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ABSTRACT. We give a necessary and sufficient condition for equidistribution
of continuous functions along monotone compact covers on locally compact spaces.
We show the existence of equidistributed mappings along Bohr nets arising from
group actions. Using almost periodic means, we give an analogue of Weyl’s equidis-
tribution criterion for continuous functions with values in arbitrary topological
groups. We prove van der Corput’s inequality on the lattice N™ for vectors
in Hilbert spaces, and use this inequality to extend Hlawka’s equidistribution
theorem to functions on the lattice N™ (m > 1) with values in arbitrary topolog-
ical groups.

Communicated by Oleg Karpenkov

1. Introduction and preliminaries

The classical theory of equidistribution (also known as ‘uniform distribution’)
of sequences was initiated by Weyl [32] following earlier works by Bohl and
Sierpinski. For a survey of this theory and its developments we refer to Kuipers-
-Niederreiter [22] and Limic-Limi¢ [24], and the references therein. The purpose
of this paper is to study a concept of equidistribution for continuous functions
on locally compact spaces that includes equidistribution of sequences as a special
case.
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In addition to wider applicability, the generality of our study serves several
purposes. First, in view of the considerable interest in Banach function alge-
bras [5,21], it is of interest to investigate equidistribution of functions with
respect to linear functionals on such algebras. Second, using almost periodic
means, we formulate some of the key results of the theory (e.g., Weyl’s criterion
Theorem [2.0]) for functions with values in arbitrary topological groups. Third,
we shall give an extension of Hlawka’s equidistribution theorem, to functions
defined on the lattice N”* with values in topological groups (Theorem [3.4)).

Since integration and regularity of measures play important roles in some
of the key results (e.g., Theorem [2.2]), we shall base our study on continuous
functions on locally compact spaces. In Section B we first define the equidis-
tribution of continuous functions (Definition 2]), and then give a necessary
and sufficient condition for this phenomenon in Theorem In Theorem 2.4
we show that continuous group actions naturally give rise to examples of equidis-
tributed functions along Bohr nets (for definition of Bohr nets, see below).
Of particular interest for functions with values in topological groups is the notion
of almost periodic (a.p.) equidistribution (Definition 25]). We give an analogue
of the Weyl’s criterion for a.p.-equidistribution in Theorem Some of the
applications of Weyl’s criterion are given in Corollary 2.8 Theorem B4 and
Theorem Bl

In Section B we prove van der Corput’s inequality on the lattice N™ for vectors
in Hilbert spaces (Theorem [B.2]). This inequality is used to give a sufficient con-
dition for the a.p.-equidistribution of functions ¢: N™ — H where m>1, H
is a topological group, and the coordinates ni,...,ny, of (ni,...,n,y) € N™
vary over arithmetic progressions (Theorem [B.4]). The theorem extends a re-
sult of Hlawka [20, Satz 6, p.42] from sequences to functions ¢: N — H.
We end the paper with an application of Theorem [B.4] to multivariate polyno-
mials p(z1,...,%,), where p has a nonconstant term with an irrational coeffi-
cient, and where the variables 1, ..., x,, run over arithmetic progressions in N
(Theorem [B.5]).

In the remaining of this section we review some terminology and notation.
Throughout this paper all topological spaces are assumed to be Hausdorff,
unless otherwise stated. If X is a topological space, then a Banach function
algebra on X is a subalgebra A of C?(X) (continuous bounded functions on X)
that is a Banach algebra under a norm || - ||. The topological dual of A (i.e.,
the set of all continuous linear functionals on A) is denoted by A* For each
x € X, the evaluation functional 7, on A is defined by 7.(f) = f(x) (f € A).
Since 7, is multiplicative, it follows that 7, € A* with ||7,| <1 ([I9, Theorem
C. 21, p. 477]), and therefore || f|lsup < ||f| for every f € A. We denote the
characteristic function of a set £ C X by 1g. We say that A is unital if the
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constant function 1x € A, in which case we also assume ||1x|| = 1. If X is a
locally compact space, and M (X) is the Banach space of all complex regular
Borel measures on X (with the norm ||u|| = |p[(X)), then each p € M(X) gives
rise to an element 7, € A* by defining (7, f) = [ fdp (f € A). The functional
Ty is continuous since (7., f) = | [ f dul < [[ullllflsup < Nullll£1-

A Banach function algebra A on a topological space X is called completely
normal if for every two closed disjoint subsets A, B of X, there is a function
f € A such that f(X) C [0,1], f = 1 on A and f = 0 on B. By Urysohn’s
lemma, C®(X) is completely normal if and only if X is normal. On a compact
topological group G, the Herz-Figa-Talamanca algebras A,(G) (1 < p < 00),
and in particular the Fourier algebra A(G), are completely normal (for more
on these algebras see [6,10,18]21]).

For the definitions of nets, subnets, and their convergences we refer to Willard
[33, pp. 73-75]. For properties of the space of almost periodic functions AP(G)
on topological groups G, we refer to von Neumann [25] or Dixmier [7], §16,
p- 296]. The unique invariant mean on AP(G) will be denoted by Mg, or just M
when there is no fear of confusion. If G is a locally compact group and A is a
left Haar measure on G, then a Bohr net on G is a net {K,}aer of compact
subsets of G such that (i) K, C Kg if a < 8, (ii) G = U,y K5 (Where K is
the interior of K,) and (iii) M(f) = limge; ﬁ Jx. fadX forall f e AP(G).
Davis [, Theorems 2.1, 3.4] has shown the existence of Bohr nets for all locally
compact groups.

By a monotone compact cover on a topological space S we mean a net
{Ka}acr of compact subsets of S such that (i) S=|J,c; Ko and (i) K, CKg if
a <. Every space S has at least one such cover obtained by taking all compact
subsets of S directed by inclusion. Unless otherwise stated, we shall assume that
the set of natural numbers N is equipped with its canonical monotone cover
Ny = {1,2,...N} (N € N). On locally compact groups, we shall be mainly
interested in covers provided by Bohr nets.

Let H be a Hilbert space with an orthonormal basis {e; };c;. For a continuous
linear operator T' € B(H), we let T;; = (Tejle;) (i,j € I). An operator T' € B(H)
is called Hilbert-Schmidt if 1/2

T2 = { D_ITul ] < oo
0J
The space of all Hilbert-Schmidt operators on H denoted by Ba(H) is a Hilbert
space under the inner product defined by (T'|S) = tr(S*T) (S,T € Ba(H)).
The norm induced by this inner product is the Hilbert-Schmidt norm

T2 = (T|T)"/2.
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2. Equidistribution of continuous functions

DEFINITION 2.1. Let S be a locally compact space equipped with a regular
Borel measure A and a monotone compact cover { K, }ocr. Let X be a topological
space, A a Banach function algebra on X, and m € A* We say that a continuous
function ¢: S — X is m-equidistributed along { K }acy if for every f € A:

. 1
. )= I ey [ (7o 9o A 1)

REMARK 1.

(a) This definition extends other notions of equidistribution for continuous func-
tions given in Hewitt and Ross [19, Theorem 26.17, p. 432], or Bergelson
and Moreira [I, Definition 2.9] (see also Theorem 2.2 below). In the special
case that S = N is the set of natural numbers equipped with the counting
measure and the monotone cover {Ny}%_;, letting x,, = ¢(n), we can
rewrite (1) as

(m, f) —nggoﬁfom (feA. (2)
This is consistent with the definition of equidistribution of sequences, usually
stated when X is compact, A = C(X), and m is a probability measure on X
(22, Definition 3.1.1, p. 171]).

(b) m-equidistribution can be interpreted as ‘weak convergence’ of measures.
Suppose ¢ is injective, and @, A is the image (or, the push-forward) mea-
sure of A on X. Thus for every Borel set E C X, (p.A\)(E) = A~ (E)).
For each a € I, we define a Borel measure i, on X by po = ﬁlw(KQ)@*A.
Then the identity (1) can be written as (m, f) = limaes (o, f) (f € A).
Thus ¢ is m-equidistributed if and only if p, converges weakly (relative
to functions in A) to m € A* (cf., 27, p. 40]).

Our first theorem is a characterization of equidistributed functions, when
m = 7, is induced by a finite regular Borel measure ; on X.

THEOREM 2.2. Let S be a locally compact space equipped with a reqular Borel
measure X\, and {Ky}acr be a monotone compact cover of S. Let X be a locally
compact space, A be a completely normal Banach function algebra on X, and let
m =17, € A%, for some finite reqular Borel measure u on X. Then a continuous
function ¢: S — X is 1, -equidistributed along { Ko }acr if and only if for every
Borel set E C X with u(OF) = 0, we have

H(E) = lim s /| (15.09)(s) IA(s). (3)
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Proof. First we prove the necessity of (B]). Since  is finite and regular, for each
n € N there is an open set V,, D E with u(V,, \ E) < 1/2n, and a compact set
W, C E° with u(E° \ W,) < 1/2n. Since A is completely normal, there are
frsgn € A, fnygn: X — [0, 1], such that

folw, =1, fn|X\E° =0; 9n|E: 1, 9n|X\Vn =0.

(If E° = @, we put W,, = @ and f,, = 0; furthermore, we drop the condition
gnlx\v, = 0if X =V,.) Therefore,

lw, < fn<lp <1y <g, <ly,. (4)

Integrating with respect to u we get
p(Wn) < / frdp < p(E) < / gn dpp < (Vi)
X X

If n — oo, then pu(W,) — u(E°) and u(V,) — p(E), and since by assumption

w(OF) =0, we have u(F) = p(E°) = u(FE), thus

i [ fudp= i [ g, du=u(E). (5)
X n—oo X

n—oo

Using (1) and (@), we can also write

. 1
/and.u':hglm/;(ifnocp)(s)d/\(’ﬂ

o 1
< hmalnf Y] /1(£1E o p)(s) dA(s)
< limasup @ /K(ElE o p)(s) dA(s)

< limasup @ /Ka(lE o p)(s)dA(s)

. 1
<l /K (gn > 9)(5) 1A (5) = /X g dp. (6)

Combining (Bl and (@) implies (B]).

Next, we prove the converse statement. Suppose that (3]) holds for every Borel
set B with u(OF) = 0, and we shall prove that ¢ is 7,-equidistributed along
{Ka}aer. In fact, we can prove the stronger statement that

= im# op)(s s) fora b
[ pan=tim s [ oo e foran pechn. @

Let . be the set of all simple functions h = Z?Zl cilg,, where n € N, ¢; € C,
and E; are Borel sets with p(0F;) = 0.
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CrLAIM. Every f € C*(X) can be uniformly approzimated to arbitrary degree
by functions in .

We may assume without loss of generality that f > 0. Let a > 0 such that 0 <
f(z) < afor all x € X. For each r € [0,a], the set E, ={z € X: f(x) >r}isa
Borel set with 0F, C {z € X: f(z) =r}. Since X =, ¢j q{z € X: f(z) =1}
and p(X) < oo, it follows that for all but possibly countably many r € [0, a],
pu({z € X: f(x) = r}) = 0. Thus, for all but possibly countably many of E,
(r € [0,a]), we have p(90F,) = 0. Let us now choose € > 0 arbitrary but fixed.
It follows from above that there exist numbers 0 =rg <7y < --- < r, = a, such
that 7,41 —r; <€, and u(0FE,,) =0, for i =1,2,...,n— 1. Now, for each z € X
there exists some integer k, 0 < k < n — 1, with r; < f(z) < rg4+1, hence

n—1 k
D (ripr —ri)lp, (@) = f(@)] = D (riga — ) = f(@)| = reps — f(@)] < e
i=0 i=0

This proves the above claim.
Now, for a given € > 0, we choose h = Z?:l cilg, € 7 such that

17 = fllsup < €. (8)
By our assumption in @), for h =Y. | ¢;lg,,
n n 1
hdp =Y cu(E;) =" c¢lim——— / (1g, o @)(s)d\(s)
o= ) =3 et s o

1=

. 1
= hcrtn KL /I(Egho<p)(s) dA(s).

Thus we can choose § large enough so that for all a > £,

1
hdu — —/ ho s)dA(s
J min= s [ e @@ ixe)
Now, combining (§) and (@), we find that for all o > 3,

‘/xf = A(Il(a) /Ka(f o ©)(s) dA(s)
< ‘/deu—/xhdu‘+‘/xhd,u —@/K(Ehow)(s)d)\@)

<e 9)

1
T NE ‘/Kf(h = f)o@)(s)dA(s)| < en(X) + e+ e= (u(X) +2)e.
Since € > 0 is arbitrary, (7)) follows. 0
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REMARK 2.

(a) For the case of sequences in compact groups the above result is due Eck-
mann [8, p. 258] (it should be noted, however, that the necessary condition
u(OM) = 0 is missing in this reference); our proof has been inspired by the
excellent exposition given in [22, Theorem 3.1.2, p. 175]. In the special case
that X is a metric space, ¢ is injective, and A = C*(X), the theorem follows
also from Portemanteau’s theorem (cf., Remark [Il(b) and [27, Theorem 6.1,
p. 40]).

(b) Theorem gives a characterization of m-equidistribution in the special
case that m = 7, is induced by some finite regular Borel measure y on X.
In general, not every element of A* is induced by a measure on X, and
therefore, for such elements of A*, Theorem does not hold. We shall use
Theorem 2.2 only in Remark [7I(b).

For the next result we keep the assumptions and notation of Definition [Z1l
The support of an element m € A* denoted by supp (m), is defined as the set
of all a € X such that for each open neighborhood U of a, there is a function
f € A with supp (f) C U and (m, f) # 0.

THEOREM 2.3. If a continuous function p: S — X is m-equidistributed along
a monotone compact cover {Ku}acr, then supp (m) C ¢(S).

Proof. Let a € supp (m), U be an open neighborhood of a, and f € A be such
that supp (f) C U and (m, f) # 0. Since ¢ is m-equidistributed along {K4 }aer,

we have . 1
lin + /K (o @)(5) 4A(5) = m. )

It follows that ¢(s) € U for some s € S (otherwise all the integrals on the
left side will be 0). Since the neighborhood U of a is arbitrary, it follows that

a € ¢(S). Hence supp (m) C ¢(S). O

REMARK 3. Theorem can also be proved using Portemanteau’s theorem
(see, e.g., Parthasarathy [27, Theorem 6.1, p. 40]). To apply the theorem, let us
assume also that X is a metric space and m = 7, for some probability measure
pon X. Now let V = [p(S5)¢]°. Using the Remark (b) following Definition 2]
Portemanteau’s theorem gives

1
liminf—/ 1y opdh > p(V).
NKa) Jr v

acl

Since the integrand in the left side is identically zero, it follows that p(V')=0.

Thus supp (1) C ¢(S). Now it is easy to check that supp (7,,) C supp (1), and

45



M. SANAGNI MONFARED—Y. ZHU

hence the theorem follows for the case that m = 7,,. We thank the referee for sug-
gesting this alternative proof.

We recall that a mean on a unital Banach function algebra A is a positive
linear functional m € A* such that (m,1x) = ||m|| = 1. The following result
shows the existence of equidistributed functions arising from group actions.

THEOREM 2.4. Let G be a locally compact group acting continuously on a lo-
cally compact space X, and let A be a Banach function algebra on X. Suppose
that xg € X and p: G — X is defined by o(s) = sxg. Then there exists a
Bohr net {Kq}acr on G and a positive linear functional m € A* such that ¢ is
m-equidistributed along {Kq}acr- Moreover if A is unital, then m is a mean.

Proof. Let {Fg}gecs be an arbitrary Bohr net on G, and for each 3 € J, the
consider the function /\(#Fs)l 7y € LY(G) (where \ is a left Haar measure on G).

Using the natural linear isometric embedding f +— f, of LY(G) into its second
dual L= (G)* ([3] p. 89]), consider {#Fﬁ)ipﬁ }[3 jasa net in the closed unit ball
€

of L>®(G)*. By Alaoglu’s theorem ([3, Theorem V.3.1, p. 130]), the closed unit

ball of L*°(G)* is compact in the w*-topology o(L>(G)*, L>°(G)), and hence

the net {#Fﬁ)/l\pﬁ}ﬁ ; has a w*-cluster point n € L>°(G)* ([33, Theorem 17.4,
€

p. 118]). Therefore, there exists a (monotone) subnet {Fj, }ocr of {Fz}pes, such
that n = w*-lim,, /\(%B)Tpﬁa ([33, Definition 11.2, p. 73, Theorem 11.5, p.;75]).
Letting K, = Fp_, (a € I), we find from the definition of w*-convergence and
the inclusion C*(G) C L*(G) that
1 - 1
(n9) = lim( 7 T, ) = lim —/ a(s)dN(s) (g€ C@)). (10)
N ) Ji e @)

acl acl \

Let m = p.n € A* be defined by

)= lpunf) = fog) = Im s [ (Fo@ M) (e ). ()

It is easy to check that m is a positive linear functional on A and |m| < 1.

The fact that ¢ is m-equidistributed along { K, }oer follows from (II)). If A is

unital, then (m,1x) = (n,1x o) = (n,1g) = 1, and hence m is a mean. O

REMARK 4.

(a) In the above theorem, if G is amenable ([26, p. 5]) and A is unital and
invariant under left translations by elements of G, then a simple modification

of the proof shows that { K, }aer can be chosen to be a Fglner net on G and
m € A* to be a left invariant mean.
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(b) The proof of the above theorem simplifies greatly when G is compact. In that
case, AP(G) = C(G), and the almost periodic mean M coincides with the
normalized left Haar measure A on G. Thus, if we define m = p,\ € A*
by (m, f) = (A, f o ), then it follows directly from the condition (iii) of a
Bohr net, that the function ¢ is m-equidistributed along any Bohr net of G.

For the remainder of this paper, we shall be mainly interested in equidistri-
bution of functions with respect to almost periodic means.

DEFINITION 2.5. Let S be a locally compact space equipped with a regular
Borel measure A and a monotone compact cover { K, }qer. Let H be a topological
group and M the invariant mean on AP(H). A continuous mapping ¢: S — H is
called almost periodic equidistributed (a.p.-equidistributed) along { Ky }aer if it is
M-equidistributed along { K, }aer-

REMARK 5.

(a) For a related concept, without the use of monotone covers, see Helmberg [17,
p. 78]. We remark that there are at least two reasons for preferring the study
of a.p.-equidistribution to a study of equidistribution via the Bohr compact-
ification. First, the structure of a Bohr compactification (even for abelian
groups such as Q or R) is often more complex than the structure of the
original group. Second, our results on a.p.-equidistributions (in their full
generality) are new even for functions with values in compact topological
groups, and as it turns out, it is simpler and more direct to use almost
periodic means than to transfer the functions to Bohr compactifications.

(b) Uniform distribution of sequences in locally compact groups with respect
to the almost periodic mean, and with respect to Godement’s mean on
positive definite functions [14) p. 59], was introduced in Veech [31, p. 777].
A sequence {r,}>2 in N is called uniformly distributed sequence genera-
tors if for every sequence {z,}2° ; which generates a dense subgroup of a
locally compact group G, the sequence y,, ‘= Ty, Ty, - - - T, , is uniformly dis-
tributed in G in the sense that limy_, 7 25:1 f(yn) = M(f), for every
continuous almost periodic or positive definite function f on G. Here M
denotes the almost periodic mean if f € AP(G) and it denotes the Gode-
ment’s mean if f € PD(G) (continuous positive definite functions). Veech
showed the existence and gave examples of such sequences in [30,31] (see
also [12L[13]), and obtained a Weyl!’s criterion for this notion of uniform dis-
tribution [31], Proposition 1.1.2]. For sequences, uniform distribution defined
by Veech implies a.p.-equidistribution in the sense of Definition In fact,
since AP(G) U PD(G) is a subset of the space of weakly almost periodic
functions WAP(G), Veech’s definition can be alternatively formulated with
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respect to a mean on WAP(G) (for a related open question, see [31, p. 778]).
In view of our results in Section[3] it will be interesting to see if Veech’s re-
sults can be extended from sequences to functions defined on the lattice N™.
We hope to return to this question in another paper.

(¢) For other variations and generalizations of the notion of uniform distribution
studied by Niven, Rubel, Hartman, Berg-Rajagopolan-Rubel, Benzinger,
and Rindler we refer to the bibliography in [31].

For a topological group H, let €5 be the family of all (equivalence classes)
of finite-dimensional, continuous, irreducible unitary representations of H.
The trivial 1-dimensional representation is denoted by 1. For o € €, H, is the
representation space, d, is the dimension, and o;;(s)= (c(s)ejle;) (1<i,5<do)
are the coefficient functions of o with respect to an orthonormal basis {e;}%7,

of H,.
THEOREM 2.6 (Weyl’s criterion). Let S be a locally compact space equipped with

a regular Borel measure \ and a monotone compact cover {Ks}acr. Let H be a
topological group. Then a continuous mapping ¢: S — H is a.p.-equidistributed
along {Kqs}acr if and only if

. 1
lim < /K (7110 £)(5) dX(5) =0, (12)

for all nontrivial 0 € €, 1 <1i,j < d,.

Proof. First, suppose that ¢ is a.p.-equidistributed along { K, }ocr, and let M
be the almost periodic mean on AP(H). Since 0;; € AP(H) (1 <1i,j < d,),

by () we can write )

tny 77 [ (70 9)(8) ) = (0.0, (13)

Consider the inner product on AP(H) defined by (f|g) = M(f9), f,9 € AP(H).
By assumption ¢ 2 1p, and therefore we can use the orthogonality relation
between coefficient functions of representations in €y (|25, Theorem 24, p. 471],
[T, (16.3.4), p. 301]) to write
(M, 0ij) = (M, 0i;15) = (0ij|1a) = 0. (14)
The identities (I3) and (I4) imply (I2I).
Conversely, suppose that (I2]) holds. We need to show that
1
(lllén[ ) /KEEf o p)(s)dA(s) = (M, f) for all f € AP(H). (15)

Since M is a mean on AP(H), we have (M,1y) = 1, and hence both sides
of (IH) are equal to 1 for f =1y. If f =045, 0 € €u, 0 Z 1, 1 < i,j < d,,
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then (I8 holds by (I2) and (I4)). Thus (I5]) holds for all linear combinations
of coefficient functions of representations in %y . Since such functions are uni-
formly dense in AP(H) ([25, Theorem 29, p. 475]), (1T follows by a routine
3e-argument. O
REMARK 6.

(a) Weyl’s equidistribution criterion ([32, Satz 1, p. 315]) was originally stated
for sequences in the circle group T. For sequences in compact topological
groups the result is due to Eckmann [8, Satz 7, p. 259].

(b) In Section [B] we will find it more convenient to use the following equivalent
statement of the Weyl’s criterion (I2)), formulated in terms of the Hilbert-
-Schmidt norms:

iy S H J oo ixe)

=0 (UE%H,O'%lH). (16)
2

The following two corollaries of Weyl’s criterion deal with equidistribution
of group homomorphisms along Bohr nets.

COROLLARY 2.7. Let G be a locally compact group equipped with a left Haar
measure \, and a Bohr net {Ku,}acr- Let H be a topological group, My the
invariant mean on AP(H), and Mg the invariant mean on AP(G). A continuous
homomorphism ¢: G — H is a.p.-equidistributed along { Ko }acr if and only if

for all f € AP(H),
o (M, ) = (Mg, f o 9). (17)

Proof. Suppose that ¢ is a.p.-equidistributed along {K,}aer. Since Mg and
Mp are both means, the identity in (I7) certainly holds for f = 14. If f=0y;,
where 0 € €n, 0 ¥ 1lg, then we have seen in (I4)) that (Myg,o0,;) = 0.
In addition, by Weyl’s criterion (I2)), the fact that o;; o ¢ € AP(G), and the
assumption that {K, }aer is a Bohr net, we have
1
(Mg,0i50¢) = (lxlénl m /K(Eo—ij o p)(s)dA(s) =0.

Hence (Mp,04j) = (Ma, 045 o ). Thus ([I7) holds for all linear combinations
of coefficient functions of representations in 4. Since such functions are uni-
formly dense in AP(H), () follows by passage to a limit.

Conversely, suppose that (1) holds. Then for every f € AP(H), foy €
AP(G), and the assumption that {K, }aer is a Bohr net implies that

. 1
tm ey [ U796 AM8) = (Mo o) = (M. ),

which shows that ¢: G — H is a.p.-equidistributed along {K, }acr- O
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COROLLARY 2.8. Let G be a locally compact group equipped with a left Haar
measure, and a Bohr net { K }aecr- Let H be a topological group. Then every con-
tinuous homomorphism ¢: G — H such that o(G) = H is a.p.-equidistributed
along {Ka}acr-

Proof. Let Mg and My be the invariant means on AP(G) and AP(H),
respectively. Consider the push-forward mean ¢, Mg on AP(H), defined by

(puMa, f) = (Mg, foy)  (f € AP(H)).

Using the density of ¢(G) in H, we can easily verify that p. Mg is invariant under
translations by elements from H. By the uniqueness of the invariant mean on
AP(H), it follows that My = p.Mg. This shows that (I7) holds and hence the
result follows from Corollary 2.7 O

REMARK 7.

(a) In Helmberg [17, p. 78], a condition analogous to (I7T) is given as part of an
abstract definition of equidistribution.

(b) Theorem and Corollary 2.8 extend Theorem 26.17 in Hewitt—Ross [19,
p. 432], by removing the assumptions that G and H are abelian, H is com-
pact, and GG is o-compact.

ExaMPLE. Consider the amenable group G = (0, 00) x R formed by the semidi-
rect product of the multiplicative group (0,00) and the additive group R.
This group has the multiplication (z/,y')(z,y) = (2'z,y’ + 2'y), and a left Haar
measure defined by A = dx dy/z?* (|11} p. 41]). A Bohr sequence {K,,}°°; for G
is given by the trapezoidal regions K, defined by

K,={(z,y) eR?*:1/n<x<n, —nx <y<nz}
A direct computation shows that
AMK,,) = 4nlogn.

Let
¢: G— G/R=(0,00),

be the canonical quotient homomorphism, and : (0,00) — (0, c0) by any con-
tinuous homomorphism with dense range. Then ¢ = ¥ o q: G — (0,00) is a
continuous homomorphism with dense range in (0, c0), and therefore by Corol-
lary 2.8 ¢ is a.p.-equidistributed along {K,}52 ;. As a result, the equidis-
tribution criterion () allows us to obtain various formulas for the invariant
mean M on AP((0,00)). For example, let ¢(x) = =%, where a > 0 is fixed.
Then ¢(z,y) = (Yo q) (z,y) = x%, and hence by (), for every f € AP((0,00))
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o 1 . dydx
<M7 f>_nh_>néo )\(Kn)/Kn(f (p)(.%’ y) d)\_nh—{go 4nlogn//n —nzf ) z?

O

" n—oo 2logn Ji/m

3. A multi-dimensional van der Corput’s inequality
for vectors in Hilbert spaces and its applications

In this section we study equidistribution of functions defined on N (m > 1).
We shall assume that N is equipped with its discrete topology and the counting
measure. To facilitate working with multi-indices, we shall use bold-face letters
to denote m-tuple of numbers, such as n = (ny,...,n,,) € N™*. If n,q,r € N,
we define

ng+r= Mg +71, s NnGm + Tm)-
The lattice N™ is ordered by the relation n > n’ if ny > n},...,n, > nl,
Under this relation, N is a directed set, and hence limits can be defined
unambiguously for functions f defined on N™; such a limit will be denoted
by limy oo f(n). For n = (nq,...,n,) € N, we define

n* = (ng,...,ny) € N"TL
If N=(Ny,...,N,) € N we define

KNZNN1X-~-XNN KN*:NN2X~-~XNN

m )

(18)

m )

where Ny = {1,2,..., N}. Throughout this section, unless otherwise noted, we
shall assume N™ is equipped with the monotone cover { Kn}nenm.

LeEMMA 3.1. If uy,...,u, are vectors in a Hilbert space H, then
n 2 n

Dkl <y flu].

k=1 k=1

Proof. Let {e;}icr be an orthonormal basis of H. Let uy,; = (uxle;). Using
Parseval’s identity and the Cauchy-Schwarz inequality,

>

k=1

= HZHWIV O
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Our first theorem in this section is an analogue of van der Corput’s inequal-
ity [29, p. 407] for vectors in Hilbert spaces. The original inequality deals with
complex-numbers and is formulated over multidimensional lattice points of inte-
gers. For our purposes, we shall need a version which is formulated for the lattice
points in N and is general enough to apply to vectors in Hilbert spaces (more
specifically, to Hilbert-Schmidt operators). A version of such an inequality for the
case that m = 1 is proved in Hlawka |20}, Satz 5, p. 42]. For a recent study of van
der Corput’s inequality for sequences in Hilbert spaces based on Furstenberg
correspondence principle, see [9]. We remark that the elementary proof given
below is based on classical lines and should be of some independent interest.

THEOREM 3.2. Letm > 1, N = (Ny,..., Npy,) € N and {un neky be a family
of vectors in a Hilbert space H. For each 0 < h < Ny — 1, let

Ni—h
Up = Z Z (an*

j:1 n*EKN*

> lual®

neKn

U(j+hyn*) »

so in particular,

Vo

Then for every 1 < H < Ny,

2

H2
m Z Un SH(Nl"‘H—l)UO"'
neKn H-1
2Ny + H = 1) Y (H = h)R(vn), (19)
h=1

where R denotes the real part.

REMARK 8. (a) When H = 1, the above inequality reduces

2 n

neKn

2
< (N1--Niw) D [lum?,

neKn

which follows directly from Lemma Bl

(b) The choice of 1 < H < Nj simplifies the notation. The lemma still holds
with obvious notational modification if we choose 1 < H < Ny, for some
tef{l,...,m}.
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Proof. We extend the family u, by putting u, = 0, whenever n; < 0 or
ny > Njp. Starting from the obvious identity

Ny H-1
N
DGKN i=1 h=0 n*eKn=

if weput p=i+h,then 1 <p < Ny + H —1, and hence

H—-1 Ni+H-1

AR DI sens i) DD DIND DRSNS

nEKN n*eKn+ h=0 p=1
An application of Lemma [B.1] leads to
H—1 Ny+H-1

1
= AT || 2 Z Z“wmn*

n*eEKn+ h=

|

neKn

Ni+H-1

§N1+H—1 YT

mnEKN*pl

H-1

Z U(p—h)n*
h=0

Using the identity ||u||? = (u|u), we obtain from the last inequality:

H? ’

N22~-~N2

m

D un

neKn

<

Ni+H-1 H-1

N1 H
LSS Y (e ltgoone) - (20)

nGKN*pl r,5=0

A simple counting shows that for each fixed 1 < i < N; and each fixed n* € Ky,
the number of terms (w;n« |tin+) occurring in the sum

Ni+H-1 H-1

2 2, (o

r,s=0

U(p—s)n+) 1s equal to H.
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So, using ([20), we arrive at

e |

neKn

f% S5 e P

n*eKnx t=1

m

Ni+H-1 H—1

N H—l
1+ Z Z Z U(p—r)n= [U(p—s)n-)

n*ceKn+ p=1 7,5=0
7753

_HNM +H-1)

=~ Ny---N,, vo
N1+H—-1 H-1
20N+ H -1
Iy S X (o lipon)| 2
2 m n*eKn* = rs<0

For a fixed n* € Kn«, a fixed h with 1 < h < H — 1, and a fixed j with
1 <j < N1 — h, the number of terms (ujn«|U(j1p)n+) Occurring in the sum

Ni+H-1 H-1

Z > Wprins [tp—syn-)
r,s=0
5<7
is equal to H — h. Consequently, we have

Ni+H-1 H-1

YooY D wpmnneltp-syr) =
n*€Kn* p=1 1r,5=0
s<r

—h H-1
Z Z H h Z (u]n*|U(]+h n* Z . (22)
n*€Kpn+ h=1 =1 h=1
Substituting ([22)) into 1) yields
2
H? H(N1 + H — 1)
- < - 7
N2..-N2, Zu“ = Ny---N,, vo
neKn
H-1
2(N1+H—-1)
( 1+ Z (23)
Nom h=1

Multiplying both sides of (23] by N3 --- N, yields (I9), completing the proof.
O
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LeEMMA 3.3. Let H be a topological group, m > 1, and ¢: N™ — H a function.
If ¢ is a.p.-equidistributed along {Kn}Nenm, then for every r € N™, Ryp is
a.p.-equidistributed along { KN }nenm, where Rep(n) = o(n+r), (n € N™).

Proof. For Nyr e N* and 1 <j <m, let
Klj\TJrr = {n € Kngr: 1 <n; <r; for exactly j choices of i € {1,2,. ,m}}
Then, by triangle inequality, for every nontrivial o € €y,
1
< | D (Gep)m)|| +

, NN || o ,

1 m
Voo 2 leoomlh. (24

=1 neKy,,

Y (0op)(n+tr)

1 m nekn

The first term on the right side of (24) approaches to 0 as N — oo, by an
application of the Weyl’s criterion ([IG) to . The remaining terms are easily
shown to tend to 0 by replacing ||(o o ¢)(n)||2 with its value v/d,-. O

Next we come to the main result of this section which extends Hlawka’s
equidistribution result to mappings from N™ to arbitrary topological groups.

THEOREM 3.4. Let H be a topological group,
m>1, and ¢:N"—H

a function. Suppose that there exists some 1 < £ < m, such that for every h € N,
the function

N — H ne—o0ng,...,ng+h . onm)en, .o Ny ey Ngy) 7

is a.p.-equidistributed along the monotone cover {Kn}nenw. Then for all
qeN™ and all v € Z™ with r; > 0 (1 < j <m), the function
:N"— H, nw~ ¢(nq+r) (25)

is a.p.-equidistributed along { KN }Nenm .

REMARK 9. The case m = 1 and H compact is proved by Hlawka [20, Satz 6,
p.42]. The case that m > 1, H =T, ¢ = 1, r; = 0 (j = 1,...,m),
follows from van der Corput [29, §4, Satz 1, p. 411]. For other generalizations
of van der Corput’s result see Bergelson and Moreira [1], Cigler [2], and Tao [28|
Proposition 1.3.6].
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Proof. To simplify the notation, we shall assume without loss of generality
that £ = 1, so that by assumption, for every h € N, the function

N™ — H, n — ¢(ny + h,n*)p(n)"! (26)
is a.p.-equidistributed along {Kn}Nenm-
Let 0 € €y be nontrivial. We will show that

lim ;]VrnH Z (cop)(ng+r)

=0. 27
N—oo N1 s nefn ( )

2
This is equivalent to the Weyl’s criterion (I6) for the function ¢ in ([25]), and
hence implies the a.p.-equidistribution of .

If £ >0is any integer then by using the trigonometric identity

{1 k=0 modq,

- Zexp 2rijk/q) =

] 1
(where i = v/—1), and letting gN = (¢1 N1, ..., ¢n Ny ), we can write

> (oop)(ng+ )

neKn

(28)
0 k%0 mod q

— > D Hexp omijaks/qs) (0 0 @)k +1). (29)

keKNJeK s=1

Changing the order of summations on the right side of ([29) and applying the
triangle inequality yields

> (oop)(ng+r)

neKn 2

IN

# Z Z H exp(27Tijsks/(Js)(0 © 90) (k + I') <

q1 dm jeKq ||keKgn s=1

max Z H exp(2mijsks/qs) (oo p)(k+ )| . (30)

je K.
1509 ke Kgn s=1

Using Theorem B.2], for each j € Kq and 1 < H < ¢;Ny:

H2
(qZNZ) e (QmNm)

Z H exp(2mijsks/qs) (cop)(k+1)|| <

kEKqN s=1

2

H-1
H(quNy+ H — D)oo+ 2(a Ny + H —1) Y (H = h)Jua|, (31)
h=1
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where, for 0 < h < H — 1,
q1N1—

n= 3 (oo plmtr k(o 9o bk ). (32)
p1=1 k*EK N *

Since o is a unitary representation, ||o(z)||3 = d, (z € H), and hence

w= Y o) k+r)5=(@N)- (g Nm)do. (33)
keKgN
Moreover, using ([32)), the fact that ||I|| = V/dy, and the Cauchy—Schwarz in-
equality
q1 N1 —

|vn| = Z > (I|0 p1+7“1+h,k*+r*)<ﬂ(P1+T1,k*+r*)_1))

p1=1 k*eK, q*N*

q1 N1 —

Vi, Z Z p(p1+ 71+ b K+ )p(pr + 71, K 1))

p1=1 k*€K, Q*N*

= V&I Til2, (34)

where, T}, is defined as

IN

q1N1—h

T =3 3 olem+m+hK +r)p(p +rk +r)7Y). (35)
p1=1 k*€Kqg+N+*

Combining (3], [B3)), and (B4) we have

2

> T exp@rijsks/as) (0 0 @) (k+r)|| <

keKqN s=1

H2
(QQNQ) e (qum)

2
H(q1N1 + H - 1)((]1N1) e (QmNm)da +
H

2qn Ny + H = 1)/, S (H = )| Thlle. (36)
h=1

q2 " dm

If we multiply both sides of (36) by TENING . N
2Ny - Ny,

ment of the coefficients leads to

then an easy rearrange-

2

e 3 Tl esplorisibs/a) (oo@)etn)| < A+Be, 67

keKqn s=1 9
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where
A= (N1 + H — 1>Qqu T qgndo B .= 2(iN + H = 1)y dg(g% T qgn)
' HN; ’ ' H2N, ’
Al q1N1 H*h) 1
= T (38)
h=1 (qlNl _h)<q2N2)"'<QmNm) 9
Letting N = (N1, ..., N;p) — o0,
d, 20102 - - - g2 Vd,
A Bl o B N Hfm : (39)
and
1
Tn|| — O, 40
(@1 N1 — h)(g2N2) -+ (@mNm) " (40)

where the last limit follows from Weyl’s criterion (6] applied to the a.p.-equi-
distributed function in (28), and by using Lemma [3.3]
Now, let € > 0. We choose an integer H large enough so that
ai - dmds _ /3 20165 -+ gmVds
H ’ H?

Next, using 39), @0), and {I) we choose (Niy,..., Np,) large enough, with
q1 N1 > H, so that

<L (41)

A < €/3, B <1, (42)
and
= Tl < c (43)
(@M1 = 1)(@2N2) - (4 No) || = BquH(H — 1)
Using the estimate
(@ = W)H =) <qH,
Ny
we get from (B8], that for sufficiently large (N1, ..., Npy,):
o < qH(H 1) < = ¢/3. (44)

3qiH(H —1)

Then it follows from (37), [@2)), and (@) that
2

1
N o [T exp(zrisib/a.) (0 o o)k +1) <gtg<e ()
1 keKqgn s=1 9

The inequality holds for all values of
1§]1 §q17~-~71§jm<qm~
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Therefore, we conclude from (B0) that for N = (NVy, ..., N,,) sufficiently large,
we have

1
neKn 2
This proves (27, and with it completes the proof of the theorem. O

As an application of Theorem [3.4] we state the following theorem. In the spe-
cial case that ¢; = 1, r; = 0 (j = 1,...,m), the result follows from van der
Corput [29] §5, Satz 1, p. 413].

THEOREM 3.5. Let m > 1 and { KN }Nenn be the monotone cover of N™ defined
in A8). Let p(x1,...,zm) be a polynomial in m variables and with real coeffi-
cients that contains at least one nonconstant term with an irrational coefficient.
Then for all integers ¢; > 1, r; >0 (j =1,...,m), the function

YN T, (R, .., Ny) o €2TPIIOTTL G Tn) (47)

is p-equidistributed along { KN }Nenm, where p is the normalized Lebesque mea-
sure on T.

Proof. Let
A, - knlx’fl""rﬁzma k:k1++km217
be a term in p(z1,...,%,) where the coefficient ag,...r,, is irrational, but all

higher degree terms (if any) have rational coefficients. Without loss of generality
we may assume that k; > 1. The proof is by induction on k.

Case k = 1. In this case, the polynomial p(x1,...,z,,) has a term, say, a;x1,
where a is irrational, but all higher degree terms have rational coefficients.
If p(z1,...,%m) has degree 1, then .

plrs, . em) =Y gz +ag  (a ¢ Q)

and hence, for every nonzero integer /,

E E 2mUp(n1q1+r1, M mtTm)
N
ni=1 Ny =1
E E H 627rz€aj(n,qj+r,) _

n1—1 nm=1j=1

eZwiZao H Z 2miba;(n;q;+r;) . (48)

j=1 N; n;=1

27rz€ao
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Since a; is irrational, so is faq¢q;, and hence

N . .
1 1 amitay(nygy4r) eszEalql (1 o eszlealql) - 1 o
e = . .
Ny nzl Ni(1 — e2mitarqr) ~ Np|sinmlaiq| ’
1=

when N; — oo. Since all the other factors in the right side of [{8]) are bounded
by 1, it follows that the entire expression in (@) converges to 0 when N — oo.

Since the nonzero £ €7 is arbitrary and since "T%Z, it follows from Theorem
that the function ¢ defined in ([7) is p-equidistributed along { KN }Nenm.

Next, we consider the case that degp > 2, so that we can write

p(xl,...,xm):q(wl,...,xm)JrZa]—ijrao (a1 € Q), (49)
j=1

where ¢ consists of all terms of p with degrees greater than 1. Since by as-
sumption, k = 1, all coefficients of ¢ are rational. Let {z} and [z] denote the
fractional and the integral parts of a real number x, respectively. Then if M > 1
is a common multiple of the denominators of the coefficients of ¢, we have

{¢q(Mey+dy, ..., Mcy, +dn)} ={q(di,...,dn)}, forall ¢j,dj € Z. (50)

Now, we note that for all nonzero ¢ € Z, and all integers ¢; > 1, r; > 0,
we can write

Z § 271'7,4;7(7741(]14‘7"17 7anm+Tm) —
Ny---N,,

ni=1 Ny =1

[Nl/M]M [N'm/M]M
Z Z 627'”127("1‘11“1‘7‘17---7nm.Qm,+T7n)+L7 (51)

n1:1 nm:I

N;---N,,

where L is the sum of the remaining terms. However, estimating |L| from above,
we have

|L|<N - Z Z% (52)

as N — o0. So in view of Weyl’s criterion, in order to complete the induction
for the step k = 1, all that remains to show is that the first expression on the
right side of (BI) tends to 0 as well.
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For each 1 < j < 'm, let us write
n; = Mc; +d;, where 0<d; <M —1.
Therefore

[N1/M]M [Ny /MM

E E 2m™Up(n1q1 471, Gt Tm)

ni=1 Ny =1

M-1 M—1 [N1/M] [Ny /M]

Z Z Z Z 2milp(Mciqr+diqi+ri,... MCQO-i-dem-i-Tm) (53)

d1 = —O c1= =0 CnL—O

However, using ([49), and putting

S] ::d]qj+rj (j:17"'7m)7
we get
627T7;ZP(MCI‘11+31,---7MCQO+Sm) —

eZwiZ(q(Mclql—i-sl,.‘.,Mcmqm—i-sm)—i-z;”zl a;j(Mcjqj+s;)+ao) )

Removing the integral part of g(Mciq1 + s1,- - -, Mem@Gm + $m) and using (B0),
we obtain

e27ri£p(Mclq1+sl,.‘.,Mcmqm—i-sm) _ eQwiE({q(sl,‘.‘,sm)}—i-Z;”:l ajsj+ao)€27ri€ Z;”:l a;Mcjq;

m
_ e27ri€p(sl,...,sm) H e2mita;Mcjq; (54)
j=1
Combining (B3] with (54), and replacing back s; = d;q; + r;j, we get

[N /MM [Ny /MM

1 E E 2mUP(M1 1471, Gt Tm)
N

ni=1 Ny =1
[N; /M] M—1
H Z p2mita;Mc;q; (Z Zezmzp(dlqlm, mqm+rm)> (55)
¢;=0 di=0  dy,,=0
Since aq is irrational, [ N1 /M]
lim Z 2milai Meiqr 0,

N1—>OO

and since the remaining factors in (BI) are obviously all bounded,

[N1/M]IM [N /MM

1
i 2wilp(n1qr 471, M Gm+Tm) = 0. 56
AL e D DR DR (56)
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Using (B6), (52) and (BII) we conclude

e2miUp(n1 Q14T N G +Tm)
dn st S B SO

Now Theorem implies that ¢ in {7) is p-equidistributed along { Kn}Nenm
for the case that k=1 and deg p>2. This completes the induction step for k=1.

To complete the induction, let the theorem hold for £k = 1,2,...,n — 1.
If kK = n, then for every h € N,

pr(z1, .. xm) = p(x1 + hyzo, .o ) — D(T1, .o, T) (58)

is a polynomial whose highest degree term with an irrational coefficient is of de-
gree n — 1, and therefore by the induction hypothesis the function

m 271 n +7r1ye s @m +Tm
N™ — T, (nl,...,nm)»—>e”p"( 1 a ),

is p-equidistributed along { Kn}Nenm. Now our result for k& = n follows from
Theorem [3.4] and the induction is complete. O

REMARK 10. The circle group T is the simplest example of a nilmanifold.
A nilmanifold is a quotient space X = G/TI', where G is a connected, simply
connected nilpotent Lie group and I' is a discrete, cocompact subgroup of G.
Examples include the torus R™/Z™, m > 1, and the 3-dimensional Heisenberg
nilmanifold G/T", where

1 R R 1 Z Z

G=lo 1 RrR|, r=[01 2

0 0 1 0 0 1
A polynomial sequence in G is a function g: Z — G, g(n) = azln(n) . afn’”(n),
where a1,...,a, € G and p1,...,p, are polynomials taking on integer values

on integers. The behaviour of polynomial orbits in nilmanifolds has been studied
by several authors. Leibman [23], Theorem A, p. 202] has shown that if g is a
polynomial sequence in G, then for any = € X, f € C(X) and Fglner sequence
{On IRy In Z, limy oo (1/]®N]) X, eq, f(9(n)x) exists. Furthermore, if g is
a polynomial sequence in G and x € X, there exist closed sub-nilmanifolds
Y1,..., Y, of X, such that for each j = 1,...,k, the sequence {g(j + nk)z}ncz
is pj-equidistributed in Y;, where p; is a suitable probability measure on Y;
(Leibman [23, Theorem B, p. 202]). Leibman’s deep results are formulated in the
general setting of nilmanifolds. Theorem B, on the other hand, deals with
equidistribution in the unit circle for functions defined on the lattice N™, and
the polynomial p(x1,...,2z,) in (@) need not take integer values on integers.
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Studies of polynomial orbits in nilmanifolds have led to a proof of the Mébius and
Nilsequence conjecture by Green and Tao [I5/16], of importance in combinatorial
number theory.

ACKNOWLEDGEMENT. The authors thank the anonymous referee for careful
reading of the paper and many helpful suggestions.

REFERENCES

BERGELSON, V...MOREIRA, J.: Van der Corput’s difference theorem: some modern
developments, Indagationes Math. 27 (2016), 437—479.

CIGLER, J.: The fundamental theorem of van der Corput on uniform distribution and
its generalizations, Compositio Math. 16 (1964), 29-34.

CONWAY, J.B.: A Course in Functional Analysis, Second Edition, Springer-Verlag,
Berlin, 1990.

DAVIS, H.: On the mean wvalue of Haar measurable almost periodic functions, Duke
Math. J. 34 (1967), 201-214.

DALES, H.G.: Banach Algebras and Automatic Continuity, Oxford University Press,
Oxford, 2000.

DERIGHETTI, A.: Convolution Operators on Groups, Lecture Notes of the Unione
Matematica Italiana Vol. 11, Springer, New York, 2011.

DIXMIER, J.: Les C*-Algébres et Leurs Représentations, Deuxieme Edition, Editions
Jacques Gabay, Paris, 1996.

ECKMANN, B.: Uber monothetische Gruppen, Comment. Math. Helv. 16 (1943),
249-263.

EDEKO, N.—KREIDLER, H—NAGEL, R.: A dynamical proof of the van der Corput
inequality, Dynam. Sys. Int. J. 2022. (published online)

EYMARD, P.: L’algébre de Fourier d’un groupe localement compact, Bull. Soc. Math.
France 92 (1964), 181-236.

FOLLAND, G.B.: A Course in Abstract Harmonic Analysis, CRC Press, Boca Raton,
1995.

GEORGOPOULOS, P.—GRYLLAKIS, C.: Invariant measures for skew products and
uniformly distributed sequences, Monatsh. Math. 167 (2012), 81-103.
GEORGOPOULOS, P.—GRYLLAKIS, C.: Invariant measures for skew products and
uniformly distributed sequences II, Monatsh. Math. 178 (2015), 191-220.

GODEMENT, R.: Les fonctions de type positif et la théorie des groupes, Trans. Amer.
Math. Soc. 63 (1948), 1-84.

GREEN, B.—TAO, T.: The quantitative behaviour of polynomial orbits on nilmanifolds,
Annals Math. 175 (2012), 465-540.

GREEN, B.—TAO, T.: The Mdbius function is strongly orthogonal to nilsequences,
Ann of Math. 175 (2012), 541-566.

HELMBERG, G.: Abstract theory of uniform distribution, Compositio Math. 16 (1964),
72-82.

63



(18]
(19]
(20]

(21]

(22]

(23]

[24]
[25]
[26]
[27]
28]
[29]
[30]

(31]
(32]

(33]

M. SANAGNI MONFARED—Y. ZHU

HERZ, C.: Harmonic synthesis for subgroups, Ann. Inst. Fourier (Grenoble) 23 (1973),
91-123.

HEWITT, E.—ROSS, K.A.: Abstract Harmonic Analysis Vol.1. Second Edition,
Springer-Verlag, Berlin, 1979.

HLAWKA, E.: Zur formalen Theorie der Gleichverteilung in kompakten Gruppen, Rend.
Circ. Mat. Palermo 4 (1955), 33-47.

KANIUTH, E.—LAU, A.T.-M.: Fourier and Fourier-Stieltjes Algebras on Locally Com-
pact Groups. Mathematical Surveys and Monographs. Vol. 231. Amer. Math. Soc.
Providence, 2018.

KUIPERS, L—NIEDERREITER, H.: Uniform Distribution of Sequences. Dover Publi-
cations, New York, 2006.

LEIBMAN, A.: Pointwise convergence of ergodic averages for polynomial sequences
of translations on a nilmanifold, Ergodic Theory Dynam. Systems 25 (2005), no. 1,
201-213.

LIMIC, V.—LIMIC7 N.: Egquidistribution and uniform distribution: a probabilist’s
perspective, Probability Surveys 15 (2018), 131-155.

VON NEUMANN, J.: Almost periodic functions in a group, I, Trans. Amer. Math. Soc.
36 (1934), 445-492.

PATERSON, A. L. T.: Amenability. In: Mathematical Surveys Monographs, Vol. 29, Amer.
Math. Soc., Providence RI, 1988.

PARTHASARATHY, K. R.: Probability Measures on Metric Spaces. Academic Press, New
York, 1967.

TAO, T.: Poincaré’s Legacies, Part I: Pages from Year Two of a Mathematical Blog.
Amer. Math. Soc., Providence, RI, 2009.

VAN DER CORPUT, J. G.: Diophantische Ungleichungen. 1. Zur Gleichverteilung Mod-
ulo Eins, Acta Math. 56 (1931), 374-456.

VEECH, W. A.: Some questions of uniform distribution, Ann. of Math. Soc. 94 (1971),
no. 2, 125-138.

VEECH, W. A.: Topological dynamics, Bull. Amer. Math. Soc. 83 (1977), no. 5, 775-830.
WEYL, H.: Uber die Gleichverteilung von Zahlen mod. Eins, Math. Ann. 77 (1916),
313-352.

WILLARD, S.: General Topology, Reprint of the 1970 original [Addison-Wesley, Reading,
MA]. Dover Publications, Inc., Mineola, NY, 2004.

Received May 2, 2022 Department of Mathematics and Statistics
Accepted February 12, 2023 Faculty of Science

64

University of Windsor
401 Sunset Ave.
Windsor, ON, N9B 3P/,
CANADA

E-mail: monfared@Quwindsor.ca
zhul59Quwindsor.ca



	1. Introduction and preliminaries
	2. Equidistribution of continuous functions
	3. A multi-dimensional van der Corput's inequality for vectors in Hilbert spaces and its applications
	REFERENCES

