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ABSTRACT. Let F be an L-function from the Selberg class, F(¥) be the kth
derivative of F' and a be an arbitrary fixed complex number. The solutions
of F(F)(s) = a are called a-points. In this paper, we present a new zone with-
out a-points of F(*) and we show that if F has a polynomial Euler product and
satisfies the analogue of the Lindeldf hypothesis, then the a-points of F(*) are
uniformly distributed modulo one.

Communicated by Radhakrishnan Nair

1. Introduction

Let F(s) be a function from the Selberg class and a be a complex number.
The zeros of F(s) — a, which are denoted by p, = B, + i7a, are called a-points
of F(s). It is well-known that there is an a-point near any trivial zero p of F(s)
provided that |p| is sufficiently large and that there are at most finitely many
further a-points in the region Re(s) < 0 (see Steuding book [10]). The a-points
with 5, < 0 are said to be trivial. All other a-points lie in a strip 0 < o < A,
where A depends on a, and are called the nontrivial a-points. Steuding [10, Chap-
ter 7.2] found a Riemann von-Mangoldt formula type for N&(7") which denotes
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the number of nontrivial a-points (according to multiplicities) with imaginary
parts 0 < 7, < T'. He showed exactly if a # 17 that
dpT T dpT
N&(T) = —=1log T + — log (AQ?) — L 40 (logT), (2)
27 27 27
where dp (is the degree of F), A and @ are defined below. Hence, we observe
that these asymptotics are essentially independent of a, that is,

. dpT
N&(T) ~ N%(T) ~ ;T log T.

In this paper, while extending some previous results due to Steuding [9]
for the Riemann zeta function ¢ and Jakhlouti, Mazhouda and Steuding [2]
for L-functions in the Selberg class S having a polynomial Euler product rep-
resentation, we consider the kth derivative of L-function in the Selberg class S
having a polynomial Euler product representation. To do so, we use recent results
of Chaudhary et al. [I] on the distribution of the a-points of the kth derivative
of L-function in the Selberg class.

The Selberg class S was introduced by A. Selberg [7], which consists of the

Dirichlet series n
oo
a(n)

F(s)=>_ et R(s) > 1,

n=1

satisfying the following properties:
e Ramanujan hypothesis: a(n) = O(n*).

e Fuler product: For s with sufficiently large real part, we have

+o0o k
Fio) = [ (z “i!) |
P k=1

p

where b(p*) = O(p*?), 0 < 3.
e Analytic continuation: For a non-negative integer m the entire function

defined by (s — 1)"™F(s) is of finite order. The smallest such number is
denoted by mp and called the polar order of F'.

WWhen a = 1, according to Steuding’s work [10, Chapter 7.2], we can easily prove the following
result T drT T
log T + — log (AQ?) — == — ——log £+ O (log T), (1)
2 2 2T

where £ € N>y is the least number such that the Dirichlet series coefficient ay for F(s) does

dpT
NE(T) =

™

not vanish.
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e Functional equation: For 1 < j < r, there exist positive real numbers (Q,
Aj) and complex numbers (p;, w) with Re(y;) > 0 and |w| = 1 such that

.
or(s) =wor(l —3) = F(s)QF H L(Ajs + py)-
j=1

The degree of F' € S is defined by dp = 2 Z;Zl Aj. One of the most important
conjectures about the Selberg class is the generalized Riemann hypothesis which
states: for all F' € S, the nontrivial (non-real) zeros of F' are located on the
critical line R(s) = 1. The logarithmic derivative of F has a Dirichlet series
expansion as given below

where Ap(n) = b(n)logn is the generalized von Mangoldt function (supported
on the prime powers). The Euler product for F' € S can be written as

F(s) = HFP(S)’ where Fp(s) =1+ Z %.

m=1
It was conjectured in [3] that the p-factors Fj, are of polynomial type, and there
exist a positive integer v and complex numbers «;(p) such that

AO=1101-22)", i<t

i=1 p*
The subsemigroup of the function F' € S with polynomial Euler product is
denoted by SP°Y, and it is conjectured that SP°Y = S.

From now on, and until the end of the present paper, we consider F' € SP°WY
with vp = d, where d is as small as possible and there exists at least
one prime number pg such that H;l:l a;(po) # 0; d is called the Fuler degree
of F. Kaczorowski and Perelli [3] conjectured that d = dp for every F € SP°W,

This conjecture holds for all classical L-functions in SP°Y known to us. Then,
the Euler product of F' has the form

d -1
ai(p)
F(s) = HFp(s) = HH <1 - ;—S> ;
P p i=1
we will say that F' has a polynomial Euler product representation.
Let k be a positive integer, a be a complex number and ,o,(zk) = é’“)+ im(zk)
denote an a-point of the kth derivative F(*)(s) of F(s). Similar to the a-points

of F(s), Chaudhary et al. [I] studied the distribution of the a-points of F(*)(s),
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and they proved that there is an a-point of F'*)(s) near any trivial zero p of F(s)
provided that |p| is sufficiently large. Those a-points can be regarded as trivial
a-points of F'(¥) (s). All other a-points lie in a strip Es < 0 < Ep, where F; and
E5 depend on a and k, and are called the nontrivial a-points. In Lemma
below, we improve on this result and prove that apart the trivial a-points, there
are only finitely many other a-points in the half-plane ¢ < C for any C' < 0.
Moreover, the authors in [I] investigated the number of nontrivial a-points

of F(¥) (s) with imaginary parts 0 < ’}Q(zk) < T and proved

dpT drpT
27 27
where ¢, = 1 if a = 0 and 0 otherwise, and ¢ € N is the least number such that
the Dirichlet series coefficient a, for F(*)(s) does not vanish (see [§] for more
details about the case a = 0).

Our main results are stated in the following theorems.

T T
N (T) = logT + 7 log (AQ?) — —Cag- logl+ O (logT), (3)

THEOREM 1.1. Let F(s) € SP°Y be a polynomial Euler product, a be an arbitrary
complex number and x # 1 be a positive real number. Then, as T — 0o, we have

E——— 1
Z 2P = {OéF(k)<l') — xAF<k>(1/I)} ot ) (T§+E> , (4)
p o<y <r "

where p,(lk) = ﬁé’“) —l—i’y,(lk) denotes a nontrivial a-point of the kth derivative Fk) (s)
of F(s). Here the quantities Apwy and apay are the coefficients of the Dirichlet
series defined by

FE+D) (5) Api(n) FH+D) (5) apm (n)
FOG) 2w TP D IO

n>1 n>1

respectively, if v = % or x =n for some integer n > 2, and zero otherwise.
As a consequence of Theorem [[LT] we deduce the following.

THEOREM 1.2. Let F(s) € SP°Y be a polynomial Euler product satisfying
the analogue of the Lindelof hypothesis, i.e., F (% + it) <K t¢ for any positive €,
as [t| — oo. Then, for any complex number a and any positive real «, the se-
quence of multiples a%(lk) of the ordinates of the nontrivial a-points of the kth
derivative F®) (s) of F(s) is uniformly distributed modulo one.
REMARK 1.

1. Using Onozuka’s results [0], one can prove the previous result uncondition-

ally in the case of the the kth derivative of the Riemann zeta function.

2. In this paper, we will only discuss the cases k& > 1. See [2] for the case
k=0.
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2. Preliminary lemmas and equations

The purpose of this section is to give some results and lemmas which will
be useful for the proofs of our main theorems.

In view of our investigations the functional equation is of special interest.
We rewrite the functional equation as

F(s) = Ap(s)F(1-3), (6)

where
.

Ap(s) =wQ ™% H

j=1

PN (1=s) +155)
INOVER T

(7)
By Stirling’s formula, we have
1-0—i ) —d
Ap(o+it) = (AQ*%)> 7 " exp (z’tdp + W) {w+01/t}  (8)

and
/

A 1
—A—Ii(aJrit) =log (AQ*t"") + O (Z) (9)
where
T T 22,
uzQZ(l—Q,uj) and /\:H/\j .
j=1 j=1
Further, we have

. log |F (o + it 0 for o >1,
wrle) =i PR L0
and
pr(o) < %dp(]. —o0) for 0<o<1. (11)
Also
F(o +it) <, thr(@)+e, (12)

For more details, kindly see [5, Lemma 2.1]. Moreover, by Cauchy’s integral
formula we have

27

k! F
FO) (g) = —/ A (13)
c (w
where C is any arbitrarily small circle centered at s. By using the last bound
of F(s), it follows that
F®) (5) < thr@)te, (14)
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Let k be a positive integer, a be a complex number and F'(s) be an L-function
from the Selberg class. In the following lemma, we present an a-point free region
for the kth derivative F(¥)(s) of F(s).

LEMMA 2.1. Let k be a positive integer, a be a complex number and F(s)
be an L-function from the Selberg class. For any real number C < 0, there
exists a constant Ty, > 0 such that there are no a-points of F¥)(s) in

{s€C o<, |t| > Tk}

Proof. From [I, Lemma 2], we have

Fi-35" = %028-1 H T\ + ) D(Ajs +1— A; — 75)
X H sinm(—Ajs + \; 4+ 75) log" () F(s) (1 + O(@))
= (dp)*Ap(1—3)logk(s)F(s) (1 + 0<@>) (15)

holds in the region {s € C; o > ¢, |t| > 71} for ¢ > 1 and sufficiently large 7.
Using equation (8), we get for fixed 0 > 1 — C and [t| > 7

[FO (L = s)| = [t 472 1og(Jt]) [

Hence, there exists a constant Ty ¢ > 0 such that |[F*)(s)| > |a| holds for all
Es(a) <o < Cand |t| > Ty c. O

From Lemma 2] we easily deduce the following lemma.

LEMMA 2.2. Let k be a non-negative integer. For any real number C < 0, except
the trivial a-points, there are only finitely many a-points of F(k)(s) mn

{seC; o <C}.

LEMMA 2.3. Let k be a non-negative integer, F(s) € SP°Y be a polynomial Euler
product and € > 0 be sufficiently small. Then, for sufficiently large t

F® (—e+it) > tF (log t)F . (16)
Proof. Using equations (IH) and (&), we get
IF®) (o + it)| < t7 G~ (log t)F|F(1 — o + it)]

as t —» co. Now, using [2, Lemma 1] we complete the proof. O
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LEMMA 2.4. Let k be a positive integer, a be a complex number and F(s) be
L-function from the Selberg class. Assuming the truth of the Lindeldf hypothesis
for F(s), then, we have for any € > 0

1
> <5,§’“> —~ 5) < €TlogT. (17)
), T <~ <or
Pa "* ((lk) >%
Proof. Fora # 0, we let
’ — Fk) Fk)
Ga<s):a7(5):1_&,
a a

Obviously, the zeros of G, (s) correspond exactly to the a-points of F®*)(s).
Then, for sufficiently large C' and by Littlewood’s lemma, we have

w3 <B§’“> ~ %)

(k), T < ") <or

Po "+ 51(1k> > %
2T 1 27 c
= / log |G, <§ + it) ’ dt —/ log |Go(C + it)| dt —/ arg(Go(o +iT)) do
T T 1
o 2
—l—/ arg(Go(o + 2iT)) do
1

2

— K+ Ky + K3+ K.
Let us start by estimating K3 and Ky4. To do so, we define g(s) by

o(s) = Go(s+1T) ;L Ga(5+ iT).

Obviously, we have g(0) = RG, (o +4T'). This yields

’arg(Ga(a + ZT))’ < (1 + negir (C + %))ﬂ'

for 3 < o < C, where ncy;7(C + %) denotes the number of zeros of g(s) in the
disc with center C' 4 ¢T and radius C' + % Hence by Jensen’s theorem, we have

“ngyir(r) o 0
|arg(Gq(o +iT))| <</ — <</ log|g(C +iT + (C +1)e")| o
0 0

for % < 0 < C. Using equation ([I4]), we obtain
larg(Gq(o +4T))| < logT.
Thus K3 < logT and K4 < logT.
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Next we consider K. Since C' is sufficiently large, we have

F®R(C +it) (-1)k a(n)logt n
G 3 = — = - .
a(C+it) =1 a 1 a Z nC+it
n>2
and the absolute value of the series is less than 1. Therefore, we find by the Taylor
expansion of the logarithm

+oo +oo
. 1
log|Go(C +it)] = R g o E
m=1 ny=2

. Jf a(ny) - -a(ng) logk(nl) . -logk(nm).

(1 -« Ny ) CFE

N =2

This gives

+oo 1 +oo
K2 - %Zlmaﬁl Z

n1:2

+°oan1-~-anm loknln-loknm
5 (n1) - - - a(ny) log™(ny) - - -log" (1)

2T 1
N
T (nl ...nrn)z

< 1L

Finally, we have to estimate the value of K;. We have

K, = / log |G, (—+it>’dt
T 2

2T 1
= / log [a — F®) <§ +it> ’ dt — T'log |a]
T

2T
1
< / log | F*) <§+it>‘dt+Tlog2—Tlog|a|
T
12 1 v
< —/ log’F(k) <§+it> dt + T'log2 — T'log |al,
v Jr

for any positive v. By Jensen’s inequality, we have

T 1 [T 1
K, < =log|= ) N
1= % (T/T <2H

dt) + T'log2 — T'log |al.
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For positive p, ¢ with 1—1] + % = 1, by Hélder’s inequality, we have
2T v 2T | 1(k
1 F® 71 1
F® (= 4it)| dt / — (4| |F|z+it
/T ‘ (2 +1 i o 5 +1 5 +1
2T | (k) /1 pv . b
— | =+t t
f ()
2T 1 qu %
X / F <— + it) dt | .
T 2
4k+1

We put v = ﬁ,p: 222 and g = 4k + 1, we obtain
Lo\
dt>

4k
2T
1 F® 71
F® (= 4t — =+t
/T (2+z ja 2+z
> \u
dt>.

v v

dt

IN

0
()

Now, using Lemma 5 in [I] and equation (B]), by the same argument as in [4]

Claim], we have
/2T F(k) (1 )
N
. | F \2

An immediate consequence of Lindel6f’s hypothesis is

2T
A

for any positive €. Hence we have

2T 1 v
/ F) <—+it> dt <« T
T 2

L
2k

dt <« TlogT.

2
1
F<§+it> dt < T',

Thus
Ky < €T'logT.

Collecting all estimates, the assertions of Lemma [2.4] follows.
In the case a = 0, we consider the function

Gols) = LP®)(s),

7

where ¢ € N is the least number such that the Dirichlet series coefficient ay
forF(k)(s) does not vanish. Then, similarly as above we complete the proof. [J
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REMARK 2. By the same argument as above and [I0, Corollary 6.11], we can
proof unconditionally that for any b > max{%, 1— 4 },

dr
Z (B((lk) fb) < TloglogT. (18)
(), T <) <or
Pa s g 5

LEMMA 2.5. Let k be a positive integer, a # 0 be a complex number and F(s)
be an L-function from the Selberg class. Then, for sufficiently large negative b,

1 4T
(k) _ _ - =L 2
27 E (ﬁa b) (2 b) (dFTlog( . ) + T'log (AQ )>
P m<yV <om
+ 2kTloglog(2T) — kT loglog T

+ kT log(dp)

— Tlog|a| + O ( (19)

logT> ’
Proof.

Since b is sufficiently large negative, it follows from Lemmas 2] and 2.2] that

or Y (ﬁé’“—b) .Y (ﬂé’“—b).

P T <y P <2r k), T <~ <or
Pa ": (k)
Ba >0

The same argument as above yields

2T
or Y (ﬁg’@ - b) - / log |F®) (b+ it) — a| dt
P <y <om g
— T'loglal + O (logT).

By ([I3), the integrand can be expressed as

log |[F® (b+it) —a| = log|F®™ (b+it)| +log |1

-
F() (b + it)
= klog(dr) +log |Ap(b+it)]

+ klog|log(l — b — it)| +log |F(1 — b+ it)|

1 1
<0 (o) + 0 (ei)
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From [10, page 142], we have

2T
/ log |A (b + it)| + log | F(1 — b+ it)[dt
T

1 4T 1
- (5 - b> dpT log (—) + (5 - b> Tlog (AQ?) + O (logT) .
e
By [6l, page 73], we get
2T
/ klog|log(1 — b —it)| dt
T

T
= 2kTloglog(2T) — kT loglogT + O | —— | .
logT

By equation ([5) and Stirling’s formula, we have F*) (v + it) > |¢|2, hence

/T2TO (W) dt = O(1).

Collecting all the estimates, the proof is complete. O

REMARK 3. By similar reasoning, we obtain for the case a = 0,

2r (ékLb) - <%b> (delog<%>+T10g()\Q2)>

P <y <ot
+ 2kT loglog(2T) — kT loglog T
+kTlog(dr) + O (T). (20)

Let us now define the following quantities

NE(0,T) = ¢ { o). T <o) <21, ) > o}, (21)
and
Ne(o,T) = £ {p), T < 7" < 27,809 < o} (22)

LEMMA 2.6. Let k be a positive integer, a be a complex number and F(s) be an
L-function from the Selberg class. Assuming the truth of the Lindelof hypothesis,
then, we have for any 6 > 0

1 1
N@ <§ —5,T> + N§ (5 +5,T> < 0T logT. (23)
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Proof. We have

1 -4
N¢ <§ + 4, T) = o1 o< > (T)
T

o, T <~ <or k), T<~8 <2
R R 1CO A
< 1 S (sw-1).
-4 @ 2

(k). T <& <or
Pa ": 5((11@) N %+5
From Lemma 2.4] we obtain
o (1 €
N+ §+(5,T <<5T10gT,

for any positive e. For sufficiently large negative b, we have

() - X (@)=() T o

P <M <or #). T <~ <or (T <~ <or
Pa ": 8 ST Pa
o

+ Y (ﬂé’“) - %

o, T < 4% <or
R

+ > (B ).

o, T <+ <or
© g1

B <t

N—

Since

> (89 -v)

(k), T <~ <or
C B z4 -

; > 1
=|z- 1 + Z (k) _ =
(2 ﬁa 2
), T <48 <or ), T <~ <or

a k P b
oS s o5 3 e
1 1
k
<<§b Z 1 + Z Bzg,)7§ )
. T <+ <or ), T <~ <or
R LU
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we obtain

> (8 -v)

P T <y P <ar

(), 2 2 ()

P T<ag 2T g, T <y <or
oF

B <% -3

L e

o, T < ) <ot
CaM s

< <% _ b) (N (2T) — N (T)) — 6N° (% s, T>

+ > (ﬁg’“) — %) .

o, T <~ <or
“ sl

This leads to
a 1 1 a a
IN© <§ -3, T) < (5 - b> (N (2T) = N (T))

- Y (8 -b)

<M <or

- > (ﬁg’“) - %) .

. T <~ <ar
a

W1

Now, by (B and Lemma 25 we get

1
ON® (55,7’) < €eTlogT.
Hence 1

N¢ (55,7’) < %TlogT,

for any positive e. Putting ¢ = 62 we obtain the assertion of the lemma.
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3. Proof of Theorem [1.1]

In this section, we present the proof of Theorem [T

Let k be a positive integer, a be a complex number and F(s) € SPOY be
a polynomial Euler product. Then, from [I, Lemma 1] there exists a constant
F such that F(®) — g £ 0 for Re(s) > FE; and by [I, Lemma 6] the function

% has an absolutely convergent Dirichlet series expansion in the half-plane
Re(s) > Ey, namely]
F(k+1)
(S) _ Z O‘F(k)y(n) . (25)
F#)(s)—a ns

n>1

Now, let b =1+ 1o;T' Then, from Lemma 2.2 above, only finitely many trivial

a-points lie to the left of the vertical line R(s) = 1 — b. Hence, by the residue
theorem we have

(k+1)
pg’”zi/ s F700) 44400 2%
(k) Z(k) . 2mi Jr = F®(s) —a s+ 00) (26)
P 1 0<yy ' <T

where the integration is taken over a rectangular contour in counter clockwise
direction denoted by R with vertices A + ¢, A + 1,1 — b+ 1,1 — b+ i with
some constants A > F; such that F(*)(s) has no a-point on the lines t = T and
o =1 —b. Then, we have

(k+1)
o _ L[ s FTTs)
oo 27”,/R FP ~ds +0(1)

p o<y <
A+i A+iT 1—-b+iT 1—b+i
27” /lb-l,-z /A+z /A+zT /1—b+iT

F(k+1 (S)
= Lh+L+1I3+1,+0(1).

The estimation of each integral I1, Is and I3 goes to the same way as Ji, Jo and
J3 in the proof of Theorem 2 in [I], then we have I; = O(1), Is = O(log T') and
I = £apm (@) + O(1), where apm () = apm (n) if © = n and 0 otherwise.

2When a = 0, one has

FEFD () <k>(n)
T T2 ~ee (24)

where A (k) (n) denotes the generalized von Mangoldt function.
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Next, we have to estimate the value of Iy. It follows from Lemma that
F®) (o + it) has absolute value larger than 2|a| for sufficiently large t > to.
Then, we have

1 1—-b+:iT F(k;+1)( )
Iy, = ——,/ 7x *ds+ 0O (1)

210 Jy_ppir, F®(s) —
1 L=b+iT p(k+1) 1

= —— @) (5) X —az°ds+ 0 (1)
27TZ 1—b+ito F (S) ]. — F(k—>(5)
1 1—b+iT F(k“)

= —— _— 5d O(1
2mi /1—b+ito FR)( +nz>:1(F(k 5)) @ de+0(1)

1 [lbHT gkt
2mi Ji_pyit,  FF(s)

1 1—b+:iT F(k+1) n
- T(S) (%) z° d8+0(1)
210 Jy e, FF)(s) = F#)(s)

= Ji+Jy+0(1).

From the functional equations (6) and (@), it is easy to see that for any positive
integer k

F®)(s) = (~1)*Ap(s)F ) (1 — 5)(1 + O(log 5)). (27)
Then, we obtain for J;

1 1—b+iT A’F(s) F(k+1) .
J = Ar(s) F(kH) (1—-3s)]2%ds+0(1)

il /Tx“ log (\@2t%r) +0 (L) Las
2 Ji, t

2mi Sy pyat,

= —Z'AF(k) (1/1‘) + O(IOgT),

where Apx) (1/2) = Apoo (n) if © = 1/n and 0 otherwise.
Now, using Lemma 23] and that

FED (y 4 it)

< logt,
FR(w+it) 08
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we get for Jo

I Y R N S C N s g
= o : CTE®RG) (FR )"
1-b+ito n>1 ( (S))
T
log )1 !
< / UoeD™T g < (logT)eTH.
to p>1 (2 (logt)*)"

Finally, Theorem [[.T] follows from the estimates of I, I, I3 and I4.

4. Proof of Theorem

In this section, we present the proof of Theorem [[.21

Let us write )

S cma®) = Y

o) 0<y < o o<y M <
with « = exp(2mma). Then, we have

3 (F)

Y e(man®)

pgk):0<’y¢(1k><T

_ B +iy(F) T4y B iy

= E x Yol 4 x2 e — g Ya
o o<y P < o 0<y <

which leads to

3 Z e(many(®)

P o<y <

< Z A Z ’xéﬂ‘wé’“)_ LBE+ir )
p((lk):0<'y¢(lk)<T p((lk):0<'yék)<T
B iy (B k 1 EION!
< g x Yol + |log x| Bg)f§ max qa’e, x2 ¢ .
o 0<y P < o 0<y M <

Using Theorem [T} we obtain

S eman®) < Y

P o<y P < p o<y <

1
B — 5’ +O(T).
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Since

1
Z ‘ﬁék) - 5’

pgk): 0<'y((1k> <T

- ¥ g 14 3 FIONE
@ 2 @ 2
S, 0< ) < S, 0< A <
RS B <e
1
k
X B3
k. 0<A <1
Pa "t Bék>>%+€
< ® _ L e 7 k) _ 1
< Ba Ta| T wao (1) + Ba 50
. 0<~AF <1 . 0<AF <1
Po ™ g <1 - Pat g > 1y

we obtain from Lemma 2.6

1
> |- < evp
P o<y <

for any € > 0. Therefore

1
~a E e(many?) <« e
N (T) 0 =,

pa 10<y, ' <T

as T — oco. Consequently, by Weyl’s criterion the sequence (oryz(lk)) is uniformly
distributed modulo one.
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