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REFINEMENT OF THE THEOREM OF VAHLEN

DINESH SHARMA BHATTARAI

Department of Mathematics, University of Ostrava, Ostrava, CZECH REPUBLIC

ABSTRACT. In 1895, Vahlen proved a theorem concerning a simultaneous ap-
proximation of a real number by its two consecutive convergent. In this paper,
we will provide a sharper bound for the theorem.

Communicated by Radhakrishnan Nair

1. Introduction

Following Vahlen [5] we prove the following theorem.

THEOREM 1. Suppose a € R and n € N. Also suppose 2"—:, f}ﬁ are two consec-
utive convergents to a. Then at least one of them satisfies the inequality
P 1
a—= . . (1)
4(q3-1) 2
9 2+ g s rarsn ¢

This result has some history, In 1895 [5] proved ([Il) with the constant 2 instead of

(2 N (g’ - 1) )

q(q* +2¢° +5¢2 +q+30) )
Later, Hancl [I] improved this constant 2 by (2 + q22((qq111))) on the right hand
side. After this Hancl and Bahnerova [2] further improved result in [I] with
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It is an open problem regarding if we can also do it for the theorem of Dirichlet,
See [] for further reference.

2. Notations

Throughout the entire paper, we denote by N and Z the set of non-negative
integers and integers, respectively. Let

Pn
- = [ao;a17a27 o ,(Zn]
dn
be the nth partial fraction of the real number a = [ag; a1, as, .. .]. we have

po=ag, qo=1, pi=aa+1, q=ai,

Pn+2=0n2Pnt1+Pns  Gnit2=0n+2qn+11+qn, Qnt1Pn—DPn+1qn = (_1)n+1’
a = lag; a1, az,...]
= [ao;ahaz,n-,am[an+1;an+27an+37~-~]]
_ Pn [an-l-l; Ap+42, An+43, - - ] +pn—1
dn [an-l-l; Ap+42, An+43, - - ] + Gn—1 ’
P (="
dn q721 ([an+1;an+2,...]—I—[O;an,an_l,...,al])
_ (="
an ([an+1; Atz + qz—:)
Pn 1
aPnl . 2
‘ an| @ ([ant13ant2, .. ]+ (0500, a1, .., a1]) @)
All of this can be found in the book of Schmidt [ [4] page 7-10] or see [3].
If a = [ag; a1, az, . .., ag] is finite and k& > 1, then we suppose that aj # 1.

3. Proofs of Lemmas

Before, we begin to prove the theorem, we will prove the following lemmas.

LEMMA 1. Let g € N, then the following inequality holds.

A(¢* - 1) o _Me=1)
a(g* +2¢° +5¢% + ¢ +30) ~ q(q> +q+6)

(3)
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Proof. We have 4(q371) 4(q71)

q(qg* +2¢3 +5¢2 +q+30)  q(q®+q+6)
(4 =) (* +q+6) — (49 — 4)(¢" + 2¢° + 5¢* + ¢ + 30)
q(q¢* +2¢3 +5¢> + ¢+ 30)(¢2 + ¢+ 6)
12¢3 + 12¢® — 120q + 96
q(g* +2¢° + 5¢> + q + 30)(¢* + ¢ + 6)
12(¢* 4+ ¢* — 10q + 8)
q(q* +2¢° + 5¢> + q + 30)(¢* + ¢ + 6)
12(g —1)(¢ —2)(qg +4)
q(q* +2¢* +5¢> + ¢ +30)(¢> + ¢+ 6)
And (@) follows. U

LEMMA 2. Let q € N, then the following inequality holds

1 4% -1
6 4 3(q 2) 20 (4)
6 q(q* +2¢% +5¢%> + g+ 30)

with equality at ¢ = 2.

Proof. 4(¢* —1)

1
6 q(q* + 2¢® + 5¢% + ¢ + 30)

@ +2¢* —19¢° + ¢* 4+ 30 + 24
6q(q* + 2¢3 + 5¢% + q + 30)

(@ +2¢—19) +¢% +30g + 24

)
6g(¢* + 2¢° + 5¢* + q + 30) ®)
If ¢ > 4, then (¢* +2¢ — 19) > 0 and ) follows. We can write (&) as
~(g—2)(¢* +4¢° — 1142 — 21g — 12)
~ 6q(q* 4 2¢° + 5¢2 + ¢ + 30)
if ¢ = 2, th
if ¢ = 2, then 1 1P —1) »
6 ql¢*+2¢°+5¢>+q+30)
(@) holds. If q=1, then (@) holds. For q=3 we can also write (0] as
(¢ —2)(a(¢® = 21) +4¢*(¢ = 3) +¢* — 12) (1%)

6¢(q* + 243 + 5¢* + q + 30)
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Then, (¢% —21) > 1 and ¢®> — 12 = —3, This with the equation (1*) implies (@),
which proves the Lemma.

O
LEMMA 3. For all ¢ > 2 we have
2 4 3 _ 1
< 3(q 2) > 0. (6)
q(g+c)  q(g* +2¢> +5¢% + q + 30)
P f.
roo 2 A(g? —1)
q(g+c)  q¢* +24¢3 +5¢* + q + 30)
A" +2¢° +5¢ + ¢+ 30) — (4¢° —4) (g +¢)
q(q* +2¢3 + 5¢% + q + 30)(¢ + ¢)
- 02q4 +2c2¢% 4+ 5¢%¢® + 2q + 30c? — 4q4 — deq® + 4q + 4e
q(q* +2¢3 +5¢2 +q +30)(q + ¢)
(= 4)gt + (22 — 40)¢® 4+ 5% + (2 + 4)g + (30c2 + 4c)
N q(g* +2¢3 + 5¢2 + q + 30)(q + ¢)
And (@) follows. O
LEMMA 4. For every positive integer q and ¢ with ¢ > ¢ > 2, we have,
2 4 3 _ 1
¢ - = 3(q 2) >0. (7)
dg—c)  q(¢* +2¢3 +5¢2 + ¢ + 30)
P f.
roo 2 A(gP— 1)

alg—c)  alg* + 2% +5¢2 + q + 30)

(g +2¢° + 50+ q+30) — (4¢° — 4) (g —¢)
q(q* +2¢> 4+ 5¢% + ¢+ 30)(q — ¢)

A+ 2P¢ +52¢ + g+ 30¢2 — 4g* + deg® + 4q — 4c
; q(q* +2¢° +5¢° + ¢+ 30)(¢ — ¢)

(A=) + (2% + 40)¢® + 5@ + (P + 4)g + (30¢? — 4c)
q(q¢* +2¢3+5¢> + q+30)(¢ — ¢) '

And (1) follows.
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4. Proof of Theorem 1

Proof. If a = [ag; a1, as,...,a;] and n = k, then ‘af%

n

=0 and () follows.

So, we will not consider this case.

CASE 1. Suppose a, > 3 or that a,+1 > 3. Using assumption (2) and (@)
we obtain (IJ).

CASE 2. Now assume that a,, = a,4+1 = 2. This assumption and (2]) gives us

- l- :
Gn G2 ([an+1; anto, -] +[0;an, an-1,...,a1])
B 1
@2 ([25ana2,-- ) +[0;2,a0-1,...,a1])
1
T 2+3)a

This and {@) yield ().

CASE 3. Next, Let, a,, = 2 and a,+1 = 1. This assumption and () imply that

a— Pn—-1 _ 1
Gr—1 2 ([an; ang1, -]+ [0;an-1,an-2,...,a1])
_ 1
@ (21 ant2, -] H 0500 1,002, .,0a1])
- 1

- (2 + %) Gy
This and {@) yield ().

CASE 4. Assume that a, = 1 and a,+; = 2. This assumption and (2) gives us

Gn ¢ ([ant1; antay -] + 0500, an-1,...,a1])
B 1
@2 ([25ans2, -] 051,001, ..,a1])
1
T @t3)a

This with (@) implies ().
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CASE 5. Next, we assume a; = ag = 1 and n € {1,2}. Then ¢y = ¢ = 1 and

3_ . .
q(q4+2‘;§i5qéqu+3o) = 0. These assumptions and (2)) imply that
2]
@] qi(laz;as,.. ]+ [0;a1])
B 1
g (2+[05a3,..])
- 1
2q7
And () follows.
CASE 6. Now, we assume a1 = a2 = az = a4 = 1, n = 3, and [0;as,...] < %
These assumptions and (2)) imply that
B RE s
@] 4 (lasias,.. ] +[0;a2,a1])
B 1
3 1
% (5 + 1+[O;a5,.‘.])
- 1
2+35)a

This with (@) implies ().

v
o=

CASE 7. Next, assume a1 = ag = a3 = a4 = 1, n = 3, and [0;as,...]
then g3 = 3. This assumption and (2)) gives us

qs a3 ([as; as, .. .] + [0; a3, az, a1])
B 1
3 (3+05a5,..])
1
T 2+e)a

And () follows.
CASE 8. Assume a, = apy1 =1, gn—o > 2 and

[0; an—1,0n—2,. .. ,(11] Z [07 Ap+2, Ap+3, - - ] .
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This assumption and () imply

a — Pn—1| 1
dn—1 q3_1 ([an; An41,-- } + [0; Up—1,0n—-2, - - - 7(11})
- 1
q721—1 (1 + 1+[O;an+;,an+37---] + [0; Un—1,0n=2;- - ’a1]>
1
<
@1 (U ey + D)
- 1 - 1
a 2 1 o) 24+ S
An_1 1+ 1 in—2 + 1 Tn1(@n—1+an-2) ) In—1
dn—1
1
<

a(¢®_ -1
(2 + qn—1(Qi_l+2qéq_nl-:5qi)_1+qn_1+30)) Gn1
And () follows.
CASE 9. Next, Assume a,, = ap41 =1, gp—2 > 2 and
0;an—1,an—2,...,a1] <[0;ant2,Gnis,--.]

This assumption and () imply

a—Pnl= !
dn q%([an_i_l;an_i_Q,..-}+[0;(In,(1n_1,..-,(11])
- 1
q% (1 + [07 Ap42, - - } + [07 Apy, Ap—1, - - - 7a1])
- 1
@1+ [05an-1,an-2,...,01] +[0;an,an1,...,a1])
- 1 - 1
N 2 ( dn 4 dn—1 N 2 (9 ‘17217—2
q” qn—1 dn qn + (Qn_Qn—Q)Qn
1
<

4(g%—1) 2
(2 - qn(qi+2q%+5qi+qn+30)) “n
And we obtain ().

This completes the proof of Theorem () .
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