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ABSTRACT. We study the notion of Beurling-Malliavin density from the point
of view of Number Theory. We prove a general relation between the Beurling-
Malliavin density and the upper asymptotic density; we identify a class of se-
quences for which the two densities coincide; this class contains the arithmetic
progressions. Last, by means of an alternative definition of Beurling-Malliavin
density, we study the connection with the asymptotic density for another kind of
sequences that again generalizes the arithmentic progressions.

Communicated by Viadimir Baldz

1. Introduction

Let A = ()\n)n ¢z be a sequence of real numbers. In order to solve the problem
of finding the radius of completeness of A (denoted by R(A)), A. Beurling and
P. Malliavin introduced for the first time in the paper [2] the quantity b(A),
defined as follows: if (In)n ez is a sequence of disjoint intervals on R, call it short

Z T2 <
= 1+dist™(0, 1)
and long otherwise (where dist(0, I,,) := inf{|z|,z € I,,});
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then define
b(A) :=sup{a : Jlong (I,)nez such that #(ANI,) > all,|,Vn € Z}

(the particular formulation used above comes from [I2] and [I4]). The celebrated
Theorem of [2] states that the radius of completeness of A is connected with b(A)
by the formula
R(A) = 27b(A).

Later the same quantity b(A) was studied by other authors, for instance [§],
[9], and used in several papers; we cite [7], [I0] and [I5]; for an extensive study
and generalizations see [13], [12], [1] (see [14] for a complete list of references);
in particular the author of [I5] discovers an alternative equivalent definition,
which will be stated and used later (see Definition 2.]).

In the whole literature on the subject the quantity b(A) is called the “density”
of A; in the sequel we call it “Beurling-Malliavin density” (or “BM-density”
for short); anyway, to the best of our knowledge, no paper addresses the prob-
lem of investigating whether it “deserves”(so to say) the name of “density”,
in the sense in which this term is used in Number Theory. Just to give a trivial
example, we have not found any paper stating that the BM-density of the set
of multiples of the positive number p is %.

The most natural notion of density used in Number Theory is the asymptotic
density, which is mostly used for sequences of integers; here we extend this notion
to general sequences of positive real numbers converging to +o00. Precisely, we say
that A = (\,)nen- has “asymptotic density” d(A) if the limit

F
lim INW)

n—0o0 n

=:d(A)

exists, where F) is the counting function of A, defined as

0, t =0,
FA<t) =
#{keN*: N\, <t}, t>0.

In Section 3, we shall give also the definitions of “upper” and “lower” asymptotic
density.
The Beurling-Malliavin density is defined in [2] for general sequences

A= (An)nEZ

of real numbers; on the other hand, if A = (\,)nen+ I8 a sequence of integers,
we may be interested in calculating its asymptotic density. Thus we emphasize
that, in order to compare these two concepts, in what follows we shall confine
ourselves to sequences of real numbers (and not only of integers) indexed,
by n € N*, positive, ultimately strictly increasing and such that lim,, o A\, =400.
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CONNECTION BETWEEN BEURLING-MALLIAVIN DENSITY & ASYMPTOTIC DENSITY

In the sequel, by the term sequence we always mean a sequence with such prop-
erties, unless otherwise specified.

REMARK 1.1. Notice that sequences with a finite number of elements are ex-
cluded from this discussion, but this is a trivial case (both the BM-density
and asymptotic density vanish). Similarly, we are not dealing with sequences
with repetitions (see Remark [6.2)).

The aim of the present investigation is to survey various equivalent definitions
of the BM-density and to study the connection between b(A) and d(A).

The paper is structured as follows. Section[ contains two equivalent def-
initions of the BM-density; similarly, Section[3] discusses two equivalent def-
initions of the asymptotic density (upper and lower); in Section[d we prove
a general inequality relating the upper asymptotic density and the BM-density;
in Section(], we prove the coincidence of the asymptotic density and the
BM-density for a particular class of sequences, to which arithmetic progressions
belong. Last, in Section[@l(i), we show how to use the alternative Definition 2]
for estimating the BM-density of some kind of sequences that again generalizes
arithmetic progressions; (ii) we find a nice characterization of the BM-density
(see Theorem and Corollary [6.2)).

We shall use the standard symbols |[z] and [x] to mean respectively the
greatest integer less than or equal to x (integer part of x) and the least integer
greater than or equal to x.

2. Various equivalent definitions of the Beurling-Malliavin
density

The Beurling-Malliavin density b(A), firstly defined in [2], has been studied
later in [9] and in [I5] (among others); both the Definitions of [9] and [I5] are
different but equivalent to the original one. In the very recent paper [0] a further
equivalent definition has been given. In the present paper we shall use first the
approach of [I5] and later the one of [6].

2.1. The definition of [157].

For every sequence A = (\,)nen=, denote by A, the set of numbers a > 0
for which there exists a sequence of distinct positive integers N = (ng)ren-
such that
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In [T5] it is proved that an equivalent definition of the Beurling—Malliavin density
is given by the following

DEeFINITION 2.1. The Beurling Malliavin density b(A) of the sequence
A = (A\p)nen+ is the infimum of Ay.

In [I7] it is shown that the set A, is a right infinite interval in R* (i.e., if a
belongs to Ay and b > a, then b belongs to Ap as well). If Ap is empty, then
b(A) = +oo.

REMARK 2.1. If A is a sequence of integers, we have obviously b(A) < 1
(take @ =1 and N = A in the above definition).

REMARK 2.2. Let A = (A,)nen- be a sequence of real numbers and let

A = (Mg, )n>1 be a subsequence of A. It is evident that Ay C Aj, which
implies that

b(A) < b(A).
This relation says that A — b(A) is a monotone set function.

2.2. The definition of [0].
Let € be the family of all sequences

I= ((ana b"])neN*
of intervals in (0, +o0) such that a,, < b, < a,41 for all n € N* and

00 b 2
Z <a—n - 1) = +o0.
n=1 n

REMARK 2.3. These systems of intervals are referred to as long in [12] and [T4]
(see the Introduction). In [9] they are called substantial.

For every T = ((an, bn])neN* €, let

F n 7F n
{7 = lim inf A(bn) ala )

n—oo b, — a,

(1)
In [6] it is proved that
PROPOSITION 2.1. The following relation holds true
b(A) = sup{lz, T € €}.
We shall be interested in the subset of € defined as

br
Coy = {I: ((an,bn])neN* € ¢: limsup — > 1} .

n—oo an
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Accordingly, we shall denote
bs1(A) = sup{lz,Z € €-1}. (2)
From Proposition 211 it follows that

b=1(A) < b(A). (3)

3. Two equivalent definitions of the asymptotic density

Let A = (An)nen+ be a sequence of positive numbers, with lim,, ., A, = +00.
DEFINITION 3.1.

(i) The lower (resp. upper) asymptotic density of lambda is

d(A) = liminf FA—(n), resp. d(A) = limsup FA—W

n—00 n n—00 n
(ii) We say that A = (A\,)nen+ has asymptotic density d(A) if
d(A) = A(A) (= d(A).

It is well known that, besides the definition, there is another way for calcu-
lating the upper and lower asymptotic densities of A. Precisely we have

PrOPOSITION 3.1. The set of limit points of the sequence (i coincides

Ak )keN*
with the set of limit points of the sequence (FA(n) In particular the follow-

n )neN* :
ing relations hold true

k = k
d(A) = likrggéf o d(A) = li’?isip v
Moreover, d(A) exists if either of the two limits
lim FA—W, lim ﬁ
n—oo n k—o00 )\k

exists; in this case

Proof. In fact, for any integer n, let k,, (depending on n) be defined as
kn = max{k € N: A\ <n}.
In other words, k,, is such that A\, <n <\j, 41; moreover we have Fy (n)=k,, and

k,, F k,,
Akp+1 n Ak,
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Notice that lim,, ,o k, = oo and let ¢ be a limit point for the sequence

e,
"/ nen

Then there exists a subsequence (n,)ren+ converging to oo such that

Fa(n,
M%E as r — oo.

Relation () implies that

7 := limsup —= = limsup —=— < /¢ < liminf —/ =: K.
r—00 kn,. r—00 kpn,.+1 =00 En,.

Fa(n)

n )nEN* keEN*"
To go the inverse direction, notice that F(Ag) = k; thus, for ni < A\ < ng + 1,

FA(nk) k FA(nk—i—l)_

In other words every limit point for ( is a limit point for (/\—";)

< —<
np+1 7 A T ng
now argue as in the first part of this proof, using the fact that
lim ng = co. ]
k—o0

4. The general inequality

THEOREM 4.1. For every sequence A = (A, )nen+, the relation

holds true. dA) < b(A) %)

Proof. Recall that the Beurling—Malliavin Theorem states that, putting
En = {7}, R(A) =sup{a € R" : &, is complete in L*(0,a)},

we have

R(A) = 27b(A).
Hence it suffices to prove that, for every € > 0, £, is complete in
L?(0,27(d(A) — €)).
Let f be a function in L?(0,27(d(A) — €)) and assume that

27 (d(A)—¢) )
/ et £ (1) dx = 0, n=1,23,...
0
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E(AJ;—E

(E(A) _ 6)eii/\n(E(A)—e)ﬂ/ﬂeiikn(E(A)—e)yf((E(A) _ 6) (y + W)) dy.

—T

By the change of variable y = — 7, the above integral becomes

In [3] the following result is proved (see Theorem XXVIII, p.84):
THEOREM 4.2. Let 0 < mi < mg < --- and let

lim sup i > 1.

n—oo Mnp

Then, if f € L?*(—m, ) and

/eiim"mf(.r)dl‘ =0, n=1,2,3,...,

—T

then f(xz) =0 for almost every x € (—m,m).
Setting m,, = (d(A) — €)\,, we obtain that

j[ et Yg(y)dy = 0,

where g is the function y € (—m,7) — f((d(A) — €)(y + 7)). Observe that

d(A
lirnsupi = limsup —= n = d)

== > 1.
n—oo Mp n—00 (d(A) — E)An d(A) — €

Hence Theorem is in force and we deduce that g vanishes almost every-
where on (—m, 7). This is obviously equivalent to saying that f vanishes almost
everywhere on 27 (d(A) —€), i.e., that &, is complete in L? (0,27 (d(A) —¢)). O

REMARK 4.1. Theorem (1] is stated but not proved in [13]. In any case, [I3]
does not formulate it in terms of densities; see slide 3 in [13].

The following example shows that the inequality (B]) may be strict.

EXAMPLE 4.1. Let p be an integer with 1 < p <9 and denote by A = (A, )nen-
the - strictly increasing-sequence formed by the positive integers having first
digit equal to p. It is well known (see, e.g. [5]) that d(A) = % < 1, and now
we prove that b(A) = 1. Recall that the BM-density of any set of integers is < 1.
By formula (2) and relation (8], it suffices to prove that there exists a family

of intervals Z = ((an, bn])neN* such that
limsup 2 > 1 and fy= liminf 220 = Falan) o
n—oo On n—>00 b, — an,
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Take
an, = pl0", b, =(p+1)10"— 1.

We have b, — a, = 10" — 1 and

n (p+1)10F—1

Z ) 1_Z{p+1)10k—p10’“} 210’“ LU

k=1 j=pl0*
10
Fa(an) = Fa(bp1) +1= —(10"' = 1)+ 1= —(10" —1).
9 9
Thus
Fu(by) — Falan Weogn — 1) = Lo -1
{7 = lim inf A(bn) NG )—lmlnf o )~ 5( ):1.
n— o0 bn — ap, n—o00 10 —1

REMARK 4.2. It is easy to check that for

we have 3 10

7 = d(A) = Tt

REMARK 4.3. Let A = N\ A, where A is the sequence described in Example A1l
Similar calculations as in Example 1] prove that b(A) = 1. Hence the map
A — b(A) (with domain P(N)) is not additive.

5. A general result concerning the equality

The aim of this Section is to prove the following result, in which a class
of sequences A is identified for which d(A) = b(A).

THEOREM 5.1. Assume that A = (A\,)nen+ @S a sequence with the following
property: there exists an integer p>1 and non-negative constants ag, a1, - .., ap—1
such that

hHl {/\kp-l-j—i-l _/\k?p-l-j} = aj, Vj 20,1,2,...]?—1.

In addition assume that Z] —oa; >0. Then

d(A) = b(A) = Zp .
J 0%

For the proof of this result, we need some lemmas. Lemma [l is obvious
(see the two lines after the statement); the proofs of Lemmas and are
postponed in the Appendix at the end of the paper.
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LEMMA 5.1. Let (y)nens and (yn)nen+ be two sequences of numbers, with

nh_)ngo(yn — Zp) = +00. (6)
Then

n—o0 yn — 7’L

This Lemma follows from the elementary fact that both numerator and
denominator tend to infinity and they differ by a number not greater than 1.

LEMMA 5.2. Assume that A = (\,)nen= verifies the conditions of Theorem [51.
Then

li )\n o Z] 0 a’J

im —/ =
n—oo N P

Denote by A the interpolated linear function relative to A, i.e., the function
defined by
M) = (Aes1 — X)) (@ — k) + Mg, E<x<k+1, E=1,2...
or equivalently
A@) = (Ara1 = Aag) (@ = [2]) + ALy
From [4] we recall the

DEFINITION 5.1. The function f : Rt — R™T is reqularly varying with exponent
p > 0 if, for every t > 0, we have

f(tz)

)
e T

LEMMA 5.3. Assume that A = (Ap)nen+ is such that

An
lim — =/¢>0. (7)

n—oco N

Then

(i) limg—qoo 2& = ¢;

(ii) X is regularly varying with exponent 1;

(iii) for B> 0 let Sp = {(z,y) € (RT)?, Bz < y}; then, for every B> 1,

T O () )
z24+y2 400 y—x
(z,y)GSB

Now we are in a position for proving Theorem .11
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Proof of Theorem B .
Recall that the asymptotic density d(A) of the sequence A is the lim,, o v,
if this limit exists (see Proposition BJ). Hence by Lemma we have

d(A) = =s%—, and now we shall prove that

p—1
j=0 4j
— P < b (). (8)
ijo aj
Recalling (@) and the formula preceding ([2)), let (an)nen+ and (by,)nen+ be such
that lim,, s a,, = +00 and

. b -
limsup — > liminf =+ = a > 1;
n—oo Un n—=00 ap

we are interested in calculating M (see relation ().

For every x € RT with )\ S";“"< Ak+1 we have Fp(x) = k; since
k< (X)_l(x) < k+1, we can write Fi(x) = L(X)_l(x)J
Thus
Fa(bn) = Falan) _ L) ()] = L(3) " (an)]
bn — Qp bn — Qn
ol = 2n)  gn=2m  la) o)

)

X(yn) - X(‘rn) a X(yn) - X(xn) Yn — Tn

where )

— _1 —
zn=(A) (an), Yn = (A) " (bn)-
Notice that z,, — 4+o00. Then (8) follows immediately from (B]), Lemma [5.3](iii)

and Lemma [5.1] (see (@) if we prove that there exists 8 > 1 such that y,, > Sz,
for every sufficiently large n.

Let € > 0 be fixed with ¢ < a — 1. There exists ng such that, for n > ny,
(oo — €)ay, < by, which yields
— -1 — -1
A ((a=e)an) < (A) (bn).
By Lemma [5.3](ii) and Theorem 1.5.12 in [], (\)~! is regularly varying with
exponent 1, hence
M)~ (e = e)an)

(N)~Han)
It follows that for every 6 > 0 with § < a — e — 1, we have
N Han)(@—e=8) < (X)) ((a = an) < (X) 7 (bn)
or Yy, > Bxr, with f=a—¢e—06 > 1.
Now an application of Theorem [Tl concludes the proof. (]

— o — e, n — oo.
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ExXAMPLE 5.1. Arithmetic progressions satisfy the assumption of Theorem (.11
For a less trivial example consider

301 (1

where (e, )nen+ 18 any sequence converging to 0 as n — oo. Hence

2
b(A) =d(A) = 3
Notice that the case €, = 0 is again a trivial one, since the sequence becomes
3 3+ (=17
An =gt #
which is the union of the two arithmetic progressions 1,4,7,... and 2,5,8, ...

of common difference 3; hence its BM-density can be calculated more simply
by applying Theorem [5.1] to these two progressions and by using the additivity
of the asymptotic density.

6. Some results that follow from the definition of [I5]

In this Section, we show how to use Definition 21l to get information about
b(A) and its connection with d(A).

PROPOSITION 6.1. Assume that there exist ¢ > 0 and a sequence (1n)nen
such that

A =In 4+ y.
If either

(i) (¥n)nen+ is non-decreasing (ultimately) or

>0andzn“£—;‘|<+oo,

(ii) & := lim infn_oo ’é + 2o

then 1
b(A) < 7
Moreover, in both cases, we have « := liminf, ’fl—" > 0. In particular,
if =0, then ~ )
b(A) =d(A) = 7
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Proof. We prove that, in both cases (i) and (ii), the number § verifies the
property stated in Definition 211

(i) Let ni, =k + L = |. This sequence of integers is made of distinct integers

since
Mgl — g = VMKHJ V%J t1> 1.

Moreover,

Eji—i— | FEZ — 1%

e EHEE R ]| DS G e L)

Since (1 )nen- is non—decreasing, there exists an integer ko and a constant
« such that for k > ko,

a Vg a Uk o
1+—-—>0 1+-—=>1+— 1 — | >1+4+ —.
L )7 R +k“J—+k
. 1 . . .
Thus the series >, RISy is majorized by
1
const. + ST ao»
zk: 21+ 5)?
which behaves like Y, 2= < +oc.
(ii) Take ni = k. We have
RO B L
el R z k21 +
which, by the assumption x > 0, behaves like » 7, - W’“‘ < 4o0.
Concerning d(A), we have
- n 1 1 1
d(A) = limsup — = limsu = = .

The inequality o > 0 is obvious in case (i); in case (ii) it follows from the
basic inequality (@)). If o = 0, the above discussion implies that

1 —
b(A) < 5 = d(A),
and we get the equality once more by (). O
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EXAMPLE 6.1. Any arithmetic progression A\, = cn + a verifies both the as-
sumptions (i) and (ii) of Proposition [6.I} in particular the set of multiples
of the integer p has Beurling-Malliavin density equal to %.

The sequence of Example [5.]] verifies (ii) of Proposition

REMARK 6.1. There are sequences which satisfy the assumptions of Proposi-
tion but not those of Theorem [5.1l For instance take

Ap, = In + sinn.

By Proposition (i) 1
b(A) =d(A) = 7

14
(d(A) exists since lim, ;o *5* = 0). Theorem B.] cannot be applied since,
for every p, the sequence (sin(n +p) — sinn)n N does not have any limit

(see Remark [TT]).

sinn

The following result is a consequence of the discussion in Section 2.2. of [G].

PROPOSITION 6.2. Assume that liminf, o (Apt1 — An) =: £ > 0. Then
1
b(A) < =.
<1

The preceding Proposition and Theorem 1] yield immediately the follow-
ing result, which is a particular case of (actually it has been a motivation for)
Theorem BTk

COROLLARY 6.1. If the limit
f:= lim (>\n+l - >\n)
n— 00
exists (as an extended number) and is strictly positive, then

1

a(8) = b(A) = 7,

where we adopt the convention % = +00.

REMARK 6.2. For the sequence A = (A, )nen+ with A, = logn we have £ = 0
and as a consequence b(A) = +oo. The same happens for M = (p,)nen-
with p, = [logn], as well as for sequences with “too many” repetitions.
This follows from the Definition in Section 2.2 of [6].

PROPOSITION 6.3. Assume that A = (A, )nen+ 1S a sequence such that
1

; )\—k < +00.

Then d(A) = b(A) = 0.
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REMARK 6.3. This Proposition was proved in [I6], but only in the part con-
cerning d(A).
Proof. Recall Olivier’s Theorem (also known as Abel’s or Pringsheim’s Theo-
rem), proved in [I1]:

THEOREM 6.1. Let (ay,)nen be a non—increasing sequence of positive numbers
such that the corresponding series 220:1 an 1s convergent. Then

lim na, =0.

n—oo
Applying it with a,, = )\i we have
n
d(A) = nh_{r;o N 0
Moreover, by Definition 2] b(A)=0. O

EXAMPLE 6.2. This result applies for instance to the set of powers (kP)gen~
(p € N*, p > 2). More generally, it applies to any increasing sequence of the form
(L(k)kP)gen=, where (Li)gen- is a slowly varying sequence: recall that a slowly
varying sequence (Lg)ien- has the property that, for any € > 0, ultimately we
have k~¢ < Lj (this is an easy consequence of Theorem 1.3.1 in [4]), which

implies that
S LS choo ife<p-1
s el .

Last, here below is the announced characterization of the BM-density:

THEOREM 6.2. Let A = (\,)nen- be a sequence with b(A) € (0,400); assume
that there exist a strictly positive number £ and another sequence M = (pin)nen
with b(M) € (0,+00) such that

3 IR
Ak L '
Then ¢ is unique; furthermore,
b(M) = £b(A)

Proof. Denote by

and
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Let € > 0 and N = (ng)ren a sequence of distinct integers such that

’1 b(M)+e
L oD re|
— | i ny,

Then, for every £ € A,

3 1 M) +e > 11
Ak Iny, Ao L
k k
1 1 M)+ ‘
D D < 400
¢ ; Pk Ny
This yields
M
b(A) < b(M)+e
L
and by optimizing in ¢ and € we conclude that
b(M
b(A) < u
T

Relation (@) together with the assumption b(A) > 0, implies that 7 < oo.
Now interchange the roles of A and M; we obtain that
b(M) < L(b(A) +¢),
and optimizing
b(M) < ob(A). (9)
From relation (@) and the assumption b(M) > 0 we deduce that o > 0; and now,
putting together (6)) and (@), we get
b(M)
T
this proves the unicity of ¢ and the relation (6.2)). O

b(A) <

< Zp(n);
=

We put in evidence the following particular case (see also Proposition
for the case ¢ = 0):

COROLLARY 6.2. Let A = (A\,)nen+ be a sequence with b(A) < —+oo; if there
exists a positive number £ such that

then £ = b(A).
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7. Appendix

Here we prove Lemmas and

Proof of Lemma We shall prove that, for every sequence

(Meptj)ken<  3=0,1,....,p—1,
we have o1
Akpti 2 =0 @

k—oo kp 4 j P

First, by the Cesaro theorem,

i Mt g M Dpt T ket
k—oo kp+j  k—=oo (k+1Dp+j— (kp+ )

lim /\(k+1)p+j — Akp+j _

k— o0 p
Now,
p+i—1
kh_{go{)‘(k+1)p+j — Mepj} = Z kh_{go{)‘kp—i-wrl — Neptr}
r=j

p—1

= Z kli_{{)lo{)\kpwﬂ — Xkptr )}
r=j

p+j—1
+ Z kli_g)lo{)\kpwﬂ — Xkptr}
r=p

p—1 j—1

= Z ar + Z kli_>rgo{>\(k+1)p+s+1 - >‘(k:+1)p+s}
r=j s=0
p—1 j—1

= Z ar + Z kh_{go{)‘kp-i-s-i-l — Mepts }
r=j s=0
p—1 j—1

ST
r=j s=0
p—1

S
r=0
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REMARK 7.1. Lemma implies that any sequence A = (A,)nen- satisfying
the assumptions of Theorem [B.1] has the form
p—1
A, = 20 %

where pﬂ)
lim =2 =0. (10)

n—oco n

Besides ([0, a necessary condition for A to satisfy the assumptions of Theo-

rem [5.1] is that
Hm nip — hn = 0.
n—oo

This is easily seen:

Yy a,
Yntp — Yn = Angp — ]T(” +p)
p—1
— A+ 723_0 ‘n
p
p—1
:)\nﬂ,f)\anaj%O, n— oo
7=0
since, forn =kp+j,j=0,...,p— 1, we have
p—1
Jim pjp = Akps} = D0,
j=0

as it has been proven in Lemma [5.2]
Proof of Lemma First, from the assumption (7)) and the relations

2] Xlz)  Mle)) _ Xz) _ X(J=])
2] Tl e Sz S 4

X)) _ X)) _ X)) (=) [2]
@ Sz S 2] [ (e (12)

(where we have used also the fact that A is non-decreasing) and by the relation

(11)

and

limg 100 % = 1, we obtain

im 2D _ o MED (13)

Tr—r+00 xX r——+00 xX

and (i) is obvious, since

Ma)) _ Aa) _ M)
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For (ii), we have to prove that for every ¢t > 0,

A(tx)
m —= =1t,
and this can be obtained by writing
X(tw) _y X(tm) x
Az) tr )

and using point (i).

Now we prove point (iii). Write

Ay) = AMz) O = A= Lyl)

y—x y—x
(Ar2] = Al (@ = [z])
+
Y-
ANyl — Az
RRTEET
Yy —x

Notice that

lim sup(Arg) — Az)) (2 — [2]) < +o0.

Tr—r+00
This is because

2 2] = {a}

(fractional part of z) is between 0 and 1; furthermore

li Arg] — A = ;L
msup (A1 = May) =, I3, o

(Hence the first two summands above converge to 0, since
y—x>z(f—1) =4+ as x — +oo.

Concerning the last summand, we write it as

Aly) N ()‘LyJ B Am) - T

Y Yy x —x
which allows to obtain the claimed result by ([I3]) and the fact that
0<% < 1
“y—xz pB-1
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