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ABSTRACT. In this paper, we study an efficient algorithm for constructing
point sets underlying quasi-Monte Carlo integration rules for weighted Korobov
classes. The algorithm presented is a reduced fast component-by-component
digit-by-digit (CBC-DBD) algorithm, which is useful for situations where the
weights in the function space show a sufficiently fast decay. The advantage of the
algorithm presented here is that the computational effort can be independent
of the dimension of the integration problem to be treated if suitable assumptions
on the integrand are met. By considering a reduced digit-by-digit construction,
we allow an integration algorithm to be less precise with respect to the number
of bits in those components of the problem that are considered less important.
The new reduced CBC-DBD algorithm is designed to work for the construction
of lattice point sets, and the corresponding integration rules (so-called lattice
rules) can be used to treat functions in different kinds of function spaces. We show
that the integration rules constructed by our algorithm satisfy error bounds
of almost optimal convergence order. Furthermore, we give details on an effi-
cient implementation such that we obtain a considerable speed-up of a previously
known CBC-DBD algorithm that has been studied in the paper Digit-by-digit and
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component-by-component constructions of lattice rules for periodic func-
tions with unknown smoothness by Ebert, Kritzer, Nuyens, and Osisiogu,
published in the Journal of Complexity in 2021. This improvement is
illustrated by numerical results.

Communicated by Josef Dick

1. Introduction

In this paper we study numerical integration of functions defined over the
d-dimensional unit cube. For an integrable function f : [0,1)? — R, we denote

the integral of f by
()= [ fe)de.
[0,1]¢

and we study the efficient construction of high-dimensional gquadrature rules
of the form

Qv @) = 2 S San)
k=0

for numerically approximating I;. We assume that the integrand f lies in a Ba-
nach space (F, ||| ), and that the integration nodes xo, ...,zy_1 € [0,1)¢ are
to be chosen deterministically. Here Qy is called a quasi-Monte Carlo (QMC)
rule, which is a special case of an equal-weight integration rule. One way to mea-
sure the quality of a QMC integration rule @y is to consider the worst-case error
in the unit ball of the space (F, ||| ), i.e.,

ena(@v, F) = sup - [La(f) = @u(f. (@)il)]-
I fll=<1
In general, it is highly non-trivial to choose the set of integration nodes such that
the resulting rule has a low worst-case error. There are two main types of QMC
point sets P = {xg,®1,...,xN_1}, namely lattice point sets and digital nets.
In this paper we consider lattice point sets, which are obtained by considering
discrete subsets of R? that are closed under both addition and subtraction and
contain Z% as a subset; by intersecting such a discrete set with the d-dimensional
unit cube [0, 1)¢, we then obtain a lattice point set. We are interested in a special
kind of lattice point sets that is essentially based on one generating vector z.
These lattice point sets were first introduced by Korobov [14] and independently
by Hlawka [12] and are among the most prominently studied QMC point sets to
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approximate multivariate integrals (see standard textbooks such as [B[T3,20123],
and also [6]). For a natural number N € N and an integer generating vector
z€{1,2,...,N —1}% a point set with points of the form

k kzq kzq d
= = = —— P, —— 1 f =0,1,...,N—1
Lk {Nz} <{ N }7 7{ N }) € [07 ) ) or k 07 ) ) )

is called a rank-1 lattice point set, which we shall sometimes denote by P(z, N).
For vectors & € R? we apply {-} component-wise, where {z} = 2 — || denotes
the fractional part of x. A QMC rule using such a point set as integration nodes
is called a (rank-1) lattice rule with generating vector z. We remark that, given
N and d, a rank-1 lattice rule is completely determined by the choice of the
generating vector

z=(21,...,24) € Z%, where we write Zy :={0,...,N —1}.

However, it should be obvious that not every choice of a generating vector z also
yields a rank-1 lattice rule with good quality for approximating the integral, and
it is usually necessary to tailor the choice of the integration nodes to the function
space F under consideration. For lattice rules we consider certain Banach spaces
which are based on assuming sufficient decay of the Fourier coefficients of their
elements to guarantee certain smoothness properties. These spaces are called
weighted Korobov classes, which we will denote by Efl“’,y, where d denotes the
number of variables the functions depend on, o > 1 is a real number frequently
referred to as the smoothness parameter, and v = (7;);>1 is a sequence of strictly
positive reals, which model the importance of different coordinates. The idea
of these additional parameters «y;, which we refer to as weights in the definition
of the function spaces under consideration, goes back to Sloan and Wozniakowski
[24], see also [10,25], and this will be made more precise by incorporating the
weights in the norm of the space Eg . in Section Bl If we denote the variables
in the integration problem by & = (z1,...,24), a small value of ; corresponds
to a low influence of the variable z;, while a large v; means high influence of x;.
Regarding the role of these weights in integration problems, we favor a situation
in which the weights decay sufficiently fast for coordinates with increasing indices,
which helps in vanquishing the curse of dimensionality that is inherent to many
high-dimensional problems. Indeed, under certain summability conditions on the
weights, it is even possible to obtain bounds on the integration error that do not
depend on the dimension of the problem at all. Such a situation is called strong
polynomial tractability, see, e.g., [21], for a general reference.

Regarding the construction of generating vectors, for dimensions d < 2 explicit
constructions of good generating vectors are available, see, e.g., [20,23], but
there are no explicit constructions of good generating vectors known for d > 2;
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how to find a generating vector z that guarantees a low worst-case error of in-
tegration in a given function space is a crucial question regarding rank-1 lattice
rules. One way to find good generating vectors is the component-by-component
(CBC) construction, which is based on a greedy algorithm choosing one com-
ponent of the generating vector at a time. It was shown in [19] for prime N
(see also [2] for the case of composite N) that it is possible to find generating
vectors yielding essentially optimal results for certain spaces of d-variate func-
tions by the CBC construction. Furthermore, it was shown in [22] that a fast
CBC construction can reduce the computational cost of these algorithms to only
O(dN log N), by making use of a clever ordering of the points of a rank-1 lattice,
and the Fast Fourier Transform.

In the paper [4] the weights v = (7;);>1 in a given function space were incor-
porated in the definition of the search spaces in the CBC construction of lattice
rules. To be more precise, depending on the weight v;, j € N, the search space
for the jth component z; of the generating vector z can be shrinked as compared
to the usual CBC construction, and this reduction is the motivation for the modi-
fied CBC algorithm to be called the “reduced” CBC construction. Under suitable
assumptions on the integrands considered, it was shown in [4] that the lattice
point sets obtained by the reduced CBC construction can still yield excellent re-
sults when used as integration nodes in a QMC rule, while the construction cost
can be made independent of the dimension d of the integration problem. It was
also shown in [4] that the fast CBC construction principle of Nuyens and Cools,
which was mentioned above, can be adapted to the reduced CBC construction.

A different construction algorithm for generating vectors of good lattice rules
inspired by articles of Korobov (see [15] and [16], and [I7] for an English trans-
lation) was dealt with in the recent paper [8], where a so-called component-by-
-component digit-by-digit (CBC-DBD) algorithm was presented. In this approach,
one constructs the generating vector z in a component-by-component (CBC)
fashion, in which each component z; is assembled digit-by-digit (DBD). That
is, for a number N = 2™ of points we greedily construct the components z;
bit-by-bit starting from the least significant bit. It was shown that the rules con-
structed by the CBC-DBD algorithm yield a convergence rate that is arbitrarily
close to the optimal rate. It is also possible to have a fast implementation of the
CBC-DBD algorithm which has a computational cost of O(dN log N), and also
numerical results on the performance of the CBC-DBD algorithm are presented
in [8]. We remark that the error analysis for the CBC-DBD algorithm is such that
no prior knowledge of the smoothness parameter « is required to construct the
generating vector. The resulting generating vector will still deliver the near op-
timal rate of convergence, for arbitrary smoothness parameters o > 1, and this
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result can be stated independently of the dimension, assuming that the weights
satisfy certain summability conditions.

In the present paper, we would like to study a combination of the reduced CBC
algorithm from [4] and the CBC-DBD construction algorithm approach from [g],
and present a reduced (fast) CBC-DBD algorithm for generating vectors of good
lattice rules with a large number of lattice points in high dimensions, assuming
sufficiently fast decaying weights. This new algorithm will work by constructing
the generating vector z in a component-by-component (CBC) fashion in which
each component z; is assembled digit-by-digit (DBD). However, the search space
for each component will be reduced in comparison to what is shown in [8], thus
speeding up the construction method. Our new method is a natural extension
of the aforementioned papers, as it corresponds to allowing less digit precision in
representing those components of the integration rule that are modeled as less
important than others. Hence, the combination of the reduced CBC construction
and the CBC-DBD is intuitively obvious. We will show that for suitable choices
of weights the construction cost of the reduced fast CBC-DBD algorithm can be
made independent of the dimension. The main aim of this paper is to show that
one can reduce the construction cost of the lattice rule by making the search
space for later components smaller than the earlier ones, while still achieving
(strong) polynomial tractability. We present our method for the case of product
weights, and also the non-reduced CBC-DBD construction in [§] was originally
presented for this case, due to technical limitations. In the mean time, however, it
has been shown in the paper [I8] that the non-reduced CBC-DBD construction
can also be used for more general classes of weights, including POD weights.
We assume that a similar generalization of the reduced CBC-DBD construction
would be technically challenging, and leave this problem open for future research.

The structure of this paper is as follows. In the subsequent section (Section[2),
we outline the general setting, and then our construction algorithm as well as
the main result are stated and proved in Section [3l Section M contains remarks
on how to efficiently implement our newly found algorithm and some numerical
results.

Regarding notation, let N := {1,2,...} be the set of natural numbers,
let Ng := {0,1,2,...}, and let Z be the set of integers. Additionally, let the
set of non-zero integers be denoted by Z, := Z \ {0}. For sets of components we
use fraktur font, e.g., u C N. To denote the projection of a vector & € [0,1)¢ or
£ € 7% to the components in a set u C [d] := {1,...,d}, we write

Ty = (z)jen Or Ly = (4)jeu;
respectively.
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2. Setting and overview

We consider one-periodic real-valued Ly functions defined on [0,1]¢ with ab-
solutely convergent Fourier series

= F(p) e2mit ith Fp) = —2ritw 4
S f)e with  f(¢) /[wa(w)e z,

Lez

where f(€) are the Fourier coefficients of f and

d
0ow= by = by e+ Lag
j=1
is the vector dot product.

It is known that rank-1 lattice point sets, as introduced in Section [II have
a property commonly referred to as the character property. Indeed, for a rank-1
lattice point set with generating vector z € Z%, it is true that

N-1 )
Z oritezm kN _ )1 ifL-2=0 (mod N),
N 0 otherwise.

We introduce the dual of a rank-1 lattice, which is of great importance in rep-
resenting the error of approximating an integral by a lattice rule Q.

DEFINITION 2.1 (Dual lattice). Let N > 2 be the number of points and let
z € {1,..., N—1}? be the generating vector of a rank-1 lattice point set P(z, N).
The dual lattice AT (2, N) of a rank-1 lattice P(z, N) is given by

D=A"(2,N):={£cZ? | £-2=0 (mod N)}.
For a non-empty set u C [d], we can further define
Dy = Du(zy) 1= {£y € Z" | £, - 2, = 0 (mod N)}.

Then, to obtain the integration error for a given function f in terms of its
Fourier coefficients, we interchange the order of summation and use the character
property of the lattice points, and get

Qn(fiz)—L(f) = D f© H . ezwiw-z)k/zv}

0474 k=0
- X fo- Y i)
0474 0#££L€74

£:z=0 (mod N)
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where, for a € Z,

N—1 .
1 . 1 ifa=0(modN)
5 — eZ7r1ak/N _ )
n(a) N kZ:o 0 otherwise.

For a vector £ € Z%, smoothness parameter o > 1, and strictly positive weights

Y= (ij)jZla we define
ran@) = T[ 6", (1)

Jj€supp(¥£)
where supp(£) := {j € [d] : {; # 0} is the support of £. As usual, we define the
empty product as one such that r, ~(0) = 1. Formally, we will also use a function
71,4 below, which is obtained by replacing a by 1 in ().
We then define our function space E7, of one-periodic real-valued Ly func-
tions defined on [0, 1]¢ with absolutely convergent Fourier series. The norm in this
space is given as

I£ll5 . == sup [£(£)|ra~(8),
Lezd

and for @ > 1, dimension d € N, and positive weight sequence v = (v;);>1,
our weighted function space is

E;“ﬁ = {f € L2([0, 1]d); |\f|\E3ﬂ < oo}. (2)

It is known (see, for example, [5]) that the worst-case error of an N-point rank-1
lattice rule generated by z € Z% in the space EY ~ 1s given by

evaan(z)= Y rly = Y W) (3)

0#£L€D 0+££€74 Tay(£)

We remark that the worst-case error (3] is sometimes referred to as P, in the
literature on lattice rules. As pointed out above, it is the main goal of the present
paper to state a new effective construction method for good instances of z such
that en q,q,~(2) is reasonably small.

It is well known, see, e.g., [23], that the optimal convergence rate of the
worst-case integration error in the space Eg . is of order O(N ™). Furthermore,
we would like to remark that in the literature on lattice rules often a slightly
different, but related, function space than Eiv is studied. Indeed, by modifying
the norm in the space to (3 ,czq |F(€)[? ra,y(ﬁ))l/Z
kernel Hilbert space, which is often referred to as “Korobov space”. It is known
(see, e.g., [6]) that the worst-case error in that space corresponds to the square
root of the worst-case error in E , and so all results shown in the present paper
can directly be carried over to related results for the Korobov space. Note also

, one obtains a reproducing
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that, by using embedding results, any results on the error in £ immediately
yield results on the worst-case error of “tent-transformed” lattice rules in certain
Sobolev spaces of functions whose mixed partial derivatives of order 1 and 2
in each variable are square integrable (with & = 2 and a = 4 in our notation,
respectively), see [ILBLTQ] for further details.

2.1. The quality criterion used in this paper

In this section and the following we shall always assume that the number N
of points equals 2", where m € N. Furthermore, we assume that we are given a
sequence of non-negative integers (w;),>1 ordered in a non-decreasing fashion, to
be more precise, wi, ws, ... € Ng with 0 = wy < wp < ---, and we put Y; := 2%
for j € [d]. The numbers w; for j > 1 are also called reduction indices, as they
will help to reduce the computational cost of the CBC-DBD algorithm studied
in this paper. In what follows, we set d* as the largest j such that w; < m, i.e.,
d* := max{j € N : w; < m}. Moreover, we will usually (unless stated other-
wise) assume that the generating vector z of a lattice rule under consideration
takes the form z = (Yy21,...,Yazq) € Z4, where z; € {1,3,5,...,2m % — 1}
for j € [d*], and z; is odd if j > d* (in fact, we will often choose z; = 1 for
J > d*, but any choice of odd numbers z; for those j would yield the same results
for our lattices rules).

We define the following quality measure 7, (N, z,w) for N € N and

wz(wh--.,wd)ENgwithO:wl§w2§...’by
on(€-
T(Nzw) = Y on(e-2) n
1,~(£)
0ALEMN gw

where the set My g4, is defined as follows. Let
My ja, = {—(2mexOm=wi) _q)  jgmax(Om=w;) _ 1} for j € [d].
Furthermore, we write

M — ({7(2maX(07m—wa‘) —1),...,2maxOm=w;) _ g3\ {0}).

N,j,w;

Note that M3

Nojaw; = () for j7 > d*. Furthermore, let

My dgw=MN1w X X MNdgw,,
and
* o * *
MN,d,w — MN,l,”Ll)l X oo X MN,d,'wd'

Then, for 0 # u C [d], by My |uj,w, and My we denote the projections

N, |ul,w,’
of Mn,4w and MY ,;,, onto the components with indices in u, respectively.
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Likewise we define the auxiliary quantity

To~(N,z,w) = Z M

OALEMN 4, w Toy (e)

Let us denote the Riemann zeta function by ((a) = > 07, n~ for a > 1.
Moreover, we write, for a non-empty set u C [d],

Yu = H’Yg,
JEuU
and we put vy = 1.

The following proposition shows that we can use T, (N, z, w) as a suitable
approximation to the worst-case error of a rank-1 lattice rule.

PROPOSITION 2.2. Let N = 2™, let v = (7j)j>1 be a sequence of positive

weights, let z = (Y121, ..., Yqza) € Z¢, and let w = (w;);>1 be a sequence in Ny,

with 0 = wy < wg < ---. Furthermore, assume that all z;, j € [d], are odd, and

that z; € {1,3,5,...,2"~% — 1} for j € [d*]. Then, for > 1, we have that
(51\7(@ . 2:)

endan~(2) = Tay(N,z,w) = — )
0£L€72 Y

0£LEMN 4. Tary(€)

4¢ ()
3 (4¢(a))

u 9amax(0,m—maxjecu w;)

IN

D#uCld]

Proof. We can rewrite the difference ey g,0,~(2) — Ta~(V, 2, w) as

Z Z 5N(£u ’ Zu) - Z 5N<£u . Zu)
0#uCld] e (£u) L EM? Ty, (Bu) |7
=\l CEMN
motivating us to define, for u = 0, u C [d],

Tu,wu — Z 5N(£u : zu) _ Z 5N(£u : zu)

p) EZ‘“I Tay'}’u (Eu) L EM* Tay'}’u (£u> '

N, ul,wy

In the following we distinguish two cases for ) # u C [d], depending on
whether |u| =1 or not.

105



PETER KRITZER—ONYEKACHI OSISIOGU
CASE 1. Suppose that |u| =1, i.e., u= {j} for some j € [d]. Then we have

on(4;Yj25) 3 on(¢;Y)2;)

Tyw, = T
) Jhw;
! ! Tavey (gj) - Ty (gj)
= j GEM, iy j
I bwj

_ 3 On(4Y525)

= Vi o
|€j‘22n1ax(0,m—wj) |€]|
> 1
273— ; (tQmax(O,m—wj))oc

2¢(e)

9a max(0,m—w;) Js

()

which follows from the fact that if ¢;Y;z; = 0 (mod N), this is equivalent to
£, =0 (mod 2m<(Om=,)).

CASE 2. For u # 0, u C [d] with |u| > 1, and ¢ € u, we write, for short,
L\ {i}> Zu\ {3} € ZI*1=1 to denote the projections of £ and z, respectively, onto
those components with indices in u \ {i}.

In this case, we estimate

Tow, <Y, Y. 3 On(liYizi + ugiy - 2 iy)

Z\*U\*l ‘gi‘z2max(0,7n—wi) Tay'Vu (eu)

i€Eu eu\{i}e
For i € u and £, (5} € Zl*u‘_l, we write b := £\ (4} - Zu\{i}, and consider the
expression

(SN(&Y;Zz + b) (SN(&Y;Zl + b)
Y N 7 s RV
Z T(X7’YU (£u> : Z HJEU. |£]‘

wi‘zzmax(l’),m.fwi) ‘eilzzmax(o,'rnfwi)

- On(;Yizi + b)

Cafmee| oy et

]iu |Z’i|22max(0,m.7wi) ‘£1|

j#i

0o (t+1)2max(0,7n7w,i)_1

= —a IN(liYizi +b)  Sn(;Yiz; —b)
= Yu H MJ‘ Z - + i

JEuU t=1 p —pomax(0,m—w;) ‘£7‘| ‘El‘

J#i o
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[ee]

Ca 1
< H MJ‘ Z (t2max(0,m—w¢))0é
jEu t=1
J#i
(t+1)2max(0,7n7w,i)_1
X > (6N (£:Yizi +b) + On(£:Yizi — b))

Zi :t2max(0,7n7wi)

[ee]

1

- Hw ‘_a amax(0,m—w; Ja
JEU 2 ( g t=1 t
J#i
(t+1)2max(0,m—wi)_1

4; —¢omax(0,m—w;)

v 2¢(ev)
= w1167 | oo

JEU
J#i

where the last equality follows from the fact that

(t+1)2max(0,m.7wi) _1

Z (5]\/(&5/1'21' + b) =1

Zi :t2max(0,m,7wi)

holds since the congruence ¢;Y;z; +b = ¢;2% z; +b = 0 (mod N) is equivalent to
;2 = —zi_lb (mod N), and then the latter congruence can have at most one
solution £; in {#2max(Om—w:) (¢4 1)gmax(Om=wi) 1} ‘see also [15, Corollary
of Proposition 1], and a similar argument can be used to handle the terms
dn(¢;Yiz; — b). Therefore, we can estimate Ty 4, for |u| > 1, by

Tuw, < %%(@ZW > Il

icu L ezlul-1j€u
buv(iy €227 S5,

Jul=1
= %%(@ZW( Zw)

1EU

1
= ()" W Y o

1EU
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(2¢(a) My fu] (4¢(a))!

- 9a max(0,m—max;c, w;) — '% I’ max(0,m—max;cy, w;) <6>

In summary we obtain the claim in the proposition by combining the estimates

in (@) and (@). O

We have obtained a key ingredient for the worst-case error analysis from the
result on the truncation error in Proposition

3. The construction method for rank-1 lattice rules

In this section, we will introduce, formulate, and analyze a method for the
construction of lattice rules. Firstly, we want to be able to estimate efficiently
the quantity T (N, z,w) in (@), which is needed for our construction method,
and to do this we summarize some auxiliary statements which will be needed in
the following analysis.

3.1. Preliminary results

The following lemma (see [§] for a proof) shows that the function log (sin (7))
can be written in terms of its truncated Fourier series with uniformly bounded
remainder term. We also bear in mind that it cannot be evaluated in x = 0 and
z=1.

LEMMA 3.1. Let N € N, then for any x € (0,1) there exists a T(x) € R with
|7(z)] <1 such that

N-—-1 ; N—1 .
1 62771531: T(.’IJ) e27r1£ac T(.’IJ)
10g<_7>:10g4—|— —_ = = +
sin?(7x) e__%_l) || N| Z
{#£0

with coefficients
l or £ #£0,
o | 1 or i
1/logd for £ =0,

where ||z|| denotes the distance to the nearest integer of x, i.e.,
2| :== min{{z},1 - {z}}.

What is more, we will make use of the following lemma, which was also proved
in [§].
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LEMMA 3.2. For j € [d], let uj,vj,u;, and r; be real numbers which satisfy
((I) Uj = vy + T, (b) |’LLJ| S ﬂj, (C) ’lej Z 1.

Then, for any subset ) # u C [d] there exists a 0, with |0,| < 1 such that the
following identity holds,

HUjZij+9u<H(ﬂj+Tj)>ZTj- (8)

JEU JEuU JEuU JEuU
3.2. The reduced CBC-DBD construction

We are now ready to study the reduced component-by-component digit-by-
-digit (CBC-DBD) construction for lattice rules. To this end, we assume again
throughout the section that IV is of the form 2" for some positive integer m;
this choice of N is natural as the components of the generating vector will be
constructed digit by digit, i.e., bit by bit as we consider IV to be a power of 2.
Indeed, we will define below a function h y m ~,w closely related to T (N, z, w),
which will depend on the s-th component of the generating vector when the
first s — 1 components have already been chosen. The core of Algorithm [is the
following double loop, after having chosen suitable initial values:

ALGORITHM 0 (Double loop in Algorithm [I).

for s =2 to min{d,d*} do
for v =2 to m — w, do
2* = argmin Ag o m ~w(2s,0—1 + 22°71)
z€{0,1}
Zsw = Rs,u—1 + 2" 2U_1
end for
Zs = Zs,m—ws
end for

ILe., the outer loop in Algorithm [ goes through the components of the generating
vector, up to min{d,d*}, whereas the inner loop recursively constructs each
component digit-by-digit, where for component s we end after m — wy digits.
We will give the full version in Algorithm [I] below, after we have identified the
target function Ay m,y,w-

We first show the following estimate on the quantity 7+ (N, z, w).

THEOREM 3.3. Let N = 2™, withm > 3, let v = (vj)j>1 be positive weights, and
let w = (wj)j>1 be a sequence of reduction indices in Ny with

0=w <wp < -
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Furthermore, let Y; := 2" for j € [d], and let
z=Y1z1,...,Yqzq) € {1,...,N —1}¢,

where we assume that all z;, j € [d], are odd, and that z; € {1,3,...,2" " -1}
for j € [d*]. Then the following estimate holds,

Ty (N, zw) < %2w-’l"\+1(610gN)|”|(1+logN)

0#uC[d*]
Z V_JGHN,u,w - Z 7u(10g4)|u‘7
PF#uC[d~] PF#uC[d~]

where jj, denotes the largest element of u for 0 # u C [d*], where d* =
max{j € N:w; < m}, and where

2wj\u\ 1 (t+1)2m7wj\u| 1
R D SED Dl | (1] )
— sin?(mz;k/2m—wi)
t=0 k:t2m w]|u‘+1 JEU

Proof. We have

T»y(N,Z,w) = Z M — Z Y Z 5N(£u'zu).

0#LEMN, d,w 7’177(@ PAuCld]  Lu€ME |, Hjeu |€j|

Note that
N, =0 i un{d +1,d" +2,....d} #£0.
Therefore, recalling the definition of b(¢) in (),
on(Ly
T,(Nzw) = > w > On (b - 2u)

PAuC[d*] L, EM* Hjeu b(gj)

N, |u|,wy
5N (Eu ) zu)
DR D VTR
@#ug[d*] O#ZUGMNJUMDN J€u
27ikly -2y /N
Tu €
_ —— — (log4)™
Z Z ( Z HjEu b(éﬂ)

@#uC[d* £,eEMpy Sl wy

IN

e27rik£,,-zu /N

2 %Z 2 Theb®@) 2 st

P£uC[d*] * k=0 Lu€EMy |y| 0 P#£uC[d*]
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Y N—-1 e2mikl;2%5 z; /2™
Z Z H log4 + Z —_—
N 1451

DF#uC[d*] k=0 jeu LieMy

N]w
— Y u(log
0F#uC[d*]
,yu 27Tik£j2j/2m_wj
S i (T > T
D#uC[d*] k=0 jeu bEM J
— > u(log)M. 9)
0FAuC[d*]

We can analyze the first term in (0) as follows. We shall assume that u =
{41,425+, djul}> such that 1 < j; < jo <--- < j}y. This implies

m .z m—wj, mewj22-~-2mfwj‘

ul*

Suppose now that k£ € {0,1,..
This also implies

., N — 1} is such that k # 0 (mod 2™ “/Iul) .

k#0 (mod 2™~wi) Vie{l,....|ul}.

Therefore, for fixed ) # u C [d*], we can rewrite the inner sum over k of the first
term in (@) as

N-1 ezﬂikEij/Qm_wj
(s & S
= 151

2l 1 (t41)2 Tul —1 e2miklyz; /2 T
— Z H(log4+ Z T)

t=0 k;:t2’m7wj|"‘ 11 JEU £ EM}{, G,

2"Inl —1 p2mit2” Il gy 2T
+ > | II| st + Z 2]
t=0 j

JEU £ GMJ’QJ w
= 2 + 2@, (10)

Now we estimate the second summand £ in (@0 as follows,
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2w
2&2)3’2512) < Z H(log4+ 3 ﬁ)
J

<
= JEu éeMNJw
2wj\1l| om=—w; _ 1 1
= 1 z
> qI(wer 2 X 1)
t=0 jeu {=1
N 11
< logo 4 -
S5 (5 5h)
t=0 jeu (=1
2"l
< H (log4 +4log N)
t=0 je€u
2"l —1
< (6log NI = 2" (61og N) !,
t=0

where we implicitly assumed that N > 3 (which is no significant restriction).

Let us now analyze ) in (I0), where we proceed similarly to [8]. For j € u
we get
2%l 1 (t41)2" el -1
1
= Z Z (H v; (k) — HUJ(/C)+HUJ(I<:)>
=0 " jéu jéu jéu

.
k=t2 Tul 41

2%l 1 (t41)2" el -1

= > > [T k)

=0 k:t2m_wj|u‘+1 JEU

&

w

2%l 1 (t41)2" el -1
D (ij<k> —Huxk))

p=t2" “lul 1 NIEY JEu

-
i
(e}

2“9l 1 (t41)2" Pl -1
= > 1w
=0 ™ T e g TEY

w

2“9l 1 (t+1)2" Tl —1
+ > (9u(k))<

m—w;
k=t2 Tul 41

H(ﬂj )+r;(k )Z'T] )

JEU j€Eu

~
Il
o

112
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where in ([[II) we used Lemma [3:2] with

1
Uy = uj (k) o8 (Sin2(7Tij/2m_wj)> W = (k) := 2log
e2mikl;z; /2Mm T
= U] (]C) 10g4 + Z T,
GEME ;- J
Tj(’f)

i = 1K) = S
P e k]

where the terms 6,(k) are defined analogously to Lemma B2l and satisfy
|6 (k)| < 1 and the 7;(k) are analogous to Lemmal[3.1], and also satisfy |7, (k)| < 1.
It can be checked easily that the conditions in the lemmas are fulfilled. Indeed,
Condition (a) in Lemma is satisfied due to Lemma Bl Furthermore, as
in [8, Proof of Theorem 2|, we see that

2
.92 ij‘ > 1
s (ﬂ— om—w; ) - <2m—wj :

1
ui(k)| =lo
fus () 8 <Sin2(7Tij/2m_wj)
Furthermore, u;(k) > 1, as long as N > 2, which again is not a real restriction.

Next we show how to bound the second summand in (III) independently of the
choice of z as follows,

Therefore,

) <log ((2m_wf)2> <2log N =wu;(k).

2"l 1 (t+1)2" Pl 1

> . (k) (H(ﬂj(k) + ITj(k)|)> > lri(k)]

t=0 k::t2m_wj|“\+1 jeu jeu

IN

2"l 1 (t41)2" Tl 1
> > |0u<k>|<

t=0 k:t27n7wj|u| +1

|7 ()]
X
Z om—w; HZ k/2m w]H

JjEu

|75 (k)| >
2log N + : ——
I ( 2 k2

JEuU

9l _1 (t4+1)2" Il -1

) S (eu®) | [T +210gN)

t=0 k::t2’m7wj|"| +1 JEU

|7 (k)|
X Z Qm—w; HZ k/2m w]H

JjEu

IN
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2%l 1 (t41)2" Pl —1
_ 10w (k)| |7; (k)|
= (H(1+210gN)> Z Z Z 2m—w; Hij/Qm_ij

JEuU jEU  t=0 k:tzm_w“"\-i-l

oIl —1 (t+1)2" Il -1

< (]_ +2 log N)lul Z Z Z om—w; |Zj1]€/2m—wj H

JEU t=0 k::t2m7wj‘u| +1

2Mul _1 gm—wi _q

1
[u]
< (@U2log MM 3 2 ok 2]

jEu  t=0 k=1

< (1 + 2log N)II2 [u| 27141 (1 + log V)
< (1 + 2log N)W2m9%i (1 4 1og N)

< (61log N)W2%71ui (1 4 log N),
where we used that |0,(k)| <1 and |7;(k)| <1, and that
‘ ij‘

- J m—w;
2m—wj

2m—wj

)

2m—wj

that 2 |u| < 2 and that 2™~ > 2™ “Iu for j € u, and hence, if k runs
through the integers {t2™ “7ui + 1,...,(t + 1)2" "/l — 1}, the values
of ||z;k/2™~"i|| are a subset of the values of ||z;k/2™ " || when k runs through
the integers {1,...,2™~" — 1}. Then, due to [I5, Corollary of Proposition 4],

we know that
27TL7’UJ]' _1

1
2. T lzk/2m=s |

k=1
<2(1+1og2™ ") <2(1+1logN).

Combining the estimates for Zf}) and 252), this yields

S+ 5@ = 2% (6log N)M + Hy oy + (6log N)#2%1u1 (1 + log N)
< 2% (6log N)H(1 4 log N) + Hy 40, (12)
where

2%l 1 (e41)2" el 1

HN,u,w = Z Z H’LLJ(,IC)

t=0 k:t2m_wj\u|+1 j€Eu

We can now plug the bound in (I2)) into (I0) and insert the resulting estimate
into (@), which then yields the result. O
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In the following, we write

Hs,N,’y,w(z) = sN'yw = Z ’YuHNuw
0#uC[s]

The next lemma motivates the choice of our quality function for the algorithm.
In particular, assuming we have already fixed the first (i.e., the least significant)
v — 1 bits of zs for s € [d*], we would like to find out how good a specific choice
for the vth bit is, in terms of H n .. To this end, we consider the average over
all remaining m — ws — v bits.

For the base 2-digit representation of a z; with 1 < s < d, we write

zs =20 + 2(V2 4 P22 4

LEMMA 3.4. For an integer v € {1,...,m —ws — 1}, with m € N and s € [d*],
let z € {0,1} and z = (21,...,25) € Z*°, and where the ﬁrst v —1 bits of
zs have been selected. We write z5 y—1 = z§°) (1)2 + o+ z(v Dou— 2 and

Zs 1= zéo) + 251)2 +-+ Z§U_2)2”_2 + 22Y=L. Then the average of Hg N~y over
the next m — ws — v bit choices for zs is given by
1 ~
m Z Hsty‘Y,w(zlv"'vzs—lvzs+22v)

Eezan—ws—v

m—uw, s—1  (6+1)2°—1

1 < 1 >

og "

t=v hmtZ 41 0£uC[s] sin (sz /2Y)
k=1 (mod 2) s€u

1
X H log (Sin2( T om—ws ) ) + SN,U,’y,'w (Z), (13)

where the term Sy v~,w(2), which is independent of z and Z, is given by

s—1 N-1 1
SN,v,'y,w(z) = Z . Z Tu Hlog <sm (mz; k/2m wJ))

r=1 =0 0A#uC[r]  JjE€u
k#0 (mod 2™~%") reu

2ws 1 p—1 (£+1)2°—1 1
O S | L ey

=0 t=1 fg=¢2'41 0FuCls] JEu TZj 9t Gm—w,
k=1 (mod 2) s&u J#s

1
x 1
o8 (sinQ(wzsm_lk/?))

_|_
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m—ws

+ Z Z log4)
(z+1 2t—1 1
X Z Z Tu Hlog (sm ( k 2m—ws)> :

k=f2t4+1 0#uC[s] jeu T2j5¢8 gm=w;
k=1 (mod 2) s€u j#s
Proof. For arbitrary z = (z1,..., z5), we can rewrite the quantity Hs n ~,w as
follows,
o™il 1 (t+1)2 Al —1 )
H = lo
o = Yo X X Tl (mree)

(Z);éug[s] t=0 k= t2 7|u| +1 jeu

N-1 1
= 1
Q);gc:[s] b kzzo H o8 (sm (mzjk/2m= wa)>

k20 (mod 2" Ilul )

— Zl Nz_l > ] log <Sm . ;/QM w,)>-(14)

= PFAuClr]  j€u
k#0 (mod 2™ %*T") recu

Hence, we would like to estimate

DS Z > Il (Gegmimey )

2622'"1 wg—v T= 1 @#UC[T] JEU
k#0 (rnod 27” wr)

(15)

where we now assume that z; = 251 + 22v=1 4 79v = Z. 4+ z2Y. Observe that
all terms in the sum over r € {1,2,...,s} for which 1 < r < s — 1 are indepen-
dent of Z, and from this we obtain the first sum in the definition of Sy,  ~ w-
Therefore we need to analyze the remaining part of (IH)), which equals

1 iy 1
== VI VR W8 ()

k= D#uC[s] JjEu
k#0 (mod 2™~ %¥s) seu

(16)
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Now, we are going to use the general identity

2P 1 P 2t -1
PIRITEAEDS f(k/21).
k=1 t=1 k=1

k=1 (mod 2)

Then, we can write the term in (1) as

o2Ws 1 (£41)2Mm " Ws—1

== VIED VD DD D

ym—ws—w £=0  k=£2m-ws4+1 P£uC]s]

scu
«TT1o ( ! )
8 sin?(mzjk/2m—wi)

JjEu

s—1 2mTws_1

= X Y T oz

z om—wg—v k=1 @#ug[s]
scu

1
1
XH o8 (Sln (mzj(k + £2m—ws) /2m= “’7)>

JEuU
1 om—ws _q
==Y Z > >
Z€Lym—ws—v L= k=1 0z#uC[s]
scu
1
X lo
]1;{ g(sm (20 2%i=Ws 4 25k /2m— “’J))
1 2MTWs 1
==Y Z > > m
Z€Loym—ws—v = k=1 0#uC[s]
SEu

1
X lo
s (e iz o e o)

JEuU
1 m—ws 2t—1
= mow.w > Z > X >
Z€Lgm—ws—nv L= t=1 k=1 P#uC[s]

k=1 (mod 2) "scu

1
x| |lo
H 8 (Sm (mz;02Wi=Ws 4 (mwz;k/2t)2Wi~ “’S))

(17)
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1 m—w, 2t—1

S =2 VI Vi S M) Wt

ZEZL s uCls
FmTwsTY k=1 (mod 2) ;i u[]

1
1
X H Og . £2t+k 2m—ws>

. 2 .
j€Eu sin (WZJ 2t gm-w,

1 m—w, (£+1)2°—-1

= Y Y Y Y v

2m—ws—v t=1  p=¢2'4+1 0#ulls]
k=1 (mod 2) s€u

TrZ] 2t 27n w4

1
X log
H Sin2< k 2m— ws>

1 m—w, (£+1)2°-1 1

= Z > > > w|]es Sinz( o ws>

=1 g=¢2t41 0#ul[s] JEU TZjot Gm—w;
k=1 (mod 2) s€u j#s

1 1
X ——— 1 ’
om—ws—v _ Z 08 (Sin2<77(zs -+ EQ’U)]{?/2t)>

Z€Z27n7wsf'u

(v=-2)

where we remind the reader that z;, = z(o) (1)2 + o+ 2 V=2 4 pov—l

Therefore, in the above summation, if ¢t € {1,2,... v 1}, then
sin?(m(Z, + 22V)k/2%) = sin®(m(2(0) 4 -+ 4 2(v=22v=2) /9t

Consequently, we obtain

1 N-1 1
om—w,—uv Z Z Z ’yuHIOg (sm (mzjk/2m= w’))

Z€Lgm—ws—v k=0 0#ul[s]  j€u
k#0 (mod 2™~ %s) seu

ows _1  gy—1 (£+1)2¢—1 1
> > 2 w|ITe
2 k 2m—ws
£=0 t=1 fg—g2t+1 0#uCls] JEu Sin (WZ] 2t gm—w; )
k=1 (

mod 2) S€u J#s

1

x log
(Sm 229 + 2M2 4 - +z§”‘2)2v—2)k/2t)>
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1 m—ws (£+1)2-1

+Z 2. 2 D w1l

1

2 k 2m—ws

t=v  g=r2t41 0#ul|[s] JEU Si (szg W)
k=1 (mod 2) s€u j#s

1 1
DY 1°g<sm2(7r(zs+z2v)k/2t)>' (18)

Zezzm.fwsf'u

For the second of the two summands in (I8]), we argue as in the proof of

Lemma 6 in [8] to see that it equals, for ¢ € {v,...,m —ws},
-1 m—w, (£4+1)2°-1 )
Z > 2 2 ] -
-2 k om—ws
t=v  p=g2t4+1 0F#ul[s] JjEU s (szﬁ 2771,710_7)
k=1 (mod 2) s€u j#s
2m—ws—t 1
e v— 10g< — )
2m—ws—v ZE%U sin®(7(zs + 22v)k/2t)
ws 1 m—w, (£+1)2'—1 1
Z > 2 > | ]]es -
-2 k 2m—ws
t=v  p=g2t4+1 0FuCls] jEu s (ﬂ-zjz_t zm_wj)
k=1 (mod 2) s€u Jj#s

1
(1 =2"")1og4 + 271 <—> :
<< ) log o8 sin?(7Zk/2v)

where in the last step we proceeded exactly as in the proof of Lemma 6 in [§].
This, together with the previous identity yields the claim. O

We observe that in Lemma [B.4] only the first term depends on the vth bit z
of z, while Sy 4 ~,w(2) is independent of this bit. This now leads to the intro-
duction of the following digit-wise quality function for the reduced CBC-DBD
algorithm which is based on the first term in (I3]). Note that the quality func-
tion is not exactly equal to the first term in (I3]), but we add further terms that,
though independent of the argument of the function, facilitate fast implementa-
tion (see Section ).

DEFINITION 3.5. Let 2 € N be an odd integer, let m,d* € N, let w = (w;);>1
be a sequence of reduction indices in Ny with 0 = w; < wy < ---, and let
~y = (7j)j>1 be a sequence of positive weights. For 1 < s < d*and 1 < v < m—ws,
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we define the quality function As 4 myw : Z — R as

m—w, 2Ws —1  (£+1)2°—1

1
howmaw(@)i= D0 3= D D D s
£=0

t=v k=£2'+1 uC[s]
k=1 (mod 2) s€u

1 1
j];{ sin’ (szZk—t 2’”‘“) ( sin?(rkx/2v)

om—w;

where we assume that z; € {1,3,...,2™7" — 1} is odd for j € [s — 1].

Based on the quality function A 4 m,~,w, we formulate the following reduced
component-by-component digit-by-digit (CBC-DBD) algorithm.

ALGORITHM 1 (Reduced component-by-component digit-by-digit construction).

Input: Integer m € N, dimension d,w = (w;);>1 with 0 = w; < wy < --- and
Y; = 2% for j € {1,...,d}, and positive weights v = (7;);>1.

Set Z1 :Zl,m:]- and 21,1 = R2,1 = " = 24,1 =1.
Ifd>d,set zgog1 = =24=1.

for s = 2 to min{d,d*} do
for v =2 to m — w, do

2* = argmin Ag o m ~w(2s,0—1 + 22°71)
z€{0,1}

— * ov—1
Zsw = Rs,u—1 + z 2
end for
Zs = Zs,m—ws
end for

Set z = (lel, e ,ded).
Return: Generating vector z for N = 2™.

3.3. Error convergence behaviour of the constructed lattice rules

In the following, we study the worst-case error behaviour of the constructed
lattice rules, i.e, we want to show that under certain suitable conditions on the
weights 7y, Algorithm [ can construct generating vectors which yield lattice point
sets with very good properties if they are used as integration nodes in a QMC
rule. For z = (Y121,...,Yqzq), we write 2|, to denote the vector (z1,...,zs)
for s € [d].
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THEOREM 3.6. Let m € N, N = 2™, w = (w;);>1 in Ng with 0 = wy <
wy < .-+, and let v = (7v;);>1 be positive product weights. Furthermore, let
the generating vector z = (Y121,...,Yqzq) € Z¢ be constructed by Algorithm [l
Denote by zjy the vector (z1,...,2s) for s € [d]. Then the following estimate
holds for s € [d*],

Hy Nyw(2s) < (1 4+7slog4)He 1 Ny w(2Zs—1]) + 7s(log 4) (2™ — 2%%).

Proof. We will prove the stated estimate via an inductive argument over the se-
lection of the m — w, bits of the component zg for s € [d*]. We first ob-
serve that according to the formulation of Algorithm [ the vth bit of z, with
v € {2,...,m — w,}, has been selected by minimizing hs 4 1m,~,w(2s,0—1+22°71)
with respect to the choices z € {0, 1}, and that we have chosen z; ,,_1 by the same
algorithm. By Lemma B4 and Definition this is equivalent to minimizing

1 1, =
W Z HS7N”77,w<Zl,...723_1,23711_1+Z2U 1+Z2v)

EEZQm—wS—v
with respect to z € {0,1}. By the standard averaging argument, this yields

1
: v—1 —ov
argmin —————— E Hy Noyow(Z15 0 2521, Zs p—1 + 227 +22Y)

IM—ws—v
=€{0,1} Z€Zgm—wa—v

1 1 - Z
= §W Z Z Hs,N,‘Y,w(Zly-~-azs—1azs,v—1+22v ! +22v)
2€EZLso Eezszwsfv (19)
1 R —av—
- m Z HS,N,’Y,'U-’ <213~'~>Zs—1723711—2+22v 2+22v 1>’
s ﬁy

Z€Lym —ws—v+1 =Za_1

where we split up z; ,—1 according to Algorithm [such that 2 is the (v—1)th bit
of z, selected in the previous step of the algorithm. Noting that the inequality

in ([I9) holds for any v € {2,...,m — ws}, we can inductively use this estimate
forv=m —ws,m —ws —1,...,2 to obtain
Hs,N,’y,u:(Z[s]) = argmin Hs,N,’y,u:(Zl) sy Rs—15R%s,m—ws—1 + Z2m—ws—1>
z€{0,1}
1

IN

Z Hs,N,'y,w(zla-~-vzs—171+z2)7 (20)

2m—ws—1
Z€Lgm—ws—1

where we used that z;; = 1. Now setting v = 1 in our expression in Lemma [3.4]
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to equate the right-hand side term in ([20), we get

m—wsg 1 (6+1) 2t_1
Hs,wa<Z[S])S Z 2t 9t—1 Z Z Z Tu
t=1 =0 g=e2"+1 0Fulls]
k=1 (mod 2) s€u
1 1

X log log <27>
H (e ) ) |\ )
JFS

+j§ Nz_:l Z %ng(sm2 (72 11/2m w7)>

= 0#uC[r]  je€u
k#0 (mod 2™M~%r) reu

mows 5e_1 _ (e+1)2t—1

+ Z Z Tot-1 log4) Z Z Tu

k=02t41 0#uC[s]
k=1 (mod 2) s€u

1
X Hlog
-2 k 2m—ws
jEU Sin (7'('2']? W)
J#s

Note that for odd k we have log(sin™?(mk/2)) = log 1 = 0, so we obtain, using

) and (TD).
s—1 N-—-1 1
Ho N yw(2]5]) < Z Z T Hlog (sm (mzk/2m— “’J)>

r=1 k=0 0F#uC[r]  j€u
k#0 (mod 2™ ~%r) reu

2Ws —1 m—ws (£+1)2t -1 1
=2 D e > > w]les | 5
=0 t=1 k=02t+1 0#uC[s] J€u SI |\ TZj50 Gm=—w;
k=1 (mod 2) s€u j#s
- Hs—l,N,’y,w(z[s—l])
2wWs —1 m-—w, (£+1)2'-1 1

* (logd) Z Z Z Z %Hlog sin? (szz_kt 2m_ws>

t=1  g=g2t+1 0#uC[s] j€u Sy
k=1 (mod 2) s€u Jj#s
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= Hs—l,N,'y,w (z[s—l])

oWs 1 (£+1)2M " Ws —1

+(log4) Y > > Wﬂlog(m (2 11/2m “’7))

=0 k=¢2m—ws+1 Q#uCls] JEU
SEU J#s

= Hs—l,N,'y,w (z[s—l])

+(log4) s Z_ > vl <s1n (72 /16/2’" ’“J)>

k=0 uCls—1] j€u
k#0 (mod 2™~ %s)

N-—1
= HorNyw(Zs-1) + (log4) 7 Z 1
k=0
k#0 (mod 2™~ %s)
N-—1 )
’ >l (s
k=0 0#£uC[s—1] jEu sin? (mzk/2 i)

= Ho1nyw(Zs-1)) + (logd)ys | (27 —2)

+

s—1 N-1
k

> I (i)

=0 P#ullr—1]  Jj€u
k#0 (mod 2™~ Ys) reu

r=1

< Hoo1Nyw(Zs-1)) + (logd) s | (27 —2%)
s—1 N-1 1
R SR D | (Y =)
o — Otuch—1]  jeu sin® (m2;k/2 7)
k#0 (mod 2™~ %) reu
= HS_LN,%w(z[S_l]) + (log4) [75(27% — W) 4 ’YSHS_LNﬁ,w(Z[S_H)] .
Hence we have the claimed result. O
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Based on the result in Theorem [B.6l we can use an inductive argument to show
that the quantity Hs n .~ is sufficiently small if z[, has been constructed by
Algorithm [II We obtain the following estimate.

THEOREM 3.7. Let m € N, N = 2m’ w = (wj)j21 m Ng with 0 = w; <
wy < -+, and let v = (7v;);>1 be positive product weights. Furthermore, let
the generating vector z = (Y121,...,Yqzq4) € Z¢ be constructed by Algorithm [l
Denote by z[5 the vector (21, ...,2,) for s € [d]. Then the following upper bound
on Hy N ~.w(z[s)) holds for s € [d*],

Hs Nyw(zs) SN [—1+ H(l + v, log4)
j=1

Proof. Observe that due to Theorem [3.6]

H Nyw(Z(s) < (14 75l0g4)Hs—1, N y,w(Z(s-1) + 7s(log4)(2™ — 2¢)  (21)
holds for 2 <s<d* We can apply this estimate inductively to obtain the follow-
ing,

HS7N777w(z[S])
< (1 + s IOg 4) [(1 + Ys—1 10g 4)Hs—2,N,'y,w(z[s—2])
+7s—1(log4) (2™ — 2¥=1)] + v4(log4) (2™ — 2%%)

s

= Hs—2,N,'y,w(z[s—2]) H (]. + Y log 4) + ’73_1(10g4)<2m — 2ws—1)
j=s—1

75751 (log 4)*(2™ — 2s=1) + 7, (log 4) (2™ — 2*)

S

H (1 +7; log 4) [(1 + vs—2 log 4)Hs—3,N777w(z[3—3])
Jj=s—1

+7:s-2(log4)(2™ — 2-2)] 4 7,1 (log 4) (2™ — 2+-1)
75751 (log 4)*(2™ — 271) + 7,(log 4) (2™ — 2*7)

IN

S

= Hosnyw(Ze-g) [[ (1+7;log4) + 7. 2(logd) (2™ —22)
j=s—2

+757s—2(log 4)%(2™ — 252) 4+ y,_17,_o(log4)? (2™ — 2"+-2)
s Ys—17s—2(log 4) (2™ — 2=2) 4y, (log 4) (2™ — 2+71)
+957s—1(log 4)3(2™ — 2Ws=1) 4 7, (log 4)(2™ — 2v=).

Repeating this argument inductively, we finally arrive at
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s

HyNyw(ze) < Hinyw(z) [J(1+7;10g4)
=2
+ Z ’Yu(log 4)\u\<2m _ 2Hlinj€u 'wj>
0#uC{2:s}

S

Hy nyw(z1) [ [ (1475 l0g4)
j=2
+ > qu(loga)tiam, (22)
0#uC{2:s}

IN

However, recall that we have, by definition,
N-1

HiNyw(z1) = Hinqyw(l) = Z yu (k)
k=1

= 1
n Z o8 (sm 7Tk/2m)>
= 7271Zlog sin L =y (N—-—m—1)log4
k=1 N

< mNlog4—log4d <1 Nlogd,

where we used the identity

i oo (2) -

Consequently, combining this bound with ([22)), expanding the expression, and
using that v, = [[;¢, 75, finally gives

S

HS,N,’y,w(z[s]> < Nni(log4) H(l +v;logd)| + N Z Vu(log4)|“|
J=2 PAuC{2:s}
= N [ m(og4) [T +5log4) + (—1) + [J (1 +;log4)
j=2 j=2
= NJJ(+7logd) =N =N | =14 ](1+;log4)|,
Jj=1 j=1
which is the claim. O
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We are now able to show the main result regarding the reduced component-
by-component digit-by-digit construction.

THEOREM 3.8. Let N = 2™, with m € N, let w = (w;);>1 be a sequence
in No with 0 = wy < wy < -+, and let v = (7;)j>1 be positive product weights.
Furthermore, denote by z = (Y121, ..., Y4zq) the corresponding generating vector
constructed by Algorithm[Il. Then the following estimate holds,

2(61og N)IuI+1
Ty(N,z,w) < Z Vu Gm—max; e w; " (23)
P#uC[d~]

Proof. Using the result in Theorem [3.3] the structure of product weights, and
the estimate for Hg« N, in Theorem [B7, we obtain

2(1+1logN) w; Iul
Ty(N,z,w) < N Z Y21 (6log N)
0FuC[d*]
1 a* a*
+ NN -1+ H(l +v;log4) | — H(l +v;log4) +1
j=1 j=1
~ 2(141logN) w; Iul
- —x Z Y21 (6log N)
0F#uC[d*]
2(6log N)Iul+1
= Z Tu om-—maxjeu wj ’
0uC[d"]
where we used that for a non-empty set u C [d*] we have w;,, = max;ecy w;.
This is the claimed result. 0

We now have the following corollary.

COROLLARY 3.9. Let N = 2™, with m € N, let w = (w;);>1 be a sequence
in No with 0 = w; < wgy < -+, and let v = (7v;);>1 be positive product weights

satisfying
Zyﬂw-" < 0.
j=1
Furthermore, denote by z = (Y1z1,...,Yqzq) the generating vector constructed

by Algorithm [l run for the weights v = (vj)j>1. Then, for any § > 0 and each
«a > 1, the generating vector z satisfies

1
EN,d,a,~y (Z) < W(CH (’Ya) + 02(’)’, 5)Na5)
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with weight sequence ¥* = (v§');>1 and positive constants C1(v*) and C2(v, ),
which are independent of d and N . Additionally, if Algorithm[d is run for weights

Al = (,y;/a)j21 with a > 1, satisfying

> y/2v < oo,

Jj21

then, for any § > 0, the resulting generating vector z = (Y121, ..., Yqzq) satisfies
the error bound

- 1
eNdan(Z) S o3 (Fl(‘Y) + Fz(‘Yl/O‘J)NO‘&) :

with positive constants Fy(~) and Fy(~y'/*,8), which are independent of d and N .

Proof. Taking into account that we have product weights v, = [] jenYir
the estimate in Proposition [2.2] yields for the worst-case error ey g q,~«(2),

1 « . max, w4
exaar(2) < 5w Do | [I05 (@) | 20596 £ T, o (N, 2, w)
PAuCld] \j€u
d

H (1 + 75 4C(Oz)2o”“f) + Tp e (N, z,w),
j=1

<
S Na

where we used that for §) # u C [d] we have max;je, w; <3 ¢, wj. Since a > 1,
we can use an inequality sometimes called Jensen’s inequality, which states that

n n 1/p
Z a; < (Z af)
=1

i=1
for non-negative ay,...,a, and 0 < p < 1, and thus we have

(51\] (E . Z)
Ty (N, z,w) = Z —_—
O#ZGMNydwaa;ya (e)

< Z M — (TV(N"Z’w))a’

0#LEMN, d,w T177(£)
and by Theorem 3.8 we know that the z generated by Algorithm [is such that
2(6log N)Iul+1

Ty(N,z,w) < Z TG m—maxcu w;
PAuC[d*]
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From this, we deduce, using v, =[] jeu Yo that we have
2Ty (N,z,w) < 2(6logN) Z Y (6 log N)Hlgmaxjew w;
DAuC[d~]
< 2(6logN) > [[[(h;6logN)| 22seus
P£uC[d*] \j€u
.
< (1+2(6logN)) JJ(1+7; (6logN)2)
j=1
< C(/2)2m2 [ (147 (6log N)2"5), (24)

Jj=1

for arbitrary 6 > 0, where C(5/2) is a constant depending only on §, and where
we again used for () # u C [d*] that we have max;e,w; < 7., w;. Due to
the given condition imposed on the weights, i.e., 2321 v;2% < 0o, we can use
the result in [I1, Lemma 3] to see that the product in (24) can be bounded
by C(v,8)2"9, where C(~,d) may depend on the weights v and &, but is inde-

pendent of the dimension. This yields

(Ty(N, z,w))" < — (C (5/2)) (é(y,g)fjvaﬁ.

Z‘H

Setting then

Ci(v") =

&,:18

(1-+754¢(0)2°),

=1

which is finite due to our assumption on the weights, and

Ca(v,0) = (C(6/2)) (Cr,0)

we get the claimed estimate.

1/a

Similarly, for weights v*/% and due to the condition imposed on the weights,

Le, D is fy] “2Wi < 0o, and by using the result in [I1, Lemma 3] we have

(Tyrsn (N, Z,w)" < <= (G06/2) (G2, 0)) Ve,
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Then setting o0
Fi(y) = [ (1 +v54¢()2%)
j=1
and a
B(V/,0) = (C6/2) (C(v/*,9))
we get the claimed estimate. O

The result in Corollary involves two cases regarding the worst-case error
behavior of the generating vectors constructed by Algorithm [II To be more
precise, we can run the algorithm with weights -+, and hence it does not depend
on the parameter «, then the algorithm produces a generating vector for which
bounds on the worst-case errors in the spaces E:i)i,ya hold simultaneously for all

a > 1. On the other hand, when we run Algorithm [ with weights v/%, we have
a dependence on the parameter «, and the algorithm yields error bounds for the
worst-case error in the spaces EY "

4. Fast implementation of the construction scheme

In this section, we discuss the efficient implementation of the introduced
reduced CBC-DBD algorithm and analyze its complexity. To be more precise,
we will discuss an implementation of the algorithms for the case of product
weights, in which we can compute the values of the quality function recursively
with respect to the indices of the components. This facilitates a fast implemen-
tation.

We recall the definition of the quality function in Definition B.5] and we see
that for product weights hq 4 m,~,w can be rewritten as follows. Let x € N be
an odd integer, let m,d € N, and let v = (;);>1 be positive product weights.
Forl1 <s<d, 1 <v<m—ws,and odd integers 21, ..., zs—1 the quality function
Ns,v,m,~,w reads

m—wsg ws 1 (£+1)28—1 1
h T) = 1 Jog | ————
Sz’”ﬂ”y‘%“’( ) ; 2t v Z Z ( +’75 g<sin2(ﬂ'kf1}/2v)>>
=v k=02t 41
k=1 (mod 2)
s—1 . | 1
8 ; RRCACH B 2 kE 2m-ws ’
j=1 Sin TZj5t o W
where the components zi,...,zs_1 have been determined in the previous

steps of the algorithm. We are interested in the cost of a single evaluation
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of the function hg 4 m v,w, Which is crucial for the total cost of Algorithm 1,
hence we will discuss an efficient evaluation procedure in the following para-
graph.
For integers t€{2,..., m—ws} (note that we always have v>2 in Algorithm/[I]
so we do not need to consider the case t = 1) and odd
ke {2t +1,...,(6+1)2" -1} for £€/0,...,2% — 1},

we define r(s,t, k) as

2 1
) b, k) = 1+l m—w y
T<8 ) H ( ’YJ Og(sin2 (7'(',%%2%) >>

J:1 om=—w;

and observe that for the evaluation of hg ym ~w(z) We can compute and
store the terms r(s — 1,¢, k) for suitable values of ¢ since they are independent
of v and x. This way we can rewrite R, m ,w () as

m—wsg —1 (£+1)28 -1 1
(s—1,t—ws_1+ws, k) [1+vslog | ——— | |-
% ; 2 1 >< ! g(smamm))
k= l(modZ)

(25)
Note that if v <t < m — w,, then
0<v—ws1+ws <t —ws_1 +ws <m—ws_1.

In Algorithm [Il after having determined zg, the values of r(s,v, k) for odd inte-
gers k€ {02V +1,...,(£+1)2¥ — 1} with £ € {0,...,2"s — 1} are computed via
the recurrence relation

1
k) =r(s = 1t —ws—1 +ws, k)| 1+ 7slog| —5———
r(s,t k) =1(s We—1 +w )( gl og<sm (WkZS/Tf)))

Now, for an algorithmic implementation, we introduce the vector
w=(u(l),...,u2™ - 1)) e R 1,

whose components, for the current s € {1,...,d*}, are given by

S

1
fom—ws—t 1 1
ul )= H ( T Og<81n2 (71'2] th e ) ))

j=1 om—w;

for each t € {1,...,m — ws} and corresponding odd index

ke {t+1,....(t+1)2' =1} for £e{0,...,2% —1}.
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Note that k2™~ %=t runs through the whole range {1,...,2™ — 1} when ¢, k,
and ¢ are chosen as stated. Furthermore, note that the quantity u(k2™~%=")
corresponds to 7(s,t, k) for ¢ > 2, and that for the evaluation of hg 4 m ~,w
we do not require the values of r(s,t, k) for t = 2,...,v — 1. Combining these
findings leads to the following fast implementation of Algorithm [l

ALGORITHM 2 (Fast reduced component-by-component digit-by-digit algorithm).

Input: Integers m,d € N, positive product weights v = (v;);>1, and integer
reduction indices (w;);>1 with 0 = w; <wy < ---

fort=2tom=m—w; do
for k =1 to 2! — 1 in steps of 2 do

u(kzrn—wl_t) = (1 + 71 1Og(mlk/2t))>

end for
end for

Let d* be the largest integer such that wgq- < m.
Set 211 == 24,1 = 1.
for s =2 to min{d,d*} do

for v =2 tom — w, do

2* = argmin Ry m ~,w(Zs,0—1 + 22v71) with R v,m,~,w €valuated using

z€{0,1}
@3)
Zsw = Zsw—1 T 2
for /=0to 2" —1do
for k =02"+1to ({+1)2” — 1 in steps of 2 do

u(k27 ) = u(kgm e ) (1 + 7 log Sty ))

end for
end for

end for

Set 25 := Zs m—w,-
end for
if d > d* then

set zgrg1 = =2q9=1
end if

Set z = (lel, e ,ded).

*21;—1

Return: Generating vector z = (Y1 21,...,Yyzq) for N = 2™,
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The computational complexity of Algorithm [Pl is then summarized in the
following theorem. Note that the computational cost is of order

O(min{d,d*} Nlog N),

which is the same order of magnitude as for the reduced CBC construction in [4].
For quickly decreasing weights «;, the reduction indices w; can be chosen to
increase quickly without losing significantly much quality of the integration rule,
and in such cases d* can be considerably smaller than d. A detailed discussion
on chosing reduction indices can be found in [4].

THEOREM 4.1. Let N = 2™ with m € N, let v = (7j);>1 be a given sequence
of positive weights, and let integer reduction indices w; with 0 = wy < wo < - -+
be given. Moreover, denote by d* the largest integer such that wg~ < m. Then

Algorithm [ constructs a generating vector z = (z1,...,2q) using
min{d,d"}
O | min{d,d*} 2™ + Z (m —wg)2™
s=1

operations and requiring O(2™) memory.

Proof. Due to the relation in (25), the cost of evaluating hg i, m ~,w(x) for one
fixed v can be reduced to O(>_}" ** 2ws=+=1) operations. Moreover, updating
the values of u needs O(2%sT?~1) operations, so the computational cost for one

fixed v in the inner loop over v = 2,...,m — ws of Algorithm P]is of order
m—wg
o ( > 2’“8“—1) :
t=v
Thus, the number of calculations in the inner loop over v = 2,...,m — ws

of Algorithm 1 is of order
O ( Zé Z 2ws+t—1> -0 ( Z Z 2ws+t>
v=2 t=v v=2 t=v
= O((m —wy) 2" —2(2mH — gwstly)
=O((m —ws)2™).

132



ON A REDUCED CBC DBD CONSTRUCTION OF LATTICE POINT SETS

Hence, the outer loop over s = 1,...,min{d,d*}, which is the main cost
of Algorithm 2], can be executed in
min{d,d"}
O Z (m —wg) 2™
s=1

operations. Furthermore, we observe that initialization and updating of the
vector u € R2?"~! can both be executed in O(min{d,d*}2™) operations.
Additionally, storing the vector u requires O(2™) of memory. g

The run-time of Algorithm [2] can also be reduced further by precomputing
and storing the 2™ values

1
) for k=1,...,2"—1.
s (Sin2 (7Tk/2m)> o

The derivation leading to the fast implementation in Algorithm [2lis using argu-
ments that were also used in [§], where a non-reduced component-by-component
digit-by-digit construction for lattice rules in weighted Korobov spaces has been
studied.

5. Numerical results

In this section, we illustrate the error convergence behaviour of the lattice
rules constructed by the reduced fast CBC-DBD algorithm and display the com-
putational complexity of the construction using numerical experiments.
As in the previous section, we consider lattice rules in the weighted Korobov
space EY of smoothness a > 1, and we assume product weights v, = IT jen Vi
given in terms of positive reals (v;);>1. For z = (21, ..., 24), the worst-case error
is then given by

1 2"-1 d 627rik€zj/2m
€N,d,a,~/(z):*1+2—m Z H L+ Z —E )

k=0 j=1 LELy

To demonstrate the performance of the algorithm, we compare the worst-case
errors of the constructed lattice rules as well as the algorithm’s computation
times with the corresponding quantities obtained by the non-reduced component-
-by-component digit-by-digit algorithm, see [8]. Both constructions deliver lat-
tice rules for the space E¢., consisting of 2™ cubature points. The different
algorithms have been implemented in double-precision and arbitrary-precision
floating-point arithmetic, with the latter provided by the multi-precision Python
library mpmath.

133



PETER KRITZER—ONYEKACH! OSISIOGU

5.1. Error convergence behaviour

Let m,d € N, o > 1, a sequence of positive weights v = (7;);>1, and reduc-
tion indices (w;);>1 with 0 = wy < ws < --- be given. In particular, we consider
the convergence rate of the worst-case error egm g o ~o(z) for different weight
sequences v = (7;)j>1 of the form v; = ¢/ with ¢ € (0,1) or 7; = 1/j% with
g > 1 and reduction indices of the form w; = |plog, j| with p > 0. We display
the computational results for dimension d = 100 for different sequences of prod-
uct weights, different values of m, and reduction indices w;. We stress that the
almost optimal error rates of O(N~19)  as guaranteed by Corollary[3.9, may not
always be visible for the weights, reduction indices, and ranges of IV considered
in our numerical experiments. The graphs shown are therefore to be understood
as illustrations of the pre-asymptotic behaviour of the worst-case error. Figures [Tl
and [2] show numerical results using different choices of weights (;);>1 for re-
duction indices of the form w; = |2log, j] and w; = [%log, j|, respectively.
The generating vectors z are obtained by the reduced fast CBC-DBD algorithm
and the non-reduced fast CBC-DBD algorithm, respectively.

The results in Figures[Il and Plshow that the reduced fast CBC-DBD algorithm
constructs generating vectors of good lattice rules which have worst-case errors
that are essentially comparable to those of lattice rules obtained by the non-
reduced fast CBC-DBD algorithm. We observe asymptotic error rates for both
algorithms considered. Only in Part (a) of Figures[Iland 2], respectively, the errors
of the lattice rules obtained by the reduced construction seem to be significantly
higher than those of the non-reduced case. This error behaviour can be explained
as follows. As illustrated in Figures[[land 2 throughout we use b =2 and o = 2.
Corollary assures independence of the dimension d whenever the chosen

weights v; satisfy Z%—bwf _ Zvﬂwj . (26)
Jj=z1 j=1

However, the sequence of weights v; = 1/43 does not always satisfy Condi-

tion (20) if we choose the reduction indices as w; = [plog, j|, since

gus — N i-8glplogs i) 5 N i-3gplogyj—1 5 LN ip-3

; o0 ; j ; j 5 ; J
The latter series only convergence if 3 — p > 1, and this is not satisfied for our
choices of p made in Figures [Il and [2] which is p = 2 and p = 7/2, respectively.
Thus, this gives rise to the difference in the errors obtained by the reduced
CBC-DBD and non-reduced CBC-DBD algorithms. This phenomenon is to be
expected and shows that the reduction indices and the weights must be balanced
carefully, and that in general the reduced algorithm works better for situations
where the weights ~; decay fast.
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Error convergence in the space
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Error convergence in the space Ej., with d=100,a=2, w;= L% log, 7.
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5.2. Computational complexity

Here, we illustrate the computational complexity of the reduced fast CBC-DBD
construction in Algorithm [2l which was proved in Theorem [£.1l For this purpose,
let N = 2™, let the weight sequence v = (v;);>1 be given by v; = (0.95)7, and
let the reduction indices be given by w; = [3log,j] for j > 1. We measure
and compare the computation times of implementations of Algorithm [2 and
the non-reduced fast CBC-DBD algorithm for lattice rules (see [§] for details
on the implementation of the latter). Note that the chosen weight sequence
does not affect the computation times. The timings were performed on an Intel
Core i5 CPU with 2.3 GHz using Python 3.6.3.

TABLE 1. Computation times (in seconds) for constructing the generating
vector z of a lattice rule with N = 2™ points in d dimensions using the
reduced CBC-DBD algorithm (bold font) and the non-reduced CBC-DBD
construction (normal font) with a = 2, v; = (0.95)7, and w; = \_% log, 7.

| | a=50|a=100]d=500]d=1000 ]| d=2000

m—10 0.077 0.154 0.799 1.571 3.182
0.017 | 0.018 0.02 0.021 0.025
19 0.128 0.252 1.224 2.424 4.908
0.035 | 0.046 0.052 0.054 0.057
14 0.211 0.415 2.044 4.049 8.256
0.066 | 0.089 0.138 0.136 0.141
16 0.43 0.874 4.363 8.796 17.631
0.103 | 0.152 0.299 0.354 0.359
m—18 1.467 2.982 14.924 30.545 59.967
0.195 | 0.272 0.577 0.761 0.904
=20 7.222 | 14.538 73.21 147.759 | 294.616
0.5 0.623 1.146 1.516 1.931

In Table[I we display the computation times for the construction of the gener-
ating vector z via the two considered algorithms, where for the reduction indices
we use w; = L% log, 7). We emphasize that the used algorithms solely construct
the generating vector z but do not calculate the worst-case error ey q,a,~(2),
which allows for an unbiased comparison between the considered algorithms.
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Table [l illustrates a dramatic difference in the computational cost between the
non-reduced fast CBC-DBD construction and the reduced fast CBC-DBD con-
struction. The extent of the speed-up depends on the chosen reduction indices w;.
Note, however, that the reduction indices have to be chosen such that they are
balanced with the weights, in order to guarantee useful error convergence.

6. Conclusion

In this paper, we have presented a combination of the CBC-DBD algorithm
introduced in [8] and the reduced construction method in [4] for construct-
ing good lattice rules for numerical integration in weighted Korobov spaces.
In particular, we have aimed to gain from the reduced construction method
to shrink the computational cost as compared to the non-reduced CBC-DBD
algorithm. We showed that the reduced CBC-DBD construction with quality
measure independent of the smoothness parameter «, similarly to [§] also for-
mulated for product weights, yields lattice rules which admit error convergence
rates that are arbitrarily close to the optimal convergence order. We remark that
there has recently been considerable interest in finding algorithms that guarantee
some degree of universality with respect to the smoothness parameter and/or the
weights (see, e.g., [3]), and also our result can be seen as a step in this direction.
Furthermore, the errors can be bounded independently of the dimension if the
weights satisfy suitable summability conditions. In addition to these theoreti-
cal results, we have derived a fast implementation of the considered algorithm.
Numerical tests confirm our main findings.
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