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A NOTE ON WELL DISTRIBUTED SEQUENCES

NIKOLAY MOSHCHEVITIN

National Research University Higher School of Economics, Moscow, RUSSIA

ABSTRACT. We prove an easy statement about inhomogeneous approximation
for non-singular vectors in metric theory of Diophantine approximation.

Communicated by Alexey Ustinov

1. Well distributed sequences

Let
fk = (él,k’a i 'afﬂ,k)a k=1,2,3,... (1)

be an infinite sequence of points in the unit cube [0,1)". For
n= (771’~-~>77n) € [Oal)n

we consider boxes of the form

C C
BC,q("'l): |:7]17771+m> X oo X {T}n,nn—FW) C [0,1)”. (2)
We define sequence () to be well distributed if there exists a positive constant C
and infinitely many positive integers ¢ such that for any box of the form (2]) there
exists a positive integer k < ¢ with

gk S BC’,q("])' (3)
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Chebyshev showed that for any irrational « there exists infinitely many positive
integers ¢ such that for any n € [0,1) there exists positive integer k < ¢ such
that 3

[kor = nl| <

This means that the sequence !

{ka}, k=1,2,3,... (4)
is well distributed. Generalising a result by Chebyshev, Khintchine [8] proved
that the Kronecker sequence

& = ({kar}, ... {kan}), k=1,2,3,...; a1,...,a, €R (5)

is well distributed if and only if vector @ = (a1,...,a,) € R™ is non-singular.
For the sake of completeness in the next section, we formulate this result as it is
given in Cassels’ book [2]. Certain discussion about different formulations of this
result one can find in [7]. Here we would like to add that Khintchine’s result is
valid not only for the Kronecker sequence but for general systems of n linear
forms in m variables.

2. Khintchine’s criterium

Consider irrationality measure function

Valt) = min_ max [lgoll, [[-[[=min]|- —al.

By Dirichlet theorem

Vector a € R™ is called non-singular if

lim sup £/ ™) (t) > 0.

t—o0

Theorem XIII from [2] (to be more precise formula (4) from the proof of The-
orem XII which is based on Theorem VI) together with transference theorem
for singular vectors (Theorem XII) states that a is non-singular if and only if

35 >0 and I infinitely many g € Z, such thatVn = (n,...,n,) € R"

JkeZ,: k<gq, 1I§Ja<><n||k04j*ﬁj||§_q1/n'

The last statement means that for C' = 26 in any box of the form (2]) there exists
a point of the sequence ({) with k < g.
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3. General statement

In this short communication we prove the following result.

THEOREM 3.1. Let sequence (Il) be well distributed. Then for almost all

Nn=(m,...,0n) €[0,1)" in the sense of Lebesque measure in [0,1)" one has
lim inf k1/™ e —mn5i|l = 0.
im in max &5 =l

REMARK 1. For the special case of sequence (@) this result coincide with
a statement from [4], which was proved there by means of Ostrowski numeri-
cal systems. Multidimensional results which generalise one-dimensional theorem
from [4] and deal with systems of n linear forms in m variables were obtained
in [5]. The results from [5] deal with a setting in terms of Dynamical systems
on space of lattices. Our definition of well distribution is close to the definition
of local ubiquity from [3]. Another proof of a statement similar to our Theo-
rem [3.1] can be deduced from Lemma 1 from [I].

Proof of Theorem [B We take positive reals
b, <1, lim v, =0
V—00

such that the series > °° ¢! diverges and small ¢ > 0. Below p(-) stands
for the Lebesgue measure.

By the conditions of Theorem [B.I] there exists C' > 0 and arbitrary large
integers ¢ such that in any box of the form (2]) there exists a point of the
sequence ([Il) with & < g. We cover the cube [0,1)" by

1/n

_lq
W_{C

—‘ boxes Be 4(1i,.....i,,) of the form (2))

_(iCinC
")il,...,in - WV'WW )

with

ql/n n
0< ity . in < :
= 01 n ’V C -‘
Uyeeeyin €L
. . . /m n
which do not intersect by inner points. At least of W’ = (PIC w - 1) of these

boxes lies inside the cube [0,1)™ By well approximability, in each of these last
boxes there is a point of the form () with

1<k<gq.
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For positive 1 < 1 we take ¢’ boxes of the form

Cy Cy
§1k — W’ §1,k + 1/n] X
Cy Cy
X [gn,klmagn,kl‘I‘ql/n ; 1<i<{

with the centres at certain points €x,, 1 < k; < ¢ which belong to boxes
BeoMiy...i,) with i1 =---=i, =1 (mod 3). (6)
In each of such boxes B¢ (1, .....i,) we take just one point &,. Then
LNl =g, 1#£1, and qJd =cq.

Now from these integers ¢, ¢’ we construct sequences ¢, and ¢, by an inductive
procedure. As ¢q; we take an integer ¢ from the definition of the well distribution.
It correspond to a certain ¢} and can be chosen to be arbitrary large.

Now we suppose that the numbers ¢, ..., q, satisfying the definition of the
well approximability are defined as well as the numbers ¢, ..., ¢, satisfying

@, =c Q- (7)
and the boxes

Cy, Cy,
Li(v) = lfl,k;f ffna §1,kr + qun] X e
qu q
Cy, Cy,
gn,kz’ ;i)n; gnk + ;ﬁ)n ) 1 < l < Q;n
qu qv
where
1<k <gq
and B )
Il(lj)m[l/(l/)—g, l;él (8)

We can chose ¢ = g, 41 from the definition of well aproximabolity large enough
to satisfy

Hro1<r<q, Lir+)NLA) # 2} < (L +e)u(li(N)dn (9)

for every box
(A, 1<1<¢\,1<A<v

which appeared during the previous steps A < v. This is possible by the defini-
tion of well approximability because the number of boxes of the form (@)
with ¢ = ¢,+1 which intersect given box I;(\) is

~u(L(N)g,4  when g =g — 0.
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Now we define the union )
9,
B, =Jnw).
=1
First of all by () and (8) we see that

wEy) =Y u(liwv) >c ¥y,
and so Ool
> u(E,) = . (10)
Then for A < v by (@) we have -
n(ExNEy) < (1+e)u(Ex)u(Ey). (11)

A famous lemma from metric theory of Diophantine approximation (see [6]
Lemma 5, §3, Ch. 1]) shows that the measure of the set

E = {n: 3 infinitely many v such that n € E,}

(Ch1n(B))’ 1

> limsup —; > )
t—00 Z)\J/:l M(EAQEV) 1+¢€

is

by ([I0) and (II). As ¢ is arbitrary, Theorem [31]is proven. O
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