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NOTES ON THE DISTRIBUTION OF ROOTS
MODULO PRIMES OF A POLYNOMIAL IV

YOSHIYUKI KITAOKA*
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ABSTRACT. For polynomials f(x), g1(z), g2(x) over Z, we report several obser-
vations about the density of primes p for which f(z) is fully splitting at p and

{ngEr)} < {gQTET)} for some root r of f(z) =0 mod p.

Communicated by Shigeki Akiyama

1. Introduction

Let _
fx)=a" +ap, 12"+ +ag
be an integral polynomial, i.e., a; € Z for ¢ = 0,...,n — 1 of degree n with
complex roots agq,...,a,. We fix the numbering of roots once and for all, and

define the vector spaces LR, LRy over the rational number field Q by
LR = {(ll, ce ,ln+1) S Qn+1 Zliai = ln+1},
=1

ili%‘ € Q}>
i—1

LRO = {(ll,,ln) GQn

and we take and fix a Z-basis of LR N Z"+!
(Mj1s.-e My, mj) (] =1,...,t(:= dimg LR > 1)),

since the non-zero integral vector (1, ... ,1,—a,_1) isin LR N Z"*!,
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Next, we write, for a positive number X
Splx (f) :=={p < X | f(z) is fully splitting modulo p},
where the letter p denotes a prime number, and Spl(f) := Spl.(f).
We assume the following conditions on the local roots ri,...,r, (€ Z)
of f(x) =0 mod p for a prime p € Spl(f):
f(@) =] (= =) mod p,
i=1
0<r <rg<---<r, <p.
These conditions determine the ith-root r; of f(x) = 0 mod p uniquely.
We write, for a permutation o € S,,

n
Zmﬂro(i) =mjmodp(1 <)< t)},
i=1

Sply(f, o) i= {p € Sply (/)

and we define the density by
Pr(f,0) = lim Toplx(f:0)
X—oo #Splx(f)
where we suppose that the limit exists. The existence of the limit is supported
by computer experiment. It is easy to see Spl(f) = Uses, Spl(f,o).
Next, we introduce the following geometric objects

A={x=(z,...,2,) ER"|0<z; <--- <z, <1},
Zl‘iEZ},
i=1

ng‘,z‘%(i) €Z (1< < t)}(c D,).

i=1

9, = {(zl...,xn)EA

D(f,0) == {(wl...,xn)eA

Here, the dimension of D(f, o) is less than or equal to n — t and we consider its
volume as an n — t-dimensional set. In case of ¢t = 1, we have D(f,0) = D,,.
Moreover, we introduce two groups :

G:={oeS,|o(LR) C LR},
G:={oc€S,|o(LRy) C LRy},
where we let, for € = (z1,...,2,) € R", x € R and a permutation o € S,
o(x) == (To-1(1)s - s To-1(n) ) o((x,2)) == (o(x), ).

The group G is a subgroup of G, and in case that f(z) is irreducible, they are
identical.
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We proposed the following two conjectures in the previous papers.

CoNJECTURE 1.1 ([K1l). For a permutation o with Pr(f,o) > 0, the ratio

_ vol(®(f,0))

~ Pr(f.0)
is independent of o. If G = G holds, then two conditions Pr(f,o) > 0 and
vol(D(f,0)) > 0 are equivalent.

CoNJECTURE 1.2 ([K3]). Suppose that Pr(f,o) >0 and vol(D(f,0)) >0 for a

permutation o; then for a set D(C R™) satisfying that D = D° and D ND(f,0)
is the closure of the intersection of D° and the interior of D(f, o), we have

Spl , ..., D
Prp(f,o):= lim e pXiSZ))l)L((fPU) e
vol(D ND(f,0))

= el 0) W)

To study the property of Pr(f,o), we introduce more notations:
Go = {1 € Su | e = ilas) (1< i <n) for i € Gal(Q(f)/Q)},
M(f,p):={peSpl(f) | a; = (i) mod p (1 <Vi< n) for 3p | p},

where p denotes a prime ideal of Q(f) := Q(ay,...,ay) over p. The following
proposition is fundamental ([K2]).

PROPOSITION 1.1. Suppose #M(f,0) = oo; then for n € S, the following three
conditions are equivalent :

(i) M(f,n)=M(f,o0),

(ii) o7 n € Gy,

(iii) #(M(f,n)NM(f,0)) = oo,
and we have

Spl(fa U) - (UMM(fa :u)) U7, (2)

where [ runs over the set of permutations satisfying p € oG with HM(f, u) =00,
and T, is a finite set. Suppose # Spl(f,o) = oo, then for v € S, we see that
Spl(f,o) N Spl(f,v) is an infinite set if and only if oG = vG, and then the
difference between Spl(f,o) and Spl(f,v) is a finite set.

The notion M (f, i) here is better than M), in [K2], where the prime ideal p is
previously chosen arbitrarily.
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Let us report three observations related to the property of M (f, u).

First, it is likely that the density of M (f, ) in Spl(f, o) (: Spl(f, ,u)) at 2]
equal to 1/[G : Gy]. We note that the condition G = Gy implies Spl(f, o) =
M(f,o) except a finite set by Proposition [[1]

Secondly, let us introduce the equivalence relation ~ among monic integral
polynomials as follows. For monic integral polynomials f(x), g(x) of degree n,
f(z) ~ g(x) if and only if g(z) = 0" f(dx + m) with 6 = £1 and m € Z holds.
Denote the roots of f(z) by a; (i = 1,...,n) and assume that any root «; is
not a rational integer. Then 3; := d(a; — m) are roots of g(z), and for local
roots r; of f(x) at p € Spl(f) = Spl(g), integers r, := d(r; — m) are roots
of g(z) = Omodp, and 0 < 7y —m < --- < r,, —m < p if p is sufficiently
large. Hence writing R; := 77 in the cse of § = 1, otherwise, R; := p+7],_; 1,
we see that R; (i = 1,...,n) are local roots of g(x) if p is sufficiently large.
Then we see that neglecting small primes

M(g, 1) = {p € Spl(9) | Bi = Ry(iy mod p (1 < 7i <n) for 7p | p}
M(f,p) if d=1,
| M) i 6=,
where the permutation ' is defined by p/(7) :== n+1 — (7). So, the equivalence
class of f(x) gives the same division M (f, u) (1 € Sy,) of the set Spl(f) of primes.
It is likely, conversely that the division M (f, 1) (1 € Sy,) of Spl(f) characterizes
the above equivalence class among polynomials g(z) under assumptions that

Q(g) = Q(f), deg g = deg f and f, g have the same linear relations among roots.
In case of

f(x) =2® -3+ 1,2* +22° + 322 — 3z + 1,2* + 32% — 22 + 2,
et ¥+ 2% o+ Lat 2t 2 o+ 1, (20)? +2% — 1,
(22)2 4+ 1,2% +42° + 222 — 4o — 1 = (2% + 22)? — 2(a® + 22) — 1,

which exhaust all types (with respect to Gal(@( £/ Q) and the existence
of non-trivial linear relations among roots) of polynomials of degree 3,4
with [G : Go] > 1, it is true as far as we checked.

The third observation is related to the distribution of the decimal part {%}
of L7 for an integral polynomial g(z), where r runs over local roots of a poly-
nomial F(z)(p € Spl(F)). Let f(x) be a monic irreducible integral polynomial

with roots «; as before and suppose Q(f) = Q(«) for an algebraic integer «
with the monic minimal polynomial F(x) and write o; = g;(a) (1 = 1,...,n)
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NOTES ON THE DISTRIBUTION OF ROOTS MODULO PRIMES OF A POLYNOMIAL IV

by a polynomial g;(z) € Q[z]. Then we see that except finitely many primes p

M(f, 1) = {p€Spl(f) | gi(e) = ryu@y mod p (1 <Yi<n) for *p|p}

= {p € Spl(f)

there is an integer r such that F(r) = 0 mod p}

and g;(r) =7, mod p (1<% <n)

yu—1(1)(7')} < ... < {9#—1(71)(7')} for
- - p

= ¢ p € Spl(f) { P :

some integer root r of F(z) = 0 mod p

where {z} denotes the decimal part of z, i.e., 0 < {2z} < 1 and = — {2} € Z.
Here we note that p = (a — r,p) is a prime ideal of Q(«) for p in Spl(f) except
finitely many primes, and the ideal p and » mod p above are unique if the prime p
is sufficiently large. As stated, the density of the above set in Spl(f, u) seems
to be equal to 1/[G : Gyl. If, moreover Q(a;) is a Galois extension over Q,
then letting o = a1, 91(x) = 2, F(x) = f(x), we see that the difference between
sets M (f, ) and

{p € Spl(f) | gi(ru(1)) = @y mod p (1 < Vi < n)}

_ {pe sp1(f)Hg“_l(”<T“(”)} c< {gﬂ—wm(wn)}} 3)

p p

is finite. For which kind of polynomials g;(x), does the density of the above set
of primes in @) exist? If polynomials g;(x1,...,2z,) € Q[z1,...,x,] are linear,
then the density

{pE Spl(f)‘{w} << {w}}

may be described by the volume of the domain defined by linear inequalities
for polynomials g;(z1,...,x,) by Conjecture [[.21
For a monic irreducible integral polynomial F'(x) and integral polynomials

g1(x),...,g9n(x) in general, there seems to be the limit
9y <« .. < fou(n) .
#{p e Sply(F) { I } < <A m } for some integer
I root r of F(x) =0 mod p
Xgnoo #Splx (F)

The rest of the paper is devoted to observations related to this question.
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2. Case of a polynomial without non-trivial linear
relations among roots

In this section, for a monic integral polynomial f(z) of degree n > 1
without non-trivial linear relations among roots, i.e., t := dim LR = 1 and
(not necessarily monic) integral polynomials g1 (), g2(x), we study the density

_ #{peSply(f) [ {21} < {22} for 7 s.t. f(r) = 0 mod p}
lim P P ,
X—o0 #Splx (f)

where {g'iTgr)} denotes the decimal part of g'iTgr) as before. Although we get several
interesting observations, they seem not to be easy to prove.

Let us consider the simplest case, that is let f(z) be as before and
g1(x) = mx, go(x) = nx for distinct non-zero integers m,n. We see that

#{pe Splx (f) | {%} < {%} for Fr € Z s.t. f(r) :Omodp}

= #Sply (f) #{pe Sply (f) | {%} < {%} for Vr s.t. f(r) = Omodp},

hence
0t #{p € Splx (f) [ {7} < {5} for *r s.t. f(r) = 0 mod p}
T X oo #Splx (f)
P #{p € Splx(f) | {2} < {2} for "r st. f(r) = 0 mod p}
e == #Splx (f)
. vol(Z},, NDy) _
=1 —Vol(’}ADﬁ) (under Conjecture [[2),

since the number of the prime p satisfying {%} = {%} is finite and we write
Inm = {2 €(0,1) | {nz} < {ma}}.

Let us evaluate the ratio of volumes. Note that the dimension dim Ig)m ND; is

less than or equal to 7—1 and the volume is considered as the (7 —1)-dimensional

set under the assumption dim LR = 1. We know

Vi

n!’

VOl(bﬁ) =
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On the other hand, we see that

{(xl,...,xﬁ) 10 <2y <Ly € Ly (1), @ ez} _
U {(.’L’l,...,.’ljﬁ) | nga(l) <...

o€Sh
e < Lo () < 1,.’1,'7; (S Imm (vi),in S Z} R

and the permutation induces the orthogonal transformation on R” and the di-
mension of the intersection of the subsets corresponding to distinct permutation
is less than nn — 1, hence we see

~ ~ 1 ~
VOl(I;im n :D;L) = —vol ({(xl, .. .,.’L’ﬁ) S (0, 1)” | xiEIn,fru Z.’L’i S Z}) s

n!
hence

VO](Iﬂ | @ﬁ) 1 5
#z—vol({x,...,xﬁeo,ln i €1 m, x,—eZ}). 4
vol(D7) W (21 )€(0,1)" | sy (4)
In the rest of this section we will show the following :
THEOREM 2.1. For integers M, N satisfying

O<N<M and (M,N)=1,

we have
vol(Ij yyN®a) 1 B;(0)
vol(®z) 20 al(MN(M—N))"

{3(MN(M — N))" + M?" 4 N** 4 (M — N)*" —

2((M — N)NY' = 2M™((M — N)" + N")},
where By (x) is the Bernoulli polynomial.

The above matches computer experiment. We note that

(i) the ratio of volumes is independent of M, N for odd 7 > 1, since B (0) =0
for odd nn > 1.
vol(I3 pND2)

(ii) Let f(x) be quadratic; then the above shows 52)
VO 2

= 0. As a matter
of fact, we can show that sets II%,’M ND, and

nr

{p € Sply(f) | {;} < {%} for "r s.t. f(r) =0 modp}

are finite sets, that is d,, ,, =1 for an irreducible quadratic polynomial f(z).
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2.1. Bernoulli polynomial

In this subsection, let us recall several facts on Bernoulli polynomials.
For non-negative integer m, we write
_ A" f(x)

A (f(.’IJ)) = dx™

for example, ,
Ay (e™) =r™.

We define Bernoulli polynomials B, (t) by

> z" xel® =, B(0 = (tz)™
>ty = 5= (S50 (5 %),

k=0 m=0
that is
rel® " /n
An = Bn - . n—i 17
(257) =Bt =3 (%) BacstO
1=0
T
B,, =A,, .
0 =2, (%)

In this paper, the notation B,, denotes the Bernoulli polynomial, and so we use
the notation B, (0) for the Bernoulli number.

We see that, for a real number a and a non-negative integer m

1

m—H(Bm+1(a +1) = Bmy1(a))

1 l,e(a—i-l)z 10T
E—— Am - 4 | — Am
m+1< H(e”l) +1<e£1>

_ Amp(@e™) - om
m+1 ’

hence for integers n, m > 0,
n

Y@+ )" = —— (Busa(at n+ 1)~ Buia(@).

Therefore, for a positive real number a and a positive integer n > 1, we see that

> max(0,a— 1" =Y (a—1"""= Y ({a}+[a] )"

1>0 0<I<]a| 0<i<la]
— %(Bn({a} + la] + 1) — Bn({a}))
= (Bala+1) - Bu({a})), )

which we need to prove the theorem.
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2.2. Proof of Theorem [2.1]

It is convenient to introduce the notation = : For sets S, T, we write S =T
if and only if #(S\T)+ #(T\ S) < cc.

PROPOSITION 2.2. Let n,m be non-zero distinct integers, and write n = dN,
m = dM for d:= (n,m). Then we see that

k
In,m;ug:}){% eeIN,M}, (6)

and under the assumptions M > N >0 and (M,N) =1

(3¢

]
(0~ M=), &) i L <M,

L-M\ K -
Y - N M) Zf L> M,
Inv =Ug

where the integer L is defined by
L=NKmod M\N<L<M-+N —1.

Proof. The condition z € I, ,,, means {nx} < {ma}, ie., {dNz} < {dMz},
hence {dz} € Iy . We have only to write dv = k + {dz} for an integer k
for the proof of (@l). Let us show the equation (). Take a number = € Iy,
which implies Mz ¢ Z and write z = £ (1 < K < MK € Z,0 < e < 1).
We note that the condition K = M is equivalent to L = M by the definition
of L and the assumption M > N, (M, N) = 1. Then it is easy to see that

{Maz}=1-¢ and {N@:{W}:{L&M}.

The inequalities 0 < L — Ne < 2M show that {Nz} = L5Ne or L=Ne — g
according to L — Ne < M or L — Ne > M. Let us note that
L-M _ 2M-L

(i) the inequality follows from the assumption L < M + N,

N M—N
(ii) %—1<1—e<:>6< #__ﬁ,and

(i) 5N <1—eee< 2L,

First, suppose L < M : By 0 < L — Ne < M, we have {Nz} = L=< hence
{Nz} < {Mz} & £20c <1—€e & 0 < e < =L py (iii). Next, suppose
L > M: Under the supposition {Nz} < {Mx}, the condition L — Ne < M
implies {Mz} =1 —e > {Nz} = L=< which is equivalent to (0 <)e < 4=%,
which contradicts the assumption L > M. Hence the condition {Nz} < {Mz}

implies L — Ne > M, ie., ¢ < LTVM. Conversely, suppose € < LTVM, which is
equivalent to L—Ne > M and implies e < 22=L by (i), hence {Nz} = L=Fe—1,
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and the property (ii) imply {Nz} < {Mz}. If K = M happens, then we have
L = M and the contradiction

{Nx}:{%}zl—%e>l—e:{Mx}. 0

Hereafter, we assume that integers M, N satisfy M > N > 0 and (M,N) =1
as in Theorem 211

We write, for an integer K
LM if [, > M,

T(K) :=

M-L if [ < M,

where L is the integer defined by L = NK mod M, and N < L < M + N — 1.
It is easy to see 7(0) = 0,7(1) = 1 By Proposition 2], we have
_ : K—-7(K) K
. M—1 o

IN’M = UK:I S»,—(K) with ST(K) = (T, M) . (8)
PROPOSITION 2.3. The mapping 7 is the bijection from {1,2,...,. M —1} to ¥ :=
$1 U, where £y = {%,..., %52}, Se = {577 =) and 7(K) = K
holds in the ring Z/MZ. The set 31 is empty if N = 1. Moreover, we have

K - (K) MA (1<74, <N-1) if 7(K) € 1,
A (K) =
MAz  (0<FA <M -N-1) if 7(K)€ s,

and K —7(K) (K =1,...,M — 1) are distinct.

Proof. It is clear that the value 7(K) is in the set ¥ and #X = M — 1.
Since (M,M — N) = (M,N) = 1, we see that 7(K) = £ = K in Z/MZ,
which implies the injectivity of 7. Write NK = L 4+ aM (a € Z).
Suppose that L > M; it implies K — 7(K) = 4L(a + 1), and from inequali-
ties N < L < M + N — 1 follows

NE-1) 1 K-l
M M=

hence —1 < a < N.If a = N — 1 occurs, then L = NK — (N — 1)M holds and
then the assumption L > M implies NK > N M, which contradicts K < M —1.
Next, suppose that L < M; then we see K — 7(K) = 7<(K — 1 — a) and
inequalities N < L < M + N — 1 imply

N N N -1
K—(K1)1<K1a<<1—>K+

N,

M M M
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hence
N N -1
0<K—-l-a<(l—o)(M-1)+"—
= a( M>( )+

N 1
<M-N-142——-—<M-N-+1
+ VAR +

If K—1—a=M — N occurs, then the assumption L < M implies NK — aM < M,

hence
NK
K—M+N:(Z+1>W,

ie., (M—N)K>(M—N)M, which is the contradiction. Next, assume that
Kl—T(K1)=K2—7'<K2) for 1<Ky <Ky <M-—1;
it implies the contradiction 1 < Ky — Ky = 7(K3) — 7(K7) < 1. O
When we change the domain of the mapping 7 from {1,...,M — 1} to

{0,1,..., M —1}, the set {0,1,..., M — 1} corresponds, through K — K —7(K)
to X/ :=X) U X for

/. MAl MA2
N

<A <N -1 b=
[0sAis }’ 2 {M—N

where K = 0,1 are supposed to correspond to 0 € ¥/,0 € X, respectively. Now
we see that

VOI({(.’I}l,...,.’IJﬁ) € (O,I)ﬁ | z; € IN7M,Zx1— € Z})

1=

mgth—N—%,

writing x; = Kﬂ” (0 <6 < T(KZ))

1 M-1
= A1 vol (El,. . .,Eﬁ) € (0, ].)ﬁ

(1<i<n)

e => K; mod M

0<e <7(K;),> € € Z,}) )

Let us begin the evaluation of the volume. Write M (z) :=max(0,z) for sim-
plicity.

LEMMA 2.4. Let a,b,m be real numbers and suppose a < b and m # —1.
Then we have

/Gﬂt—wW%w:—;L—O@@—aﬁ”hﬂM@—bV”ﬂ. (10)

m—+1

19



Y. KITAOKA

Proof. By writing t —w = W, the left hand is equal to

/ﬁWWW@ﬂWz—(tﬁWWWMV—tﬁWWWMﬁ

t—a t—b
= MW)™dW — MW)™dWw
0 0
1 ~ -
- (M(t — )™t NIt — b)m“) . O
m+1
Here we introduce the notation, for z,7,...,7, € R

Wiz 71,0y Th) = Z Z (*UkM(JC*Til*"'*Tik)l

0<k<n 1<i1<-<ip<n
l
= Z(—l)ls‘M (f - Zﬂ) )
S i€S
where S runs over all 2" subsets of {1,...,n} and |S| = #S. It is obvious that
Wi(z; 71,0 ) = Wi(@5761), - - To(n))
for any permutation o. Moreover, we see

Wiz, oymn) = Wiz, ooy Tne1) = Wil — T3 71y oo oy Tre1)- (11)

In particular, the equation ([II]) says that

Wi(z;71,...,m7a) =0 if 71, =0. (12)
PROPOSITION 2.5. For positive numbers T1,...,Tn, the volume of the set
n
Vi1, ooy Th) i= {(wl,...,xn) |0 <z < Ti,Zx,- < x}
18 o
%Wn(x;Th'"an)' (13)

Proof. We use the induction on n. Write

Un(z) = vol(Vo (@371, ..., 7))
simply. For n = 1, it is easy to see that

(um:M@—M@~m:%m@my

20



NOTES ON THE DISTRIBUTION OF ROOTS MODULO PRIMES OF A POLYNOMIAL IV

Supposing ([I3)), we see that U, 11 (z) is

Tn41 T1 Tn+41
/ / B 1d.’1}1...d.’1)n+1 = / Un(.’L'*.’IJn_;_l)d.’IJn_i_l
Tn41=0 £1=0

Sei<e Tn1=0

Tn+1 1 n N
I/w =3 (=1 Y Me—app—7iy = —7i)" pdinp
k=0

—_no Nn!
n+1=0 1<iy <--<ix<n

1 n ~ 1
- m;(—l)k Z {M(x—ril _"'_Tik)n+

1<y << <n

—M(z =75, = =Ty, — Tn+1)n+1}
1 n
- - 1)k / i\l
TS Z( 1) | Z M(x — 7 Tix)
k=0 1<iy < <ip<n
1 n+1
j Y +1(
Farg 2 W 2 Mmoo n)t = Una(0),
=1 1<ip < <ij=n+1
d
EXaAMPLE. It is easy to check, by drawing the figure
Vol(Vg(x;Tl,Tg))
1 -~ - . -
= i{M(x)z —M(x —7)? = M(x —79)* + M(x — 1 — 7'2)2}.
We note that the proposition implies the following equation :
0 if 0<i<n-—1,
PCICED BN { |
S ics n[,n if l=n,
where 71, ..., 7, and ¢ are variables and S runs over all 2" subsets of {1,...,n}.
PROPOSITION 2.6. For positive numbers Ty, ..., Tn, the n — 1-dimensional vol-

ume of the set

Sl 71, Th) = {(wl,...,xn) 0< 2 <7, :x} (14)

i=1
18

Vn .
mWn_l(x,Tl,...,Tn). (15)
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Proof. Using orthnormal basis

1
——_(1,-1,0,...,0),
hii= =l )

1

f ::\/ﬁ(l,...,l,—k,o,...,o),
fno1:= ! (1,...,1,—=(n—1))
n—1 —\/(n71)+(n71)2 ) by )

fn :L(L 71)7

and the transformation

(y17~-~7yn) = (wlv"'7xn)(t.f17'~'7tfn)7
that is,

VY =1+ + Tn,

we see, denoting Sy, (z;71,...,7,) by S, (x) simply

vol(Vo (2571, ... 7)) = / ( ldx = /\/_ vol(Sn (v/nyn)) dyn,
xeV, (z n

) Yn <z
hence U’ (z) = vn ' vol(S,(2)), ie., vol(S,(z)) = VU, ().
EXAMPLE. The length of Sy (z; 7, 72) is easily checked to be

V2{M(z) — M(x — 1) — M(x — ) + M(z — 71 — 72)} = V2U}().

We note that the volume of S, (z;71,...,7,) is positive if and only if
0 <z < > 7; holds, and that vol (S, (z; 71, ..., 7n)) = vol(Sn(; To(1), - - -+ To(n)))
for every permutation o € 5,,, since a permutation induces the orthogonal trans-
formation. In particular, for positive numbers 71,...,7, and a real number =z,

Why—1(z;71,...,7) > 0if and only if 0 < x < > 7; holds.
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Now we see that, using @), (@)

VOI(IJF\%M N @ﬁ)

VO](@;L)
1

= =l ({(xl,...,a:ﬁ) € (0,1)" |z € I,y wi € Z})

1
= WKKhZ Zvol (Sﬁ (ZKiMl;Tl,...,TfL>>

1
:m Z ZWﬁ_l(ZKi_Ml;Tl,...,Tﬁ>,

1<Ky,...Kn<M IEZ
where 7; = 7(Kj), and note that
Wiy (Do Ki=Miim,. 7)) > 000 <> K- ML< Y,

which implies 0 < [ < n, and continuing the above

1 n
:W Z ZWﬁ_l (ZKi—Ml;Tl,...,Tﬁ>

0<Ky,....Kn<M 1=0

by 7(0) = 0 and ([I2))

=t zzw'w(zmmzn),
' S

0<Ky,...Ka<M =0 €S

where S runs over all subsets of {1,...,n}. Thus we see that

L vol(I% 3 N D7)

(2 — IM! -
vol(Dp)
i fi—1
=S DN N MDY K+ ) (K- - ML)
S og(ﬁiz\{;l =0 igZS jeSs

where K; — 7; runs over ¥/ := ¥} U X}, as stated after Proposition [Z3] and
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continuing
. - A—1
n ~ n
_ k(" y , r_
“SE(y) X S (SR
k=0 0<K;<M-1(i>k), [=0 i>k i<k
T‘EE’(jSk)

we S (p) s s (Rt R

0<K;<M—1(i>k), [=0
e (J<k)

MZ O >

0<K;<M—1(i>k),
T;GEI(]'SIC)

by (). For an integer k (0 < k < n), we see that

S Ki+ ¥
i>k T i<k 'j
Thy = E | Bﬁ( Y +1>
0<K;<M—1(i>k),
T]’.ezfugk)

) )
- <21>k KﬁE]gk 7+1>x
= E Aﬁ €
et —1

0<K;<M-—1(i>k),
TIES (G<k)

. k
ze /
=A; : S e | . N edre
e’ —1
0<K<M—1 =
Noting
K, -1
Z A
JM —
0<K < e 1
and
N-1 M—N-1
Z Eaipn Z Ay Z Ay . e’ —1 e’ —1
eM — e N + eM-N — = + = ,
ey A1=0 As—0 ev —1 = N —1

we see that

ze® e — 1\ e —1 e —1 YV
Ty L = As . = : = —o )
' “<em1 (eM—1> <€N—1+€M—N—1>

and so
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zﬁ:(—l)k <Z) Tk

k=0
n ~ n—=k k
re® n et —1 e’ —1 et —1
- n _1 k ° T T
(e”lz( ) (k) <€M1> <eN1 eM—N—l))
k=0
re® e’ —1 e’ —1 e —1 \" i
- n(ex_l (M T 1) ) = s (f()g(@)").
where
ze® et —1 et —1 et —1
f(x) e 1’ g(x) eﬁfl efa\cffl_eM—N—l
We see that
1
Ao(f)zf(o):L AO(Q):Q(O):Q A1(9): 2
and
A n!
An(fg™)y = > mﬁkl(f)ﬁkz(9)~-~Akﬁ+l(g)
k14 Fkpqp1="n,
Yk;>0
~ n ’FL!
=n! Al(Q) = 2_ﬁ’
thus

St

i(—l)k (Z) Tk =57

k=0

[\

Next, for an integer k (0 < k < 7), let us evaluate

= Y (Rt anl),

0<K;<M—1(i>k),
rhes!(j<k)

’

Tt
where % runs over the set X" := X1 U XY for

2’1’::{%|0§A1§N—1}, zg;:{MA2NogA2§M—N—1}.

First of all, we note that, for positive integers d, dy, ds with (dy,d2) =1

@ e n)) w0

0<j;<d;—1,
(i=1,2)

QU
=

B

S

<.
I
o
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Because,
d—1 j d—1 ot L =
Bﬁ - = Aﬁ :Aﬁ %
2 (d> <e£1> er — 14~
Jj=0 7=0 7=0
T 2. B(0) sx\k Bi(0)
= An (=) = A (d (%) ] = 5=
() = o (22 (0)) - 328
k=0
and .
J1 J2 J
Bi - - = By
Z ({dl - do }> Z <d1d2>
osji<diot, 0<j<dids—1
We see that
"k
=Y X)) ¥
0<K;<M-1 [=( ' es (i<),
(i>k) T esl 1+1<5<k)
Ei>kKi " "
Bal\Thr it 2
1<i<1 1+1<5<k
Ei>kKi a2
- > oy m({Etey
0<K;<M-1 (1<as<M—N
(i>k)

x#{(Al,...,Ak)\lgAigM—N, ZAiEanodM—N}

0,2, (B3 a)

1<a; <N,
1<ag<M—N

X#{(Al,,Al)‘lgAzSN,ZAlEal HlOdN}

x#{(AlH,...,Ak) 1< A <MN,ZAi:a2modMN}}

RN

1<a1 <N

x#{(Al,...,Ak) 1<4,<NY A=a modN}}
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_ { > o ({Emh e ) o

0<K;<M-1 (1<ay<M—N
(i>k)

k—1
k Zi>kKi aj as
+;(J K;N B”({ M +N+M7N

1<ap<M—N

% Nl—l(M_ N)k—l—l

LZ ()

1<a1 <N

Hence, we see that

1<as<M—

1 1 \" 1 1
_<2+<N+M—N> mm)Bﬂ@)
by ([I@) and for 1 < k < n we have

Bz (0) [k Bz (0) B0
l Mk:Nﬁ—l(M _ N)ﬁ—k+l MkEkNR—E

Ty = —- +
MF(M — N)i—k ;

- <Mk(M i Ny Mjwk(];ka(M(MN))]:)k + Mk]ifﬁ—k> B;(0)

(i>1)
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Tlr{us we have .
o 7 _ n—1 o 7
kz:%( 1) (k>T2,k {1+;( 1) <k>
1 Mk — N¥F — (M — N)* 1
% (Mk(M Ny T T MENGI—N))E MkNﬁ—k)

+(—1)ﬂ<2+ (%—’— M1N> — % - W)}Bﬁ(o)

1 1 2(—1)" 1 1

~ (MN)»  (M(M—-N)*» M" (M—N)» N#
(=" (=" 1-(-1)
MM =Ny (N

+(1)ﬁ<2+ (%+ M1N> - % - W)}Bﬁm)

— (MN(Ml N {B(MN(M — N))" + M* 4 N* 4 (M — N)*"

+

—2((M = N)N)" —2M™((M — N)* + N*) }Bﬁ(O),

where we replaced (—1)" by 1 by virtue of B,(0) = 0 for odd n > 1. These
complete the proof of Theorem 211

REMARK 1. Although it seems to be true that the density referred at the begin-
ning of this section exists for any integral polynomials g¢i(x), g2(x),
we do not guess what the value is. For example, for polynomials g;(z) = 22,
g2(x) = =2z (resp. g1(z) = x%, ga(x) = 2x), the density seems %, I — L T4 L

88 16 8
(resp. %, % + %, %) according as
f(z) =23 +2, 2+ 2% — 22— 1, 23 + 322 — 1.
Also, it is mysterious that the density seems to be I for g1 (z) = ma? ga(z) = na?
for any integers m,m with mn # 0,m # n for an irreducible polynomial f(x)
of degree 3.
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3. Case of z* + 1

In this section, set f(z) = z* 4+ 1 whose roots are a; = 1+\/_V2_1, Qo = 1_\/&2 —1
as = —1= fV;l, Qaq = ,HT V2_1, where linear relations among roots over rationals

are spanned by a1 +ay=as+a3=0. It is easy to see that #G:S, #Gy=4, more
explicitly Go = {id, (1,2)(3,4), (1,4)(2,3), (1,3)(2,4)} and G = Gy U (1,4)Go,
and D(f,0) = {(x1,...,24) |0 <2z < - <2y <121+ 24 =22+ 23 =1}
(0 € G’) except finite points, which is identified to {(z1,22) |0 < z1 < 29 < 2}
and {(23,24) | 3 <3 <2y <1}

For integral polynomials g1 (), g2(x) of deg g; < 2, let us consider

M;(X) := {p € Sply (f) | {Lled} < {2l }} (i=1,....4),

where 7;’s are local roots of the polynomial f(z) for a prime p € Spl(f) and {a}
denotes the decimal part of a as usual, and write M (X) = (M1(X),..., My(X))
and #M (X) = (#M(X),...,#M4(X)) for simplicity. For non-zero integers
m,n, the set I,,, , of z € (0,1) satisfying {ma} < {nz} is a union of intervals.
Hence, for linear polynomials g1 (z) = mz, g2(x) = nx we see

o= {p st (252 <25

i
= {p € Splx(f)’EEIm,n}a

and the density limy_, . #Spf()((f)) is described by the domain of

{$ € (07 1)4 | T; € Im,n}
by Conjecture[[.2l For example, for special polynomials g1 (z) = nz, g2(x) = 2na
(n # 0,n € Z), the computer experiment suggests that the density

#Mx) [ (5 aRl) it
X—o0 #Splx (f) (n+1 n—=1 n+1 n—l) it2 ] n.

2n 0 2n ’ 2n 0 2n
which is equal to
(VOI(Dl), ce ,V01<D4)),

ol=| =

where

D= { (1.0 [0 < 0 0 < g no) < L)} (1= 1,2)

<y << L {g(e) < {gzm»)}} (i = 3.4).

DO | =

D, = {(xg,x4) |
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and the denominator % is the volume of the whole spaces

1 1
21,22) |0 <21 <20 < = 7, 23,%4) | = <aw3 <y < 1o,
2 2

which are identified with {(x1,...,24) | 0 < 23 < -+- < @y < 1,27 + 24 =
29+ 23 = 1}. These match the experiment above quite well and Conjecture [[L21
We classify integral polynomials g;(z) with deg(g;(z)) < 2 and g1(0) = g2(0) =0
except cases deg(g1(z)) = deg(g2(z)) =1 as follows :

(i) deg(gl(x)) =2 and gs(z) = nz (n #0),

(i) deg(g1(z)) = deg(g2(z)) =2 and g1(x) — ga(2) = na, (n # 0), or

(iii) deg(gl(x)) = deg(gg(x)) = deg(91 (z) — gz(x)) = 2.
Then, in case of (i),(ii) the density looks like

{ (=2 8n—l Snil 8m42) pg = ] mod 2,

6n ? 6n ? 6n ' 6n

3n—2 3n+4+2 3n—2 3n+42 : —
(6n’ 6n > 6n 6n) lfn_0m0d2’

and in case of (iii) it looks like (4,3, 3,%). The author does not know how

to elucidate these, in particular, even the reason of

HM(X) + #M(X) _ #M(X) + #M(X) _

lim = lim 1.
X —o0 #SplX (f) X —o0 #Sp1X<f)
REFERENCES

[K1] KITAOKA, Y.: Notes on the distribution of roots modulo a prime of a polynomial,
Unif. Distrib. Theory 12 (2017), no. 2, 91-116.

[K2] KITAOKA, Y.:, Notes on the distribution of roots modulo a prime of a polynomial II,
Unif. Distrib. Theory 14 (2019), no. 1, 87-104.

[K3] KITAOKA, Y.: Notes on the distribution of roots modulo a prime of a polynomial III,
Unif. Distrib. Theory 15 (2020), no. 1, 93-104.

Received August 16, 2022 Yoshiyuki Kitaoka
Accepted December 12, 2022 Author is retired,
Asahi
JAPAN

E-mail: y_kitaoka@tg.commufa.jp

30



	1. Introduction
	2. Case of a polynomial without non-trivial linear relations among roots
	2.1. Bernoulli polynomial
	2.2. Proof of Theorem 2.1

	3. Case of x4+1
	REFERENCES

