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ABSTRACT. Two-dimensional distribution function g(x,y) defined in [0, 1]? is
called copula, if g(z,1) = z and g(1,y) = y for every z,y. Similarly, s-dimensional
copula is a distribution function g(z1,x2,...,zs) such that every k-dimensional
face function

g(1,... a1, 0, Lag,, 1,0, 1wy, 1,000, 1)

is equal to x;, x;, ...x;, for some but fixed k. In this paper we summarize and
extend all known parts of copulas.
In this paper we use the following abbreviations:

{z} — fractional part of x;

{z} — 2 modl;

[x] — integer part of x;

u.d. — wuniform distribution;

d.f. — distribution function;
a.d.f. — asymptotic distribution function;
u.d.p. — wuniform distribution preserving;

step d.f.—  step distribution function;
a.e. — almost everywhere;
#X —  cardinality of the set X.
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1. Introduction

In this expository paper we presents some old results of copulas given in the
books [18], [35], [36], [3], [I5] and some new results. We also study the limit
points of 1N

N Z F(.’I}n, yn)7
n=1
where x,, and y,, are uniformly distributed (abbreviating u.d.) in [0,1). It can be
studied by using distribution functions (abbreviating d.f.s) g(x,y) of (@, yn).
These d.f.s satisfy g(x,1) = x, g(1,y) = y and are called copulas. As we shall
see in Theorem [ p.[I51] that, each copula meets the following inequalities (3))

ma‘X(x + Yy —= 170) S g(x7y) S mln(x,y)

then, assuming d,d,F(z,y) > 0, for an arbitrary u.d. z, and y,, we have in
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Theorem [§, p.[I8H inequalities (B7) and (GS])
1 1 N
/OF(x, 1—z)dz < lﬂio%fﬁ ZF(mn,yn)

n=1

N 1
1
lim sup N ZF(wn,yn) < /F(x,x) dz.

N —o0 ne1 0

Here the left boundary is attained in the sequence (z,,1 — z,) and the right
in (z,,x,) where x,, is u.d.

Let (2, yn), n=1,2, ..., be two-dimensional sequence in the unit square [0, 1)2
Define a step d.f. Fx(z,y) of (z1,v1),...,(xN,yn) by

1
Fn(z,y) = 5#{n < N;(@n,yn) € 0,2) x [0,9)}
and put Fiy(1,1) =1 and A, and A, are small real numbers. We have:
(i) Fn(z+ Az, y+Ay) + Fn(z,y) — Fn(z+ Agyy) — Fn(z,y + Ay)
= %#{n < N; (-rnayn) € [x,x +Ag) x [y>y+ Ay>} > 0;
for [z, + A,) x [y,y + Ay) C [0,1)2
(ll) FN(Ovo) = FN(.’IJ,O) = FN(Ovy) =0 for T,y € [07”
Since a two-dimensional d.f. g(z,y) is a limit of Fiy(z,y) we have the following
definition:
DEFINITION 1 (Distribution function). A two-dimensional function
g:10,1]? = [0,1] is a distribution function (abbreviating d.f.) if
(i1) ¢(0,0) = g(x,0) = g(0,y) = 0 for x,y € [0, 1].
(i) ¢(0,0) = 0.

From (i) and (ii) directly follows that g(z,y) is non-decreasing for every vari-
able z and y.

DEFINITION 2 (Step distribution function). For a sequence x1,...,zx mod 1
we define the step distribution function Fi(z) for € [0,1) by

Fy(z) = %#{n < N;z, mod 1€ [0,z)},

while Fix(1) = 1. It can be also writen as

A([0,z); N; z, mod 1)

FN(x): N
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DEerFINITION 3 (Distribution functions of a given sequence). A d.f. g is called
a distribution function of the sequence x,, mod 1 if an increasing sequence of pos-
itive integers Ny, Na, ... exists such that the equality

. A([0,2); Ng; 2, mod 1)
o) = Jim == (

— lim Fy, (x))

holds at every point z, 0 < z < 1, of the continuity of g(x) and thus a.e. on [0, 1].

DEFINITION 4 (The set of all d.f.s. of a sequence). The set of all distribution
functions of a sequence x, mod1l will be denoted by G(z, mod 1).
We shall identify the notion of the distribution of a sequence x, mod 1 with
the set G(z,, mod 1), i.e. the distribution of x,, mod 1 is known if we know the
set G(x, mod 1).

DEFINITION 5 (Multidimensional d.f.s.). An s-dimensional function
g:[0,1]* = [0,1] is d.f. if:

(i) (1) =1,

(ii) g(0) =0, and also g(x) = 0 for every x with a vanishing coordinate,

(iii) g(x) is non-decreasing, see Section [

For multidimensional d.f.s. see p. 190.

2. Copulas

DEFINITION 6 (Copula). We denote by Gy the set of all d.f.s g(x) on [0,1]*
for which all k-dimensional marginal, (i.e., face) d.f.s satisfy

gL, . a1, Ly, Lo L, 1, L) = w @y, L

For k = 1, these d.f.s are called copulas, which were introduced by M. Sklar
(1959) [27]. Basic properties of copulas can be found in monographs R. B. Nelsen
(1999) [18], N. Balakrishnan and Chin-Diew Lai (2009) [3], in Proccedings
of EDS: P. Jaworski, F. Durante, W. Hérdle and T. Rychlik (2009) [15], and
in O. Strauch [35]. Let

Xp = (Tn1, Tn,2s - r Tnys)s =1,2,...,

be an infinite s-dimensional sequence in the unit cube [0,1)®. We assume that,
for fixed k < s, all k-dimensional marginal sequences (zy ;,, ..., %, ) are u.d.
Then G(x,) have G copulas.
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ExAMPLE 1. Let 6 be an algebraic number of the degree s such that for its
minimal polynomial p(z) = >7_;a;z* we have a; # 0 for i = 0,1,...,s. Define
the sequence x,, = (Tp1,...,%ns), n = 1,2,..., with coordinate sequences
Tp; =nl mod1l,i=1,2 ..., s Applying the well-known Kronecker theorem
(cf. [DT, p. 15, Coroll. 1.20], [SP, p. 3-9, 3.4.1]) all marginal sequences with
dimensions k£ = 1,2,...,s — 1 are u.d. but x,, is not. Then G(x,) contains
G, s—1 copulas.

2.1. Gy,

If fi, fo,..., s are measure preserving transformations on [0,1] — [0, 1],
then the function

Cf17f27'~'7fs(x17x27 v 7x5) = |(f1_l([07x1]) N f{l([ova]) t ﬂf;l([o,xn])ﬂ (1)

is G4,1 copula. Conversely, for every copula ¢ € Gy there exists s measure
preserving functions fi, fa,..., fs such that c =cy, ¢, ¢

sJst

A copula c is called Archimedean if it admits the representation

C(xh---,xs)=¢(¢_1($1)+'“+¢_1(%))> (2)
where the kth derivatives of generator v (z) satisfy (—1)%¢*) (z) > 0 for all z > 0
and k =0,1,...,s — 2 and (—1)*"2¢(~2)(z) is non-increasing and convex.

THEOREM 1 (Fréchet-Hoeffding bounds). For any copula g(z1,...,25)€ Gs
and any (x1,...,xs) € [0,1]° the following bounds hold:

max (1 -5+ in,0> <g(x1,...,25) <min(xy,...,Ts). (3)

i=1

Here min(x1,...,z,) is always a copula. The lower bound is a copula only
in dimension s = 2. It is only point-wise sharp, in the sense that for fixed
(u1,...,us) there exists a copula g(zi,...,xs) such that g(uy,...,us) =
max(l — s+ > 7_; u;,0), see [16] and [3].
THEOREM 2 (Sklar’s theorem). A multivariate d.f. g(x1,...,xs) with
marginals g;(x;) = g(1,..., 1L, z;,1,...,1), i =1,2,...,s can be written as

g<l‘13"'7x8):C(gl<l‘1)7"'7gs(xs>)7 <4>

where c(x1,...,xs) is a copula. This copula is defined unique, assuming that

the marginals g; are continuous.

This theorem provides the theoretical foundation for the application
of copulas.
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2.2. Gy,

As we denoted Go; is the set of all two-dimensional d.f.s g(z,y) defined
n [0,1]? such that their marginal d.f.s satisfy g(x,1) = = and g(1,y) = v.
Telegraphically, to illustrate G2 1 we give some basic copulas:

g1(z,y) = xy,
g2(z,y) = min(z,y) [l

g3(z,y) = max(z +y — 1,0),
go(

z,y) = (min(x,y)) (zy)'=?, where 6 € [0,1] (Cuadras-Augé family,
cf 18 p.12, Ex. 2.5]),

9a(x,y) = 73,55 (see [18, p. 19, 2.3.4]),

g(x,y) =z+y—1+g(1—=x,1—y)for every g(z,y) € G2, (Survival copula,
see [18, p. 28, 2.6.1]),

g5(z,y) = min(ya(x), zb(y)), where a(0) = b(0) =0, a(1) = b(1) = 1 and
a(z)/z, b(y)/y are both decreasing on (0, 1] (Marshall copula, cf. [I8, p. 51,
Exerc. 3.3]).

gs(x,y) =2y +3azy(l —x)(1 —y), —1/3<a<1/3,[9, p.618].
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Fig.: Graph of g(x,y) = min(z, y).

sz

mln(x,y) < = for every z > 0,y > 0.
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Fig.: Graph of g(z,y) = zy.

Fig.: Graph of g(z,y) = max(xz +y — 1,0).
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2.3. Basic properties of Gy

(D
(1)

(VI)
(VII)

(VIII)

154

Ga,1 is closed under pointwise limit and convex linear combinations.

For every g(z,y) € Ga,1 and every (z1,v1), (x2,92) € [0, 1]? we have

l9(w2,y2) — g(w1,y1)| < |v2 — 21| + [y2 — Y1 -

Le. every copula is uniformly continuous, c.f. [T9, p.9]. Furthermore,
the horizontal, vertical and diagonal sections of copula are all non-
decreasing and uniformly continuous on [0, 1], see [I9 p.9, Cor.2.26].
Also for every y € [0, 1] the partial derivative % exists for almost all =
and 0 < 92 < 1. Similarly, 0 < g—g <1.

For every g(z,y) € Ga1

93(r,y) = max(x +y — 1,0) < g(x,y) < min(z,y) = g2(z,y) (Fréchet-
-Hoeffding bounds [I8] p. 9]).

M. Sklar (1959) proved that for every d.f. g(x,y) on [0,1]® there
exists c(x,y) € G2 such that g(z,y) = c(g(w,l),g(l,y)) for every
(x,y) € [0,1)%. If g(z,1) and g(1,y) are continuous, then c(z,y) is
defined unique (cf. [I8] p. 15, Th. 2.3.3] and for multidimensional case,
see Theorem 2] p.[I5]).

For d.f. g(x,y) denote the marginals ¢;(z) = g(x,1) and ¢2(y) = g(1,v)
and by Sklar g(z,y) = 0(91 (z), gg(y)). Then for every continuous F'(z, y)
we have

/Ol/olF(x,y) dg(z,y) = /()1/01F(g§_1)(:c),g§‘1)(y)) de(z,y), (5)

see M. Hofer and M.R. Iaco [13].
Here are some new copulas:
ge(x,y) = % min(zy, xz0,yz0) for fixed zp, 0 < 29 < 1.

gr(z,y) = ZDIUO min(zyzo, TYuo, T20Uo, Y2ouo) for fixed 2q,uo € (0, 1]2.

In Subsection [Tl Definition [, p.d9T] is a copula called

Let f:[0,1] — [0,1] be a function and denote
graph f = {(z, f(2)):2 € [0,1]}.
Then
Ceraphf (2,) = [Project, (graph f N [0,2) x [0, y))] (6)

is a copula if and only if the function f preserves the Lebesgue measure
(called measure preserving function, also see Section L2 p.[T93).



(IX)

(XT)

(XII)

(XIII)

(XIV)
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In the books [3] and [T5] copulas are studied in the position d.f.s of ran-
dom variables. In the following we apply some parts of uniform distri-
bution theory.

Let f; and fa be measure preserving functions on [0, 1] — [0, 1]. Then
thfz('r)y): ’fl_l[oal‘]mfgl[oay” (7)

is a copula. Furthermore, for every copula c(z,y) there exist measure
preserving f1, fo such that c(z,y) = ¢y, 1, (2, v).

If ¢ is a measure preserving function, then

Cfl,f2<l',y) = Cf10¢af20¢<'r>y)' (8)
Examples:
cy,f(x,y) = min(z, y) for arbitrary measure preserving f.
Caraphf (T, Y) = ¢y, ¢(x,y) if fi(z) ==.
¢ f (@, y) =min(z +y +1,0) if fi(x) =2 and fo(z) =1 —z.
If (Tn,yn), n = 1,2,..., is u.d. sequence in [0,1)? and f, fo are u.d.p.
functions (see Sec.[L.2), then the sequence (f1 (n), fg(yn)), n=12 ...,
has a.d.f. the copula ¢y, ¢, (x,y).

In the following are the most popular ones:
(a) 2= .t € (0,1) Ali-Mikhail-Haq, precise m;

e?r—1?
(b) (14tx)~Yt t € (0, 00) Clayton, precise [max{z~?+y~¢—1;0}]71/?,
0el-1,00) —{0};
(c) e‘ml/t, t € [1,00) Gumbel, precise el=((=log2)” + (_logy)e)l/g],
0 € [1,00);
(d) 1—(1—e )Yt t € [1,00) Joe, precise 1 — [(1 —z)? + (1 — y)? —
(1—2)?(1 —y)919 6 € [1,00);
Put W = max(x +y — 1,0), Il = zy, M = min(x, y).
a’(1—a) 2 a?(14a)
(e) =W+ (1 -+ —5——M,|a| < 1.
Product of copulas was introduced by W.F. Darsow—B. Nguyen—
~-E.T. Olsen [9] and L. Overbeck—W.M. Schmidt [20]:
Given two copulas ¢; and ¢y we can define a product between term by
1
(e ey = [ 2UBH0E) o, (9)

0
The product of two copulas is an another copula. This product is asso-
ciative but not commutative. There is an identity element, so copulas
with this product form a semigroup. The identity element is the copula
M (z,y) = min(z,y) that is M * ¢ = ¢« M = c. There is a null element
for our semigroup and that is the independence copula II(z,y) = xy.
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It is called the independence copula because it is the copula for two
independent random variables. It acts like a null elements because
ITxc = cx*II =11 Also follows [9]:

(We)(x,y) =y —c(l —z,y);

(cxW)(z,y) =2 —c(x,1 —y).

Consider copulas A,,, B such that A, —+ A. Then A, *x B — A% B and
Bx A, — BxA.

(XV) Fi, Fy given marginal of F(z,y). Then
W(z,y) < F(x,y) < M(x,y), where
W(x,y) = ma‘X(Fl(x) + FZ(y) - 17 0)7
M(x,y) = min(Fl(x), Fg(y))
(XVI) A necessary and sufficient condition for the copula cy 4 to be equal to
IT is that f and g be independent as random variables (see [2]).

(XVID min(x,h1 (y)) if =€ [0,z],
c(z,y) = ¢ max(x + ho(y) — z2,h1(y)) if @ € [21, 23],
min(z — z2 + h2(y),y) if z € [xg,1]

is a copula if and only if:
(i) h1(y) and ho(y) are increasing;

(i) h1(0) = 0,h2(0) = 0;

(iii) h1(1) = 21, ho(1) = x9;
(iv) 0<hai(y) < ha(y) <y
(v) 0<hi(y) < hy(y) <1,

see [0].

(XVIIT) Let X be a non-empty, closed and connected set of copulas. Then there
exists a two-dimensional sequence (x,,y,), n = 1,2,... in [0,1)? such
that G((z,,yn)) = X.

2.4. G,

Let G2 be the set of all three-dimensional d.f.s g(z,y, z) defined on [0, 1]
such that their two-dimensional marginals (or faces) d.f.s satisfy g(z,y,1) = zy,
g9(1,y,2) = yz and g(z, 1, 2) = zz. For example, the G5 o contains

gl(xv Y, Z) = TY=z,

92(:67 Y, Z) = min@y, xrz, yz)a

93(x,y,2) = u_10 min(zyz, ryug, xzug, Yzuo), for fixed ug, 0 < ug < 1,

(

95(z,y,2) = wyz + ax(l — 2)y(1 —y)z(1 — 2), o] <1, [9], p. 616, G3.1.
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EXAMPLE 2. Let g4(z,y, z) be the a.d.f. of a three-dimensional sequence (uy,, vy,
{un —v,}), where two-dimensional (u,,, v, ) is u.d. in [0, 1]%. Applying Weyl’s cri-
terion (cf. [10, p.14], [36, p.3-1]) we see that also (u,,{u, — v,}) and
(U, {ttn, — v, }) are u.d., thus the marginal d.f.s are

9a(1, w2, 23) = wox3, ga(x1,1,23) = 2173, ga(w1,72,1) = T122.

The d.f. g4(x1,x2,23) has the following explicit form: Divide the unit square
[0,1]? into regions A, B,C, D, E, F,G, H, I as it is shown on the following Fig.

)
(0,1) (I—=s3,1) (1,1)
F
A
B
G
E
(Oa$3) (17‘733)
C H
b I
xy
(0’0) (1 _:1:370) (LO)
Then
123 if (.’I,'l,.’IJQ) S A,
—3 (23 + 23 + 23) + z122 + T273 if (x1,22) € B,
—22% + 129 if (x1,22) €C,
33 if (x1,22) € D,
ga(x1, 2, 3) = —%x% + 2923 if (z1,29) € E,
—%x% +x120 + T1T3 + T2T3 — T — T3 + % if (z1,29) € F,
%x% + 123 + Towz — 11 — T3 + % if (z1,22) € G,
3@+ 23+ 23) + wyxs — 2y — w3+ 5 if (z1,22) € H,

T1To + Tok3 — To if xl,x2) el
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Proof. If (uy,,v,) is u.d. in [0,1]?, then (u,, {v, — u,}) is also u.d. It follows
from Weyl criterion

N Z 27rz(k:1un+k:2(vn—un) _ N i: (k:l—kg)un—i-k:gvn)
(0,

and (]{71,]62) 7é (0,0) — (k‘l — k‘g,kg)
from that

. Another proof follows directly

0<y—x<uxj if y>ux,

— <~
y—a} <z 0<l4+y—zxz<zs if y<ua.

Thus the set {(x,y) € [0,1]%;{y — 2} < 23} has the form

Y
1 y=x+ T3

T3 y=xz—1+4+x3

0 1—2a3 .xl 1

which gives [{(z,y) € [0,1]%0 < 2 < x1, {y — 2} < #3}| = x123. Thus we have

g4(.’L'1,.’I,'2,.’L'3) = \{(x,y,z) € [07 1]3§0 <z < 9(:1,0 < y < :I"Qv{yix} < .%'3}‘

We investigate nine cases:

Y
1 y=x+ w3

(w1, w2)

1133/ y=x—14x3

x

0 1—x3 1

In this case g4(x1, 22, x3) = x123, where x1 + 23 < z5.
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1 y=x+x3

(z1,72)

xrs3 y:x_l+x3

0 1—13 1 z

In this case ga(x1, 22, 23) = —5(af + 23 + 23) + w122 + 2223, where 21 <z <
x1+ a3, x1 <1 —x3 and x9 > x3.

Yy
1 y=x+ w3
(1131,1132)
T3 y=x—1+2z3
0 1—a3 17
In this case g4(x1, 2, x3) = —%x% + x9x3, where 25 < 21 < 1— 23 and 23 < 5.
Yy
1 y=x+x3
(1,2 _
T3 y=xz—1+4+x3
0 1— a3 1"
In this case g4(x1, 2, x3) = —%x% + x129, where 1 < z9 < z3and 1 <1 —x3.
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y=x—1+2z3

xT

y=x—1+2z3

Yy
(z1,73)
€T3
0 1—x3 1
In this case g4(x1, 22, 23) = %+%LL’%7$1 —x3+xox3+x123, Wwhere 3 < zo < 11
and 1 > 1 — x3. y
1 y:$+l'3
(z1,7
3
0 1—x3 1

1

In this case g4(z1,22,23) = 5 — T1 — T3+ 173 + T1T2 + Taxz —

1 < w9, 1 > 1— 23 and zo > x3.

y=xz—1+4z3

)

2
3 (z1,2)
0 1—x3 1

xT

1

2

x3, where

In this case g4(z1, 22, 23) = 1 + 3 (2} + 23 + 23) — x1 — x5 + 2123 where 25 < a3

and r1 — 20 <1 —x3 < x7.
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1 y=x+x3

T3 y=xz—1+4+x3

(Il’ IQ)

0 1 23 1"

In this case g4(x1, 22, 3) = %x% where 2o < 23, 21 < 1 — 23 and 25 > x3.

Y
1 y:I+$3
x3 y=x—1+2z3
A)
- | T
0 1—2x3 1

In this case g4(z1, 22, 23) = T122 + T2x3 — T2 wWhere xo < x3 and xo
<z — (1 —u3). O
Furthermore, G52 has the following properties:

For every g(z,y, z) € Gs2 and fixed zp, 0 < 29 < 1 we have Ziog(x,y,zo) €G-
Vice versa, if g.(z,y), z € [0,1] is a system of d.f.s in G5 such that

(i) (1) g1(z,y) = y;
(ii) (ii) for every 2z’ < z, we have 2’ d, dy g./(z,y) < zd, dy g.(z,y) on [0,1]?,
then g(.’IJ,y,Z) = zgz(x,y) € G3,2~

This directly follows from definition of G5 1 and G3 2 and that g(z,y, z) is non-
decreasing on [0, 1]%, if every (x1,y1,21), (¥2,y2, 22) € [0,1]%, 21 < @2, y1 < o,
z1 < z9 satisfies

9(w1,y1,22) + (22, Y2, 22) — g(x1, Y2, 22) — g(2, Y1, 22)
- (g(ﬂvlayhﬁ) + g(22,y2,21) — 9(w1,Y2, 21) — 9($23y1721)) > 0.
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2.5. Theorems over Go ;
See [1l Introduction.

Let (2,,yn), n = 1,2,..., be a sequence in [0,1)? such that both the coor-
dinate sequences z,,, n = 1,2,..., and y,, n = 1,2,... are u.d. Then the set
G((mn,yn)) of all d.f. of (z,,yn), n =1,2,... satisfies

(1) G((xn7yn)) - G2,17
(ii) G((2n,yn)) is nonempty, closed and connected, and vice-versa

(iii) for every nonempty, closed and connected H C G 1, there exists a sequence
(T, yn) € [0,1)? such that G((xn,yn)) — H.

This is a two-dimensional version of Theorem [T1] p. 191, with the metric
1,01 2 1/2
p(g1,92) = (fo Jo (91(z,y) — g2(z,9))" dz dy)
Directly, from the theory of L? discrepancies [30] it follows:

THEOREM 3. Let (zn,yn), n = 1,2,..., be a sequence in [0,1)? such that both
the coordinate sequences x,, n = 1,2,..., and y,, n = 1,2,... are u.d. Then

the sequence (Tpn,yn), n = 1,2,... is u.d. if and only if one of the following
conditions is satisfied:

(1) lmy—eo # Zg,n:1 FO((xmv Ym), (T, yn)) =0;
(ii) limpy 00 ﬁ Z%’n’k7l:1 Fl((xmv ym)7 (.Z'n, yn)v (.’L’k, yk)7 (xla yl)) =0.

Here

2 _x2 .2 —u2 —1)2
Fo((w,y),(u,v)):G) 1 1—y? 1 1

3 2 2 2 2

+ (1 — max(z, u)) (1 — max(y,v)); (10)
Fi((2,y), (u,v), (5,1), (z,w)) = (1 — max(z,u)) (1 - max(y, v))

+ (1 — max(z, s)) (1 — max(v,w)) — 2(1 — max(z,s)) (1 — max(y,w)). (11)

Applying [30, Th. 4] (cf. [36, p.1-56, 1.10.9]) for searching G ((zn,yn)) the
following theorem can be used.

THEOREM 4. Let (x,,y,), n =1,2,..., be a sequence in [0,1)? for which both co-
ordinate sequences T, n =1,2,... andy,, n =1,2,... are u.d. Let F(z,y,u,v)
be a continuous function defined on [0,1]* and assume that

N

. 1 Z
Z\}E}}mm 1F<l‘m,ym,xn,yn) = 0.

m,n=
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Then every d.f. g(x,y) € G((wn,yn)) is a copula which satisfies the following
equation:

1,1
//g(u,v)dudvF(l,l,u,v)

o Jo
1 01

+/ / g(w,y)dy dy F(z,y,1,1)
0 Jo
1 .1 1

_// /g(uav)ydydudvF(layauav)
o Jo Jo
1 .1 1

—// /g(u,v)xdxdudvF(x,l,u,v)
o Jo Jo
1 .1 1

// /g(xvy)vdvdmdyF(x7y717U)
o Jo Jo
1 .1 1

_// /g(xay)UdudxdyF<‘r)yaual)
o Jo Jo
1,1 p1 1

s [ [ stmgt o didsded, Py
o Jo Jo Jo

1 1
—F(1,1,1,1) —|—/ vd, F(1,1,1,v) —|—/ ud, F(1,1,u,1)
0 0

1 1
/xd F(x,1,1,1) + /yd F(l,y,1,1)

//yvddFly,l,v //yuddFly,ul)
—//xvdxdvF(x,l,l,v)—//zudxduF(x,l,u,l):(J.
0 Jo o Jo

Proof. By Helly theorem

Jim N2 Z (Tms Yms Ty Yn) //// .y, u,v) dg(z,y) dg(u,v) =0

for Fi, (x,y) — g(z,y). O

Next, for the 4-dimensional integral we use the following Theorem
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THEOREM 5. For every continuous F(xz,y,u,v) and any d.f. g(x,y) we have

1 1 1 1
/ / / / F(z,y,u,v)d, dy g(x,y) dy dog(u,v)
0 0 0 0 1 1

=F(1,1,1,1) — / g(l,v)d, F(l,l,l,v)—/ g(u,1)d, F(1,1,u,1)
0

// 0,0) du dy F(1,1,1,)

/0 9(Ly) d, F(1, y,l,l)-l-/ / (1,9)g(1,v) dy dy F(1,y,1,v)
i / / 91, m)g(u, 1) dy dy F(1,y,u, 1)
/// (1,)g(u, v) dy dy dy F(1, 7,1, 0)
/ g(a, 1) d, P, 1,1,1) // 2, 1)9(1,0)dy d, P, 1,1,0)
// (2, 1)g(u 1) dy du Pz, 1,1u,1)
_ /0 /0 /0 g(z, )g(u,0) d, dy dF(z, 1,u,0)
. /0 1 /O gl 9)dy do (g, 1)
/01/01 /Olg(x,wga,v)dv 4y A, F(z,y,1,0)
. /O 1 /0 1 /0 gy, 1) dy dy dy F sy, 1)
+/01/01 /Ol/olg(x,wg(u,v) ddy dy o F(,y,u,v).

For copula g(z,y) we can apply it to g(x,1) = z and g(1,y) = y.

2.6. Examples in Gg

As an application we give the following examples.
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ExAMPLE 3. Let p,, n = 1,2,..., be the increasing sequence of all primes.
For the two-dimensional finite sequence

v ((&11)(&22)(1”_2))
Pn N Pn N Pn N
the coordinate sequences
<p_1 P2 @) (1 2 2)
pn7pn7 ctt pn ) n) n)' c n

are u.d., see [37] (cf. [36, p. 2-181, 2.19.16]). Using the well-known p,, = nlogn+
o(nlogn) we have that 13 i . 1

N pnn 3

Putting F(z,y,u,v) = xyuv — % and applying Theorem [ we find that every d.f.
g(z,y) € G(X,,) satisfies

1,1 1
/ 9(z,y)dedy = 3,
0 Jo
thus the sequence X,,, n =1,2,... is not u.d. in [0,1)2.
ExXAMPLE 4. For every u.d. sequence z,, € [0,1) the two-dimensional sequence
({2z,},{3z,}), n=1,2,...
has a.d.f. (see p.183) that is copula

min (%, %) if (z,y) € A,
s (S5, i (@) e B
g(z,y) = Y5# 4 min (%34, 57) if (z,y) €C,
D7 5t din (3, ) i (2,) € D,
20=L + min (2, 21 if (z,y) € E,
21 B2 i (51, 2) i (ny) € F
where 1
B D F
1
2
A C E
0 1 2 1
3 3

(Source J. Fialovd, personal communication).
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Putting ¥(x) = 22 mod 1 and ¥(x) = 3z mod 1 then

g(z,y) =@ 1 ([0,2)) N T ([0,1))],
see the following Fig.

®(x) V(y)
Y
x
z z+1 1 0 Y y+1 yr2 1
2 2 3 3 3
EXAMPLE 5. By Theorem 5 in [22] for x,, = na mod 1,n = 1,2, ..., irrational,
we have N—1
lim ~ 3 st — 2] = 2{a}(1 — {a}) (12)
N—oco N " et e '
Proof. Applying d.f. Because
{na} + {a}, if {na}+{a} <1,
{(n+1Da} = (13)
{na} +{a} -1, if {na}+{a}>1,

then every point ({na},{(n + 1)a}) lies on the line ¥ = X + {a} mod 1.
Using this and u.d. of {na} we can compute a.d.f. g(x,y) of the sequence
({na},{(n + 1)a}), n = 1,2,... by means the following Fig. and similarly

to (7).

1= {a) '
Fig.: Graph of the line Y = = 4+ {a} mod 1.

166



COPULAS

If {a} > %, then the copula g(z,y) has the form

0 if (z,y) € A,
x if (z,y) € B,
{a} -y if (z,y) € C,

MOV o) —yto—(1—fa}) if (wy) € D, "
z—(1—{a}) if (z,y) €
y if (z,y) €

and from it follows

0 if z€0,1—{a}]

g(@,x) = {I —(1—{a}) if e[l —{a},{a}], (15)
x— (1 —A{a})+x—{a} if z€[{a},1].

Then (I5) and (©G3) imply (I2)), since
ngnm%; [tna = {(n-+ Dt = 1=2 [ glaa)dz = 2{a}(1 - {a)).

Similarly for {a} < 3. O

Note that simplify (I3) to

(n+ Do} = {{na} + {a} %f {na} €[0,1—{a}),
{na}+{a} -1 if {na} el —-{a}1)
we have
{a} if {na} € [0,1—-{a}),
{(n+1)a} — {na}| = (16)
{1 —{a} it {na}el—{a},1)

and then for F(x,y) = |x — y| we can use

%Z ({na}, {(n+1)a}) %// (z,y)dedy g(x,y)

1—{a} 1
:/ F(x,x—l—{oz})dx—i—/ F(z,x+{a} —1) dz
0 1—{a}
which gives ([I2)), again.
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More generally: Let
— x, €[0,1) be u.d.,
— Yn = f(x,), where f:[0,1) — [0,1) be continuous,
— F(x,y) be continuous,
— g(z,y) be d.f. of (xy,yn).

F(zn,yn) —>// (z,y)d. dy g(z,y),

(xn,f(xn)) — /0 F(w,f(x)) dz

EXAMPLE 6. Similar method can be used to prove S. Steinerberger [2§]
result that

Then, simultaneously

1
N

HMZ HM

1
N 4

(xn - yn)2 S

WE

lim sup —
N—o00

(17)

Wl

n=1

for every two u.d. sequences z,, and y,, in [0,1).
Put F(z,y) = (z — y)?. Then
— F(1,1) =0;
— 4 F(1y) = =201 —y) dy;
— d F(z,1) = —2(1 — x) du;
— dydyF(z,y) = —2dzdy.
Applying ([B9) then for every copula g(x,y) we have

1 1 2 1 1
/ / (z—y)? dydy g(x,y) = 3 2/ / g(x,y) derdy.
0 0 0 0

Now, using lower bound in (6I]) and computing

11 1
/ / max(z +y—1,0)dedy = —,
0 Jo 6

then we have (7)) in the form

//56— 2d, dy g(z,y) < %

for an arbitrary copula g(z,y).
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THEOREM 6. For every copula g(x,y) we have

1 ,1 1
| [le=sldcaygten <5
0 Jo

Proof. Input F(x,y) = |z —y| to
[ [Feacagen =ra.n - [ o0 a,r0.)

/ g(x,1)d, F(z,1) // (2,y)do dyF(z,y) (18)

F(lvl)zov F(lvy)zliyv F(.’L’,l)zlffb,

and bearing in mind

dp dylz —y| = dady(y — )
=(y+ dy— (z+ dz)) + (y — 2)
~(y—(@+de)) ~(y+dy—2)=0
for y > x, similarly for y < x and for y =z, do = dy
dydylz —y| = |z + dz — (2 + dz)| + |z — 2
— (x4 dz) —z| — |z — (x + dz)| = —2dx

//\x Yl do dy g(a, y)—1—2/1 (2, 2) da. (19)

Thus if g1(z,y) < ga(x,y) for (x,y) € [0,1]?, then

//\:v—yld dy g2(z,y) < //Iw—y\d dy g1(z,y).

The lower bond max(z +y —1,0) < g(x,y) and

1,1
//\x—y|dxdymax(x—|—y—1,0):—
0Jo

we have

implies theorem. g
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Now, let again z,, and y,, n = 1,2,..., be two u.d. sequences in the unit
interval [0,1). F. Pillichshammer and S. Steinerberger in [22] study the sequence

% Efle |2, — yn| and proved that

1
lim sup — Ty — Y 20
msup - Z [0 = gl < (20)
Putting v, = xp41, n =1,2,. they found a new necessary condition
1
lim sup — Z |xn+l xn| (21)
N—o00

for u.d. of the sequence x,,. They also found

-1
lim — Z |Tpi1 — x| = M

N—oo N

for van der Corput sequence xn = 74(n) in the base ¢ and

lim —-zzzlxn+1 zn| = 2{a}(1 - {a})

N—oo N

for z,, = namod 1, Where « is irrational. Alternative proofs via d.f.s are
in the following Example:

EXAMPLE 7. For van der Corput sequence x, = 74(n), n = 0,1,..., in the
base ¢ we have

lim — Z |Tpi1 — zn| = g (22)

N—oo N

Proof. Every point (yq(n),yq(n—k 1)), n=20,1,2,..., lies on the line segments
1 1

Y=X+4-, Xekﬂﬁ, (23)
q q

1 1
Y= X71+ it gt

1 1
X € {157 o gitl

y i=1,2,... (24)

Proof. Express an n in the base ¢
n=nkq" +np_1¢"" + -+ niq + no,
where n; < ¢ and ng > 0. We consider two following cases:

19 ng < q—1,
20 ng=gq-—1.
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19, Let ng < ¢ — 1. Then:
n:nqu+-~-+n0,

1
n+l=npg"+---+no+1 and yq(n+1)—yq(n):a

In this case

ng ng q—2 q—1 qg—1
7a(n) q gkt q > q

Thus such (v4(n),v4(n + 1)) lies on the line-segment (23).
29, Let ng = ¢ — 1. Then:
n=nkg" + - +ni1¢ +(@-D)d" + (- D¢+ 4+ (g 1)

and
ni+1 <q—1, where ¢=0,1,2,...
Then ‘ ‘ ‘
n+1=neg" + -+ (nig1 + )¢ +0.¢° + 0.7+ +0.
Thus 1 1
_ 99— q— Ni41 Nk
7q<n)_T+”'+ g+ +qi+2 "'+qkT’
o nipt+1 ng
Yo(n+1) = —r5— 4 g+t
and we have
. _ 1 a1 N_ 1,1
’yq(n-l- )—’yq(n)—W—T +a+...+¥ —W— +F,
and
1 qg—1 qg—1
and
qg—1 qg—1 qg—2 q-—1 1
7q(n)§T+"'+ g+ + gi+? + ¢i+3 +"':1*qi+2'

Thus such (v4(n),v4(n + 1)) lies on the segment (24).
Thus, for 1%, the sequence (v4(n),v4(n + 1)) lies on the diagonal of the interval

1 1
Ix X Iy := |:0,].— —:| X |:—,].:| (25)
q q
and for 20, the sequence (v4(n),v4(n + 1)) lies on the diagonals of the intervals
@) o () . 1 1 1 1 _
IX XIY —|:1—E,1—F:|X|:F,E N 1—1,2,... (26)
These intervals are maximal with respect to inclusion. O
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Adding the maps [23]) and ([24]) we found so-called the von Neumann-Kakutani
transformation 7' : [0, 1] — [0,1], see the following Fig. Because v,(n) is u.d.,
the sequence (74(n),v¢(n + 1)) has a.d.f. copula g(z,y) of the form

g(@,y) = [Projectx (([0, 2] x [0,y]) Ngraph T)]
= min (|[0,z] N Ix|, |[0,y] N Iy |)

+ Zmin (‘[O,x] ﬂI)(? ,
i=1

where Projecty is the projection of a two dimensional set to the X-axis.

[0,y] N 1y

). (27)

Y
D,
B

Cy
1
q D2
1 Ca
a2
111 A
el

1 1 1
l—sl-pl— X

Fig.: Line segments containing (v¢(n),vq(n+1)),n =1,2,...
The graph of the von Neumann-Kakutani transformation 7.

The sum (27) implies

0 if (z,y) € A,
1-(1-y)-(1-=z)=z+y-1 if (z,y) € B,
g(z,y) = ] . (28)
Y=o if (z,y) € Ci,
x—l—i—q%l if (z,y) € D;,
i=1,2,... Thus
0, 1fx€[0,%],
g(z,x) = x—é, 1fx€[é,1—%], (29)
20 -1, if xe[l-2,1]
and by (65
1
_2(q-1)
ngnooNZm =12 [gleie = 220
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Note that the dividing [0, 1]? in the following Fig.

Do By
Co
2
q
17
B//
E Ci/
0 D
Al (o)
1
q Ao
D/ /
B
C1
D Fo
A/ !
0 1-—2 1-1 1
q q

. if (z,y) € Do,
y*§ if (z,y) € Cy,
0 if (v,y) € Ao,
y+a—1 if () € Bo,
r-1+2 i ()€ B,
y if (z,y) € Fo,
0 if (z,y) € A,

e T e v
r—1+1+ L if (2,y) €D,
y qi% if (z,y) € CY,
% if (z,y) € A",
r+y—1 if (z,y) € B”,
r—1+14 1 if (¢,y)€ DY,
y # if (z,y)eCy.
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2.7. Theorems in G3

See [11], [34]. Every maximal 3-dimensional interval I containing points

(’Yq(n), Yg(n+1),74(n + 2))
will be written as

I:IXnyXIz,

where [Ix,Iy,Ilz are projections of I to the X,Y,Z, axes, respectively.
Moreover if

'Vq (n) S IX7
then

ve(n+1)ely and ~4(n+2)€lz.
From u.d. of 74(n) follows that the lengths
x| = |Iy| = |Iz].
Combining intervals of equal lengths by following Fig. we find: every point

('Yq(n)v'yq(n + 1)7'7(1(” + 2))

is contained in diagonals of the intervals

9 1 1 2
I:[O,l—]x{—,l—]x[—,l], (31)
q q q q
70 = [1_l 1_L] % [L l] % {E_FL 1+l]
qi ’ q’H—l qi+1 ’ q'l, q q’H—l ’ q q'l, ’
/L:1727 b) (32>
11 11 1 11
(k) i 1.1 _ 1 1
/ [1 q q’“’1 q q’““] . {1 Q’“’1 q’““] L’“*l’qk]’
k:1727 b) (33)

where |I| = 0 if ¢ = 2. These intervals are maximal with respect to inclusion.
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Ix 7

Iy z
T

(1)
Iy

1
75

(h
JYZ
N

Fig.: Mapping between intervals with equal lengths.

Now, let T' be the union of diagonals. Again, as in ([21), the a.d.f. g(z,y, 2)

has the form]
g(x,y, z) = |Project x ([0, 2] x [0,y] x [0,z] NT)| (34)

and it can be rewritten as
g9(z,y, 2) = min(|[0, 2] N Ix[, [0, y] N Iy [, |[0, 2] N Iz])

—i—Zmin (‘[O,x] N Ig? ,1[0,y] N IS) .10, 2] N Ig) )
=1
—l—Zmin(’[O,x}ﬁJ(k) 0,570 g8, [O,z}mJé’“)D. (35)

2Since g(z,y,2) is continuous, we use in the calculation closed intervals.

175



O.STRAUCH—V. BALAZ

To calculate minimums in ([@5) we can use the following Fig.(here ¢ = 3):

X |
0 1
Y, i |
0 1 1
q'L+1
2 | i | |
1 1 1 1 1 1,1 2 1
0 p=s o g st ot q

Fig.: Projections of intervals I, [(i>’ J®) on axes XY Z.

As an example of application of ([@3]) and by Fig. we compute g(z, x, x) for ¢ > 3
without using the knowledge of g(x, v, z)E
. 2
0 if z¢€ [0, E}’
) 1- _:| ) (36)

3z — 2 ifxe[l—%ﬂl

=

g(x,z,x) = x—% ifxe[

LSRN
Q

Proof.

1. Let z € [0,%].

Then |[0,2] N Iz| =0, |[0,z] N I(Zi) =0, [[0,z] N JS(/k)’ = 0, consequently
g(x,z,x) = 0.

2. Let z € [%, %]
Then |[0,2] N Iz| =0, |[0,2] N JS(/k)‘ =0, [[0,2] N I)(? = 0, consequently
g(w,r,x) = 0.

3.hxxe[§1—§]
Then ‘[O,x] N Ig) =0, ([0,2] N J}(,k)‘ = 0, consequently

— i 2 1 2\ _ 2
g(x,x,x)-mm(lf E,xfa,x—a> =z -

3For ¢ = 3 the middle member in (B8] is omited.
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4. Letz € [1— %,1].

Specify z € Ig?l), x € Jx(/kl)' Then ‘[O,x] N I)(?)’ =0,
for k > k1. Thus ([@H) implies

2 1 1 2
g(r,x,r) = min <1—,1— —,x—)

[0,2] N J§/’“)’ ~ 0

k1

+ > min (|10,2) 0 19| [l0,91 0 17 |[0,2) 0 1))
=1
k1

—|— me (’[0,%} N J)((k) 5 [O,y] N J}(/k) 9 [O,Z} ﬁJék)D

—~ \¢ q
—|—k1 1<i—i>+x 1+——=32x-2
£ gk gt k
For ¢ = 2 we have
0 if z€l0,3],
g(z,x,z) = xf% ifxe[,%], (37)

1
2
3x—2 if ze[21].

O
2.8. Gy,

Von Neumann-Kakutani transformation: The map 7" : [0, 1] — [0, 1] for which
T(vg(n)) = ~¢(n + 1) is called the von Neumann-Kakutani transformation.
It is known that

1 : 1
T+ if xE[O,l—g],
qi

R if xe[l—l 1—#}, i=1,2,...
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The third iteration

x+% if xe 0,1—%},
- rH2 14kt xe1_§_%@—§—wg]u
() = _1_1q_1__1
1 q q“1 g gt Y,
1 %71*qii1:|7 7’:1727

Copula of a.d.f.
(’yt](n)v 7q(n+1)7 'Vq(n+2)a 'Vq(n+3)) I n= 07 17 27 e
In this part we find 4-dimensional maximal intervals in axes (X,Y, Z, U) contain-

ing the sequence (v4(n), vq(n+1), v4(n+2), v4(n+3)), n=0,1,2,... in diagonals.
We started with 2-dimensional intervals in (X,Y), (Y, Z),(Z,U) axis, respec-

tively, containing (y4(n), v4(n +1)), n =0,1,2,..., in diagonals. By (23], (0]
they have length dimensions

0,1 L 11 ; 1 ! 1 L L1 ,=1,2 ;
) _a X 57 9 _Ea _F X F?E ) = 1,4,...3
Put

Ia I(i)a i:172a"'7 J(])a j:1327"'7 K(k)7 k:1’2’E<X’U)

axis the maximal intervals containing (74(n), v4(n+ 3)). All these we plotted in
the following Fig. Collecting intervals of equal length the maximal 4-dimensional
intervals containing points

(ryQ<n)>fYQ<n + 1)3711(” + 2)77!1(” + 3))7 n=20,1,2,...

in diagonals are (see [5])

3 1 2 2 1 3
I:{O,l——]x[—,l——]x{—,1——]x{—,1], (40)
q q q q q q
. 1 1 1 1 1 1 1 1
I(z): |:1—,1—:| X |:—,—:| X |:_+.—,_+—,:|
qz q7,+1 qz-l-l qz q qz-l-l q qz
2 1 2 1
X —+,—,—+—,, i:1,2,..., 41
[q g ql] 0

4 2 1 2 1 1 1 1 1
J=1-2 - 1-2 - — | x[1l-=—-—=,1—->=——
q ¢ q ¢t

1 ! 1 L ! ! ) =1,2 42
X _Ea _F X qj+1’¥’ J=L4 ... ( )
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11 11 1 1 11
® _ ;L 1 .1 1 LR N RO
K= {1 PR qk“] . [1 5 qk“] . [qk“’q’“]

1 11 1
X | =4 —— =, E=1,2,... (43
[q ¢t g q’“] (43)

Now, let D be a union of diagonals of (@), (41l), [@2) and ([@3]). Then copula

g(x,y, z,u) = |Project x ([0, z] x [0,y] x [0, 2] x [0,u] N D)] (44)
and it can be rewritten as
9(z,y,2,u)
= min(‘[o,l‘] N IX‘? |[0>y] ﬁIY‘a |[0>Z] ﬁIZ|> HO,U] N IUD
+> min(|0,21n19], [0,61 0 1) [ 10,210 19 [0, 0 1))
i=1
n me( 0, 2] 0 9|, {0,510 D] |0, 210 JL|, [0, u] N Y ])
j=1
+ > min(|0,21 0 K, 10.91 0 & |0,2] 0 KL [0, 0 &)
k=1
= gl(xv Y, z, ’LL) + 92(.’1}7 Y, z, U) + 93(.’1,', Y, z, ’LL) + 94(.’1}7 Yy, z, U) (45)
respectively. Then copula
9(z,y,2z,u) = [Projectx ([0, 2] x [0, y] x [0, 2] x [0,u] N D)| (46)
and it can be rewritten as
9(2,y, 2, u)
- min(][o,x} NI 0,90 Iy, |0, 21 N 15, | [0, ) mIUD
+me( 0,2] N 19, [0,y n 1P, [j0, 2] n 19, [o,u}mgj))
i=1
+ > min(|0,210 L. |10,91 0 AP, 0,210 TP |[0,u 0 )
j=1
+ > min(|0,21 0 K0, 510 K2 |0,210 KL 10,01 0 &)
k=1
= gl(xa Y, z, U) + 92<l', Y, z, U) + 93(:67 Y, z, U) + g4<l', Y, z, U) (47)

respectively. To calculate [T), as a guide, we use the following Fig. (here ¢ = 4)
forx =y=2=nu.
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X |
0 1
Y |
0 1
2 |
0 1
Yy i
0 1
Fig.: Projections of intervals I, I(i),J(j), K™ on axes X, Y, Z,U.
Assume that ¢ > 4. Then by Fig.
0, if ze [0, ﬂ ,
gz, z,z,2) = . ‘ . (48)
€r — E’ if x (S |:E’ 1] s
and
0, ifxe[o,k%],
r—(1-1) if zerly,
gg(x,x,x,x) =
v (1= &)+1{ it weld, ...
x—(1—§>+1§§) + -~+’I§§‘”‘ if 21, ..
Since ) )
z— (1——) + 1P + -~+’I§§‘”‘ —z—14-
q' q
we have
0 ifxe[o,l—ﬂ,
g2z, x,m,2) = (49)
r—141 ifxe[l—l,l}.
q q
As [@3) the same holds for gs(x,z,z,z) and g4(z, x,z,x) and summing up this
we have
. 3
0, if ze [0, 5} ,
g(z,x,z, ) = .%'*%, if ve [%,175}, (50)
Az — 3, ifxe[l—%,l]
for ¢ > 4.
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2.9. Concluding remarks

Find an a.d.f. of the s-dimensional sequence

(fyq(n),...,’yq(n—l—s—l)), n=0,1,2,...

Formal solution is given by Ch. Aisleitner and M. Hofer [I]: Let 7' denote von
Neuman-Kakutani transformation. Define an s-dimensional curve

{y(t);t € [0,1)},

where
v(t) = (¢, T(t), T*(t),..., T*7'(t)).

Then the searched a.d.f. copula is
g(x1, 29, ..., xs) = |{t € [0,1];7(t) € [0, 21] X [0, 2] X -+ x [0, 24]}].
2.10. U.d. of some copulas Gs3 >
Sequences (T, Yn, 2n) Where (T, Yn), (Tn, 2n), and (yn, z,) are u.d.

THEOREM 7. Let (T, Yn,2n), n = 1,2,..., be a sequence in [0,1)% such that
both the marginal sequences

(xn7yn)7 n:1727"'7

(xn,zn), n:1727"'
and

(Yn,2n), n=1,2,...
are u.d. in [0,1)% Then the sequence

(xn,yn,zn), n=12 ...
s u.d. if and only if one of the following conditions is satisfied:
(l) limy o0 %ZZ,n:l Fo((.’IJm, Ym, Zm)y (xn, Yns Zn)) =0;
(i) Hmy—eo ﬁZZ,W,l:l Fy ((xm, Yms Zm)s (s Yrs Zn )y (Thor b 21 )5
(@t Y, 2o ) (T, Yo Zn/)> =0;

(iii) limy 00 #Zgbn,k’lzl Fy (.%'m, Ym, Zm)7 (.Z'n, Yn,, Zn)7 (xm’ y Ym/ Zm’)v

('rn’ y Yn' s Zn’)) =0.
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Here

Fy (s Yms Zm) s (T Yns Zn)s (Ths Yks 28)5 (Tmss Ymss Zm),
(Tnrs Ynrs 207, (Ther s Yoo Zk:’))

= ((1 = max(@m, @) (1= max(ym o)) (1= max(zm, )
+ (1 = max(zm, o)) (1 —max(yn,yn)) (1 — max(zx, 2))
—2(1 = max(zm, @) (1= max(ym,ynr)) (1 — max(zy, zk/))>;

Fl((xmvymazm)v(xnvynvzn 7(xm’7ym’ Zm/), xn’vyn’vzn/))

) (
= ((1 — max (T, xn)) (1 max(Ym, Yn) ) (1 — max (2, zn))
+ (1 — max (T, xm/)) (1 max (Y, ym/)) (1 — max(zy, zn/))
72(1 — max (%, xm/)) (1 — max(ym, ym/)) (1 — max (2, zn/)));

2

Fo((2.9,2), (wv,w)) = (5) = 15150 152 — g gt iy
+(1 — max(z, u)) (1 — max(y,v)) (1 — max(z,w));
Proof. Assume that the marginal sequences (z,,yn), (Yn,2n) and (2., z,)

of (2y,, Yn, 2n) are u.d. Using the theory of L? discrepancy, every of the following
zero-limits:

(i)  lim // / FN (x y,z)—xyz) dxdydz =0,
N —00
(ii)  lim / / / (Fn(z,y,2) — F(l)(x)F(z)(y)F(S)(z)) dedydz =0,

N—o0

(iii)  lim /// Fy(z,y,2) FN(x,y)F](\?)(z))2dxdydz:0,

N—o0

implies the u.d. of the sequence (z,,, yn, 2z, ). Here (i) is the limit of the classical
L? discrepancy characterizing u.d. of (2, ¥n,2,) and limits (ii) and (iii) are
of L? discrepancies of statistical independence. The (ii) implies that every d.f.
9(z,y,2) € G((2n, Yn, 2n)) has the form

9(z,y,2) = g(x,1,1).9(1,y,1).9(1,1,2) (= v.y.2)
and (iii) implies
9(x,y,2) =g(z,y,1).9(1,1, 2) (= zy.2). O

182



COPULAS

3. Method of d.f.s for + SN F (2, )

Let F(x,y) be a continuous function defined on [0, 1]? and z,,, yn, n = 1,2, ...,
be two sequences in [0, 1). In this section we study the limit points of the sequence
of arithmetic means

N

1

NZF(xn,yn), N=12... (51)
n=1

To do this we use a theory of d.f.s. We also use this theory for computing integrals
of the type

/0 £1(2(2)) fo (¥ (2)) da (52)

where fi, fo are Riemann integrable functions and ®, ¥ : [0,1] — [0, 1] are so
called uniform distribution preserving (u.d.p.) maps (see, p.[[93). This problem
was introduced by S. Steinerberger [28], p. 127].

RECAPITULATION. Let x, and y,, n = 1,2,..., be an arbitrary two sequences
in [0,1). Denote the step d.f.
n < N;(zn, € 10,z) x |0,
Pu(o,) = HIE Vi) € [0.5) < 0.9}

and let G((x,,yn)) be the set of all possible limits Fy, (z,y) — g(z,y), which
hold for all continuity points (x,y) of g(x,y) (cf. Section 2.3]). These g(x,y) are
called d.f.s of the sequence (n,yn), n =1,2,... If G((wn, yn)) is singleton, i.e.,

G((wn,yn)) = {g(x,y)} then g(z,y) is called asymptotic d.f. (a.d.f.) of (xn,yn),
n=12 ...

By Riemann-Stieltjes integration we have

¥ 2 Fweu) = [ [ Fewd ey (53)

a) If Fyn,(z,y) — g(z,y) as k — oo then by the second Helly theorem the
equation (B3) implies

Ny,

1 1,1
— Z F(zpn,yn) — / / F(z,y)d; dyg(z,y) as k— oo. (54)
Ni £~ 0 Jo
b) If Nik Zgil F(xn,yn) — A as k — oo, then by the first Helly theorem there
exists subsequence N of N such that for some d.f. g(x,y) of (x,,y,) we have

FNé(‘ray) - g(xay>

183



O.STRAUCH—V. BALAZ

Summary, the set of limit points of (GI)) has the form

{/OI/OIF(x,y)dm dyg(z,y); g(z,y) € G((wn,yn))}. (55)

In (BE) we can apply
// 2.9)dedygla) = PO = [ 919)d,F(1.0)-

/O(xl)del // (2,9)do dyF(z,y). (56)

It is proved by integration by parts in Riemann-Stieltjes integration

// (@,y) dz dyg(,y)
:[/OF(xy)dyg(xyLo// dy g(z,y) de F(z,y)
_ /Olp(l,wdyg(l,y) - / / d, 9(x,y) d, F(z,y)

— [F(Ly)g(Lpl'=h — / o(1,y) dyF(1, )

_ [ / ) de(x,y)] :+ / 1 / () dy d.F ().

or by induction in Theorem [IQ, p. 189

Thus the problem is to find extreme values of folfolF(x,y) dzdy g(z,9),
where g(z,y) is a copula.

3.1. Boundaries of + 25:1 F(zn,yn)

Let @, yn €[0,1), n=1,2,..., both u.d. sequences. In this case two-dimen-
sional sequence (,,y,) need not be w.d. but every d.f. g(z,y) € G((zy,yn))
satisfies:

(i) g(x,1) = 2 for x € [0, 1] and
(i) g(1,y) =y for y € [0,1].

As we see in previous part the d.f. g(x,y) satisfying (i) and (ii) is copula and its
basic theory can be found in R.B. Nelsen [I8] and in Section 8 of the book [35].

Applying this we find (see also ([62)) and (G3), p.[I30)
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THEOREM 8. Let F(x,y) be a continuous function defined on [0,1]>.
For differential of F(z,y) assume that d, d,F(z,y) > 0 for every (z,y) € [0,1]2.

Then for every two u.d. sequences Tn,yn € [0,1), n=1,2,..., we have
1
lim sup — Z F(xn,yn) < / F(x,z)dz, (57)
N—o0 _ 0
1
lmlgofﬁz:lF(xn,yn) > /0 F(z,1—2x)dx. (58)
n=
Furthermore, for the sequence (TnyYn), n=1,2,..., we have

1
hm 1 Z F(zp,yn) = / F(z,z)dz
if and only if (Tn,yn) has a.d.f. g(z,y) = min(x,y), and we have
1 '
lim N nz: F(zn,yn) = /0 F(z,1—x)dx
if and only if g(x,y) = max(z +y — 1,0).
If dgy dyF(z,y) <0 the right hand sides of (1) and ([BS) are exchanged.

Proof. For a copula g(z,y) the equation (56]) has the form

/Ol/olF(w,y)dxdyg(x,y)zF(l 1)/01yd F(ly)-
/xdel //‘xyddF@w (59)

Thus the set (BH) of limit points of (Bl coincide with

{ / / ole.0) 2 0, )} (60)

shifting by F(1,1) — folydyF(l,y) — folxde(x,l). Then we use Fréchet-
-Hoeffding bounds [I8, p. 9]

max(zx +y —1,0) < g(z,y) < min(z,y) (61)

which holds for every (z,y) € [0, 1]? and for every copula g(z,y). The assumption
dy dyF(z,y) > 0 implies

11 11
// max(m—l—y—l,O)dxdyF(x,y)g/ /g(x,y)dxdyF(x,y)
0 Jo 0 Jo
11 11
//g(fv,y)dxdyF(l‘,y)S/ /min(fv,y)dxdyF(x,y)
0 Jo o Jo

and
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Since every copula is continuous, then the left inequality is attained if and only
if g(x,y) = max(x +y — 1,0) and the right if and only if g(z,y) = min(z, y).

Directly by definition of a.d.f., for every u.d. sequence z,, € [0, 1), it can be
proved that

a) the sequence (z,,x,), n =1,2,...,is not u.d., has the a.d.f.
g(z,y) = min(z,y) and

b) the sequence (x,,1 —x,), n=1,2,..., has the a.d.f.
9(z,y) = max(z +y — 1,0).

From it
| XN 1 1l
lim —ZF(w x ):/ F(x x)dx:/ / F(x,y)d; d, min(z,y)
N—>O°Nn:1 nyLn o 5 o Jo 5 z Uy sy Y)s
N 1 (62)
J\}gnoo—ZF(xn,l xn):/o F(x,1—2x)dz

11
= / / F(z,y)d; dymax(z +y —1,0). (63)
0 J0 O

Once again in the following we prove the result (20) appeared in Pillichsham-
mer and Steinerberger [22] repeating the proof of Theorem [6l

EXAMPLE 8. Putting F(z,y) = |z — y|, we have F(1,1) =0, F(1,z) = 1 — z,
F(y,1) =1 —y, and computing, for y > x,

dodyly—z| = (y+ dy—(z+ dz)) = (y—2) — (y— (z+ dz)) = (y+ dy —2) =0,
and for y =z, dy = dz,

dy dyly—z| = |z+ dz—(x+ do)|+ |z —z| - |(z+ dz) — 2| — |z — (2 + dz)| = —2dx

and then applying (B9) we have

/ol/ol|x_y|dxdyg<x’y):/019(5'% 1)dx+/olg(1,y)dy—2/Olg(x,:c)dx. (64)

Thus for a copula g(z,y), g(z,1) =z, g(1,y) = y we have

/01/01|x —yldsdyg(z,y) =1— Q/Olg(x,x) dz. (65)

Finally, the lower bound in (GII) for copulas g(z,y) give F. Pillichshammer and
S. Steinerberger result [22] in the form

11 1,1

1
// \x—y|dzdyg(x,y)§// |z —y|dy dy max(z+y —1,0) = =. (66)
0 Jo o Jo 2
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3.2. D.f. g(z,y) with given marginal g(1,y) and g(z,1)

In the following theorem the sequences xz, and y, are not u.d., but with
assigned a.d.f. g1(x) and go(x), respectively.

THEOREM 9. Let z,, € [0,1) be a sequence with an a.d.f. g1(x) and y, € [0,1)
with an a.d.f. go(x). Assume that F(x,y) is a continuous function such that
dy dyF(z,y) >0 for every (z,y) € [0,1]%. Then we have

1

lim sup — ZF Ty Yn) < / ( l_l(x),ggl(x)) dx, (67)
N—oo n—1 0

lim inf — F(%n, Yn F(git > (1 - :
i inf Z s ) / (07" ()o3 (- 2))de (68)
Furthermore, for the sequence (Ty,yn), n=1,2,..., we have

1 !

J\}i_rflooﬁ;F(xn,yn):/OF(gl_l(x),ggl(x)) dz (69)

if (Xpn,yn) has the a. df g(z,y) = min(g1(x), g2(y)) and we have

Jim —ZF . :/F(gl—l(x),gglax)) dz (70)

N—oo N

if g(x,y) = max(g1(x) + g2(y) — 1,0).
If dp dyF(z,y) <0 the right hand sides of (7)) and (G8)) are exchanged.

Proof. Let g(x,y) be a d.f. of the sequence (z,,, ¥, ), i.e., there exists a sequence
Ny — oo such that Fy, (z,y) = g(x,y) and

i e ) [ [Pt

Furthermore we have g(x,1) = ¢g1(z) and ¢g(1,y) = g2(y). Then by the Sklar’s
theorem for any such d.f. g(x,y) there exists a copula ¢(z,y) such that

g(z,y) = c(g1(x), 92(y))
for every (z,y) € [0,1]2. Applying the Fréchet-Hoeffding bounds (G1]) we find

max(g1(z) + g2(y) — 1,0) < g(z,y) < min(g1(x), g2(y)). (71)
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Now, apply ([B9) we find ([@7) and ([©]). Let z,, n =1,2,..., be u.d. sequence
in [0,1). Then the sequences

(i) (91" (2n), 95 '(2n)) has the a.d.f. g(x,y) = min(g1(z), g2(y)), and

(i) (91" (2n), 95 '(1 = 2,)) has the a.d.f. g(z,y) = max(g1(2) + g2(y) — 1,0).
By Helly theorem, for sequences (i) and (ii) we have ([69) and (70)

lim —ZF Y(2), 95 ( Zn)) —

k—oo N
/OF(gl_ (l‘),g; (x)) dx :/0 /(]F(x7y>dz dy min(gl(x)’g2<y))>

Jim E Z F(gr ' (2n), 95 (1= 2)) =

/(]F(gl_l(:c),gz_l(l—x)) dx:/o /OF(m,y)dxdymax(gl(x)—l—gg(y)—l,O).

Proof of (i) and (ii): Assume that g;(x) and g(z) are strictly increasing.

For (i): we note that g; ' (2,) < = < 2, < gi(z) and g5 ' (2,) < y & 2, <
g2(y) and thus

(91" (2n), 92 (2n)) € 10,2) x [0,y) & 2, € [0,min(g1(2), g2(y)))-

For (ii): we note that g; ' (2,) <z 2, <g1(x) and g; ' (1—2,) <ye1—2,<
92(y), 1=z, < g2(y) = 1—g2(y) <z, and thus

(91 (zn) 95 (1 = 2n)) € 0,2) X [0,9) 20 € (1= g2(y), 91(x)).

On the contrary, if a d.f. g(z) is constant on the interval I = («, ) with value
¢ and to the left of « and to the right of g d.f. g(z) increases simultaneously,

then we put in and
put in () and (1 g7 () = 8 (72)

because in this case the g7 '(2,) < = < 2, < g1(x) also holds for z, = c.

Finally, the uniqueness of extremal d.f. g(z,y) follows from the existence
of common point (x,y) of continuity for any two d.f.s g(z,y). O

Completing the above proof we prove (59) in the following discrete form (73))
assuming Fy(z,y) — g(x,y).
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THEOREM 10. Let F(x,y) be a continuous function defined on [0,1]>.
Then for arbitrary N -terms sequence

(xlv y1)7 sy (xNv yN) in [07 1)2 with the St@p df FN(x7 Y, )
we have

N/Ol/olF(x,y)dmdyFN(x,y) = NF(1,1) N/lFN (1,y)d, F(1,y)
N/FN z,1)d, F(x,1)
+N//FN 5y dodyFe,y).  (73)

Proof. We employ induction. Assume that for N the equation (73] holds and

add in (xhyl)v R (xNny) a new pOint (xN-l-lvyN-l-l) and eXCha'nge FN(.'L',y)
by Fnt1(z,y). We have

(N+1)F(1,1) = NF(1,1) + F(1,1)

N+1// (x,y)ds dyFnyi(z,y) = N// (x,y)ds dy Fn(z,y)

+ F( ‘TN+1ayN+1)
—(N+1) /1FN+1(x, 1)d,F(z,1) = —N FN(x, 1)dzF(x,1)
0 0
—1.(F(1,1) = F(zn41,1)),
41 [ FreaL)a, Py = =N [ Pey)d, )
1-(F(17 1) - F(LQNH))’

(N+UAAfhdmw%%ﬂ%szAAPM%w%%ﬂ%w
+ (F(L1) + F(zny1,yn+1)

— F(znt1,1) = F(1,yn+1))-
Summing up
F(1,1) = 1.(F(1,1) = F(zn+1,1)) = 1L.(F(1,1) = F(1,yn+1))
+ (F(L1D) + Flzyi1,yn+1) — Flen,1) = F(Lyn 1)) = F(zn 41,8 41)
we have that (73)) valid also for N + 1. O
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4. The multidimensional d.f.s

DEFINITION 7. An s-dimensional function g : [0,1]* — [0, 1] is d.f. if

(i) 9(1) =1,

(ii) g(0) =0, and also g(x) = 0 for every x with a vanishing coordinate,

(iii) g(x) is non—decreasing, i.e.,
2 2
D=3 B gl ) 20
e1=1 es=1

for every interval
J= [xgl),xgl)] X [xgz),xgz)} NERE [acg ),xé )] c [0,1]°.
(iv) For every I =1,2,...,s — 1 the [-dimensional marginal d.f.
gL, . a1, a1 oo 1w, 1o, 1)

of g in variables
(.’L'il,.’ljiw ey .’L’il) S (0, 1)l, is d.f.

Let
x = (21,...,%s), x; €10,1), i=1,...,8
and
Xp=(Tn1,...,%n;s) € R®, n=12...
e Define the s—dimensional step d.f. Fi(x) of the sequence x,, as
(i) Fn(x) = y#{n < Ni{waa} € [0,21),... {ans} €[0,25)},

x) = 0 for every x having a vanishing coordinate,

Fi(
Fn(1) =
Fi (1,

of x, forl =1,2,...,s

Then
e If f:]0,1]° — R is continuous, again
N
1
— f(x, mod 1) = f(x)dFn(x).
N nz::l 0.1)°

190

oo o, oo Ly, 1o Lo, 1o 1) = En(a,, @iy, - - -
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The s—dimensional d.f. g(x) is a d.f. of the sequence x,, mod 1 if
(i) g(x) = limg_oo Fy,(x) for all continuity points x € (0,1)° of g
(the so-called weak limit) and,
(i) g(1,..., 1,2, 1,0 L ag,, 1,00 Loy, 10 1) =
hmk_mo FNk (.’I}il y Loy ey .%'Z‘L)
weakly over (0,1)! and every I-dimensional marginal sequence of x,
forl =1,2,...,s—1, and for a suitable sequence of indices N1 < Ny < ...
e The Second Helly theorem shows that the weak limit]] Fy, (x) — g(x) implies
[ rdr e = [ pedeto
[0,1]¢ [0,1]¢
for every continuous f : [0,1]* — R.
e (G(x, mod 1) is the set of all d.f.s of x,, mod 1.

THEOREM 11. G(x, mod 1) is again a non—empty, closed and connected set,
and either it is a singleton or it has infinitely many elements.

Proof can be found in R. Winkler (1997) (cf. [41, p.1-9]). Note that the
connection is in the weak topology on which is metrizable by the metric

d(g1,92) = </01 (91(x) — 92(X))2 dX> -

4.1. Shuffles of M

DEFINITION 8. Let I;, i = 1,2,...,n be a decomposition of the unit interval
[0, 1], let 7 be a permutation of (1,2,...,n), and let T : [0, 1] — [0, 1] be an one-
-to-one map whose graph T' is formed by diagonals or anti-diagonals of squares
I; x Iy, i =1,2,...,n. Then the copula C(x,y) defined by

C(z,y) = ‘Projectx (([O,x) x [0,4)) ﬂT)‘ (75)
is called the shuffle of M.
Note that if z,, n = 1,2,..., is an u.d. sequence, then two-dimensional

sequence (z,T(z,)) has a.d.f C(z,y) and thus for every continuous F(z,y)

we have /Ol/olF(x,y) dC(zx,y) = /OIF(JE,T(JU)) dz. (76)

For example (28)), (30), (I4)) are shuffles of M.

4it means that (i) and (ii) above are fulfilled
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M. Hofer and M. R. Taco [13] proved:
THEOREM 12.

— Let (aij), i,j=1,2,...,n be a real-valued n x n matriz.
— Let I; j = [%,%] X [%,ﬂ, i,7=1,2,...,n and

— let the piecewise constant function F(x,y) be defined as

F(.’If,y) :ai,j Zf (xvy) €I7l,j7i7j: 1,2,...,TL

Then
)d, d .
BT N LT IR EE SR
Here 7* (i) mazimizes Y ;| a; x(;), where w is a permutation of (1,2,...,n).

The mazimum in (1) is attained at g(z,y) = C(x,y), where C(x,y) is
the shuffle of M whose graph T is formed by diagonals or anti-diagonals in

Ii,ﬂ*(i)? 7;:1’27...771

Proof.

a) Let Ckx(z,y), k = 1,2,...,n! = N be all copulas defined by shuffles of M
and t; > 0, ZIICV:1 ty = 1. Then C(x,y) = ZIICV:1 t,Ck(x,y) is a copula and
satisfies

1
/[0 2 f(‘ray) dC(ZE,y) < E Zai,ﬂ*(i)~

=1

b) To every copula C(z,y) we add the matrix

C(i,7) = n/l 1.dC(z,y).

i
Then C(i,j) is a doubly-stochastic and Cy(i,j) is a permutation matrix.
By Birkhoff theorem (see [7]) the set of doubly-stochastic matrices is
identical with the convex hull of the set of permutation matrices.

Thus there exists N
ti > 0, Ztk =1

such that
C(i,j) = Ztka i,j) for every 1,7,

1
am Ztk a; jCr(i, ),
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and thus

fufeicten=Sou [, siemiciie

0,1]2

1 n
< E ; aim*(i). O

Applying Theorem [[2 M. Hofer and M. R. Taco (2014) [13] approximate ex-
tremes of f01 folF(x, y) dg(x,y) which respect to copulas g(z,y) by the following.

THEOREM 13. For a continuous F(z,y) on [0,1]? define piecewise constant
functions Fy(z,y), Fa(x,y) as

Fi(z,y) _(ufgg} F(u,v) if (z,y) €L ;,i,7=1,2,...,n,

Fg(x,y)—(urgl)zg F(u,v) if (z,y) € L ;,i,7=1,2,...,n,

where .
1 SR
w252

n n n n

Let Co(z,y),Cy(x,y), Co(x,y) be copulas such that:
— Ci(w,y) mazimize [, [, Fi(x,y)dg(z,y),

— Cy(x,y) mazimize f01f01F2(x,y) dg(z,y) and

— Colx,y) magimize [ [ F(x,y)dg(x,y)

over all copulas g(x,y). Then

1 1

/ / Fz,y) dCo(x, )

0

= hm//leydClxy)
n—r 00

— lim / / Fy(z, ) dCa(z, y).

4.2. Uniform distribution preserving map (u.d.p.)

In p. 7,(IX) we have constructed copulas by using measure preserving func-
tions. In the following to construct copulas we use simply measure preserving
function that is Jordan measure preserving functions.
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The map w : [0,1] — [0,1] is called uniform distribution preserving (abbre-
viated u.d.p.) if for any u.d. sequence z,, n = 1,2,..., in [0,1] the sequence
u(zy) is also u.d. By following (vii) u.d.p. transformations are Jordan measure
preserving and then we can also construct the copula (@), p.[I55

e po(@y) = |70, 2] 0 f5[0,9]] for wdep. fi, fo
In this u.d.p. theory we register the following properties:

A Riemann integrable function w : [0,1] — [0,1] is a u.d.p. transformation if
and only if one of the following conditions is satisfied:

(i) fo x)der = fo h(u(z)) dz for every continuous h : [0,1] — R.
(ii) fo( ) dz = 477 for every k= 1,2,..

(iii) fo e?miku(@) dg = 0 for every k = +1,42, ...

(iv) There exists an increasing sequence of positive integers Nj such that
TN,k =1,2,... is u.d sequence. Such sequence x,,n = 1,2,... is called
almost u.d. sequence.

(v) There exists an almost u.d. sequence z,, in [0,1) such that the sequence
u(zy,) — x, converges to a finite limit.

(vi) There exists at least one z € [0, 1] of which orbit z,u(z),u(u(z)),... is
almost u.d.

(vii) u is measurable in the Jordan sense and |u~!(I)| = |I| for every subinterval
IcCo,1].

(viii) [} u(z)dz = [ zdz =1,
fO( ) dx_fo 2dl‘——’
Jo Jo Tu(@) = u(y)| dedy = [) [ |z — y|dovdy = L.

From the other properties of u.d.p. transformations let us mention:

(ix) Let uy,ug be u.d.p. transformations and « a real number. Then us (u2()),
1 —uy(z) and ug(z) + @ mod 1 are again u.d.p. transformations.

(x) Let u, be a sequence of u.d.p. transformations uniformly converging to u.
Then w is u.d.p.

(xi) Let w : [0,1] — [0, 1] be piecewise differentiable. Then w is u.d.p. if and
only if eru—l(y) m =1 for all but a finite number of points y € [0, 1].
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(xii) A piecewise linear transformation w : [0, 1] — [0, 1] is u.d.p. if and only if

|Jil = [Lj1] + -+ |Ljn;|  forevery J; = (yj-1,Y)),
where

O=ygo <y < <Yn=1

is the sequence of coordinates of the ends of line segment components
of the graph of uw and u™'(J;) = I;1 U--- U, .

(xiii) U.d.p. function f : [0,1] — [0,1] is equal f(z) = z or f(z) = 1 — =z,
if some of the following properties hold:
— f is monotone;
— [ has a derivative in every point of the interval (0, 1);
— f has a Darboux property;
— f is continuous and either f(x) < z for every x € [0,1], or f(z) > 1—=x
for every x € [0, 1].

(xiv) u(z) is u.d.p. if and only if

where /01 /OlF (u(2), u(y)) dzdy =0,

F(z,y) = (1/2)(|z = uy)| + [y — u(z)| = |z —y| = Ju(z) — u(y))).

(xv) If ui(x),...,us(x) are u.d.p. transformations and f(z1,...,zs) is contin-
uous, then again

1
/Of(m(ih),-.-,us(:cs)) dzy ... dz, =
1
/f(ﬁ,-..,ms)dxl... dx,.
0

The problem to find all continuous u.d.p. is formulated in Ja.-I. Rivkid
(1973) [24]. The results (i)-(vii), (ix)-(xiii) are proved in S. Porubsky, T. Saldt
and O. Strauch (1988) [23]. The criterion (viii) and (xiii) are given in O. Strauch
(1999, p. 116,67) [33]. R.F. Tichy and R. Winkler (1991) [40] gave a generaliza-
tion for compact metric spaces. Some related results can be found in: M. Pastéka
(1987) 1], Y. Sun (1993) [38], and (1995) [39], P. Schatte (1993) [25],
S.H. Molnér (1994) [I7] and J. Schmeling and R. Winkler (1995) [26].
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4.3. Multidimensional u.d.p. map

® : [0,1]° — [0,1]% is called uniform distribution preserving (u.d.p.) map
if for every uniformly distributed (u.d.) sequence x,, n = 1,2,..., the image
®(x,,) is again u.d. For one-dimensional case basic properties of u.d.p. maps can

be found in [32] and [36, 2.5.1].
For example, if ®(z), ¥(x) are u.d.p. transformation and « a real number,
then ¥ (®(x)), 1 — ®(z), ®(x) + o mod 1 are also u.d.p
For multi-dimensional case we have only known the following u.d.p.:
(i) &(x) =x@ o;
(i) ®(x) = (®1(z1),...,Ps(xs)), where ®,(z) are one-dimensional u.d.p.
maps, especially
(iii) ®(x) =b*x mod 1 = (b{'z1,...,b¢xs) mod 1;
(iv) ®(x) =x+omod 1= (r1+o01,...,25+ 05) mod 1;
(v) ®(x) = (Ax)T mod 1, where A is an s X s non-singular integer matrix,
cf. S. Steinerberger [28, Th.2];
vi) ®(x) = 7m(x), where 7(x) = (Tx(1), .- -, Tr(n)) IS @ permutation.
(1) (n)
(vii) The function u(z,y) = y.
We have the following main criterion.

THEOREM 14. A map ®(x) is u.d.p. if and only if for every continuous
f:[0,1]*=R we have

| seeyax= [ e (78)
[0,1]° [0,1)°

In [4] is used a map ¥(x, o) : [0,1]2% — [0,1]® which is u.d.p. which respect
to x and o, simultaneously. We know such maps only in the form ®(x @ o)
and ®(x + o mod 1), where ® : [0,1]® — [0,1]® is an arbitrary u.d.p. map.
Let us remember the following definitions:

e r =%+ 7 4 ... is a b-adic representation of x € [0,1), and
o 0=+ +..., then

¢z o= zo+0og b(mod b) + x1+01bgmod b) +...,

e XxX® o= (21D, 22D 09,...,05D0g).
° {X+U}:({1‘1+O’1},{x2+0'2},...,{1‘3—l—O’S}),

e 0;,i=0,1,...,1is a u.d. sequence in [0,1)?,
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® gm.n(x,y) is the asymptotic distribution function (a.d.f.) of the sequence

(Xm @ 04, %, Do), i=0,1,2,...,

e also the same notation g,, »(x,y) is used for a.d.f. of the sequence

{xm + o}, {xn+0oi}), i=0,1,2,...

e We distinguish ¢y, ,(x,y) depending on whether

U(x,0)=P(xP o)
U(x,0)=?({x+0}).

e Note that

Imn(x,1) =x and  gna(ly) =Yy,

and thus g,, ,(x,y) is a copula, see Definition 6] p.[I50

Between u.d.p. maps and copulas we have

THEOREM 15. Let f; : [0,1] — [0,1], 4 =1,2,...s are u.d.p. maps, then

91, Y2, - - -5 Ys)
= |f1_1([0>y1)) mf2_1([03y2)) ﬂ-~-ﬂfs_1([0,ys))]. (79)

is s-dimensional copula in G 1.
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