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APPROXIMATION OF DISCRETE MEASURES
BY FINITE POINT SETS
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ABSTRACT. For a probability measure p on [0, 1] without discrete component,
the best possible order of approximation by a finite point set in terms of the
star-discrepancy is QLN as has been proven relatively recently. However, if p
contains a discrete component no non-trivial lower bound holds in general
because it is straightforward to construct examples without any approximation
error in this case. This might explain, why the approximation of discrete mea-
sures on [0, 1] by finite point sets has so far not been completely covered in the
existing literature. In this note, we close the gap by giving a complete description
for discrete measures. Most importantly, we prove that for any discrete measures
(not supported on one point only) the best possible order of approximation is
1

for infinitely many N bounded from below by _5 for some constant 6 > ¢ > 2

which depends on the measure. This implies, that for a finitely supported

discrete measure on [0, 1}d the known possible order of approximation % is indeed

the optimal one.

Communicated by Friedrich Pillichshammer

1. Introduction

According to [2], the Lebesgue measure is the hardest Borel measure
on [0, 1] to approximate by a finite point set. In order to formulate the result
in a mathematically precise way, recall first that the star-discrepancy between
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two probability measures p, v on [0, 1] is defined by
Dy (p;v) = sup |u(A) —v(A)],
AcA

where A is the set of all half-open intervals in [0,1] which have one vertex
at the origin. Furthermore, the probability measure associated to a finite set
(yi)¥, is given by

1 N
VN:N;(S%? (1)

where d,, denotes the Dirac measure supported on y;. Borel measures on the
interval [0, 1] have a particularly comprehensible structure. Lebesgue’s decom-
position theorem states that any Borel measure p can be written as

W= fhac + ld t+ Hes,

where 4. is absolutely continuous with respect to the Lebesgue measure.
It means that, p.. is zero on sets of Lebesgue measure zero. Measure pg is
a discrete measure, that is, it is zero on the complement of some countable set,
and fi.s is continuous singular. Which menas that p.s is zero on the complement
of some set B of Lesbesgue measure zero but assigns no weight to any countable
set of points, see, e.g. [3, Chapter V]. Based on this observation, the following
result holds.

THEOREM 1.1 ([2], Theorem 1.5). Fiz p a probability measure on [0, 1].

(i) For all N € N, there exists a finite set (y;)N.; such that vy as in ()

satisfies 1
Dy (mivn) < &7

(ii) Suppose p is a probability measure with no point masses. That is,

B = Hac + Hes-
Then
1
* . >
Diy (i) > 5 2

for any finite set (y;)N., and vx as in ().

This result answered the general question from [1I], where the authors asked
for arbitrary dimensions which Borel measure on [0, 1]? is the hardest to approx-
imate by finite point sets, in the one-dimensional case. However, the lower bound
in Theorem [IT] (ii), i.e., the best theoretically possible speed of approximation
by finite point sets, is restricted to measures without discrete components only.
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The main purpose of this note is to close this gap and thereby to complete the dis-
cussion on approximation of measures by finite point sets in the one-dimensional
case.

Already the simplest possible example of approximating the Dirac measure
supported on xg € [0,1] by a finite point set yields some insight: indeed,
it is possible in the discrete case (in contrast to the other cases) to have an
approximation error

Y
Dy (p,vn) = 0.
However, this is a rather special situation as our main theorem shows.

THEOREM 1.2. Fiz a discrete probability measure p on [0, 1].

(i) If p is supported on one point only, then for every N there exists a finite
point set such that

Dy (.u'a VN) = 0.
(ii) If p is supported on more than one point, then

1

D3 > —
N(.UaVN) =~ 6N

holds for infinitely many N € N and all finite point sets.

D &ida,
=1

with x; < x;y1 and & >0 for all i € N and 22:1 & ¢ Q for somel € N,
then for every constant ¢ > 2, there are infinitely many

1
N eN ith D} >

(iil) If pu is given by

for every finite point set.

While part (i) of Theorem [[2]is trivial and also the proof of (ii) is very short,
a bit more involved arguments are needed to show (iii). It is possible to use
our approach also in higher dimensions and we again obtain a lower bound
of the form

* >_
DN(nyN) = 6N

for infinitely many N. Together with [2, Proposition 2.2], this leads to the fol-
lowing interesting corollary.
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COROLLARY 1.3. Let p be a probability measure on [0,1]% which is supported
on a finite number of points k € N. Then there exists constant c, < 6, which
depends on the measure, such that

1
D3 > —
N(:ua VN) = CMN

for infinitely N and arbitrary point sets (y;),. Moreover, for any N € N,
there exists a constant Cy, which only depends on the number of points, and a

finite set (y;)N.; such that

. C
Di(uvy) < -

In other words, in any dimension any finitely supported discrete measure
can be approximated by a finite set of order % and this is the best possible
order of approximation. If the decay rate of the weights is fast enough, it is
furthermore known due to [2, Theorem 1.1]. that certain measures can be ap-
proximated by order of convergence at most log(/N')/N. Nonetheless, we expect
that due to the combinatorial richness of inclusion of half-open intervals in higher
dimensions, there exist infinitely supported discrete measures in dimensions d >3
with a bigger minimal possible order of approximation. We therefore ask the
question under which conditions on the probability measure the lower bounds
from Theorem are also optimal in higher dimensions. This question is
of particular interest because lower bounds for the star-discrepancy, e.g., for the
Lebesgue measure, are typically very hard obtained, compare [41[6].

The main reasons why Theorem [[2holds can be easiest understood by consid-
ering the second simplest example, namely discrete measures supported on two
points x1, x2 only. It turns out that Kronecker sequences, which are for « € R
defined by {ia}2,, where {-} denotes the fractional part of a real number
(see, e.g. [4]), appear here prominently.

EXAMPLE 1. As an illuminating example let us start with the case that p consists
of two point masses only, supported on 0 < z; < x5 < 1. For fixed N € N some
of the weight, i.e., some of the y;, needs to be placed at x; and the rest at
29 because all other choices would automatically increase the star-discrepancy.
This implies that

1([0,2)) =N ([0,2))] =0 for z<zy and z>wx,.

Thus, we only need to consider the case x1 < z < x5 in the following.

At first, we assume &1,& € Q and let & = p;/q¢; with ged(p;,q;) = 1 for
i = 1,2. If ¢1|N, then also go|N. Choosing k1 = p; - N/q1 times y; = x1 and
ko = pa-N/qo times y; = x2 yields a star-discrepancy Dy (i, vy) = 0 as predicted
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by Theorem [[L2 (i). If on the other hand ¢; 1 N, write ¢; = 7151 with r1|N and

ged(s1, N) =1 and set 1 := N/ry. Then for each 1 < k; < N holds

Pk pit1 — k1sy 1

q1 N N31 - N31 '

This means that no matter how many k; of the y; are placed at x; we have
111(10,2)) —vn ([0,2))| = 1/N  for 21 < 2z < as.

This is essentially the second claim of Theorem and also explains entirely,

what happens in [2, Example 3.1], where & = & = %

If &, & ¢ Q, we again fix N € N and only place weight at z; and z5.
There exists exactly one

p1 k1

p(N)eN
with
‘,u([O,z)) — VN([O,Z))| =1& —p(N)/N| <1/2N for x1 <z < zs.
Multiplying the inequality by N results in
IN& —p(N)| <1/2.
Hence, for arbitrary N the best possible error term is

IN&|,  where  ||z] := min(|z|,1 — |z]).

This means that the lower bound is governed by the distance of the Kronecker
sequence elements N&; from the closest integer. As the Kronecker sequence is a
uniformly distributed sequence, see, e.g. [0, Theorem 3.3], we thus have for every
¢ > 2 that 1
D3 > —
N (/1’7 VN) = N ’

because ||[N&; || > 1 holds for infinitely many N € N. This is claim (iii) of Theo-
rem [[2l On the other hand, uniform distribution of the Kronecker sequence also
implies

Dx < —
for infinitely many N € N, because [|[N& | < % holds for infinitely many
N € N, too. Thus, the approximation error

‘,u([O, z)) —vn([0,2))] for 1 <z<a
can get arbitrarily small as well.
In fact, the question of the best possible approximation of the measure pu is
in this particular case closely related to the Diophantine properties of & and

more precise statements than in our example can be made by using methods
from the respective field of research, see, e.g. [].
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Example[Malso shows that the bounds in Theorem[[.2 are sharp. In fact corre-
sponding examples which proof the sharpness of our bounds can be constructed
in the same manner for arbitrary n € N (and also for infinitely supported discrete
measures).

Finally, we compare Theorem to classical results from Diophantine ap-
proximation: If the measure is supported on finitely many points x1, ..., z, and
the weights &; are linearly independent (over Q), irrational, algebraic numbers,
then Schmidt’s subspace Theorem, see [7], can be applied and yields an error

term of at least
N-(+/nte) forall N > Np.

If N is big enough, this implies a lower bound for the star-discrepancy of order
N—(+1/7+€) which is worse than what we obtain. On the contrary, the simulta-
neous Dirichlet theorem implies that it is possible to find infinitely /N such that
each individual point mass is approximated of order < m This is worse
than the result 1/N from Theorem [[I] and thus does not impose an obstacle
for what follows.

2. Proof of the Main Result

This section is dedicated to the proof of parts (ii) and (iii) in Theorem
In order to show (ii), let u be an arbitrary discrete measure and let again ||-||
denote the distance from the nearest integer. Choose an arbitrary = € [0, 1) with
uw({z}) ¢ {0,1}. Then since Nvy(A) is an integer for every interval A we get

INp({z})]] [Nu([0,2)) = Nu([0,))]

lim
Y\

= lim || Npa([0.)) = Now ([0.2)) = Nu((0.9)) + Now ((0.)) |

< AN Dy (. vw).

The left hand side is > 1/3 for infinitely many N € N no matter if p({z}) is
rational or irrational. This finishes the proof of (ii).

Hence we come to the proof of part (iii). At first, we consider finite discrete
measures with (possibly) irrational weights &;. In comparison to Example [I]
the situation can be treated as follows: at first, we take the best individual
approximation of {N¢&; }. Then we inductively define p;(N) by

l
> (& ~pi(N)/N)| <1/2N.
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As we assume 7 < g < --- < I, the discrepancy cannot be diminished.
Since Zézl & ¢ Q and the one-dimensional Kronecker sequence {N Zézl Ei} is
uniformly distributed in [0, 1] (see, e.g. [4 Section 2.3]), also

3]

is uniformly distributed in [0,1/2]. Hence, for any ¢ > 2, there exist infinitely
many N with Dy (p, vy) > CLN for every finite point set y1, . .., yn (this is similar
to the case for n = 2 points from Example [I]).

Finally, we consider the infinite case and make use of what we have already
proven for finitely supported measures. Let N € N and choose z; as the supre-
mum over all

ze€[0,1] with p([0,z]) <1/2N.
At first let us assume that p({z1}) = 0. If we put weight of vy at z; (or any
point smaller than z1), then D} (1, vn) > 1/2N because the minimum weight
we can choose is 1/N. If we do not put weight of vx at z1, then the interval [0, ]
does not contain a point and we also have

Dy (p,vn) = 1/2N.

Therefore, we obtain the desired lower bound in this case (which is not surprising
because it very much resembles the continuous case). So the remaining case

to solve is
p({z1}) > 0.

Again putting weight of vy left of z; would result in
Dy (p,vn) 2 1/2N.

Let ¢ > 0 be arbitrary. As long as 0 < pu({z1}) < 1/éN and we put weight at z;
we have . ~
Dy (p,vn) > (1/2—1/¢)N.

Now choose an arbitrary N* > N big enough such that p({z1}) > 1/2N* and
consider the measure ([0, 21]) = £. Since we have to put weight of vx on 2z
(because otherwise Dy (p, vn+) > 1/2N* by the assumption on z; and we would
be done), we cannot approximate it any better than || N*¢|| and we can apply
the result for the irrational finite case. Thus, claim (iii) follows.
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