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ABSTRACT. In this paper we analyze the Beurling-Malliavin density and some
other quantities related to it. Then we consider the upper Pdélya density and
show how its existence is connected with the concept of subadditivity; moreover
a theorem is presented that clarifies the connection between the upper Pdlya
and the Beurling-Malliavin densities. In the last section we discuss the classical
definition of the upper Pélya density and we prove a result which seems to be new.

Communicated by Viadimir Baldz

1. Introduction

Before presenting our work on the Beurling-Malliavin and Pélya densities,
a clarification is in order. The Beurling-Malliavin density is defined in [I] for gen-
eral families (A, )nez of real numbers; on the other hand, the Pdélya density
concerns sequences of real numbers (i.e., indexed by n € N*), positive and
strictly increasing (0 < Ay < A2 < ---) and such that lim, . A, = + 0.
Thus, in order to compare these two concepts in what follows we shall con-
fine ourselves to sequences of the second (i.e., Pdlya’s) kind. We also emphasize
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that our study concerns sequences of real numbers and not only of integers.
In the sequel, by the term sequence we always mean a sequence of Pélya’s kind,
unless otherwise specified. Notice in particular that we are not dealing with finite
sequences and sequences with repetitions.

Let A = (An)nen+ be such a sequence. We need the following

DEFINITION 1. The counting function of A = (A, )nen+ is the function

0, t=0,
F(t) =
#{keN A\, <t}, t>0.

For 0 < a < b we have clearly
F(b) — F(a) = #{k € N : \; € (a,b]}.

The counting function of a sequence A = (A, )nen+ is non-decreasing, is iden-
tified by the sequence itself, and viceversa; since the definitions of the Pélya and
BM densities can be formulated in terms of F', in the sequel we shall always
adopt the point of view of counting functions in place of that of sequences.

1.1. The Beurling-Malliavin density.

Note. Let A = ()\n)n ¢z be an indexed family of real numbers, without finite
accumulation points. Denote by £y the system of characters

En = {e"M* N, € A}
and define the radius of completeness of A as
R(A) = sup {a € R : £is complete in L*(0,a)} .

In order to quantify the connection between A and R(A), A. Beurling and
P. Malliavin introduced for the first time in the paper [I] the number b(A),
which is now called the “Beurling-Malliavin density” of A (BM-density for short).
The celebrated Theorem of [I] states that the radius of completeness of A is
connected with b(A) by the formula

R(A) = 27b(A).
The use of the term “density”’can be motivated as follows: the idea is to
try to express the periodicity of a set of functions generated by a certain set

of characters &5, and this periodicity is then considered as “richness” of &£y,
hence of A.
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The BM-density, firstly defined in [I], has been studied by other authors,
and various equivalent formulations have been found; see [7] and the recent [3]
for exhaustive lists of references. In particular it is extensively discussed in [5].
This book employs a definition which is apparently completely different from the
original one and proves the equivalence of the two concepts. Here we introduce
the definition of [5] and, for the sake of clarity, we reformulate it in a simpler
fashion than the original one.

The definition of the BM-density. Go back to the restricted framework
described at the beginning of this Introduction, and let € be the family of all
sequences 7 = ((an,bn]) of intervals in (0, +00) such that a,, < b, < apn41
for all n € N* and

neN*

In [5] these systems of intervals are called substantial (they are nothing but
the long sequences of [6] and [7]). Then put
d(Z) :=limsup —; {7 :=liminf M.

n—oo Qn n—oo n — On

(1)

[B] considers the set

R = {R >0:37 = ((anvbn])neN*

F(by) — F(an)

bnfan

ed, > R for, each sufficiently large n} .

Reformulating, we see immediately that

e

Then the Beurling—Malliavin density b(A) is defined as the supremum of fR;
in formula

b(A) = supR = sup{lz,Z € C}. (2)

In the present paper we analyze the BM-density according to the definition
given above. Precisely, in Section 2, we introduce some new quantities that
have connection with b(A); these quantities will be used later to state the first
main result.
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1.2. The upper Pdlya density.

Another interesting type of density is introduced in [§] with the scope
of studying gaps and singularities of power series. It is usually named as
“upper Pdlya density”.

The upper Pdlya density of A is the number

P(A) = lim limsup M
£—=17 z—oco T — DCE
The existence of the above limit (as an extended number, see Remark 21(i) here
below) is a known fact, proved in [§] (see also [4]). In Section 3, we give a new
proof of this fact (see Proposition ). The aim is to show that H(A) is connected
with the notion of subadditivity.

REMARK 2.
(i) Let A = (logn)p>1. From t — 1 < F(t) < t+ 1 it follows easily that
P(A) = 4o0.

(ii) It is also easy to see that p(A) € [0, 1] if A is a sequence of integers.

1.3. The first main result.

Our first main result (Theorem [) clarifies the connection between the
upper Pélya and the BM-densities. Precisely, recall the notation (Il) and let €
be the family of all substantial sequences of intervals. Then put

€ ={ZE€C:8(T) > 1}, Rajog = J [0,
IE@(I,{»M]

finally let
b(1,400](A) = sup Ry 1o0) = sup{lz,Z € €1 o) }-

Theorem [3], in Section 4, states that
P(A) = b1, 4001 (D)
and, as a consequence of the discussion of Section 2, we have that

p(A) < b(A).

1.4. The second main result.

In the last section of the paper we prove our second main result (Theorem [12]);
precisely we show that the inner limit appearing in the definition of the upper
Pélya density, which in its original definition in [§] is calculated along the reals,
can actually be calculated along the sequence of integers only. This fact seems
to have not been noticed anywhere in the past.
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2. Analysis of the Beurling-Malliavin density

Let A C [1,400]. In this Section we are interested in the subset of €

defined as -
CA:{IEC:d(I)EA}.
Accordingly, we denote

Ra= | [0,¢],
ZelCy
and finally

ba(A) =supRa =sup{lz,Z € C4}. (3)
In the case A = {a} (i.e., A is a singleton) we shall simplify this set of notation
to o, R, and b, (A), respectively.
For A C B C [1, +oc] we point out the obvious relations
€4 CCp, Ra CRp, ba(A) < bg(A). (4)
Since a,, < b, for every substantial sequence of intervals, of course,
0(T) € [1,400);
thus, according to the preceding notation, we have
b(A) = b1 400)(A);  hence b1 4oc(A) < B(A).
The aim of the present Section is to give a precise mathematical formulation
and a rigorous proof of the intuitive feelings that, in defining the BM-density,
(i) all the sequences of substantial intervals
1= ((an,bn])neN* with liinjo%p Z—: >1
have the same “status”, so to say (see Proposition [);
(ii) for identifying the value of b(A) the only important sequences of substantial

intervals 7 = ((an, bn]) are those with lim,, Z—" =1 (see Theorem 3]
here below).

neN*

THEOREM 3. b(A) = by (A).

For proving Theorem [3] the first step is the following Proposition, which says
that in formula (2] we can restrict ourselves to taking the supremum of (7
in particular classes €4 (i.e., for particular sets A) in place of the whole class €

(see @).
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PROPOSITION 4. For k > 1 consider the set Ay, = [1,k]. Then, for every k > 1,
b(A) = ba, (A).

The inequality > is obvious by the last relation in (#]). Thus it is sufficient
to show that

PROPOSITION 5. For fized k > 1 consider the set Ay, = [1,k|. Then

(i) for everyZ = ((an, bn])neN* € €, there exists Jz € €4, suchthatlz, > (1.
Hence,

b(A)

sup{¢z, Ze ¢} < sup{ls,,ZcC}

IN

sup{ﬂj,je Q:Ak} = bAk(A)

(il) Jz = ((Cn’dn])nEN* can be chosen in such a way that lim,_, o ‘Ci—;‘ exists
(and belongs to Ay).

1
Proof. For any n € N* take r, = Llogk Z—"J +1, a, = (2—")% and, for i =
1,2,...,7r,, define

-1 1 .
Cnyg = 0, Qn, dypi= 0, 0y;

noticing that

d.
¢ =ap, dp, =by, —==o, <k,

Cn,i

we have split the interval (a,, b,] into r,, subintervals (¢, ;, dy ;] such that

dn,i

Cn,i

1< <k, =11 (5)

There exists j, € {1,2,...,7r,} such that

Fldn,) = Fleny,) o Fbn) = F<a”); (6)

dp,j, = Cng. — bn—an
if not, i.e., if
F(dn,) — Flcns F(b,) — F(an .
( ) (C,)< rg ) (a) 7 Vi=0,1,2,...,7r,,
dn,i — Cn,i ijo(dn,i - Cn,i)
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and since the family ((cn irdn 1]) covers (an, by], we obtain

( an) < Z n z) Cn,i))

F(by) . )
—Cnji
Z;n U(d Cn 1, _ s

1:1

= F(bn) — F(an),
a contradiction.
Now notice that the sequence of numbers

<%m>
Cny.jn neEN*

is bounded by (&), hence, by possibly passing to a subsequence, we can assume
that it is convergent. It is clear that the sequence of intervals

‘7 = ((Cn7j71 ’ d”:jn])nEN*
belongs to €4, and, by (@), verifies the relation £; > ¢7. The Proposition
is proved. (]

Proof of Theorem [Bl The inequality > is obvious by the last relation in ().
Thus, by Proposition @ it suffices to prove that for each sequence of intervals
7 = ((an, b”])neN* € €4, there exists a sequence of intervals Jz € €; such that

{7, > 7. This implies
b(A) = sup{lz,ZTec} < sup{ls,ZcC}

< sup{ly, T €&} = bi(A).

Let n € N* be fixed and put 7, = (%)% Similarly as in the proof of Propo-
sition Bl we can construct an interval

In = (e, dn] € (an, by

such that d
1< <y, (7)
Cn
and
F(d,) — F(cy) < F(b,) — F(an)
d, — ¢, - b, —an,

Now notice that, since
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h)
an /neN*

by the inequalities

the sequence ( is bounded by some constant ¢, hence lim, .o 7, = 1

1< hmlnfnn < limsupn, < hm Ye=1.

n—oo
Thus
lim = =1
n—o0o Cp
by (), which concludes the proof. O

Let A be a subset of [1, +00] containing 1. Then, by the last relation in (@) and
by Theorem [3]

bi(A) < ba(A) < b(A) = by (A).

This proves
COROLLARY 6. b4(A) =0b(A) if 1 € A.

3. On the existence of the upper Pdlya density p(A)

As announced in the Introduction (see Subsection 1.2), we wish to show how
the existence of the upper Pdlya density has to do with the concept of subaddi-
tivity. We do this in Proposition [§] which is based on Lemma [7

Lemma [7 is a generalization of a famous “subadditivity lemma” due to M.
Fekete (see [2]). The proof is new and is reported in the Appendix at the end
of the paper.

LEMMA 7. Let g : RT — R* be a function such that there ewists a continuous
non-decreasing function ¢ : RT — RT with the following property: for every
a,b>0,

o) (0
sla+) < 2@+ (1 520 g ©)

Then lim,_,o+ g(x) exists and

lim g(z) = supg(z).

z—0+ >0
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PRroPOSITION 8. The limit

Fz) - F
BA) = Tim lim sup 202 = F&x)
§-17 z—oo xr — l'f
exists. Moreover,
F(x)-F o) F
i Tim sup ) = &) _ i sup £ @) = FED) o
£—=1" z—>o00 r —x€ el rane P

Proof. The aim is to apply the previous Lemma to the function

F(y) — F(ye™®)

x) = limsu , x>0,
9() y—>oop y—ye ®
obtaining
Fly)—F F(y) — F(ye™™
lim lim sup M = lim limsup ) (y )

E—=1" yooo y—yé =0t yoo y—ye ?

F(y) — F(ye™™®
= sup lim sup ) (ye )
x>0 y—roo y—ye *

F(y) — F(&y)

= sup lim sup
€<l y—oo y—yg

So we prove the subadditivity of g. We have

Fly) = Flye ™) _F(y)—Flye™®) 1-e*

Y — ye—(a—i-b) Yy —ye o 1 — e—(a+b)

F(ye™) — F(ye~(eT?))
ye~ (1 —e?)

1 1—e™ @ .
NPT Ty )

1—e™ 1—e™@
9(a-+0) < T —Ga9(@) + (1 Ty )90

passing to the limsup in y we obtain

Since the function ¢(z) = 1 — e™* is trivially non—decreasing and continuous,
the proof is concluded. O
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4. Comparison between p(A) and b1 ;o (A)

In this section, we are concerned with

Clutocls R 4] and by 4o (D),

which we shall denote as €1, R~1 and b~1(A), respectively, for easier writing.
It is known that in general p(A) < b(A) (see [5]). The aim of this section is
to prove a more precise relation. In fact

THEOREM 9. We have B
p(A) = b>1(A).

We split the proof into two parts, namely, Propositions [0 and 1]
PRrOPOSITION 10. The following inequality holds true:
P(A) < bsa(A).

Proof. It suffices to show that, for every R < p(A) we have R < bs1(A).
By definition of p(A), there exists £ < 1 such that

lim sup W > R.

By definition of limsup, there exists a sequence (Z,)nen+ such that
F n) F n . F —F

lim x, = +o0, lim (%n) () = lim sup M
oo =00 Tn — -'Ifnf T—00 T — .’I,'f

Set

> R. (10)

ni=1, wy1=z,, =1 and n2:min{n>1:xn2 xg—l
(ng exists since otherwise the sequence (z,)nen+ would be bounded). Put
Y1
Y2 = Tn,, then yz> ?

Assume we have constructed

ng,...,Ny and ¥Ys,...,y, such that ykz% for each k=2,...,r

Let

3

. Ty,
Npyl =MINA N> Ny L Ty 2>
(ny41 exists for the same reason as above) and let

Yrt1 = T,y -

By this recursive construction we obtain a subsequence (yp)nen+ of (T )nen
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with the property that

Yn

5 k)
anp =Yn§ and by, = yy.

It is easy to see that the sequence of intervals Z = ((an, bn])neN* belongs to €s1:

Yni1 > n=12,...; (11)

now set

(i) ap < by < ap41 since this means y,& < Y, < yp+1&, which is true by (II));

R

n=1 n=1
ces bn 1
(iid) limsup——=-=->1
n—oo 0n 5
Since ultimately
F(b,) —
(bn) — F(an) >R
b, —an,
by ([I0), we deduce that R € Rs1, hence R < supRs1 = bs1(A). d

Now we are concerned with the reverse inequality.
ProrosiTiON 11. We have
b>1(A) < B(A).

Proof. Let R € Ry and let T = ((an,bn]), . € €51 with 20a)=Aen) > g

neN*

Denote )
limsup — =L > 1.

n>1 GOn
Fix e > 0; we have ultimately
bn
Ay >
n L + 67

hence

F(by) = Flan) _ Fn) = F(22) ba(l— £5)

bnfan o bn_ b bnfan

F(bn) = F(g3) 21— £50)

o L+e L On T L+e
- b _ bn bn
n L+e an
b’ll
<F<bn)_F(L_+E> Lt+e—-1
= b _ bn : h — 1 .
n L+e an
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We deduce
Flb) ~ F() 221
b,, — Lbie - L+e—1
and, passing to the limsup in z,
F(z) — F(& F(b,) — F(2=
lim sup —( ) QELJFE) > lim sup (bn) b(L+E)
T—00  T+e T—00 n — L-lTie
ba 7

> R limsup =+
o n—)oopL+€—1

B L-1

L+e—1

Thus, observing that 11— < 1 and by Proposition Bl (see relation [@)), we get
F(z)—-F F(z) — F(+&
P(A) = sup lim sup M > lim sup U—gfL-i-E)
£<1l z—o0 x—ax€ o0 T —

L—-1

g -l

— L+e-1

for every € > 0. Now pass to the limit as € — 0 to obtain that

z_)(A)ZR7 VR€9{>17
and optimizing
P(A) = supRsq = bs1(A).

5. On the limit in the definition of the upper Pdlya density

As we have seen at the beginning of Section 4, the inner limit in the definition

of p(A) is calculated as z — oo, where z is a real variable. Actually, Pélya
in [8] uses the symbol r (instead of z) without specifying where r varies, but
there is no reason to suppose that he didn’t have the real numbers in mind.
Anyway, in this Section we prove the following result:
THEOREM 12. The limit
F(n)—F
{:= lim lim supM
no1m noe (1 —n)n

exists and its value is P(A).
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Theorem is easy to prove if we have some further assumption on F,
for instance,

(i) if the function = — W is monotone (for instance if F' is concave
or convex), since in this case
F(n)—-F -F
lim sup —(n) (m) = lim sup —(x) (n) ;
noet (L=n)n esoo (1= m)z

(i) if lim e M = 0. In fact, putting n, = [z, we have easily

F(z) = F(nz) < F(ny +1) = F(nne)

={F(n,+1)— F(ng)} + F(ng) — F(nn,),
which implies

F - F ,
lim sup < lim sup (nz) (nm2)

—n)
: F(n) — F(nn)
< h{{lﬂs;lp W

neN*

Anyway, in general, the proof of Theorem [12]is rather intricated and needs some
preparation. In particular we need to construct a particular covering of the
interval (§z,z], i.e., a finite family of intervals {(a;, b;]} with right endpoints b;
belonging to N and such that

(¢x.a] € Ula b

5.1. Construction of an n-covering of ({z, z].

For x > 0 and n € (0,1) let
¢(z) = [z] and  ¢y(x) =nz,  fy(x) = (po)(x) = [nz].

We denote by f;" the function obtained by composing f, with itself m times,
ie.,
@)=z fr N @) = (fy o f)(2).
Similarly for ¢;".
For the sake of convenience, in the sequel we eliminate the suffix n and
write f, ¥ in place of f,, 1, and so on.
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LeMMA 13. We have the following facts:
(i) t < ¢(t), for every t > 0;
(ii) ™ (t) < f™(t) for every integer m > 0;
(iii) (f™o)(z) < nmx+ Y1 o0 for every integer m > 0.
Proof. (i) is evident.

We prove (ii) by induction: the case m = 0 is obvious; the case m = 1 follows
from (i) with ¢(¢) in place of ¢. For the case m + 1 we have,

PN = (™) < () < FFE) = )

where, besides the inductive assumption, we have used the case m = 1 and
the fact that 1 is increasing.

Now we prove (iii), again by induction. The case m = 0 is obvious (recall that
f%(x) = z) and reads as ¢(x) < z + 1. The inductive step uses the inductive
assumption and the fact that f is nondecreasing:

1 (0@) = £ (0@)) < f (ﬁ% + in’“)

= [n (nmx+§nkﬂ <n (nm:Hink) +1

k=0
m+1
=n" a4+ > P O
k=0
REMARK 14. By Lemma [I3 (iii).
m
e < (fMo o) (@) <pTx+ Y 0t
k=0

and, by putting S, = ZZO:O n*, it provides the bound
0 <sup((f™o¢)(z) —n"z) < Sy.

For fixed « and for every integer ¢ > 0 put bz(-n) = (f*o¢)(x) and

= = $() = (b0 0 0) (o)

here and in the sequel we drop the symbol n an write a; and b;.
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Notice that b; is an integer and by=$(z) = [z]; notice also that, for every i>1,
bi = ("o ¢)(x) = f((f 0 9)(x))
= (@) ((f"" o d)(2))
= ¢((o [ og)(2))

= ¢(ai-1) = [ai—1]. (12)

Last, denote
1— nt—i—l
r(t) = w73  t€[l,+0);
nt =1 —mn)?
the function r is increasing, as one can check easily by writing it in the form
1 log £ 2
r(t) = net 8w —n).
(1—=mn)? ( )

LEMMA 15. Let x > r(q) for some integer ¢ > 1. Then, for everyi=1,...,q,
the following inequalities hold

n'tle <a; <z <aiog < b <l < by
Proof.

(a) That a;—1 < b; follows from (ii) of Lemma [[3] since, by the above defini-
tions and putting t = (=1 o ¢)(z),

ai—1 =Y(t) < f(t) = b;.

(b) Now we prove that n' "1z < b;_1, ie., ¥~ (x) < fi=log(x), which follows

from
1—1 T < 1—1 T < i—1 o x),
Vi) = T @) 5 T ed)
Lemma (i) Lemma (i)

(since f™ is non-decreasing for every m).
(c) We prove that b; < n'~'z, which means
(fi 0 6)(@) <7 a.
From Lemma [[3](iii) we know that

fio(@) <nz+d o
k=0

and the inequality 7'z + > _, 7% < 7"l is equivalent to z > 7 (i);

57



R. GIULIANO—G. GREKOS—L. MISIK

thus the claim follows from x> r(q) > r(i), recalling that r is increasing.
(d) From the preceding points (b) and (c) we have
bi <n'le < by
and multiplying by n we get
a; =nb; <n'z <nbi_1 = a;_1.

(e) In order to show that Tz < a; it suffices to multiply by n each side
of the inequality (already proved) niz < b;.

The proof is complete. g

LEMMA 16. Let € € (0,1) and n € (&, 1) be fizxed; assume that x > r(q) for some
integer q > iggf} Then the set {i > 0 : a; > &x} is a finite interval of integers

{0,1,...,d — 1} for some integer d with 1 < d < q.

Proof. From Lemma we know that the sequence {a;,i = 0,...,q} is

log &
logn

by the assumption. This proves the statement. O

non-increasing. Moreover, ag = n[x| > &z, while ay < n9z < £z, since ¢ >

Let £ € (0,1) and n € (£,1) be fixed and assume that x > r(q) for some

integer ¢ > %. From now on, by the symbol d(= d™) we denote the first

integer such that aq < £z, i.e., d verifies
ag < &r < aq-1,
further, we recall that by = [z] > 2. Thus,

d

(6x,2] € | J(as, bil.

i=0
Motivated by these remarks, we can give the following
DEFINITION 17. By the n-covering of (£x,x] we mean the family of intervals
{(agm,bgm], i=0,. ..,d(”)} :
constructed as shown above.

In the following Sections n will be fixed; thus we shall still adopt the conven-
tion of eliminating the symbol  when considering the n-covering of (£x, z].
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5.2. Some properties of the n-covering of ({z, x].
LEMMA 18. Let £ € (0,1) and n € (§,1) be fized; assume that x > ﬁ Let
{((Ii,bi],i = 0,1,...,d}

be the n-covering of (§x,x]. Then d < {%—‘ .

log £
logn

1—n*¢ (logé
T > =r
3 logn

Proof. In the proof we denote { W =: q for simplicity. Notice that

(1=n)? + 1> > r(q).

Hence Lemma [15is in force for the integers 1,...,q. Applying this lemma with
i = q and by the definition of the ceiling function, we find

ag < nlx < Ex.
By the definition of d, this relation says that d < q. (]

REMARK 19. Actually, we can prove even more, precisely that

1 1
Ll meal)
logn logn
The proof of this fact is rather complicated, and is postponed in the last Sec-

tion 7. Here Lemma [I8 will be sufficient for our scopes.
LEMMA 20. Let £ € (0,1) and n € (&,1) be fized. Denote

log &
1 -1 Togn T2

EL=m)?  n¢(l—n)
Let x > M and let {(a;,b;],i =0,1,...,d} be the n-covering of (£x,x]). Then
d

D (b —a;) < (1—én’)a

=0

M =M(,n) =

Proof. Once more by Lemma [IH for every ¢ the two intervals (a;_1,b;—1] and
(@i, b;] overlap on the interval (a;_1,b;], the length of which is

b —ai—1=[ai—1] —a;—1 <1,
due to (I2). Hence (recall that by = [z])

d
Z(bi_ai)gbo_ad+d:[x]_ad‘Fde‘Fl_ad"‘dS

=0 z+1—ntle 44,
where we have used the left-hand inequality in Lemma
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Continuing and using Lemma [I§ we find

c4+1—npMe+d=01-n"Ne+d+1< 1 -0z +d+1<

log &
1—n? 22 49 (1—93
( né‘)x+logn+ < (A =7z,
where the first and second inequalities come from d < iggg + 1 (by Lemma [I§]),
and the last one holds since x > M. O

5.3. Use of the n-covering of ({z, x].

Now we are in a position to prove Theorem
First notice the obvious relations

F(n) - F(m))

lim inf <lim sup

F(n) —F(nn)>

< limsup <lim sup

n—1- n (I—=n)n n—s1- n (I-n)n
. F(")—F(Tm)> < F(x)—F(fx)>.
< aup (tmaup ZE= ) < (1w 5= ).

hence, in order to prove Theorem [I2] it suffices to show that

ProrosiTioN 21. We have

SO (2} B (a2

ce(0,) \ a—00 (1 =&)z

Proof. We shall use the following Lemma, the proof of which is postponed
at the end.

LEMMA 22. Let & € (0,1) and € € (0,1) be fized. Then there exists 6 = (&, ¢€)
with the following property: for every n € (9,1) there exists M = M (€, €,m) such
that for every x > M there exists an integer n = n(&, €,n, )

(L=n)n (1=&)a

Now, in order to prove Proposition 21l observe that in Lemma 22 the integer

n depends on x, so here we denote it by n,. Thus, passing to the limsup as

x — oo in the relation of Lemma [I0] we obtain that, for any fixed £ and e, there
exists §(&, €) such that, for every n € (§(,€), 1),

lim inf ( lim su
n—1- ( n—)oop (1 - n)n

hin_igp F(n{i)_n};(lznm) > ]jgrﬂn_igp %(1 - 6).
Consequently we have also
lirrlri}solép F(T(Ll)_—j;gjm > liisogp (fl) _gfx) (I—¢)
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Denote provisorily

A(£) = lim sup —F(fl) — gigx) » B(n) =limsup —F(?l) - :;E?n) ~

Then we have that, for any fixed £ and e, there exists 6(, €) such that, for every
n € (6(€,€),1),
B(n) > A§)(1 —e);

hence, for every & and e,
liminf B(n) > A(&)(1 —¢),

n—1-

and now the statement follows by the arbitrariness of £ and e. This concludes
the proof of Proposition 211 O

It remains to give the proof of LemmaR2l To this extent, we need the following

LEMMA 23. Let £ € (0,1) and n € (£,1) be fized. Then there exists M =
M(&,m) > 0 such that, for every x > M, there exists an integer n = n(&, x,n)
that verifies the inequality

F(n) = Fim) _ F(z) - F(&)
(L=mn = (1=&n’)z

Proof of Lemma 23 Let M be as in Lemma B0 If x > M, the n-covering
of the interval ({z, x|, {(a;,b;],7 =0,...,d} is such that

Z(bi —a;) < (1=¢&n')a.

By the argument used in the proof of Proposition [l there exists j € {0,...,d}
such that
F(bj) = Fay) | Fx) — F(&x)
bj—a;  — 3oi(bi —ai)

By construction of an n-covering, b; is an integer and a; = nb;; thus, if we call
b; = n, we have obtained

F(n) - F(qm) _ F(z) — F(éx) _ F(z) — F(&x)
A—mn = Subi—a) — (&) 0
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Proof of Lemma Since
. 1-¢
lim =1,
n—1- 1—5773

there exists §(, €) such that, for every n € (8, 1),

1—
1—¢&nd < 5.
1—e€
Now take §(¢,€) = 6(&,¢€) V € and apply Lemma 23] to conclude. O

6. On the number d

This Section is devoted to the proof of the announced result concerning d
(see Remark [I9). Precisely,

PROPOSITION 24.

(i) Assume that iggg is not an integer and

1 —n%¢ |15 +2 1

> v 1 V— : (13)
BT LN E=y PR I B

g {long .
logn

log &
x> 1—n¢ logn 1 2

1= &(1-n)’

1 1
gelloes  losl
logn logn

Then

(i) If iggg is an integer and

then

Proof. In the proof we denote Hggf}J =: p for simplicity. Notice also that

Lemma [I5l is applicable for i = 1,...p+ 1, since, in both (i) and (ii),
1—n*¢ (log S

T> =7
§(1—n) log

Last, in case (i), ?T! < ¢ < 1P, hence the denominators ¢ — nP*! and nP — &
appearing in ([I3]) are strictly positive.

+ 1> >r(p+1).
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The trivial observation that n™x < b,, and Lemma [[3 (iii) yield for every
m > 0,
nx <by, <nxr+m+1,
and by ([I2)), for every m >0
bm -1< -1 < bm
Putting m = p and m = p + 1 we obtain in turn

n’x <b, <nfz+p+1, by —1<ap,—1<b, (14)
and

Pz <by <pPla+p+2, by —1<a, <bpp. (15)
Since x > g_pn%, we have, by ([5) and Lemma [T5]

ap < bpry <P+ p+2 < €a, (16)
which says that d < p.

Now we distinguish the two cases (i) and (ii).

(i) If iggg is not an integer, by (I4),
ap—1 > b, —1>nPx—1> &,

then, by (I0)),
ap < &x < ap_1, (17)

implying that d = p.

(i) If 1ogf] is an integer, then £z = nPz and, by Lemma [I5] nPz < ap_;.

log
If £x(= nPx) < ap—1, we have the same inequalities as before in (I7) and

d = p again. Otherwise, n?z(= £x) = a,_1. We prove that in this case
d = p — 1, which means that

ap—1 < fl‘ < ap—2. (18)
The proof of (I8) follows from
LEMMA 25. Assume that for some i > 0 we have n'tlx = a;. Then

by s

l‘zbo, 0&—7, jZO,,Z
bO

Proof of Lemma First, recall the definition of every aj, i.e.,
aj = ’I]bj. (].9)

Now, from a; = 7tz we deduce by ([IJ) that b; = n'z. Since n'z < a;_1 <
b; (by Lemma [5), we obtain that a;—1 = b;, whence nb; = na;—; and (by
(@) a; = na;—1. Repeating this argument we get that a; = na;_, for every
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j=1,...,4 from a3 = nag and () (applied to ap and a;) we deduce that

b1 = nbg, hence n = Z—;, which implies that
by by b2 ptto .
g b :—b :b = :—~b = ... = :2... ]
ap 7100 bO 0 1 a1 =71ag bo 1 bo y y Ay bg) y J ) 2
further
. bi-‘rl bi—‘,—l
gm0 20 g 0

TR

We go back to the proof of Proposition 24t the left inequality in (I8)) holds
obviously (it is nothing but the equality a,_; = nPx = £x). Concerning the right

D p—1
one, by the same equality and Lemma 23], it is equivalent to bfil z;—,Q and,
0 0
after simplification, to Z—(l) < 1, which is true since it is nothing but n < 1
(by Lemma [25] again). O

7. Appendix: Proof of Lemma [7|

Proof. First it is easily seen by a simple recursive argument that, for every
a > 0 and for every n € N¥

g(na) < g(a). (20)
Let y > 0 be fixed. For every x € (0,y), let n(xz) = [£] — 1, put

z(x)=y—n(z) -z (21)

and observe that, by the inequalities a — 1 < |a| < a, we have
x < z(x) < 2z. (22)

Since y = n(z) - x + z(x), we get from (§) and (20) that

Sle) ) () )

o) < XDy 4 (1 D) o). 23)

Now we distinguish the two cases: (i) sup,qg(z) € R; (ii) sup,q g(z) = +oc.
(i) It follows from (23] that

9(y) < %g(x) + (1 - %) <igp09(x)> :
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Let z — 0%; we have from (22)) that z(z) — 0, hence n(x) -z — y by 1));
thus, by the continuity of ¢,

o P0) 1)
= o)
and
9(y) < <lirg in g(x)) i %
+ (supoto)) i, (1- 2505
= 1irg(i]rifg(x).

Now we pass to the supremum in y and get

sup g(y) < liminf g(z) < limsup g(z) < sup g(y),
>0 z—07+ z—0+ y>0

and we are done.
(ii) We get from (23))
Snle) )\ () w)
o) - (1= 25 g (o(0) < o(z).
Assume that liminf, o+ g(z) < +o0.

Then, passing to the liminf,_,o+, the above relation gives
g(y) <liminf g(z) < +o0,
z—0t
hence the absurdum by passing to the sup in y. (Il
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