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NOTES ON THE DISTRIBUTION OF ROOTS

MODULO PRIMES OF A POLYNOMIAL IV

Yoshiyuki Kitaoka∗
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ABSTRACT. For polynomials f(x), g1(x), g2(x) over Z, we report several obser-

vations about the density of primes p for which f(x) is fully splitting at p and{
g1(r)

p

}
<

{
g2(r)

p

}
for some root r of f(x) ≡ 0 mod p.

Communicated by Shigeki Akiyama

1. Introduction

Let
f(x) = xn + an−1x

n−1 + · · ·+ a0

be an integral polynomial, i.e., ai ∈ Z for i = 0, . . . , n − 1 of degree n with
complex roots α1, . . . , αn. We fix the numbering of roots once and for all, and
define the vector spaces LR,LR0 over the rational number field Q by

LR :=

{
(l1, . . . , ln+1) ∈ Qn+1

∣∣∣∣
n∑

i=1

liαi = ln+1

}
,

LR0 :=

{
(l1, . . . , ln) ∈ Qn

∣∣∣∣
n∑

i=1

liαi ∈ Q

}
,

and we take and fix a Z-basis of LR ∩ Zn+1

(mj,1, . . . ,mj,n,mj)
(
j = 1, . . . , t ( := dimQ LR ≥ 1)

)
,

since the non-zero integral vector (1, . . . , 1,−an−1) is in LR ∩ Zn+1.

© 2023 BOKU-University of Natural Resources and Life Sciences and Mathematical Institute,
Slovak Academy of Sciences.
2020 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: 11K.
Keywords: equidistribution, polynomial, roots modulo a prime.
∗ The author is retired.

Licensed under the Creative Commons BY-NC-ND4.0 International Public License.

9



Y. KITAOKA

Next, we write, for a positive number X

SplX(f) := {p ≤ X | f(x) is fully splitting modulo p} ,
where the letter p denotes a prime number, and Spl(f) := Spl∞(f).

We assume the following conditions on the local roots r1, . . . , rn (∈ Z)
of f(x) ≡ 0 mod p for a prime p ∈ Spl(f) :

f(x) ≡
n∏

i=1

(x− ri) mod p,

0 ≤ r1 ≤ r2 ≤ · · · ≤ rn < p.

These conditions determine the ith-root ri of f(x) ≡ 0 mod p uniquely.

We write, for a permutation σ ∈ Sn

SplX(f, σ) :=

{
p ∈ SplX(f)

∣∣∣∣
n∑

i=1

mj,irσ(i) ≡ mj mod p (1 ≤ ∀j ≤ t)

}
,

and we define the density by

Pr(f, σ) := lim
X→∞

#SplX(f, σ)

#SplX(f)
,

where we suppose that the limit exists. The existence of the limit is supported
by computer experiment. It is easy to see Spl(f) = ∪σ∈Sn

Spl(f, σ).

Next, we introduce the following geometric objects

Δ := {x = (x1, . . . , xn) ∈ Rn | 0 ≤ x1 ≤ · · · ≤ xn ≤ 1},

D̂n :=

{
(x1 . . . , xn) ∈ Δ

∣∣∣∣
n∑

i=1

xi ∈ Z

}
,

D(f, σ) :=

{
(x1 . . . , xn) ∈ Δ

∣∣∣∣
n∑

i=1

mj,i xσ(i) ∈ Z (1 ≤ ∀j ≤ t)

}
(⊂ D̂n).

Here, the dimension of D(f, σ) is less than or equal to n− t and we consider its

volume as an n− t-dimensional set. In case of t = 1, we have D(f, σ) = D̂n.

Moreover, we introduce two groups :

Ĝ : = {σ ∈ Sn | σ(LR) ⊂ LR},
G : = {σ ∈ Sn | σ(LR0) ⊂ LR0},

where we let, for x = (x1, . . . , xn) ∈ Rn, x ∈ R and a permutation σ ∈ Sn

σ(x) :=
(
xσ−1(1), . . . , xσ−1(n)

)
, σ((x, x)) :=

(
σ(x), x

)
.

The group Ĝ is a subgroup of G, and in case that f(x) is irreducible, they are
identical.
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We proposed the following two conjectures in the previous papers.

��������	� 1.1 ([K1])
 For a permutation σ with Pr(f, σ) > 0, the ratio

c =
vol(D(f, σ))

Pr(f, σ)

is independent of σ. If G = Ĝ holds, then two conditions Pr(f, σ) > 0 and
vol
(
D(f, σ)

)
> 0 are equivalent.

��������	� 1.2 ([K3])
 Suppose that Pr(f, σ) > 0 and vol
(
D(f, σ)

)
>0 for a

permutation σ; then for a set D(⊂ Rn) satisfying that D = D◦ and D ∩D(f, σ)
is the closure of the intersection of D◦ and the interior of D(f, σ), we have

PrD(f, σ) : = lim
X→∞

#{p ∈ SplX(f, σ) | ( r1p , . . . , rnp ) ∈ D}
#SplX(f, σ)

=
vol(D ∩D(f, σ))

vol(D(f, σ))
. (1)

To study the property of Pr(f, σ), we introduce more notations:

G0 := {μ ∈ Sn | αμ(i) = μ̃(αi)
(
1 ≤ ∀i ≤ n

)
for ∃μ̃ ∈ Gal(Q(f)/Q)},

M (f, μ) := {p ∈ Spl(f) | αi ≡ rμ(i) mod p
(
1 ≤ ∀i ≤ n

)
for ∃p | p},

where p denotes a prime ideal of Q(f) := Q(α1, . . . , αn) over p. The following
proposition is fundamental ([K2]).

�	���
����� 1.1
 Suppose #M (f, σ) = ∞; then for η ∈ Sn the following three
conditions are equivalent :

(i) M (f, η) = M (f, σ),

(ii) σ−1η ∈ G0,

(iii) #
(
M (f, η)∩M (f, σ)

)
= ∞,

and we have

Spl(f, σ) =
(∪μM (f, μ)

)∪ Tσ, (2)

where μ runs over the set of permutations satisfying μ ∈ σĜ with #M (f, μ)=∞,
and Tσ is a finite set. Suppose #Spl(f, σ) = ∞, then for ν ∈ Sn we see that

Spl(f, σ) ∩ Spl(f, ν) is an infinite set if and only if σĜ = νĜ, and then the
difference between Spl(f, σ) and Spl(f, ν) is a finite set.

The notion M (f, μ) here is better than Mμ in [K2], where the prime ideal p is
previously chosen arbitrarily.
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Let us report three observations related to the property of M (f, μ).

First, it is likely that the density of M (f, μ) in Spl(f, σ)
(
= Spl(f, μ)

)
at (2)

equal to 1/[Ĝ : G0]. We note that the condition Ĝ = G0 implies Spl(f, σ) =
M (f, σ) except a finite set by Proposition 1.1.

Secondly, let us introduce the equivalence relation ∼ among monic integral
polynomials as follows. For monic integral polynomials f(x), g(x) of degree n,
f(x) ∼ g(x) if and only if g(x) = δnf(δx +m) with δ = ±1 and m ∈ Z holds.
Denote the roots of f(x) by αi (i = 1, . . . , n) and assume that any root αi is
not a rational integer. Then βi := δ(αi − m) are roots of g(x), and for local
roots ri of f(x) at p ∈ Spl(f) = Spl(g), integers r′i := δ(ri − m) are roots
of g(x) ≡ 0 mod p, and 0 < r1 − m ≤ · · · ≤ rn − m < p if p is sufficiently
large. Hence writing Ri := r′i in the cse of δ = 1, otherwise, Ri := p + r′n−i+1,
we see that Ri (i = 1, . . . , n) are local roots of g(x) if p is sufficiently large.
Then we see that neglecting small primes

M (g, μ) =
{
p ∈ Spl(g) | βi ≡ Rμ(i) mod p (1 ≤ ∀i ≤ n) for ∃p | p}

=

{
M (f, μ) if δ = 1,

M (f, μ′) if δ = −1,

where the permutation μ′ is defined by μ′(i) := n+1−μ(i). So, the equivalence
class of f(x) gives the same division M (f, μ) (μ ∈ Sn) of the set Spl(f) of primes.
It is likely, conversely that the division M (f, μ) (μ ∈ Sn) of Spl(f) characterizes
the above equivalence class among polynomials g(x) under assumptions that
Q(g) = Q(f), deg g = deg f and f, g have the same linear relations among roots.
In case of

f(x) = x3 − 3x+ 1, x4 + 2x3 + 3x2 − 3x+ 1, x4 + 3x2 − 2x+ 2,

x4 − x3 + 2x2 + x+ 1, x4 + x3 + x2 + x+ 1, (x2)2 + x2 − 1,

(x2)2 + 1, x4 + 4x3 + 2x2 − 4x− 1 = (x2 + 2x)2 − 2(x2 + 2x)− 1,

which exhaust all types (with respect to Gal
(
Q(f)/Q

)
and the existence

of non-trivial linear relations among roots) of polynomials of degree 3, 4

with [Ĝ : G0] > 1, it is true as far as we checked.

The third observation is related to the distribution of the decimal part
{g(r)

p

}
of g(r)

p for an integral polynomial g(x), where r runs over local roots of a poly-

nomial F (x)
(
p ∈ Spl(F )

)
. Let f(x) be a monic irreducible integral polynomial

with roots αi as before and suppose Q(f) = Q(α) for an algebraic integer α
with the monic minimal polynomial F (x) and write αi = gi(α) (i = 1, . . . , n)
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by a polynomial gi(x) ∈ Q[x]. Then we see that except finitely many primes p

M (f, μ) = { p ∈ Spl(f) | gi(α) ≡ rμ(i) mod p (1 ≤ ∀i ≤ n) for ∃p | p}

=

{
p ∈ Spl(f)

∣∣∣∣∣
there is an integer r such that F (r) ≡ 0 mod p

and gi(r) ≡ rμ(i) mod p (1 ≤ ∀i ≤ n)

}

=

⎧⎨
⎩p ∈ Spl(f)

∣∣∣∣∣∣
{

gμ−1(1)(r)

p

}
≤ · · · ≤

{
gμ−1(n)(r)

p

}
for

some integer root r of F (x) ≡ 0 mod p

⎫⎬
⎭ ,

where {x} denotes the decimal part of x, i.e., 0 ≤ {x} < 1 and x − {x} ∈ Z.
Here we note that p = (α− r, p) is a prime ideal of Q(α) for p in Spl(f) except
finitely many primes, and the ideal p and r mod p above are unique if the prime p
is sufficiently large. As stated, the density of the above set in Spl(f, μ) seems

to be equal to 1/[Ĝ : G0]. If, moreover Q(α1) is a Galois extension over Q,
then letting α = α1, g1(x) = x, F (x) = f(x), we see that the difference between
sets M (f, μ) and

{p ∈ Spl(f) | gi(rμ(1)) ≡ rμ(i) mod p (1 ≤ ∀i ≤ n)}

=

{
p ∈ Spl(f)

∣∣∣∣
{
gμ−1(1)(rμ(1))

p

}
≤ · · · ≤

{
gμ−1(n)(rμ(1))

p

}}
(3)

is finite. For which kind of polynomials gi(x), does the density of the above set
of primes in (3) exist? If polynomials gi(x1, . . . , xn) ∈ Q[x1, . . . , xn] are linear,
then the density{

p ∈ Spl(f)

∣∣∣∣
{
g1(r1, . . . , rn)

p

}
≤ · · · ≤

{
gn(r1, . . . , rn)

p

}}

may be described by the volume of the domain defined by linear inequalities
for polynomials gi(x1, . . . , xn) by Conjecture 1.2.

For a monic irreducible integral polynomial F (x) and integral polynomials
g1(x), . . . , gn(x) in general, there seems to be the limit

lim
X→∞

#

{
p ∈ SplX(F )

∣∣∣∣∣ {
g1(r)
p } ≤ · · · ≤ { gn(r)

p } for some integer

root r of F (x) ≡ 0 mod p

}

#SplX(F )
.

The rest of the paper is devoted to observations related to this question.
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2. Case of a polynomial without non-trivial linear
relations among roots

In this section, for a monic integral polynomial f(x) of degree ñ > 1
without non-trivial linear relations among roots, i.e., t := dimLR = 1 and
(not necessarily monic) integral polynomials g1(x), g2(x), we study the density

lim
X→∞

#{p ∈ SplX(f) | { g1(r)
p } < { g2(r)

p } for ∃r s.t. f(r) ≡ 0 mod p}
#SplX(f)

,

where { gi(r)
p } denotes the decimal part of gi(r)

p as before. Although we get several

interesting observations, they seem not to be easy to prove.

Let us consider the simplest case, that is let f(x) be as before and
g1(x) = mx, g2(x) = nx for distinct non-zero integers m,n. We see that

#

{
p ∈ SplX(f) |

{
mr

p

}
<

{
nr

p

}
for ∃r ∈ Z s.t. f(r) ≡ 0 mod p

}

= #SplX(f)−#

{
p ∈ SplX(f) |

{
nr

p

}
≤
{
mr

p

}
for ∀r s.t. f(r) ≡ 0 mod p

}
,

hence

dm,n := lim
X→∞

#{p ∈ SplX(f) | {mr
p } < {nr

p } for ∃r s.t. f(r) ≡ 0 mod p}
#SplX(f)

= 1− lim
X→∞

#{p ∈ SplX(f) | {nr
p } < {mr

p } for ∀r s.t. f(r) ≡ 0 mod p}
#SplX(f)

= 1− vol(I ñn,m ∩ D̂ñ)

vol(D̂ñ)
(under Conjecture 1.2),

since the number of the prime p satisfying
{
nr
p

}
=
{

mr
p

}
is finite and we write

In,m :=
{
x ∈ (0, 1) | {nx} < {mx}}.

Let us evaluate the ratio of volumes. Note that the dimension dim I ñn,m ∩ D̂ñ is
less than or equal to ñ−1 and the volume is considered as the (ñ−1)-dimensional
set under the assumption dimLR = 1. We know

vol(D̂ñ) =

√
ñ

ñ!
.
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On the other hand, we see that{
(x1, . . . , xñ) | 0 ≤ xi ≤ 1, xi ∈ In,m (∀i),

∑
xi ∈ Z

}
=

∪
σ∈Sñ

{
(x1, . . . , xñ) | 0 ≤ xσ(1) ≤ . . .

· · · ≤ xσ(ñ) ≤ 1, xi ∈ In,m (∀i),
∑

xi ∈ Z
}
,

and the permutation induces the orthogonal transformation on Rñ, and the di-
mension of the intersection of the subsets corresponding to distinct permutation
is less than ñ− 1, hence we see

vol(I ñn,m ∩ D̂ñ) =
1

ñ!
vol
({

(x1, . . . , xñ)∈(0, 1)ñ | xi∈In,m,
∑

xi ∈ Z
})

,

hence

vol(I ñn,m ∩ D̂ñ)

vol(D̂ñ)
=

1√
ñ
vol
({

(x1, . . . , xñ)∈(0, 1)ñ | xi∈In,m,
∑

xi ∈ Z
})

. (4)

In the rest of this section we will show the following :

����	�� 2.1
 For integers M,N satisfying

0 < N < M and (M,N) = 1,

we have

vol(I ñN,M ∩ D̂ñ)

vol(D̂ñ)
=

1

2ñ
− Bñ(0)

ñ!(MN(M −N))ñ
×

{
3
(
MN(M −N)

)ñ
+M 2ñ +N2ñ + (M −N)2ñ −

2
(
(M −N)N

)̃n − 2M ñ
(
(M −N)ñ +N ñ

)}
,

where Bñ(x) is the Bernoulli polynomial.

The above matches computer experiment. We note that

(i) the ratio of volumes is independent of M,N for odd ñ > 1, since Bñ(0) = 0
for odd ñ > 1.

(ii) Let f(x) be quadratic; then the above shows
vol(I2

N,M∩D̂2)

vol(D̂2)
= 0. As a matter

of fact, we can show that sets I2N,M ∩ D̂2 and{
p ∈ SplX(f) |

{nr
p

}
<
{mr

p

}
for ∀r s.t. f(r) ≡ 0 mod p

}
are finite sets, that is dm,n=1 for an irreducible quadratic polynomial f(x).
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2.1. Bernoulli polynomial

In this subsection, let us recall several facts on Bernoulli polynomials.
For non-negative integer m, we write

Δm

(
f(x)

)
:=

dmf(x)

dxm

∣∣∣∣
x=0

,

for example,
Δm(erx) = rm.

We define Bernoulli polynomials Bn(t) by

∞∑
n=0

Bn(t)
xn

n!
:=

xetx

ex − 1
=

( ∞∑
k=0

Bk(0)

k!
xk

)( ∞∑
m=0

(tx)m

m!

)
,

that is

Δn

(
xetx

ex − 1

)
= Bn(t) =

n∑
i=0

(
n

i

)
Bn−i(0)t

i,

Bm(0) = Δm

(
x

ex − 1

)
.

In this paper, the notation Bn denotes the Bernoulli polynomial, and so we use
the notation Bn(0) for the Bernoulli number.

We see that, for a real number a and a non-negative integer m

1

m+ 1

(
Bm+1(a+ 1)−Bm+1(a)

)
=

1

m+ 1

(
Δm+1

(
xe(a+1)x

ex − 1

)
−Δm+1

(
xeax

ex − 1

))

=
Δm+1(xe

ax)

m+ 1
= am,

hence for integers n,m ≥ 0,
n∑

l=0

(a+ l)m =
1

m+ 1

(
Bm+1(a+ n+ 1)− Bm+1(a)

)
.

Therefore, for a positive real number a and a positive integer n > 1, we see that∑
l≥0

max(0, a− l)n−1 =
∑

0≤l≤
a�
(a− l)n−1 =

∑
0≤l≤
a�

({a}+ �a
 − l)n−1

=
1

n

(
Bn({a}+ �a
+ 1)− Bn({a})

)
=

1

n

(
Bn(a+ 1)−Bn({a})

)
, (5)

which we need to prove the theorem.
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2.2. Proof of Theorem 2.1

It is convenient to introduce the notation � : For sets S, T , we write S � T
if and only if #(S \ T ) + #(T \ S) < ∞.

�	���
����� 2.2
 Let n,m be non-zero distinct integers, and write n = dN ,
m = dM for d := (n,m). Then we see that

In,m � ∪d−1
k=0

{
k + ε

d

∣∣∣∣ ε ∈ IN,M

}
, (6)

and under the assumptions M > N > 0 and (M,N) = 1

IN,M � ∪M−1
K=1

⎧⎨
⎩
(

1
M (K − L−M

N ), K
M

)
if L > M,(

1
M (K − M−L

M−N ), K
M

)
if L < M,

(7)

where the integer L is defined by

L ≡ NK mod M,N ≤ L ≤ M +N − 1.

P r o o f. The condition x ∈ In,m means {nx} < {mx}, i.e., {dNx} < {dMx},
hence {dx} ∈ IN,M . We have only to write dx = k + {dx} for an integer k
for the proof of (6). Let us show the equation (7). Take a number x ∈ IN,M ,

which implies Mx �∈ Z and write x = K−ε
M (1 ≤ K ≤ M,K ∈ Z, 0 < ε < 1).

We note that the condition K = M is equivalent to L = M by the definition
of L and the assumption M > N, (M,N) = 1. Then it is easy to see that

{Mx} = 1− ε and {Nx} =

{
NK −Nε

M

}
=

{
L−Nε

M

}
.

The inequalities 0 < L − Nε < 2M show that {Nx} = L−Nε
M or L−Nε

M − 1
according to L−Nε < M or L−Nε ≥ M . Let us note that

(i) the inequality L−M
N < 2M−L

M−N follows from the assumption L < M +N ,

(ii) L−Nε
M − 1 < 1− ε ⇔ ε < 2M−L

M−N , and

(iii) L−Nε
M < 1− ε ⇔ ε < M−L

M−N .

First, suppose L < M : By 0 < L − Nε < M , we have {Nx} = L−Nε
M , hence

{Nx} < {Mx} ⇔ L−Nε
M < 1 − ε ⇔ 0 < ε < M−L

M−N by (iii). Next, suppose

L ≥ M : Under the supposition {Nx} < {Mx}, the condition L − Nε < M
implies {Mx} = 1 − ε > {Nx} = L−Nε

M , which is equivalent to (0 <) ε < M−L
M−N ,

which contradicts the assumption L ≥ M . Hence the condition {Nx} < {Mx}
implies L − Nε ≥ M , i.e., ε ≤ L−M

N . Conversely, suppose ε ≤ L−M
N , which is

equivalent to L−Nε ≥ M and implies ε < 2M−L
M−N by (i) , hence {Nx} = L−Nε

M −1,
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and the property (ii) imply {Nx} < {Mx}. If K = M happens, then we have
L = M and the contradiction

{Nx} = {M −Nε

M
} = 1− N

M
ε > 1− ε = {Mx}. �

Hereafter, we assume that integers M,N satisfy M > N > 0 and (M,N) = 1
as in Theorem 2.1.

We write, for an integer K

τ(K) :=

⎧⎨
⎩

L−M
N if L ≥ M,

M−L
M−N if L < M,

where L is the integer defined by L ≡ NK mod M , and N ≤ L ≤ M + N − 1.
It is easy to see τ(0) = 0, τ(1) = 1 By Proposition 2.2, we have

IN,M � ∪M−1
K=1Sτ(K) with Sτ(K) :=

(
K − τ(K)

M
,
K

M

)
. (8)

�	���
����� 2.3
 The mapping τ is the bijection from {1, 2, . . . ,M−1} to Σ :=

Σ1 ∪ Σ2, where Σ1 :=
{

1
N , . . . , N−1

N

}
, Σ2 :=

{
1

M−N , . . . , M−N
M−N

}
and τ(K) = K

holds in the ring Z/MZ. The set Σ1 is empty if N = 1. Moreover, we have

K − τ(K) =

⎧⎨
⎩

MA1

N (1 ≤ ∃A1 ≤ N − 1) if τ(K) ∈ Σ1,

MA2

M−N (0 ≤ ∃A2 ≤ M −N − 1) if τ(K) ∈ Σ2,

and K − τ(K) (K = 1, . . . ,M − 1) are distinct.

P r o o f. It is clear that the value τ(K) is in the set Σ and #Σ = M − 1.
Since (M,M − N) = (M,N) = 1, we see that τ(K) = L

N = K in Z/MZ,
which implies the injectivity of τ . Write NK = L + aM (a ∈ Z).
Suppose that L > M ; it implies K − τ(K) = M

N
(a + 1), and from inequali-

ties N ≤ L ≤ M +N − 1 follows

N(K − 1)

M
− 1 +

1

M
≤ a ≤ K − 1

M
N,

hence −1 < a < N . If a = N − 1 occurs, then L = NK − (N − 1)M holds and
then the assumption L > M implies NK > NM , which contradicts K ≤ M −1.
Next, suppose that L < M ; then we see K − τ(K) = M

M−N (K − 1 − a) and
inequalities N ≤ L ≤ M +N − 1 imply

K − N

M
(K − 1)− 1 ≤ K − 1− a ≤

(
1− N

M

)
K +

N − 1

M
,
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hence

0 ≤ K − 1− a ≤
(
1− N

M

)
(M − 1) +

N − 1

M

< M −N − 1 + 2
N

M
− 1

M
< M −N + 1.

If K−1−a=M−N occurs, then the assumption L<M implies NK − aM<M ,
hence

K−M+N=a+1>
NK

M
,

i.e., (M−N)K> (M−N)M , which is the contradiction. Next, assume that

K1 − τ(K1) = K2 − τ(K2) for 1 ≤ K1 < K2 ≤ M − 1;

it implies the contradiction 1 ≤ K2 −K1 = τ(K2)− τ(K1) < 1. �

When we change the domain of the mapping τ from {1, . . . ,M − 1} to
{0, 1, . . . ,M −1}, the set {0, 1, . . . ,M−1} corresponds, through K → K−τ(K)
to Σ′ := Σ′

1 � Σ′
2 for

Σ′
1 :=

{
MA1

N
| 0≤A1≤N − 1

}
, Σ′

2 :=

{
MA2

M −N
| 0≤A2≤M −N − 1

}
,

where K = 0, 1 are supposed to correspond to 0 ∈ Σ′
1, 0 ∈ Σ′

2, respectively. Now
we see that

vol
({

(x1, . . . , xñ) ∈ (0, 1)ñ | xi ∈ IN,M ,
∑

xi ∈ Z
})

=

M−1∑
K1,...,Kñ=1

vol
({

(x1, . . . , xñ) ∈ (0, 1)ñ | xi ∈ Sτ(Ki),
∑

xi ∈ Z
})

writing xi =
Ki−εi

M

(
0 < εi < τ(Ki)

)

=
1

M ñ−1

M−1∑
Ki=1

(1≤i≤ñ)

vol

({
(ε1, . . . , εñ) ∈ (0, 1)ñ

∣∣∣∣∣ 0 < εi < τ(Ki),
∑

εi ∈ Z,∑
εi ≡

∑
Ki mod M

})
. (9)

Let us begin the evaluation of the volume. Write M̃(x) :=max(0, x) for sim-
plicity.

����� 2.4
 Let a, b,m be real numbers and suppose a ≤ b and m �= −1.
Then we have∫ b

a

M̃(t− w)mdw =
1

m+ 1

(
M̃(t− a)m+1 − M̃(t− b)m+1

)
. (10)
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P r o o f. By writing t− w = W , the left hand is equal to

∫ t−b

t−a

M̃(W )m(−dW ) = −
(∫ t−b

−∞
M̃(W )mdW −

∫ t−a

−∞
M̃(W )mdW

)

=

∫ t−a

0

M̃(W )mdW −
∫ t−b

0

M̃(W )mdW

=
1

m+ 1

(
M̃(t− a)m+1 − M̃(t− b)m+1

)
. �

Here we introduce the notation, for x, τ1, . . . , τn ∈ R

Wl(x; τ1, . . . , τn) :=
∑

0≤k≤n

∑
1≤i1<···<ik≤n

(−1)kM̃(x− τi1 − · · · − τik)
l

=
∑
S

(−1)|S|M̃

(
x−

∑
i∈S

τi

)l

,

where S runs over all 2n subsets of {1, . . . , n} and |S| = #S. It is obvious that

Wl(x; τ1, . . . , τn) = Wl(x; τσ(1), . . . , τσ(n))

for any permutation σ. Moreover, we see

Wl(x; τ1, . . . , τn) = Wl(x; τ1, . . . , τn−1)−Wl(x− τn; τ1, . . . , τn−1). (11)

In particular, the equation (11) says that

Wl(x; τ1, . . . , τn) = 0 if ∃τi = 0. (12)

�	���
����� 2.5
 For positive numbers τ1, . . . , τn, the volume of the set

Vn(x; τ1, . . . , τn) :=

{
(x1, . . . , xn) | 0 ≤ xi ≤ τi,

n∑
i=1

xi ≤ x

}
is

1

n!
Wn(x; τ1, . . . , τn). (13)

P r o o f. We use the induction on n. Write

Un(x) = vol
(
Vn(x; τ1, . . . , τn)

)
simply. For n = 1, it is easy to see that

U1(x) = M̃(x)− M̃(x− τ1) =
1

1!
W1(x; τ1).
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Supposing (13), we see that Un+1(x) is∫ τn+1

xn+1=0

. . .

∫ τ1

x1=0,∑
xi≤x

1 dx1 . . . dxn+1 =

∫ τn+1

xn+1=0

Un(x− xn+1)dxn+1

=

∫ τn+1

xn+1=0

1

n!

n∑
k=0

(−1)k

⎧⎨
⎩

∑
1≤i1<···<ik≤n

M̃(x− xn+1 − τi1 − · · · − τik)
n

⎫⎬
⎭ dxn+1

=
1

(n+ 1)!

n∑
k=0

(−1)k
∑

1≤i1<···<ik≤n

{
M̃(x− τi1 − · · · − τik)

n+1

−M̃(x− τi1 − · · · − τik − τn+1)
n+1
}

=
1

(n+ 1)!

n∑
k=0

(−1)k

⎧⎨
⎩

∑
1≤i1<···<ik≤n

M̃(x− τi1 − · · · − τik)
n+1

⎫⎬
⎭

+
1

(n+ 1)!

n+1∑
j=1

(−1)j

⎧⎨
⎩

∑
1≤i1<···<ij=n+1

M̃(x− τi1 − · · · − τij )
n+1

⎫⎬
⎭ = Un+1(x).

�

Example. It is easy to check, by drawing the figure

vol
(
V2(x; τ1, τ2)

)
=

1

2

{
M̃(x)2 − M̃(x− τ1)

2 − M̃ (x− τ2)
2 + M̃(x− τ1 − τ2)

2
}
.

We note that the proposition implies the following equation :

∑
S

(−1)|S|(c−
∑
i∈S

τi)
l =

{
0 if 0 ≤ l ≤ n− 1,

n!
∏

i τi if l = n,

where τ1, . . . , τn and c are variables and S runs over all 2n subsets of {1, . . . , n}.
�	���
����� 2.6
 For positive numbers τ1, . . . , τn, the n − 1-dimensional vol-
ume of the set

Sn(x; τ1, . . . , τn) :=

{
(x1, . . . , xn) | 0 ≤ xi ≤ τi,

n∑
i=1

xi = x

}
(14)

is √
n

(n− 1)!
Wn−1(x; τ1, . . . , τn). (15)
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P r o o f. Using orthnormal basis

f1 :=
1√

1 + 12
(1,−1, 0, . . . , 0),

...

fk :=
1√

k + k2

(
1, . . . , 1,−k, 0, . . . , 0

)
,

...

fn−1 :=
1√

(n− 1) + (n− 1)2

(
1, . . . , 1,−(n− 1)

)
,

fn :=
1√
n
(1, . . . , 1),

and the transformation

(y1, . . . , yn) = (x1, . . . , xn)(
tf1, . . . ,

tfn),

that is, √
nyn = x1 + · · ·+ xn,

we see, denoting Sn(x; τ1, . . . , τn) by Sn(x) simply

vol
(
Vn(x; τ1, . . . , τn)

)
=

∫
x∈Vn(x)

1 dx =

∫
√
nyn≤x

vol
(
Sn(

√
nyn)

)
dyn,

hence U ′
n(x) =

√
n
−1

vol
(
Sn(x)

)
, i.e., vol

(
Sn(x)

)
=

√
nU ′

n(x). �

Example. The length of S2(x; τ1, τ2) is easily checked to be

√
2{M̃(x)− M̃(x− τ1)− M̃(x− τ2) + M̃(x− τ1 − τ2)} =

√
2U ′

2(x).

We note that the volume of Sn(x; τ1, . . . , τn) is positive if and only if
0 < x <

∑
τi holds, and that vol

(
Sn(x; τ1, . . . , τn)

)
= vol

(
Sn(x; τσ(1), . . . , τσ(n))

)
for every permutation σ ∈ Sn, since a permutation induces the orthogonal trans-
formation. In particular, for positive numbers τ1, . . . , τn and a real number x,
Wn−1(x; τ1, . . . , τn) > 0 if and only if 0 < x <

∑
τi holds.
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Now we see that, using (4), (9)

vol(I ñN,M ∩ D̂ñ)

vol(D̂ñ)

=
1√
ñ
vol
({

(x1, . . . , xñ) ∈ (0, 1)ñ | xi ∈ IN,M ,
∑

xi ∈ Z
})

=
1√

ñM ñ−1

∑
1≤K1,...,Kñ<M

∑
l∈Z

vol

(
Sñ

(∑
Ki −Ml; τ1, . . . , τñ

))

=
1

(ñ− 1)!M ñ−1

∑
1≤K1,...,Kñ<M

∑
l∈Z

Wñ−1

(∑
Ki −Ml; τ1, . . . , τñ

)
,

where τj = τ(Kj), and note that

Wñ−1

(∑
Ki −Ml; τ1, . . . , τñ

)
> 0 ⇔ 0 <

∑
Ki −Ml <

∑
τi ,

which implies 0 ≤ l ≤ ñ, and continuing the above

=
1

(ñ− 1)!M ñ−1

∑
0≤K1,...,Kñ<M

ñ∑
l=0

Wñ−1

(∑
Ki −Ml; τ1, . . . , τñ

)

by τ(0) = 0 and (12)

=
1

(ñ− 1)!M ñ−1

∑
0≤K1,...,Kñ<M

ñ∑
l=0

∑
S

(−1)|S|M̃

(∑
Ki −Ml−

∑
i∈S

τi

)̃n−1

,

where S runs over all subsets of {1, . . . , ñ}. Thus we see that

(ñ− 1)!M ñ−1
vol(I ñN,M ∩ D̂ñ)

vol(D̂ñ)

=
∑
S

(−1)|S| ∑
0≤Ki≤M−1

(1≤i≤ñ)

ñ∑
l=0

M̃

⎛
⎝∑

i �∈S

Ki +
∑
j∈S

(Kj − τj)−Ml

⎞
⎠
ñ−1

,

where Kj − τj runs over Σ′ := Σ′
1 � Σ′

2 as stated after Proposition 2.3 and
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continuing

=
ñ∑

k=0

(−1)k
(
ñ

k

) ∑
0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)

ñ∑
l=0

M̃

⎛
⎝∑

i>k

Ki +
∑
j≤k

τ ′j −Ml

⎞
⎠
ñ−1

= M ñ−1
ñ∑

k=0

(−1)k
(
ñ

k

) ∑
0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)

ñ∑
l=0

M̃

(∑
i>k Ki +

∑
j≤k τ

′
j

M
− l

)̃n−1

=
M ñ−1

ñ

ñ∑
k=0

(−1)k
(
ñ

k

) ∑
0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)(

Bñ

(∑
i>k Ki +

∑
j≤k τ

′
j

M
+ 1

)
− Bñ

({∑
i>k Ki +

∑
j≤k τ

′
j

M

}))
,

by (5). For an integer k (0 ≤ k ≤ ñ), we see that

T1,k :=
∑

0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)

Bñ

(∑
i>k Ki +

∑
j≤k τ

′
j

M
+ 1

)

=
∑

0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)

Δñ

(
x

ex − 1
e

(∑
i>k Ki+

∑
j≤k τ′

j
M +1

)
x

)

= Δñ

⎛
⎜⎝ xex

ex − 1
·
⎛
⎝ ∑

0≤K≤M−1

e
K
M x

⎞
⎠
ñ−k

·
(∑

τ ′∈Σ′
e

τ′
M x

)k⎞⎟⎠ .

Noting ∑
0≤K≤M−1

e
K
M x =

ex − 1

e
x
M − 1

and ∑
τ ′∈Σ′

e
τ′
M x =

N−1∑
A1=0

e
A1
N x +

M−N−1∑
A2=0

e
A2

M−N x =
ex − 1

e
x
N − 1

+
ex − 1

e
x

M−N − 1
,

we see that

T1,k = Δñ

(
xex

ex − 1
·
(

ex − 1

e
x
M − 1

)ñ−k

·
(

ex − 1

e
x
N − 1

+
ex − 1

e
x

M−N − 1

)k)
,

and so
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ñ∑
k=0

(−1)k
(
ñ

k

)
T1,k

= Δñ

(
xex

ex − 1

ñ∑
k=0

(−1)k
(
ñ

k

)
·
(

ex − 1

e
x
M − 1

)̃n−k

·
(

ex − 1

e
x
N − 1

+
ex − 1

e
x

M−N − 1

)k)

= Δñ

(
xex

ex − 1

(
ex − 1

e
x
M − 1

− ex − 1

e
x
N − 1

− ex − 1

e
x

M−N − 1

)̃n)
= Δñ

(
f(x)g(x)ñ

)
,

where

f(x) :=
xex

ex − 1
, g(x) :=

ex − 1

e
x
M − 1

− ex − 1

e
x
N − 1

− ex − 1

e
x

M−N − 1
.

We see that

Δ0(f) = f(0) = 1, Δ0(g) = g(0) = 0, Δ1(g) =
1

2
,

and

Δñ(fg
ñ) =

∑
k1+···+kñ+1=ñ,

∀ki≥0

ñ!

k1! . . . kñ+1!
Δk1

(f)Δk2
(g) . . .Δkñ+1

(g)

= ñ! Δ1(g)
ñ =

ñ!

2ñ
,

thus
ñ∑

k=0

(−1)k
(
ñ

k

)
T1,k =

ñ!

2ñ
.

Next, for an integer k (0 ≤ k ≤ ñ), let us evaluate

T2,k :=
∑

0≤Ki≤M−1(i>k),

τ′
j
∈Σ′(j≤k)

Bñ

({∑
i>k Ki +

∑
j≤k τ

′
j

M

})
,

where
τ ′
j

M runs over the set Σ′′ := Σ′′
1 � Σ′′

2 for

Σ′′
1 :=

{
A1

N
| 0 ≤ A1 ≤ N − 1

}
, Σ′′

2 :=

{
A2

M −N
| 0 ≤ A2 ≤ M −N − 1

}
.

First of all, we note that, for positive integers d, d1, d2 with (d1, d2) = 1

d−1∑
j=0

Bñ

(
j

d

)
=

Bñ(0)

dñ−1
,

∑
0≤ji≤di−1,

(i=1,2)

Bñ

({
j1
d1

+
j2
d2

})
=

Bñ(0)

(d1d2)ñ−1
. (16)
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Because,

d−1∑
j=0

Bñ

(
j

d

)
=

d−1∑
j=0

Δñ

(
xe

jx
d

ex − 1

)
= Δñ

⎛
⎝ x

ex − 1

d−1∑
j=0

e
jx
d

⎞
⎠

= Δñ

(
x

e
x
d − 1

)
= Δñ

(
d

∞∑
k=0

Bk(0)

k!

(x
d

)k)
=

Bñ(0)

dñ−1
,

and ∑
0≤ji≤di−1,

(i=1,2)

Bñ

({
j1
d1

+
j2
d2

})
=

∑
0≤j≤d1d2−1

Bñ

(
j

d1d2

)
.

We see that

T2,k =
∑

0≤Ki≤M−1

(i>k)

k∑
l=0

(
k

l

) ∑
τ′′
i

∈Σ′′
1 (i≤l),

τ′′
j

∈Σ′′
2
(l+1≤j≤k)

Bñ

⎛
⎝
⎧⎨
⎩
∑

i>k Ki

M
+
∑

1≤i≤l

τ ′′i +
∑

l+1≤j≤k

τ ′′j

⎫⎬
⎭
⎞
⎠

=
∑

0≤Ki≤M−1

(i>k)

{ ∑
1≤a2≤M−N

Bñ

({∑
i>k Ki

M
+

a2
M −N

})

×#
{
(A1, . . . , Ak) | 1 ≤ Ai ≤ M −N,

∑
i

Ai ≡ a2 mod M −N
}

+

k−1∑
l=1

(
k

l

) ∑
1≤a1≤N,

1≤a2≤M−N

{
Bñ

({∑
i>k Ki

M
+

a1
N

+
a2

M −N

})

×#
{
(A1, . . . , Al) | 1 ≤ Ai ≤ N,

∑
i

Ai ≡ a1 mod N
}

×#
{
(Al+1, . . . , Ak) | 1 ≤ Ai ≤ M −N,

∑
Ai ≡ a2 mod M −N

}}

+
∑

1≤a1≤N

Bñ

({∑
i>k Ki

M
+

a1
N

})

×#
{
(A1, . . . , Ak) | 1 ≤ Ai ≤ N,

∑
Ai ≡ a1 mod N

}}
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=
∑

0≤Ki≤M−1

(i>k)

{ ∑
1≤a2≤M−N

Bñ

({∑
i>k Ki

M
+

a2
M −N

})
(M −N)k−1

+

k−1∑
l=1

(
k

l

) ∑
1≤a1≤N,

1≤a2≤M−N

Bñ

({∑
i>k Ki

M
+

a1
N

+
a2

M −N

})

×N l−1(M −N)k−l−1

+
∑

1≤a1≤N

Bñ

({∑
i>k Ki

M
+

a1
N

})
Nk−1

}
.

Hence, we see that

T2,ñ =
∑

1≤a2≤M−N

Bñ

({
a2

M −N

})
(M −N)ñ−1

+

ñ−1∑
l=1

(
ñ

l

) ∑
1≤a1≤N,

1≤a2≤M−N

Bñ

({
a1
N

+
a2

M −N

})
N l−1(M −N)ñ−l−1

+
∑

1≤a1≤N

Bñ

({a1
N

})
N ñ−1

= Bñ(0) +

ñ−1∑
l=1

(
ñ

l

)
Bñ(0)

N ñ−l(M −N)l
+Bñ(0)

=

(
2 +

(
1

N
+

1

M −N

)ñ

− 1

N ñ
− 1

(M −N)ñ

)
Bñ(0)

by (16) and for 1 ≤ k < ñ we have

T2,k =
Bñ(0)

Mk(M −N)ñ−k
+

k−1∑
l=1

(
k

l

)
Bñ(0)

MkN ñ−l(M −N)ñ−k+l
+

Bñ(0)

MkN ñ−k

=

(
1

Mk(M −N)ñ−k
+

Mk −Nk − (M −N)k

Mk(N(M −N))ñ
+

1

MkN ñ−k

)
Bñ(0)

and

T2,0 =
∑

0≤Ki≤M−1,

(i≥1)

Bñ

({∑
i≥1Ki

M

})
= Bñ(0).
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Thus we have
ñ∑

k=0

(−1)k
(
ñ

k

)
T2,k =

{
1 +

ñ−1∑
k=1

(−1)k
(
ñ

k

)

×
(

1

Mk(M −N)ñ−k
+

Mk −Nk − (M −N)k

Mk(N(M −N))ñ
+

1

MkN ñ−k

)

+ (−1)ñ

(
2 +

(
1

N
+

1

M −N

)ñ

− 1

N ñ
− 1

(M −N)ñ

)}
Bñ(0)

=

{
1 +

N ñ

(M (M −N))ñ
+

(M −N)ñ

(MN)ñ

− 1

(MN)ñ
− 1

(M (M −N))ñ
− 2(−1)ñ

M ñ
− 1

(M −N)ñ
− 1

N ñ

+
(−1)ñ

(M (M −N))ñ
+

(−1)ñ

(MN)ñ
+

1− (−1)ñ

(N(M −N))ñ

+ (−1)ñ

(
2 +

(
1

N
+

1

M −N

)ñ

− 1

N ñ
− 1

(M −N)ñ

)}
Bñ(0)

=
1

(MN(M −N))ñ

{
3
(
MN(M −N)

)ñ
+M 2ñ +N2ñ + (M −N)2ñ

− 2
(
(M −N)N

)ñ − 2M ñ
(
(M −N)ñ +N ñ

)}
Bñ(0),

where we replaced (−1)ñ by 1 by virtue of Bn(0) = 0 for odd n > 1. These
complete the proof of Theorem 2.1.

����	� 1
 Although it seems to be true that the density referred at the begin-
ning of this section exists for any integral polynomials g1(x), g2(x),
we do not guess what the value is. For example, for polynomials g1(x) = x2,
g2(x) = −2x (resp. g1(x) = x2, g2(x) = 2x), the density seems 7

8
, 7

8
− 1

16
, 7

8
+ 1

16

(resp. 7
8 ,

7
8 + 1

16 ,
7
8 ) according as

f(x) = x3 + 2, x3 + x2 − 2x− 1, x3 + 3x2 − 1.

Also, it is mysterious that the density seems to be 7
8 for g1(x) = mx2, g2(x) = nx2

for any integers m,m with mn �= 0,m �= n for an irreducible polynomial f(x)
of degree 3.
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3. Case of x4 + 1

In this section, set f(x) = x4 + 1 whose roots are α1 = 1+
√−1√
2

, α2 = 1−√−1√
2

,

α3 = −1−√−1√
2

, α4 = −1+
√−1√
2

, where linear relations among roots over rationals

are spanned by α1+α4=α2+α3=0. It is easy to see that #Ĝ=8,#G0=4, more

explicitly G0 = {id, (1, 2)(3, 4), (1, 4)(2, 3), (1, 3)(2, 4)} and Ĝ = G0 ∪ (1, 4)G0,
and D(f, σ) = {(x1, . . . , x4) | 0 ≤ x1 ≤ · · · ≤ x4 ≤ 1, x1 + x4 = x2 + x3 = 1}
(σ ∈ Ĝ) except finite points, which is identified to {(x1, x2) | 0 ≤ x1 ≤ x2 ≤ 1

2}
and {(x3, x4) | 1

2 ≤ x3 ≤ x4 ≤ 1}.
For integral polynomials g1(x), g2(x) of deg gi ≤ 2, let us consider

Mi(X) :=
{
p ∈ SplX(f) | {g1(ri)

p

}
<
{g2(ri)

p

}}
(i = 1, . . . , 4),

where ri’s are local roots of the polynomial f(x) for a prime p ∈ Spl(f) and {a}
denotes the decimal part of a as usual, and writeM (X) :=

(
M1(X), . . . ,M4(X)

)
and #M (X) :=

(
#M1(X), . . . ,#M4(X)

)
for simplicity. For non-zero integers

m,n, the set Im,n of x ∈ (0, 1) satisfying {mx} < {nx} is a union of intervals.
Hence, for linear polynomials g1(x) = mx, g2(x) = nx we see

Mi(X) =

{
p ∈ SplX(f)

∣∣∣∣
{
g1(ri)

p

}
<

{
g2(ri)

p

}}

=

{
p ∈ SplX(f)

∣∣∣∣rip ∈Im,n

}
,

and the density limX→∞
#Mi(X)
#SplX(f)

is described by the domain of

{x ∈ (0, 1)4 | xi ∈ Im,n}
by Conjecture 1.2. For example, for special polynomials g1(x) = nx, g2(x) = 2nx
(n �= 0, n ∈ Z), the computer experiment suggests that the density

lim
X→∞

#M (X)

#SplX(f)
=

{ (
n+1
2n , n+1

2n , n−1
2n , n−1

2n

)
if 2 � n,(

n+1
2n , n−1

2n , n+1
2n , n−1

2n

)
if 2 | n,

which is equal to
1
1
8

(
vol(D1), . . . , vol(D4)

)
,

where

Di =

{
(x1, x2) | 0 ≤ x1 ≤ x2 ≤ 1

2
, {g1(xi)} < {g2(xi)}

}
(i = 1, 2),

Di =

{
(x3, x4) | 1

2
≤ x3 ≤ x4 ≤ 1, {g1(xi)} < {g2(xi)}

}
(i = 3, 4),
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and the denominator 1
8 is the volume of the whole spaces{

(x1, x2) | 0 ≤ x1 ≤ x2 ≤ 1

2

}
,

{
(x3, x4) | 1

2
≤ x3 ≤ x4 ≤ 1

}
,

which are identified with {(x1, . . . , x4) | 0 ≤ x1 ≤ · · · ≤ x4 ≤ 1, x1 + x4 =
x2 + x3 = 1}. These match the experiment above quite well and Conjecture 1.2.

We classify integral polynomials gi(x) with deg
(
gi(x)

) ≤ 2 and g1(0) = g2(0) = 0

except cases deg
(
g1(x)

)
= deg

(
g2(x)

)
= 1 as follows :

(i) deg
(
g1(x)

)
= 2 and g2(x) = nx (n �= 0),

(ii) deg
(
g1(x)

)
= deg

(
g2(x)

)
= 2 and g1(x)− g2(x) = nx, (n �= 0), or

(iii) deg
(
g1(x)

)
= deg

(
g2(x)

)
= deg

(
g1(x)− g2(x)

)
= 2.

Then, in case of (i),(ii) the density looks like{ (
3n−2
6n , 3n−1

6n , 3n+1
6n , 3n+2

6n

)
if n ≡ 1 mod 2,(

3n−2
6n , 3n+2

6n , 3n−2
6n , 3n+2

6n

)
if n ≡ 0 mod 2,

and in case of (iii) it looks like
(
1
2 ,

1
2 ,

1
2 ,

1
2

)
. The author does not know how

to elucidate these, in particular, even the reason of

lim
X→∞

#M1(X) + #M4(X)

#SplX(f)
= lim

X→∞
#M2(X) + #M3(X)

#SplX(f)
= 1.
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