] ∩ (q.N+ �0, k(p− 1) + h�)
)

=

α(kβ − 1)(k(p− 1) + 1 + h)

kβ(α− 1)q
.

These can be seen by considering, for example, the subsequence αl − 1,
for sufficiently large l, for the lower asymptotic density and the subsequence
kβαl + h− (q− k(p− 1)− h

)
, with sufficiently large l, for the upper asymptotic

density. By (1), (2) and the fact that d(S) = 0, we obtain

d(kA+B) =
(kβ − 1)(k(p− 1) + 1 + h)

(α− 1)q

and

d(kA+B) =
α(kβ − 1)(k(p− 1) + 1 + h)

kβ(α− 1)q
. �

����	 2.2� Let θ > 1 be any irrational number and let δ ≤ 1 be any positive real
number. Let k and b be non-negative integers such that k ≥ 2 and {bθ}+kδ ≤ 1.
Let A =

{�nθ� : n ∈ N \ {0}, {nθ} ∈ (0, δ)
}
. For every ε > 0,{

�nθ� : {nθ} ∈
k−1⋃
i=0

({bθ}+ ε+ iδ, {bθ} − ε+ (i+ 1)δ
)}∖

(�bθ�+ kA)

is a finite set.
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P r o o f. It suffices to show that{�nθ� : {nθ} ∈ ({bθ} + ε+ jδ, {bθ} − ε+ (j + 1)δ
)}∖

(�bθ�+ kA)

is a finite set for all natural numbers j satisfying 0 ≤ j ≤ k−1. Let j be a natural
number such that 0 ≤ j ≤ k − 1. If ε ≥ δ

2 , then the lemma is trivially true

(as
{�nθ� : {nθ} ∈ ⋃k−1

i=0

({bθ}+ ε+ iδ, {bθ} − ε+ (i+ 1)δ
)}

= {} ).
Let us assume ε < δ

2 . Let r be any positive integer such that jδ−ε
k−1 < {rθ} <

min{ jδ+ε
k−1 , δ}. Notice that �rθ� ∈ A. We will show that{�nθ� : {nθ} ∈ ({bθ}+ε+jδ, {bθ}−ε+ (j+1)δ

)
, n > (k − 1)r + b

} ⊂ �bθ�+kA

which implies{�nθ� : {nθ} ∈ ({bθ}+ ε+ jδ, {bθ} − ε+ (j + 1)δ
)}∖

(�bθ�+ kA)

is a finite set.

Let n be any integer such that

n > (k − 1)r + b and {nθ} ∈ ({bθ}+ ε+ jδ, {bθ} − ε+ (j + 1)δ
)
.

We have⌊(
n− (k − 1)r − b

)
θ
⌋
+ (k − 1)�rθ�+ �bθ� − �nθ�

=
(
n− (k − 1)r − b

)
θ + (k − 1)rθ + bθ − nθ

− {(n− (k − 1)r − b
)
θ
}− (k − 1){rθ} − {bθ}+ {nθ}

= − {(n− (k − 1)r − b
)
θ
}− (k − 1){rθ} − {bθ}+ {nθ}

> − {(n− (k − 1)r − b
)
θ
}− (jδ + ε)− {bθ}+ {bθ} + ε+ jδ

= − {(n− (k − 1)r − b
)
θ
}
> −1

and ⌊(
n− (k − 1)r − b

)
θ
⌋
+ (k − 1)�rθ�+ �bθ� − �nθ�

= − {(n− (k − 1)r − b
)
θ
}− (k − 1){rθ} − {bθ}{nθ} ≤ {nθ} < 1.

Therefore, ⌊(
n− (k − 1)r − b

)
θ
⌋
+ (k − 1)�rθ�+ �bθ� − �nθ�

is an integer in (−1, 1). Hence⌊(
n− (k − 1)r − b

)
θ
⌋
+ (k − 1)�rθ�+ �bθ� − �nθ� = 0

and{(
n− (k − 1)r − b

)
θ
}
= {nθ} − {bθ} − (k − 1){rθ}

< {bθ} − ε+ (j + 1)δ − {bθ} − (k−1)
jδ+ε

k−1
= δ−2ε < δ.
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It follows that ⌊(
n− (k − 1)r − b

)
θ
⌋ ∈ A

and
(k − 1)�rθ�+ ⌊(n− (k − 1)r − b

)
θ
⌋
+ �bθ� = �nθ� ∈ kA+ �bθ�.

Thus{�nθ� : {nθ}∈({bθ}+ε+jδ, {bθ}−ε+(j+1)δ
)
, n> (k−1)r+b

}⊂�bθ�+ kA

which implies{�nθ� : {nθ} ∈ ({bθ} + ε+ jδ, {bθ} − ε+ (j + 1)δ
)}\(�bθ�+ kA)

is a finite set. �

����	 2.3� Let θ be any irrational number greater than 1. Let I ⊂ [0, 1] be

any finite union of open intervals. The density of
{�nθ� : {nθ} ∈ I

}
= μ(I)

θ ,
where μ(I) is the Lebesgue measure of I.

P r o o f. The uniform distribution of the sequence ({nθ})n∈N when θ is irra-
tional ([3, p. 8], [4, p. 2–72]), implies

d
({

n ∈ N : {nθ} ∈ I
})

= μ(I)

and so

d
({�nθ� : {nθ} ∈ I

})
=

μ(I)

θ
. �

����	 2.4� Let θ > 1 be any irrational number and let k be any positive integer.
Let b1, . . . , br be natural numbers and δ be any positive number. Let B be the
finite set given by B = {�b1θ�, . . . , �brθ�}. Let m1 = min{{biθ} : 1 ≤ i ≤ r},
m2 = max{{biθ} : 1 ≤ i ≤ r} and let A =

{�nθ� : n ∈ N \ {0}, {nθ} ∈ (0, δ)
}
.

If m2+kδ ≤ 1 and m1+kδ ≥ m2 then the density of kA+B s equal to m2−m1+kδ
θ .

P r o o f. First we will prove that kA + B is subset of S =
{�nθ� : {nθ} ∈

(m1,m2+kδ), n ∈ N\{0}}. For any element �n1θ�+· · ·+�nkθ�+�biθ� of kA+B,
we have

(n1 + · · ·+ nk + bi)θ ≥ ⌊n1θ�+ · · ·+ �nkθ
⌋
+ �biθ�

and

(n1 + · · ·+ nk + bi)θ = �n1θ�+ · · ·+ ⌊nkθ�+ �biθ
⌋

+ {n1θ}+ · · ·+ {niθ} + {biθ}
< �n1θ�+ · · ·+ ⌊nkθ�+ �biθ

⌋
+ kδ +m2

≤ �n1θ�+ · · ·+ ⌊nkθ�+ �biθ
⌋
+ 1.
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Hence

�(n1 + · · ·+ nk + bi)θ� = �n1θ�+ · · ·+ �nkθ�+ �biθ�
and

{(n1 + · · ·+ nk + bi)θ} = {n1θ}+ · · ·+ {niθ} + {biθ} ∈ (m1,m2 + kδ)

and therefore

kA+B ⊂ {�nθ� : {nθ} ∈ (m1,m2 + kδ)} = S.

Hence, by Lemma 2.3,

d̄(kA+B) ≤ d̄(S) =
m2 −m1 + kδ

θ
. (3)

Without loss of generality, assume {b1θ}=m1 and {brθ}= m2. From Lemma 2.2,
it follows that for all ε > 0, kA+B contains all, except for finitely many excep-
tions of the set{

�nθ� : {nθ} ∈
k−1⋃
i=0

({b1θ}+ ε+ iδ, {b1θ} − ε+ (i+ 1)δ
)

∪
k−1⋃
i=0

({brθ}+ ε+ iδ, {brθ} − ε+ (i+ 1)δ
)
, n ∈ N \ {0}

}
.

We have S = {�nθ� : {nθ} ∈ ({b1θ}, {brθ} + kδ)}. Let

T1 =

{
�nθ� : {nθ} ∈

k−1⋃
i=0

[{b1θ} + iδ, {b1θ}+ iδ + ε]

}
,

T2 =

{
�nθ� : {nθ} ∈

k−1⋃
i=0

[{brθ}+ iδ, {brθ}+ iδ + ε]

}
,

T3 =

{
�nθ� : {nθ} ∈

k−1⋃
i=0

[{b1θ}+ (i+ 1)δ − ε, {b1θ} + (i+ 1)δ]

}
,

and

T4 =

{
�nθ� : {nθ} ∈

k−1⋃
i=0

[{brθ}+ (i+ 1)δ − ε, {brθ} + (i+ 1)δ]

}
.

Except for finitely many exceptions, kA + B contains S \ ⋃4
i=1 Ti. Since

d(S) = m2−m1+kδ
θ and for all 1 ≤ i ≤ 4 we have d(Ti) ≤ kε. Hence

d(kA+B) ≥ m2 −m1 + kδ

θ
− 4kε, (4)

for all ε > 0. From (3) and (4), we have d(kA+B) = m2−m1+kδ
θ . �
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����	 2.5� Let α be any real number between 0 and 1 and let h, k be any positive
integers. There exists a δ > 0, with δ < α

k , δ > hα
2hk−αk and δ > hα−h+α

αk , such

that α−kδ
h−α is irrational number.

P r o o f. As h < 2h−α we have h
2h−α < 1 and hα

2hk−αk < α
k . As 0 < (α − 1)2,

we have (α − 1) + α < α2 and since (α − 1) < 0 we have h(α − 1) + α ≤
(α−1)+α < α2. Dividing this inequality by αk on both sides we get hα−h+α

αk < α
k .

Let m=max
{

hα
2hk−αk ,

hα−h+α
αk

}
. From 0 < hα

2hk−αk < α
k and hα−h+α

αk < α
k we have

0 < m < α
k .

Let β be any positive irrational number less than α−km
h−α . We can get a δ that

satisfies all the conditions by solving the equation α−kδ
h−α = β for δ. This is true

since 0 < α−kδ
h−α = β < α−km

h−α implies m < δ < α
k . �

P r o o f o f T h e o r e m 1. Without loss of generality assume 0 = minB and
h = maxB. Let us divide the proof into several cases.

When α1 = α2 = α < 1. For a δ > 0, with δ < α
k , δ > hα

2hk−αk and δ >
hα−h+α

αk , such that α−kδ
h−α is irrational (there exists such a δ from Lemma 2.5),

let θ = 1 + α−kδ
h−α . We have B ⊂ {0, . . . , h} and for all b ∈ B we have �bθ� =

b + � bα−bkδ
h−α � = b since 0 ≤ bα−bkδ

h−α ≤ hα−hkδ
h−α < 1. Hence B = {�bθ� : b ∈ B}.

We have m1 = min
{{bθ} : b ∈ B

}
= 0 and m2 = max

{{bθ} : b ∈ B} =

max{bθ− �bθ� : b ∈ B} = max{bθ− b : b ∈ B} = h(θ− 1). We have δ > hα−h+α
αk

implies m2 + kδ = h (α−kδ)
(h−α)

+ kδ = hα−αkδ
h−α

< hα−(hα−h+α)
(h−α)

= 1 and δ > hα
2hk−αk

implies m1+kδ−m2 = kδ−h (α−kδ)
(h−α) = 2hkδ−αkδ−hα

h−α > 0. Hence m2+kδ ≤ 1 and

m1+kδ ≥ m2. From Lemma 2.4, the density of kA+B is equal to m2−m1+kδ
θ =

h(α−kδ
h−α )+kδ

1+α−kδ
h−α

= α.

When 0 < α1 < α2 < 1. Choose positive integers p and q such that

q = k(p− 1) + 1 + h if 2kα2 − α1 > 2k − 1 and (2k−1)(k(p−1)+1+h)
(2kα2−α1)

< q <
k(p−1)+1+h

α2
if 2kα2 − α1 ≤ 2k − 1. Let γ = q

k(p−1)+1+h . Setting α = (1−γα1)α2

(1−γα2)α1

and β = 1−γα1

k(1−γα2)
, we have α > kβ. We claim that β > 2. Observe that, if

2kα2 − α1 > 2k − 1, then 2k−1
2kα2−α1

< γ = q
k(p−1)+1+h = 1 < 1

α2
. If 2kα2 − α1 ≤

2k−1, then from the choice of p and q, we have 2k−1
2kα2−α1

< γ = q
k(p−1)+1+h < 1

α2
.

Therefore, in both cases, we have 2k−1
2kα2−α1

< γ < 1
α2

. As k(1 − γα2)(β − 2) =

−(2k − 1) + γ(2kα2 − α1), which is greater than 0 from the inequality
γ > 2k−1

2kα2−α1
. Therefore, k(1 − γα2)(β − 2) > 0, and as k(1 − γα2) > 0,

we have β > 2. Let A =
⋃∞

n=1 An, where An = [αn, βαn] ∩ (q.N + �0, p − 1�).
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Then from Lemma 2.1, we have

d(kA+B) =
(kβ − 1)(k(p− 1) + 1 + h)

(α− 1)q
=

kβ − 1

(α− 1)γ
= α1

and

d(kA+B) =
α(kβ − 1)(k(p− 1) + 1 + h)

kβ(α− 1)q
=

α(kβ − 1)

kβ(α− 1)γ
= α2. �
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