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ON THE EXPECTED [L,—-DISCREPANCY
OF JITTERED SAMPLING

NATHAN KIRK — FLORIAN PAUSINGER

School of Mathematics and Physics, Queen’s University Belfast, Belfast, UNITED KINGDOM

ABSTRACT. For m,d € N, a jittered sample of N = m? points can be con-
structed by partitioning [0, 1]? into m? axis-aligned equivolume boxes and plac-
ing one point independently and uniformly at random inside each box. We utilise
a formula for the expected Lo—discrepancy of stratified samples stemming from
general equivolume partitions of [0, l]d which recently appeared, to derive a closed
form expression for the expected Lo—discrepancy of a jittered point set for any
m,d € N. As a second main result we derive a similar formula for the expected
Hickernell £o—discrepancy of a jittered point set which also takes all projections
of the point set to lower dimensional faces of the unit cube into account.

Communicated by Friedrich Pillichshammer

1. Introduction

1.1. Jittered sampling and discrepancy

For m,d € N, classical jittered sampling for N = m® combines the sim-

plicity of grids with uniform random sampling by partitioning [0, 1]¢ into m?
axis-aligned congruent cubes and placing a random point inside each of them:;
see Figure [Il Jittered sampling is sometimes referred to as ‘stratified sampling’
in the literature, but we will use the term ‘stratified sampling’ in a broader
sense as in [I5,[16]. Thus, in the following stratified sampling means that [0, 1]%
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is partitioned into N subsets q,...,Qy and the ith point in Pg is chosen
uniformly in the ith set of the partition (and stochastically independent of the
other points), i = 1,..., N. If all sets €; have the same volume, the partition is
called equivolume. If N = m® and the partition consists of the above mentioned
axis-aligned congruent cubes, we obtain jittered sampling as a special case, i.e.,
jittered sampling is an example of an equivolume, stratified sampling scheme.

In the classical setting, discrepancy theory concerns itself with the study
of the irregularity of distribution of point sets contained in the unit cube. There
are numerous notions and variants of discrepancy with wide ranging applications
in numerical integration, computer graphics, machine learning and option pricing
in financial mathematics to name just a few [2[18[19]22].

One such discrepancy measure is the so-called £,—discrepancy for 1 < p < oo;
in this paper we will focus our attention primarily on the case p = 2 while
briefly mentioning the star discrepancy in order to state the motivation for this
note. For a point set Py = {xq,...,Xy_1} contained in [0,1]¢, we define the

L,—discrepancy as
» 1/p
dx)

L,(Py) = ( /H

in which 1 < p < oo, #(PnxN[0,x)) counts the number of indices 0<i<N
such that x; € [0,x) and |[0,x)] is the standard Lebesque measure of the subset

# (PN N [07 X))

2 o,%)

[0,x) = H?Zl[o,x]—) with x = (z1,...,24). For an infinite sequence X', we cal-
culate the discrepancy of its first N elements; i.e., the £,—discrepancy of X is
defined to be the £, —discrepancy of the first N terms of X’ for an arbitrary, but
fixed N. Note that for ease of notation, we simply write £,(-) instead of £, n(-)
since we only work with finite point sets in this note.

As will be the case throughout this paper, when Py is a set of random samples
the mean p** power L,—discrepancy Eﬁg(PN) is often utilised as the discrep-
ancy measure, where £ denotes the probabilistic expectation. Usually we simply
refer to this as the mean (or expected) £,—discrepancy. The £,—discrepancy
as defined above is simply taking the £, norm of the discrepancy function
(the deviation of the measure of a test set [0,x) from the fraction of points lying
inside [0, x)). One can also take the £, norm of the discrepancy function to cre-
ate another measure of irregularity of distribution called the star-discrepancy,
defined as

D»;V(,P) = sup # (PN N [va))

B e e I
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EXPECTED DISCREPANCY OF JITTERED SAMPLING

The Hickernell Lo-discrepancy was introduced by Hickernell in [8/9]; note that
some ideas can be traced back to [26], while, to the best of our knowledge, the
explicit definition appeared for the first time in [8/9]. It considers not only the
ordinary Lo—discrepancy of a point set in the d-dimensional unit cube, but also
the Lo—discrepancy of all projections of the point set onto lower-dimensional
faces of the d-dimensional unit cube.

For any nonempty subset s C {1 : d} of coordinate indices, let [0, 1]* denote
the |s|—dimensional unit cube spanned by the coordinate axes in s and let N7 be
the set of |s|—dimensional vectors with coordinates in s consisting only of entries
from {1 :m}. Likewise, if @ = {Q1,...,Qn} is a jittered partition of [0,1]¢ and
Pq is the jittered N—element point set obtained from the partition €2, then
Q° ={07,..., 0%} and P§ denote the projection of the partition and jittered
point set onto [0, 1]° respectively. Similarly, x* denotes the projection of a general
vector x € [0,1]% into [0, 1]*. Then, the Hickernell Lo-discrepancy of a point set
P C [0,1]¢ is given by

1/2
P N0,x* s 2 s
b= [ T [ [EEORE o
[0 1]5 N
0#AsC{1l:d} "
or more concisely using the notation already established,
1/2
Dua(P)=| > L5P)] . (1)

P#sC{1:d}
where P*® denotes the projection of the point set P into the cube [0, 1]°.
In fact, Hickernell defined this discrepancy for general p: For 1 < p < oo,

the Hickernell L,—discrepancy is defined as
1/p

Dy ,(P) := > LaP)
0#sC{1:d}

Constructions of deterministic point sets are widely used in the context of nu-
merical integration via quasi-Monte Carlo (QMC) methods due to the low dis-
crepancy value leading to improved order of the integration error. We refer the
reader to the Koksma-Hlawka inequality [1}[2,[8-10}[13,24]. The optimal order
for the £, —discrepancy of a finite point set contained inside [0, 1]¢ for d > 2 is

0 ((log N) %" /N ),
conversely, for a set of i.i.d uniform random points (a Monte Carlo point set)
the expected discrepancy has order O(N~1/2),
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FIGURE 1. Jittered sampling for d = 2 and m = 4.

An element of randomness is often desirable or even necessary in real world
simulations. Therefore to achieve the best of both worlds, it is of interest to select
a deterministic point set and utilise a randomisation technique. The output
of this process is aptly called, a randomised quasi-Monte Carlo (RQMC) point
set; RQMC point sets often have the benefit of possessing better distribution
properties than MC samples while also featuring an element of randomness,
useful for simulation of real world phenomena. Jittered sampling is an example
of an RQMC point set.

1.2. Exact formulas for the L£;-discrepancy

Despite recurring criticism (see for example [20,21]) the Lo-discrepancy is
a very popular notion of discrepancy mostly due to its simplicity. In contrast
to other notions of discrepancy, we not only have an explicit formula for the
Lo-discrepancy of an arbitrary point set, known as Warnock’s formula [25], but
we also know the optimal order of the L,-discrepancy, i.e., we can look for point
sets that are optimal with respect to Ls-discrepancy; see [2, Section 3.2] and
references therein. We remark that Warnock’s formula can actually be traced
back to an older paper of Koksma [12] in which a version for d = 1 is stated using
the same idea as Warnock used later. In [5l[7] a fast implementation of Warnock’s
formula for low dimensional point sets was presented and later thoroughly dis-
cussed in [4,20]. The algorithms outperform a straightforward calculation, but
the running time of the algorithms still grows exponentially with the dimen-
sion d. In addition, it should be noted that the direct calculation has to be done
with sufficiently high numerical precision to avoid errors caused by annihila-
tion [4L[7,20].
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EXPECTED DISCREPANCY OF JITTERED SAMPLING

Warnock’s formula as presented in [2, Proposition 2.15] to calculate the Lo-
discrepancy of a given point set holds for any point set

P ={xo,...,xy-1} € [0,1]".
We have

1 2N—lcl 1_1‘2‘ 1 N—-1 d
ﬁz(P)2 == y - N Z H Tw + m Z Hmln(l — xm,ia 1-— xn,i)y (2)
n=0 =0

m,n=01i=0

in which z, ; is the i-th component of the x,,. For even powers p, there exists a
generalisation of Warnock’s formula for the £,-discrepancy; see [17].

Apart from this general formula, it is often possible to give explicit, closed
formulas for the Lo-discrepancy of particular deterministic sequences. As an
example we mention the exact formula for the symmetrised Hammersley point
set as derived in [14].

1.3. Main aim and outline

To put our results in a wider context, we recall that (0, m, d)-nets in base b de-
note an important type of deterministic d-dimensional point sets with b points
which are widely studied and used [2,[18]. In [9] Hickernell derived an explicit
formula for the expected Lo-discrepancy of randomised (0, m, d)-nets. Moreover,
B. Doerr [3] recently proved a tight star discrepancy estimate for jittered sam-
pling. That is, the order of magnitude for the star discrepancy of a jittered point

set is
Vid/1+ log(N/d)> ‘

Nitsg

EDEE@(

for all m and d with m > d. However, to the best of our knowledge, there
is no such statement regarding an estimate or exact formula for the expected
Lo—discrepancy of a jittered sample for arbitrary dimension d and number
of points N = m<. Our main result is as follows:

THEOREM 1.1. Let Q = {Q; : i € N4} be a jittered partition of [0, 1] form > 2.

Then
d
ecira - 2 |(3) - (54| @

REMARK 1. In PropositionG.Ilwe derive a similar formula for the £o-discrepancy
of projections of jittered point samples in [0, 1] to lower dimensional faces of the
unit cube.
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As a second main result, we derive a closed formula for the Hickernell
Lo-discrepancy of jittered sampling:

THEOREM 1.2. Let = {Q; : i € N4} be a jittered partition of [0, 1]¢ form > 2.

Then ; , /
ED}2(Pa) = m%(f) [(%)] B (% B %>

Jj=1

Based on Theorem [[Tlwe can derive the following corollary. Note that in con-
trast to the result of Doerr, the implicit constants hidden in the © notation
actually depend on d, hence this result is not as strong as the result of Doerr.

COROLLARY 1.3. For a jittered partition Q@ = {Q; : i € N4} of [0,1]¢ containing
N =m? points where m > 2 and d is fized, we have

(E3(Pe) " =0 (1)

1
(ED%,(Pa))'/* = © <W> :

Proof. Toshow the first assertion, we rewrite the difference in brackets in The-

orem [I.1] as d d
m71+1 m—1+1
2 2 2 3

and expand it using the binomial theorem:
i A\ Sm— 1V [ 71\ F 1\
k 2 2 3
k=0

Each summand in this sum is positive. To get a lower bound, it is sufficient
to truncate the sum and only consider the terms for k =d and k =d — 1, i.e.,

d—1
1 d/m-1
EL3 > —— [ —— .
2(Pa) 2 Taag < 2 )
Similarly, to obtain an upper bound, we simply notice that the leading terms
cancel in the difference, such that we get a polynomial in m of degree d — 1.

Taking the square root and substituting m = N/¢ leads to the desired result.
The second assertion can be derived in a similar fashion. O
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EXPECTED DISCREPANCY OF JITTERED SAMPLING
REMARK 2. By Jensen’s inequality [11] we get that
E(L2(Pa)) = O (E(E%(Pn))1/2)
and hence E(L2(Pq)) = O (m_%_%>.
Our proof utilises a proposition from [16] (see also [I5]) regarding the ex-

pected discrepancy of stratified samples obtained from an equivolume partition
of the cube.

ProPOSITION 1.4 (Proposition 3, [16]). If @ = {Q4,...,Qn} is an equivolume
partition of a compact convex set K C R* with |K| > 0, then
1 N
EL3(Pq) = ~—m / qi(x)(1 — ¢;(x))dx (4)
#P0) = gy 2 ) 000 o)
ith o (x) = [Sun[0.x)]
with ¢;(x) = S

The structure of the paper is as follows. In Section 2, we derive the formula
for the discrepancy of jittered sets in dimension 2. This calculation is much
simpler than for arbitrary d > 3 and is used to highlight some difficulties in the
general case. In Section 3 we introduce several lemmas needed to derive the proof
of Theorem [[LT] in Section 4. Section 5 contains the proof of Theorem

2. The special case d = 2

For m > 2, let N2, denote the set of all ordered pairs with entries from {1 : m}
and let Q@ = {Q(; ;) : (4,5) € N2} be a jittered partition of [0,1]?. We define
two subsets of the unit square which will be of importance to us in the following
derivation.

For a given vector (i,7) € N2 | define

1 . ,
fv::{xzwl,xz)e[o,lﬁz’ gmsiandigngl}
m m m
and similarly,
. 1
I, = {x:(xl,x2)€[0,1]2:i<x1<1a dj—<x2<i}.
m m
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FIGURE 2. The regions I, and I, for a given partitioning set 1, ;.

LEMMA 2.1. Let @ = {Q ;) : (i,]) € N2} be a jittered partition of [0,1]?

= [2aptl0D] gy, for each (i,j) € N2,

form > 2 with q(; ;)(x) Q.|

q(,5)(x) (1 — q(m)(x)) #0 if and only if x € Qg ;) U I UI,.
Proof. We prove the contrapositive statement. If Q(; ;) C [0,x), then
|Q(i7j) N [O,X)’ = [Q(;,5)|- Hence,
gy =1 and  qq5(x) (1= ga(x) = 0.
Similarly, if Q; ;) N [0,x) = 0, then [Q; ;) N [0,x)| = 0. Hence,
Gy =0 and g (%) (1= q.5(x)) = 0.
Therefore, the integrand is non-zero if and only if Q; ;) and [0,x) have a non-
trivial intersection and (; ;y Z [0,x), i.e., when x € Q; ;) U I, U I, O
We illustrate the regions for which g(; ;)(x) (1 — g j)(x)) # 0 in Figure 21

LEMMA 2.2. For given (i,j) € N2, we have the following

m?

m? (9(:1 — ﬂ) (9(:2 — u) for x € Qg j,

9.5 (%) = §m (22 = 12F) for x € I, (5)
m(xl—%) for x € I,.
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EXPECTED DISCREPANCY OF JITTERED SAMPLING

Proof. We discuss the case when x € {}; ;) and note that the other cases can
be derived in a similar manner. If x € §(; ;), then by definition % <z <L
and £=1 < 75 < L. Then recall the definition of g(; ;(x) from (@), and therefore

Qi) (X) =

as required.

THEOREM 2.3. Let Q = {Q; : i € N2} be a jittered partition of [0,1]* form > 2,
then
6m —1

EL3(Pa) = 36mA

Proof. To calculate the mean £;—discrepancy of two dimensional jittered sam-
pling, we start from equation (). Let K = [0,1]?, N = m? and assign a position
vector (i,7) with 1 < 4,5 < m to the set of the partition with lower left ver-
tex (4, 7). Using this notation and Lemma 2] we obtain

E£2 (Pa) = ) Z /q(w q(i7j)(x))dx (6)

(4,5)EN2Z,
with
94,5 N[0,%)]

and J=Q; U, UI,.
.50 e

q(z,g)( )

For a given set in position (¢, j) we can evaluate the integral:

/J q(i,5)(%) (1 = g (x / / 4(i,5)(%) (1 = 4.5y (x)) dzazy

+/i ﬁl 9.5 (%) (1 = 4.5 (%)) dwam
i 1

+ /1-,_1 / q(i5) (%) (1 - q(i,j)(x)) dxax.
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Evaluating the integrals and using (@) gives,

1 ) m—i m-—j
EL3 = —
2(Pa) m4 '%32 36m?2 + 6m2 + 6m2
1 «— 5 m—i m-—j
B WJZ_I 36m2 | Gmz | 6m?
~ bm—1
o 36mt
as required. O

COROLLARY 2.4. For a jittered partition Q of [0,1]2,

(EC3(Pa)) /" =0 (N7%14).

Proof. This follows from N = m2. O

REMARK 3. Again, from Corollary 2.4 and Jensen’s inequality, for a two dimen-
sional jittered sample Pgq we have

ELy(Pg) = O (N—3/4) .

3. Several key lemmas

For m > 2, let N, denote the set of all d—tuples with entries from {1 : m}.
Let @ = {Q; : i = (i1,...,iq) € N2} denote a jittered partition of [0, 1]¢
with 4 € N¢ acting as the position vector of the jittered set ;. If u is a
nonempty and strict subset of {1 : d}, then for every i € N% we can define
the set

" g, t—1 ) ; U

Ii:{XE[O,l] : <xj§Eforggéu,agxkglfork:Eu}.(7)

m

Note that there are 2% — 2 such subsets for each i € NZ. There are d — 1
different types of subsets Z;' which can be classified by the cardinality of the
set u, denoted throughout by the usual |u|. It is therefore natural to say that
a set is of type—|u|. See Figure [2 for visual aid and examples of the regions Z'
for d = 2. Specifically, I, can be identified with Z\*} and similarly I;, with Z'!
in the two dimensional case.

74



EXPECTED DISCREPANCY OF JITTERED SAMPLING

LEMMA 3.1. Let Q = {Q; : i € N.} be a jittered partition of [0,1]% for m > 2
with q;(x) = m'lﬂT[O"‘)l Then for each i € N4,

qi(x)(l — q,-(x)) %0 if and only if x € Q; U UIZL

in which the union is over all subsets T} as defined in ([Q) for 0 # u C {1:d}.

Proof. It is more convenient to prove this via the contrapositive statement.
That is,
¢i(x)(1 —¢i(x)) =0 if and only if x ¢ Q; U UIZ‘

Hence, given i € N suppose that x ¢ Q; U UZ} for any nonempty choice
of u C {1: d}. Then by definition, we are either in the situation that there exists
at least one j € {1 : d} such that z; < 41 which implies ; N[0, x) = 0. Hence,

12; N [O,X)|
qi(x) = ————— = 0.
) |€2; |

Or we have that z; > %’ for all j € {1 : d} which implies Q; C [0,%). In this

case
0, x)[ Q]

i(x) = B Bh g
40 =" T e

In both cases, ¢;(x) (1 —qi(x)) = 0 as required. In the other direction, suppose,
¢i(x)(1 — ¢s(x)) = 0. Then either

¢i(x)=0= |2 N[0,x)|=0=Q;N[0,x) =10
and therefore x ¢ Q; UJZ}. Alternatively if ¢;(x) = 1, then
|Q; N[0,x)] = ‘Ql| =Q; C[0,x)=x¢Q; Uz

for any nonempty u C {1 : d} since £ < z; < 1forallj € {1:d}. The statement
of the Lemma is now proved. O

We can now adapt equation (IZI) Let K = [0,1]¢ and N = m¢9, then

d)2 Z /0 e 1_‘11(")) (8)

ieNd,

EL3(Pq) =

where
1€2; N [0,x)]
qi(x) = —o7—
1€
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Next, we discard those regions of [0, 1]¢ where the integrand vanishes as shown
in Lemma B.1l Therefore, we get,

EL3(Pq) = Zdz /qzx)l gi(x))dx + ) /quH 4i(x)) dx

iend |7 D#uc{1:d}
(9)
LEMMA 3.2. For a given i € N&,
md H;lzl (xj - i’;l> ) for xe€Q;
qi(x) = - (10)
md—lul [Li¢. (xj —— ) , for x eI

Proof. Fix i = (i1,...,iq) € N%. Both cases can be proven simultaneously
by noting that I? = ;. Suppose that x € Z} for any v C {1 : d}, then
by definition

i1 z; < i}

for j ¢ u and Z—kgxkgl for k € u.
m m

Now to determine the desired expression for the function ¢;(x), we are interested
in the intersection between the jittered set €2; and the test box [0,x). From the
observation above, we can conclude that

Hence,

;N [0, %) M 1T (xj
J¢u
=1
oy 9info,x)| i g (x] m ) ] oyl
ql(x) - |Qz| - 1/md -m ];[ J m
Jj¢Eu

as required. For completeness, when u =0 (i.e., I} b — ) the expression becomes

—m H<x] “1>

as required. O

LEMMA 3.3. Let i € N and let u be a nonempty, strict subset of {1 :d}. Then

00 )i = (S ) I (1-2).

JEU
Moreover,
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Proof. For a given ¢ € N% consider a type—|u| subset of [0,1]?. We can

suppose that v = {1,2,...,|u|} C {1 : d} without loss of generality. Then using
the general form of ¢;(x), the second integral in (@) has the form

/I?qz'(x)(l - qz‘(X))dX = /I;L ¢ (x) — q7 (x)dx

_ pd—lul R Bt D D 2<d—|u|>/
m /H<x = ) x—m I

i j¢u i jéu
1 1 d Y ;
_ m ;i — 1
:md lul —_— H ) Tj — J dl‘jdl‘|u| R

'iil 'L\ul ) z]-—l m

m m J:lul-}-l m
1 1 d ] ; 2

B m 1, — 1
_ m2(d |ul) o H _ Tj— J dl‘jdl‘|u| ...

I ) z]-—l m
m m ]:‘u‘-‘,—l m

o () (-2
] (-8 ()
B <<2m>1d-'u' ) <3m>1d—u> 11 < ) E)

(e

as required.

To show the second statement in the lemma we use the formula of Lemma[3.2]
for ¢;(x) and x € ;. We notice that the calculation is similar to the above
resulting in

3d _ 2d
(%) (1 — ¢;(x))dx = . O
[ 601 = ) = T

i

7



N. KIRK — F. PAUSINGER

4. Proof of Theorem [1.1]

Starting from (@), we use Lemma to rewrite

EL3(Pa) = de /qz (1-g(x)dx + > /qz (1—qi(x))dx

ieng, | /¢ 0AuC{1:d}
as
_ 2d gd—lul _ 9d—|u| i
2 j
BCPa) = Y |t © 2 T B U Ees
(6m) , m
ieNd, D#uC{1l:d} jEu

We gather the terms in the last line by including the case u = () in the
summation over subsets of {1 : d}.

wano - 2| % (FEI(-4)

ieNd uc{1~d} JjEu

3d k72d k 7;]'
S LYY Y B ()
ieNd, k=0 ulcu‘l{lg} JEU

3d k_2d k

= m2d O > ZH(l%) (11)

uC{1:d} 1eN¢ jeEu
|lu|=k

()

The quantity (*) is equal to the same value for all subsets u with |u| =k > 0.
Hence we calculate the double sum in (II]) by letting v = {1,2,...,k}, setting
ji = m—i; for 1 <1 < k and noting that there are (g) subsets of {1 : d} of size k.

Thus, .
8- £ 0500
uc%;z} ieZN;in Jlji:t( m ik+17--z-7id—1 k ih-%%—ljl:[l m
d—k d i, ]1]2]1{3
(i) 2 ()

ot (@) e () () (25
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Incorporating the last derivation into (III), we obtain

d d—k d—k k

1 d 1 1 m—1

EL5 = — ) (= m=—2
oew = g2 (06 - ()] ()

k=0

! m—1+1d mfl_’_ld

- om¥ 2 2 2 3

as required.

5. Proof of Theorem

For the Hickernell discrepancy, we are required to calculate the discrepancy
of all projections of the point set in addition to that of the original set. Therefore,
we first derive a formula for the expected Lo—discrepancy of a d—dimensional
jittered point set projected onto a lower dimensional face of the unit cube.

PROPOSITION 5.1. Let Q = {Q; : i € N4} be a jittered partition of [0,1]¢ for
m > 2. For a nonempty subset s C {1 :d}, we have

ELC2(Pg) = md1+|s| [<m2 L, %>_ <mT1 N %>] | )

Proof. Suppose Pgq is a jittered sample contained in [0,1]¢ with N = m?
points. We follow the notation and general method as presented in [I5] and
consider the random variable

X &S M0, x°

IR U]

where P¢, denotes the projected jittered point set into the unit cube [0, 1]°.
It is easy to observe that for some nonempty s C {1 : d}, the projection of a
d—dimensional jittered partition onto [0, 1]® is again a jittered partition (but
with more than one point in each set) and hence equivolume. By Proposition 1
from [15], we can conclude that

E(Zx:(Pg)) = 1[0,x7)|. (13)
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From this unbiasedness of the variable Zxs = Zx:(Pg) and applying Tonelli’s
theorem with p = 2, we have

EC3(Pg) = /[ Bl [0,

= / E|Zys — EZys| dx® :/ Var(Zys )dx® (14)
[0,1]¢

[0,1]*

with the last equality due to the expression E|Zys — EZy:|?> which denotes the

second central moment of Zys, i.e., the variance.

Now we take note that for a given projection of Pg into dimension d — 1, the
number of jittered sets is reduced by a factor of m with each set containing m
points. Continuing in a similar manner, when projecting onto a dimension 1 <

|s| < d, there are # jittered sets each containing m?~!*| points. Therefore,
the random variable N-Zys = #(P&N[0,x%)) can be treated as the sum of d—H
groups of m9~1sl identical Bernoulli variables with success probabilities qi(x%)
for ¢ € N7, where

sy 1925010,x7)]
G\X") = — s -
6=y
Therefore,
N2Var(Zy: (Pg)) = Var(N - Zy:(Pg)) =Y _m*71*1g;(x*) (1 = G:(x*)).
1€Ns,

Entering the last into (I4) With N = m¢ yields
EL3(Pg) = dH\ 2;,/ )(1 = Gi(x%))dx®. (15)
1ENS

For a given projection onto [0, 1]* with ) # s C {1 : d}, the probabilities g;(x*)
have the same form as stated in Lemma 9 in the new appropriate dimension |s|.
Hence ([I3)) can be simplified in a similar manner to the standard £, —discrepancy
calculation and can be written as in the statement of the proposition, i.e.,

EL3(PR) = o l(m; rg) - (e éﬂ 1o

0

Proposition (5] is our main tool in the proof of Theorem

Proof of Theorem Let Pq be a jittered point set contained in [0, 1]%.

We have that
ED}5(Pa) == Y EL3(PY).
0£sC{1:d}
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From Proposition [5.1] we obtain,

Is| Is|
1 m—1 1 m—1 1
2 _
i) = | () - (U5 s)
P#£sC{1:d}
_ oy () (et 1y L (met 1Y
e mi\ 2 2 2 3

where the last equality is due to the fact that we have the uniform distribution
inside each original jittered set, hence the projection onto any |s|—dimensional
cube will have the same distribution. The binomial coefficient takes care of the
fact that we have (‘;) many projections for a given dimension 1 < j <d. O

REMARK 4. Note that in analogy to Theorem 2.3 and for Q@ = {Q; : ¢ € N2 }
being a jittered partition of [0, 1]> and m > 2, we have that
18m —1

36m?
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