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ANOTHER EULER CONSTANT:
THE VALUE OF AN EULER INTEGRAL
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ABSTRACT. We show many occurrences in various contexts of the constant
2

Ey = Z-log2 — %<(3) = 2.507907542 ... Since this constant is related to an

integral studied by Euler, we propose to name it after Euler.

Communicated by Radhakrishnan Nair

1. A constant that we name after Euler

At least three real numbers are called after Euler, namely

1 n

e = lim <1+—> = 2.71828 ...

n—oo n

= 1 ! 1 = 0.57721
v o= lim Z—,—ogn = 0.
1<j<n
*exp(—u)

0 = ———~du = 0.59634. ..

o l+u

the Fuler number, e, is the base of natural logarithms; ~ is called the Fuler
(or Euler-Mascheroni) constant; § is called the Euler or the Euler-Gompertz con-
stant (see |23, Section 6.2] and, for the name “Gompertz”, see [23, Section 6.2.4];
also see [32] Section 2.5]).
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We would like to name a fourth constant after Euler. Namely, a nice equality
due to Euler [22] p. 188] (also see, e.g., [27]) reads

11 1 72 w2 1
1+3—3+?+%+...: Zlog2—|—2 ; @ logsin ¢ dey.
Let ((3) =>_,,>1 n% (also called the Apéry constant). Then Euler’s equality can
also be written

/2 2 7
—2/ plogsinpdp = —log2 — =((3).
o 4 8

We will call E,, the (positive) constant appearing on the right side of the equality
above, i.e.,

7.(_2

7
By = - log2 = £((3) = 2507907542 (1)

We will see that “simple” expressions involving this constant appear in various
contexts. The next section is a catalog of some occurrences of E, that we have
found, while the following sections give more context as well as references.

2. A partial catalog

We begin by displaying some of the occurrences of the constant F, that we
found in the literature.

/2 1 72 9 ) s
. :/ @2C0tﬁpdap:§/ 902 d<P:/ (mdt’
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s ¢(2k) _
Bo=-T ];) VL (recall that ¢(0) = —1),
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1
FE, = 2 h hn = 7 1797
4Z n71/2 where 2 k—1/2
1<k<n
nr(2)
1 4"H 1 1 1
E, =~ —n h H(2) — 14— = —
4 n(2n+1)’ where TRttt
n>1
E, = 12logS3(1/2), where the multiple sine S5 is defined by
2 \"*
22 . x
Ss(z) = €2 H (e <1_ﬁ> >>
n>1
dn +1 on\' 1
E'u = T4 YT B
bt Z )(2n+1) (n> 28n
1 1
Eu:—Q— K(Vz)K(V1 —z)logzdx
T Jo
/2

where K () ::/ (1 — (xsin 9)2)_1/2 do is
0

the complete elliptic integral of the first kind.

3. Some first occurrences of the constant F, in integrals

A first occurrence is obtained by integrating Euler’s integral above by parts,
one or two times for example, respectively yielding

/2 /2 <P3
/ ©rcot pdp = E, and / ——dp = 3E,.
0 0 sm- @

For the first integral, also see Remark [ in Section [ below. For the second
integral, see, e.g., Identity (5.8) in [36] p. 2334].
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Another equality involving E,, is given by:

/l(arcsin t)? & — E,
0 t

and can be found, e.g., in [5l Eq. 6.6.25, p. 122]. It is also the particular case
p = 2 of [0, Theorem 1, p. 5]. Of course this equality can also be obtained from

foﬂ/2<,02 cot pdy = B, by the change of variable ¢ = sin ¢.

4. Some occurrences of the constant F, in the sum
of infinite series

The probably most famous identity involving E,, is

Zizﬂhogg_@:mu. (2)

n>1 (277:)”3 2

It was known to Ramanujan (see Examples (i) [4, p. 269]), and can be found
in several places, e.g., Identity (3.169) in [43] p. 23], Identity (12) in [12, p. 367];
Identity 5.11 in [6 p. 10]; Example 8 in [I9], p. 116]; Example 3.1 in [46], p. 18];
Identity (2.3) in 40 p. 5].

Another identity, resembling (2), is given in [43] p. 27] (Identity (3.201))

4n 7¢(3)  w? w2 w2
- g2+ T = op, 4+ I
P e T B R 2

n

Three more identities worth citing are:

x Identity (2.12) in [49, p. 1585] (also see, for example, [20, p. 202[;
Identity (2.14) in [I5l p. 183] or (3.19) in [I5, p. 191], and Identity (3.5)

in [45] p. 836]):
_Z # =log2 — B iE (recall that C(0) = —1/2)

)22k 22 T2
k>0

 the first Identity (2.5) in Theorem 2.5 of [36]:

1 I 7¢(3)
Zk(2k+1) 2 Gj—1p 482 Ty

k>1 1<j<k
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% the Identity given in Example 12 of [48, p. 987] (also see Example 2.1

in [47, p. 438]) .
T o = L S—Y
1.2 Z(n71/2)2 Eu,

n>1

where h, = >, .. #1/2 As noted in [48] this identity is equivalent

to Tdentity (33) infﬂi{“, where h,, there has the slightly different definition

x the Identity given in [40, p. 17]:

A e TEG) g
n>1n(2n+1) 2 ws
@ 1 1 1
where Hy _1+§+§+...+$_

REMARK 1. The identity cited above, namely

2k 7¢(3
2 (ki(1)>22k - 5752) ~loe?

k>0

is but one of the numerous identities for series involving values of the zeta
function. A huge source of such identities is the book [44], where, in particu-
lar, the above identity can be found as Identity (532) on page 318, in the form

2k 1
> o = g +loe(718)
E>1

correcting a misprint in (4.34) [16, p. 111], where 1/2 had been replaced with 7/6.
Furthermore the value of B is given, e.g., as (3.9) in [I7], p. 92|: log B = —('(—2),
hence log B = ((3)/47? (use the functional equation of ¢). We cannot resist
to cite one of the other identities in the book, which can be compared with
the one at the beginning of this remark (this is Identity (494) in [44] p. 313])

C(2k+1) 1
E —— =-2—~v——log2+12log A

2k ’
= (k+1)2 3

where 7 is the Euler constant and A is the Glaisher-Kinkelin constant (log A =
1 /

7z —¢(=1)
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5. The multiple sine functions

Recall that the multiple sines are defined in [28/29] by Si(z) := 2sin(7z), and

for r > 2,
Sr(2) :==exp (71’/ t" 1 cot(nt) dt)
0

(T (@

n>1

where

Z2 27
P.(z) = (1 —2z2)exp z+?+...+7 _

In particular Ss(x) is defined by

In [28, p. 62] (also see Formula (1.5) in [30, p. 840], and [27, p. 1259]) we find

that 7
1

REMARK 2. The value of 10g83(1/2) was also obtained as Identity (3.22)
in |37, p. 287]; also see Identity (1.2) in [38), p. 1463]) in the form

log S5(1/2) = log2

2 g [/
C(B):ilog2—/ z? cot x da.
7 7)o

For related formulas, the reader can also consult, e.g., [TL2l26] and the references
therein.

6. Mahler measures

A proof of the nice equality below is given in Theorem 3.1 of [41], p. 1158],
using Mahler measures.

4n+1 2n4 1 14 16



ANOTHER EULER CONSTANT

Note that it was proved by Smyth (Equality (8) cited in [8 p. 456]) that the
logarithm of the Mahler measure of 1 + 21 4+ 22 + 23 is equal to 7¢(3)/272
In the same vein one can also read results on the Mahler measure of

I+ X +X vy +vt,
e.g., in Theorem 6 of |31, p. 123]) and in the main theorem of [42, p. 2324].

REMARK 3. An interesting discussion about Theorem 3.1 of [41, p. 1158]
(see the beginning of this section) can be found in the recent paper [9], where
there is but another expression for F,, namely,
1 1
E,=-— | K(V2)K(V/1—z)logz dx,

2 0

where K is the complete elliptic integral of the first kind defined by
/2
K () ;:/ (1 (asing)?) " do
0

REMARK 4. As written in Section 3 of [41, p. 1158]: “It turns out that there
are very few instances, where hypergeometric functions with more than three
binomial coefficients have been explicitly evaluated”. Namely, we found only a few
examples in the literature. They all involve powers of m and possibly values
of the gamma function. None involves ((3), except the one given at the beginning
of this section. The most ancient such identities that we discovered, thanks
to [39], can be found in a paper of Glaisher [24]:

% (ix) in [24] p. 194] )
2n\ " (2n+1)(4n+3) 1 32
> ()

n (n+1)3 28n g2

n>0
which can also be written

oY 1 1 o\ 11 wmY' 1 1 32
8 ——6 S - =

n>0 n>0

« (xii) in [24] p. 195]

Z2n4 nt3 8
Sp\n 28n+d(p + 1)4 w2’

note that this identity is also given as s(1/2,3/2) in [34, p. 12]), and
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that it can be written

ZL 2"4;_12L ) 1, 32
282\ 'n ) (n+1)3 4n>028” n) (n+1)4 2

n>0

« (xiii) in [24, p. 195]
3 (2n>4 (4n+37° L8
s\ 28nt+d(n 4 1)4 72

We also discovered - thanks to [I8] - the paper of Dougall [21I] (see, in par-
ticular, Identity (17) in [2I, p. 124], with, e.g., ¢ = —1/2). Then we can cite
Identity (3) in [33, p. 222|, Theorem 8 in [33, p. 227| and the expressions (23)
(24) proposed in the Closing Remark Section in [33] p. 229]. Interesting such
series can be found in [18] (see Identity (3) on p. 252 and Identity (7) on p. 254)
and in [35] (see in particular Identities (7.1) and (7.2) on p. 1063 and Identi-
ties (7.3) and (7.4) on p. 1064). Also see Theorems 1 to 6 in [3], Identity (91)
in [39, p. 85], Formulas (4) and (5) in [II], and Theorem 15 in [I4] p. 12] as well
as Identities (58)—(60) of Theorem 18 in [14] p. 13]. Here we give only three such
identities:

% an identity that can be found in [I1114]33)]

S st O] - &

n>0

% an identity that occurs in the theory of uniform random walks in the plane

(see [T, p. 5]) o4 .
Wy(-1) = : Z (47147)1 Z (_12 ;

n>0 k>2n+1

where
S

Wy(s) = / Z 2™kt dryday - - - day,
01" |1<k<n

% an identity given in [I0, Theorem 2 (4)] (ArXiv version)

K(@)K(1—z) = %3 3 [4% <2m>]4 (4m +1) Pop(22 — 1),

m
m>0

where P, is the nth Legendre polynomial,

and x € (0,1).

(2) /2 du
Kz :/ _ v
0 \/l—xsin2u
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7. Arithmetic nature of the constant F,

To the best of our knowledge the arithmetic nature of F, is not known,
although it is certainly a transcendental number. Nevertheless we cite two irra-
tionality results of Gutnik [25] which involve the three constants ¢(3), 7 = 6¢(2)
and log 2:

e For any rational q, at least one of the two real numbers 3¢(3) + q¢(2) and
C(2) + 2qlog(2) is irrational.

e Either ((2)—(6¢(3)log(2)/¢(2)) is irrational, or the two real numbers {(3)/{(2)
and log(2)/¢(2) are irrational.

8. Conclusion

This paper that proposes to introduce a new Euler constant F, and gives a
(certainly not exhaustive) catalog of expressions involving this constant, has

4
some series involving (27?) These occurrences might suggest to look in the
literature for all the(relatively rare) occurrences of closed forms of series

involving (2:)4.
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