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ABSTRACT. We examine the uniform distribution theory of H. Weyl when there
is a periodic perturbation present. As opposed to the classical setting, in this case
the conditions for (mod 1) density and (mod 1) uniform distribution turn out
to be different.

Communicated by Michael Drmota

1. Introduction

In connection with asymptotics of orthogonal polynomials Peter Yuditskii

asked if the numbers na — cos(nra+ ¢g), n = 1,2, ..., where « is irrational and
¢o is a given number, are dense modulo 1 (in short (mod 1)). Recall that if o is
irrational, then the sequence na, n =1,2,..., is dense in [0,1) (mod 1), so the

problem asks if the same remains true if we perturb this sequence in the fashion
described.

This paper has emerged from this question, and will examine classical uniform
distribution theory when there is a periodic (or almost periodic) perturbation
present.

We shall arrive at the most general results through simpler cases because
those simpler cases are interesting in themselves and because the proofs will be
more transparent by not repeating simpler arguments as we proceed to higher
generality.
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Let us begin with a simple result with an elementary proof that answers
Yuditskii’s question.

PrOPOSITION 1.1. If f is a continuous periodic function and « is irrational,
then the sequence {na + f(n)}22, is dense in [0,1) (mod 1).

Thus, mod 1 density is always the case, but we shall see later that (mod 1)
uniform distribution may not be true. This is in contrast with the classical
setting, where the conditions for density and uniform distribution are mostly
the same.

We shall have much more general density results, but for a start we give an
elementary proof of Proposition [I.1l

Proof. Let ¢ > 0 be small, and let L be a large integer. Choose § < 1/2
such that |f(u) — f(v)] < € if |[u —v| < ¢, and let |f| < M, M integer.
If 8 is the/a period of f, then choose a k such that k(a/L) € [—e/L,e/L)]
(mod 1) and k(1/8) € [-d/5,d/8] (mod 1) (possible by Dirichlet’s simultaneous
approximation theorem, see [2 Theorem 201]). Then ko € [—&,¢] (mod L) and
k € [-0,d] (mod B).

Assume, without loss of generality, that ka €[0,¢] (mod L), say ka=k1L+aq,
where k; is an integer and a1 € (0,&] (since « is irrational, oy cannot be 0).

Consider the numbers
Ty = mka, 1<m< N,

where N = [L/a4]. We have z,, = m(ka—k1L) = may (mod L), and these last

numbers may are equidistant on the interval [0, L] with neighboring distance
a1 < e. At the same time

|f(k(m+ 1) — f(km))| = |f(km+ (k mod 6)) — f(km)| <eg

because of the choice of § and because of (k mod 3) € [, d], where (k mod 3)
denotes the number £’ of smallest absolute value for which k£ = &’ (mod ).
Let My = [M /o] + 1. Since

M< Mo, <M+a; <M+1 (1.1)

and
L-2-M<L-—a,—(M+a))<(N—M)a <L-M (12
it follows that if y,,, = =, + f(km) (mod L), y,, € [0, L), then the sequence
{ym}%;%i (which is the same as {ma; + f(km)}r]x;%i in view of (IT), (L2
and |f| < M) starts from a positive number < 2M + 1 and ends with a number
> L — 2M — 2, and the distance in between consecutive terms is at most 2e.

Therefore, for every y € [2M +1, L — 2M — 2] there is a term y,,, in the sequence
with |y—ym| < 2¢, and for L > 4M+5 (which guarantees that [2M +1, L—2M —2]

128
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contains two consecutive integers) this shows that to any point ¢’ € [0, 1) there is
a Y, closer than 2¢ (mod 1), and (mod 1) such a y,, equals kma + f(km). O

To illustrate that there is room for generalization, let us consider almost
periodic functions. Bohr’s almost periodic (real) functions (sometimes called
uniformly almost periodic functions) coincide with the functions which can be
uniformly approximated on R by generalized (real) trigonometric polynomials
of the form Y ¢;eiti®, see [T, Section 84[1. Proposition Il is the special case
of the following result.

PROPOSITION 1.2. If f is almost periodic and « is irrational, then the sequence
{na+ f(n)}>2, is dense in [0,1) (mod 1).

Proof. First of all notice that the proof of Proposition [Tl easily implies the
following: if f1,..., f, are continuous periodic functions and « is irrational, then
the sequence {na + fi(n) +--- + fu,(n)}>2, is dense in [0, 1] (mod 1). Indeed,
let (B1,..., 0, be the periods of f1,..., f,, respectively. As before, let € > 0 be
given, and let L be again a large integer. Choose 0 such that |f(u)— fr(v)| < e/v
for all 7 if ju —v| < ¢, and let Y _|f;] < M, 1 <7 < v, M integer. Dirichlet’s
simultaneous approximation theorem can again be applied and we can choose a k
such that k(a/L) € [—e/L,e/L] (mod 1) and k(1/8;) € [-d/8:,0/58-] (mod 1)
for all 7. The rest of the proof proceeds as before with minor modifications.

In particular, it follows that if 7 = >.7_, (ar cos(A;z) + by sin(A;2)) is a
generalized trigonometric polynomial, then the sequence {na+7(n)}52 ; is dense
in [0,1] (mod 1). But every almost periodic function is the uniform limit of such
generalized trigonometric polynomials, and the claim in the theorem follows:
if y € (0,1) and € > 0 are given, then let 7 = min{e, y,1 — y}, choose a T with
|f —T| < n/2 and then an n wittQ |y — {na + T(n)}| < /2, from which we
obtain |y — {na + f(n)}| <n <e. O

2. Preliminaries, Wey!l’s theorems

Let {-} denote fractional part. There are two slightly different ways to talk
about (mod 1) values of a sequence z,, n = 1,2,..., namely, one can look

IThe original definition of almost periodicity is as follows: a continuous real function f is said
to be almost periodic if for every € > 0 there is an L(¢) > 0 such for in every subinterval I of R
of length > L(g) there is a t € I for which |f(z +t) — f(z)] < ¢ for all z € R. That the space
of almost periodic functions coincides with the uniform closure of generalized trigonometric
polynomials was one of Bohr’s main theorems.

2{.} denotes fractional part.
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at the sequence {x,}, n = 1,2,..., of the fractional parts as elements of [0, 1)
or as elements of the torus R/Z (i.e., when we identify 0 and 1 in [0,1]).
From the point of view of (mod 1) density or (mod 1) uniform distribution
it does not matter which view we take. In our discussion it will be more conve-
nient to work on [0,1) and not on the torus because the proofs are easier this
way and because the perturbing function f may not be conveniently reduced to
a function on the torus. We shall briefly discuss in Section [6l one question when
the torus vs. [0, 1) makes a difference.

Let {x,}22; be a sequence of real numbers. This sequence is said to be uni-
formly distributed on [0,1) (mod 1) if for all 0 < a < b < 1 we have

1
Jim E#{l <k <nl{zy} € [a,b]} =b—a.

This is the same that for every continuous function f on [0, 1] we have
RN '
i 3 (f)) = |+

In a similar fashion, if {X,}%2; is a sequence of vectors from R< then
its (mod 1) uniform distribution (on [0,1)%) means that for all 0 < a; < b; < 1

d

we have d
lim l#{1 <k <n|{Xy} eH[a,—,b,—]} = [ ®: — a),

n—oo n 1 1
1= 1=

which is the same that for every continuous function f on [0,1]? we have
1 n
lim — = .
Jim 2 o= [
k=1 [071]

Weyl’s first theorem [0, Satz 1] ([3 Theorem 2.1]) on uniform distribution
asserts that {x,,}2° ; is uniformly distributed (mod 1) on [0, 1) if and only if for
all integers a # 0 n

More generally, if

{(x1ms- s Tdm) Fet (2.1)
is a sequence from R, then this sequence is uniformly distributed (mod 1)
if and only if for all integer d-tuples (a1, ..., aq) with > a? # 0 we have

n
lim l E ei2ﬂ(a1x1,k+'-'+adwd,k) -0
n—oo N ’
k=1

see [Bl, Satz 3] ([3, Theorem 6.2]).
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In particular, (1)) is uniformly distributed on [0, 1)? if and only if every non-
trivial integer combination sequence ¥, = a121,, + -+ @qTan, n =1,2,...,is
uniformly distributed on [0, 1). This is not true if we talk about density ((21I)
may not be dense in [0,1)¢ even though every {y,}2°; is dense in [0, 1)), but
we shall see that for polynomial sequences density and uniform distribution are
the same.

Let Pi,..., Py be real polynomials. It is clear that from the point of view
of the (mod 1) density or (mod 1) uniform distribution of the sequence

(Pi(n), ..., Py(n)), n=12,...,

the constant terms in the polynomials are irrelevant, therefore in what follows
we shall always assume that the polynomials are without constant terms.

For polynomial sequences Weyl proved in [5, Satz 9] ([3l, Theorem 3.2]) that
if P (without a constant term) has at least one irrational coefficient, then
{P(n)}22, is uniformly distributed on [0,1) (mod 1). On the other hand,
if all coefficients of P are rational, then it is clear that {P(n)}2°; has only
finitely many different terms (mod 1), so this sequence is not dense in [0, 1)
(mod 1).

To deal with the vector case we introduce the following definition.

DEFINITION 2.1. We call polynomials Pi,..., P; (without constant terms)
Q-independent, if no non-trivial rational combination r1P; 4+ -+ + rqPy is a
polynomial with rational coefficients.

Clearly, this is the same that no non-trivial linear combination of Py,..., Py
with integer coefficients is a polynomial with integer coefficients.

Combining Weyl’s theorems discussed so far we can see that if P;,..., Py are
polynomials without constant terms, then

{(Pl(n),...,Pd(n))}zoz1 (2.2)

is uniformly distributed in [0,1)? (mod 1) precisely when Py,...,P; are
Q-independent, i.e., every non-trivial rational linear combination ; o Pj has
at least one irrational coefficient. Furthermore, the condition is the same for the
(mod 1) density of the sequence ([Z2) in [0,1)¢. Indeed, if there is a non-trivial
linear combination r P + - - - + r4 Py with integer coefficients which has integer
coefficients, then r1{P;(n)} + -+ 4+ rq{Py(n)} is an integer r lying in the inter-
val [=(Jr1| + -+ |ral),|r1] + - - - + |ral]- Therefore, ({Pl(n)}, - {Pd(n)}) lies
in finitely many hyperplanes rizq + - - - + rqxq = r of R?, hence this sequence is
not dense in [0, 1)%.
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We can specialize these results to the case when Pj(z) = oz with some given
a; and obtain that the sequence

{(naz,...,naq)}>y (2.3)
of vectors is uniformly distributed (mod 1) on [0,1)? if and only if it is dense
(mod 1) in [0, 1)%, and this happens precisely if the numbers 1, ay, ..., aq are ra-

tionally independent, i.e., no non-trivial rational linear combination of them is 0.

3. Density

In this section we shall deal with the problem discussed in the introduction
in more generality. We shall see that periodic or almost periodic perturbations
never prevent density (mod 1). The story will be different when we shall deal
with uniform distribution in the next section.

The following proposition is equivalent to Proposition [[.2] but we present a
formulation and a more streamlined proof for it that will be the basis of the
polynomial and vector cases to be followed.

ProOPOSITION 3.1. If « is irrational and f1, ..., f, are almost periodic functions,
then the sequence {na +3_; fj(n)}pL, is dense in [0,1) (mod 1).

Proof. As at the end of the proof of Proposition [[L2 we may select each f;
to be a trigonometric polynomial, and then, by considering individual terms
cos(Az), sin(Az) in the f;’s and by increasing v we may also assume that each
f; is periodic (say of the form ccos(Ax) or e¢sin(Az) ). Let 3; be the period of f;,
and set v; = 1/;. By replacing f; by g;(z) = f(B;x) it is sufficient to show that
if each g; is periodic with period 1, then the sequence {na +3_; gj(nv;)}5, is
dense in [0,1) (mod 1).

Let us choose a maximal subset {yx}xea of {71,...,%} for which {1,a} U
{72} ren is a rationally independent set, i.e., 0 can be written as a rational linear
combination of these numbers only when all coefficients are 0. Thus, for every
j & A there is a non-trivial dependence of the form

Cj00 + E Cia +divy = ¢,
AEA

where the ¢’s are integers and d; # 0 is an integer. With some large integer L
set A= L][[;4p|d;j| (when A ={1,... v}, then interpret the product as 1), and
consider numbers n of the formn = Am, m =1,2,....Ifz € (0,1) is given, then,
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by the rational independence of the set {1, a} U {vx}areca, there is a subsequence
M of the integers such that for m — oo, m € M we have

1
ma — x  (mod 1), m = (mod 1), Ae€A.

Now

—cj0om = Cj,ATAT
na+§ g;(ny;) —na+g gj(ny; +E g]( 2 0 ACA D )
J

JEA JEA

and this, by the 1-periodicity of the functions g;, for n = Am equals

A{ma}—i—Zgj (A{m~;}) +Zgj ( cjo(A/dj){ma} — ZCJA Ald, ){m%\}>

jEA A AeA

(mod 1), and this latter expression tends to

Az +> g (A(1/2) +) g5 ( cio(Afd)z =Y cj,A<A/dj)(1/2)> (3.1)
JEA JEN AeA
as m — oo, m € M.
From this we can conclude that the (mod 1) taken sequence

[ee]

na+d g;(n)

J=1 n=1

is dense in the (mod 1) taken range of the continuous function

= Az + ) g;(A(1/2) +Zgj< cio(A)dj)x — ch,A(A/dj)(1/2)>

JEA JEA AeA

defined on (0,1), and it is sufficient to show that this (mod 1) taken range is
dense in [0, 1).

The function h can also be considered on the interval [0,1] where it is a
continuous function, and, if |f;| < M, 1 < j < v, then h(0) < vM, while
h(1) > A — vM. Therefore, if A > 2vM + 2, then its range contains an interval
[B, B + 1] for some integer B, and hence if we take its range (mod 1), then we
get the whole interval [0,1).

This completes the proof. O
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3.1. The polynomial case

As a generalization of what has been said before, we shall now examine the

density of the sequence
oo

{Po(n) + Z i (P (n))} (3.2)

n=1

(mod 1), where P;, 1 < j < v, are polynomials. As before, we may assume that
P;(0) =0 for all j.

PROPOSITION 3.2. Let f1,..., f, be almost periodic functions and let Py, Py, . ..
..., P, be polynomials without constant terms. If Py has at least one irrational
coefficient, then the sequence [B.2) is dense in [0,1) (mod 1).

COROLLARY 3.3. With the assumptions of the preceding proposition

{Po(n)} — {Z i (Pj(n))}

This corollary says that the fractional parts {Py(n)}, n =1,2,..., cannot be
imitated by sums of the fractional part of the values of almost periodic functions
taken at polynomial places. Note also that for » = 1 and f; = 1/2 the equality
is attained, so more than what is claimed cannot be stated.

. 1
lim sup > —.
n—oo 2

The corollary is immediate, for if the limsup in question was smaller than 1/2,
then the fractional part of Py(n) — Y2"_, f;j(Pj(n)), n = 1,2,..., would not
accumulate at 1/2, so this sequence (mod 1) would not be dense in [0,1) con-
tradicting Proposition

Proof of Proposition We follow the preceding proof, and exactly as
there we may assume that each f; is a continuous periodic function with period
1. Let us choose a maximal subset {Py}xea of {P1,...,P,} for which {Py} U
{Px}rena is a Q-independent set. Thus, for every j ¢ A there is a non-trivial
dependence of the form

Cj70P0 + Z Cj’)\P/\ + dej = Rj,
AEA

where the c’s are integers, d; # 0 is an integer and R; is a polynomial with
integer coefficients. With some large integer L set again A = L[], |d;| and

define ) )
Pi(r) = ;P(Ar),  Ri(r) = 3 Ry(Aq)
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The R} has integer coefficients, and we claim that {F5} U {Py}ea is again a
Q-independent set. Indeed, if this was not the case, then we could find integers
ag, ax, not all zero, such that

Q(z) = apPy(z) + Z a)P5(z) = Po (Az) + Z — Py (Az)
AEA AEA

has integer coefficients. But then for D equal to the degree of (), the coefficients
of
ap AP Py(z) + > axAPTIPy(2) = APQ(z/A)

A€EA
would have integer coefficients, which is impossible by the choice of A.
Consider numbers n of the form n = Am, m = 1,2,... If z € (0,1) is given,

then, by the Q-independence of the set { P} U{P} }rea and by Weyl’s theorem,
there is a subsequence M of the integers such that for m — oo, m € M, we
have

Py(m) =z (mod 1), Py (m) — (mod 1), A € A.

DO | =

Now

Po(n) + ij(Pj(n)) = Po(n) + > f;(P;(n))

JEA
n Z /, (Rj (n) — Cj,oPo(n)C; Z,\e/\ cj7>\P>\(n)> .
JEA J

Here for all j and n = Am we have
Pj(n) = APj(m),  R;(n) = ARj(m),

and since A is divisible by d;, it follows that each R;(n)/d; has integer coef-
ficients. Thus, by the 1-periodicity of the functions f;, for n = Am the sum

Po(n)+>20_, f (Pj(n)) equals
A{P5(m)} + > f5(A{P;(m)})

JEA
+ ij( ¢j0(A/di){FP5(m)} — ZCJ/\A/d ){P/\(m)}>
JEA AEA

(mod 1), and this latter expression tends to

Az + > fi(AQ/2) + ) f (‘Cj,O(A/dj)ﬂﬁ -y Cj,A(A/dj)<1/2)> :

jeA JeA AeA
as m — 0o, m € M.
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This is now and analogue of (31, and from here the proof is completed
exactly as the preceding proof was completed from (B1). d

Proposition can be written in a seemingly more general, but actually
equivalent form.

PROPOSITION 3.4. Let F' be an almost periodic function of v variablefl and
let Py, Py, ..., P, be polynomials without constant terms. If Py has at least one
wrrational coefficient, then the sequence

[ee]

{Py(n) + F(Pi(n),...,P,(n))} (3.3)

n=1
is dense in [0,1) (mod 1).

Proof. One can replace F' by a generalized trigonometric polynomial of several
variables, and then one can follow the preceding proof without much change.

An alternative is to use that if F' is a generalized trigonometric polynomial
of v variables, then F(Pi(n),..., P,(n)) is of the form

Zl fi(R;(n))

where each f; is a ¢-cos Az or a ¢ -sin Az, and where the R;’s are polynomials
(just use trigonometric identities to convert products to sums). This reduces
then the claim to Proposition d

3.2. The vector case

Let a1, ..., aq be real numbers. Recall Weyl’s theorem from Section [ accord-
ing to which for the (mod 1) density in [0,1)? of the vectors (nar,...,nag),
n = 1,2,..., it is necessary and sufficient that the numbers 1,aq,...,aq are

rationally independent.

ProrosSITION 3.5. If f1,..., fq are almost periodic functions and the numbers
1,a1,...,aq are rationally independent, then the sequence
(noq—l—fl(n),...,nozd—l—fd(n)), n=12..., (3.4)

is dense in [0,1)¢ (mod 1).

3The set of these functions F' : R¥ — R is the closure in the uniform norm of the algebra
generated by the monomials cos Az, sin Az, A € R,1<j<w.
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Proof. The argument is familiar by now, see, e.g., the proof of Proposition B.11

By replacing each f; by a trigonometric polynomial close to it, it is enough
to prove that if f; ;, 1 <i < d, 1 < j < v, are continuous periodic functions
then for any 3; ; the sequence

(nal+Zfl,j(nﬂm),...,nad+2fd7j(nﬂd,j)>, n= 1,2,..., (35)
j=1 Jj=1

is dense in [0,1)¢ (mod 1). By applying dilation in f; ; and changing at the same
time the corresponding f3; ;, we may assume that each f; ; is of period 1.
Select a maximal subset A C {(4,5) |1 <1i <d, 1 <j <} such that

{l,al,...,ad}U{ﬁ,\|/\€A} (3.6)

is a rationally independent set. Then every f; ; with (4, j) & A can be expressed
as a rational combination of the numbers in [B.0), say (with g = 1)

d
_ i, ,]
Bij = E clar + E dy” Bh.
7=0 AEA

If ¢ is the least common denominator of the coefficients in these representations,
then for some large L set A = Lg and consider the numbers n = Am, m =
1,2,..., for which

(na1 +> fuiBig) - maa+ Y fay (nﬂd,j)>

=1 =1
is of the form

(Amozl + Z f1, (m( - )), . Amag + Z fa; (m( - ))) (3.7)

where (---) represent integral combinations of the numbers in (Z.0).
By Weyl’s theorem, if (z1,...,24) € (0,1)%, then there is a subsequence M
of the natural numbers such that, as m — oo, m € M, we have
1
{maj}_>‘rj7 ]-Sjgda mﬁ/\_>§7 )‘EAa
and we obtain from (B7) that the sequence ([B.4) is dense (mod 1) in the
(mod 1) taken range of the function

H(x1,...,xq) = (Ax1 +Zf17j(- )y Axg + Zfd,j(. -.)> (3.8)

for (z1,...,74) € [0,1]%, where now - - - stand for some integral linear combina-
tions of x1,...,24,1/2.
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Let |f; j| < M and A > 2vM + 2. By the following lemma (apply it to
hx1,...,xq) = H(x1 /A, ..., 2q4/A)
and to the cube @Q = [0, A]?) the range of H over [0,1]¢ contains a cube of side-

length 1, hence the (mod 1) taken range of H contains [0,1)?, from which the
claim in the proposition follows. (]

In the next lemma we set z = (x1,...,2q).

Lewoa 3.6. If 0 _ (21 + b1 (2),. .., 2a + ha(z))

is a continuous mapping of a cube Q@ C R? of side-length A into RY where
|hi| < A/2 — 1, then the range of h contains a (closed) cube of side-length 1.

Proof. This is an easy consequence of the Brouwer fixed point theorem.
Indeed, we may assume that Q = [~A/2, A/2]¢, and we show that then the
range contains the cube [—1/2,1/2]%.

Suppose to the contrary that this is not the case, and there is a point y €
[~1/2,1/2]¢ which is not in the range. For an x € @ connect h(z) with y, and
let ®(z) be the intersection of the extension of this segment (beyond ) with the
boundary 9Q of Q. This defines a continuous mapping ® : Q — dQ. Note that
if  belongs to the boundary of @, say 1 = —A/2, then, since x1 + hi(z) < —1,
in forming ®(z) we are connecting the point h(z) lying in the half-space z; < —1
with the point y lying in the half-space 7 > —1/2. This implies (say by the
convexity of the half-space x; < —1/2) that the first coordinate of ®(z) is
> —1/2, and hence ®(x) # z. Thus, ® is a continuous mapping from @ into
itself without a fixed point, which is impossible by the Brouwer fixed point
theorem.

This contradiction proves the lemma. O

3.3. The polynomial-vector case

The most general theorem in this paper on density is the following (cf. also
Theorem [6.2] below).

THEOREM 3.7. Let F,..., F; be almost periodic functions of v variables, and
let Pij and Py,..., Py be polynomials without constant terms. If {Py,..., Py}
are Q-independent, then the sequence of vectors

{(P1 (n) + I (P1’1<n), e PL,/(TZ)), L.
. Pa(n) + Fa(Py1(n), ... ,de(n)))}oo (3.9)
is dense in [0,1)% (mod 1).
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Recall that the Q-independence of { Py, ..., Py} is necessary for density when
each F; is identically 0.

Proof. All components of the proof had already been demonstrated in our
previous discussions.

First of all, we may replace each F; by a trigonometric polynomial of v vari-
ables (see the end of the proof of Proposition [[2)), then using trigonometric
identities, each F;(P; 1(n), ..., P;,(n)) can be written in the form 2?21 ©i(Si;)
where each ; is a c-cos At or a c-sin At and S; ; are polynomials, and finally such
an expression is of the form F;(S;1(n),...,S;,(n)), where F; is a continuous
function of p variables which is periodic in each variable. Thus, we may assume
from the start that F; is periodic in each of its variable, and by scaling we may
even assume that the periods are 1.

Select a maximal subset A C {(i,7)|1 <4 <d, 1 <j <wv} such that

(P,,..., P} U{P\| N € A} (3.10)

is a Q-independent set of polynomials. Then for every P; ; with (i, j) & A there
is a relation with the polynomials in (BI0) of the form

d

Yo GIP ) Pyt digPiy = Riy,

=1 AEA
where the ¢’s are integers, d; ; # 0 is an integer and R; ; is a polynomial with
integer coefficients. We consider again with some large integer L the number
A = L[ yga |di;j| and define for a polynomial P the polynomial P*(z) =
4 P(Az). The #-transform of the system (3.I0) is again Q-independent (see the
proof of Proposition B.2)), so, by Weyl’s theorem, if (z1,...,z4) € (0,1)%is given,
then there is a subsequence M of the integers such that for m — oo, m € M
we have

1
Pi(m) = z; (mod1), j=1,...,d, Pi(m) — 3 (mod 1), X € A.

By considering numbers of the form n = Am, m = 1,2, ..., and following the
steps in the proof of Propositions and we can conclude that the closure
of the (mod 1) taken sequence ([B]) includes the (mod 1) taken range of the
function

H(xlv"'7xd): (A.’I,'1+F1(),A.’I}d+Fd())

for (z1,...,24) € [0,1]%, where, for each of the variables of each Fj, the ---
stand for some integral linear combinations of x1, ..., x4, 1/2. That this (mod 1)
taken range is [0, 1)? follows from Lemma [3.6] precisely as in the proof of Propo-
sition 0
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4. Uniform distribution

In this section we shall examine the uniform distribution of the sequences that
have been considered before. In the classical case Weyl’s theorems implies that
the conditions for density and uniform distribution are the same. We shall see
that when a periodic perturbation is present the situation is different: density is
always true (as we have seen in the preceding section), but this is not the case
for uniform distribution.

4.1. The scalar case

Let us start with the simplest possible situation.

PRrROPOSITION 4.1. Let « be irrational and let f be a B-periodic continuous
function. Then the sequence {na + f(n)}22, is uniformly distributed (mod 1)
if B is rational or 1,a,1/8 are rationally independent.

Let us mention that Proposition . 1lis precise in the sense that if /3 is irrational
and 1,«,1/3 are rationally dependent, then there is a (-periodic continuous
function f such that the sequence {na + f(n)}o2; is not uniformly distributed
(mod 1). See Proposition (.11

Proof. Set v =1/8 and g(z) = f(Bx). Then g is 1-periodic and na + f(n) =
{na}t +g({nv}) (mod 1).

Consider first the case when v = 1/ is rational, say v = p/q. Then for
n=mq+s, 0 < s <q, we have

na+ g(ny) = {m(qa)} + (g(s7) + s) (mod 1),

and since here the second term on the right is independent of m and g« is
irrational, it follows from the uniform distribution of {m(qa)}22_; (mod 1) that
the sequence {(mq+ s)a+ f((mg+ s)) }::1 is uniformly distributed (mod 1).
Since this is true for all 0 < s < ¢, the (mod 1) uniform distribution of {na +
f(n)}oe, follows.

Let us now consider the case when 1, o, 1/, i.e., 1, o, 7y are rationally indepen-
dent. Then the vector sequence {(na,ny)}5°; is uniformly distributed in [0, 1)?
(mod 1).

Let 0 < a < b < 1 be fixed, and for an 0 < ¢ < min{a, 1 —b} let m be so large
that the oscillatior] of g over any interval of length < 1/m is smaller than e.

4Here and in what follows, the oscillation of a function on a set is the difference of its supremum
and infimum on that set
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For s =0,1,...,m — 1 and for an n consider the sets

e 5  ae faa(5) e (2) ).
e 5  ae o (2) 20 (2) +).

where the relations are understood (mod 1). Since for

1
ky € F,SJF ]
m

e [o(2)-=a(2) +

by the choice of m, it follows that for k € K, , we have ka + g(kvy) € [a,]
(mod 1), and on the other hand, if ky € [=,*El] and ka + g(kv) € [a,b]

(mod 1), then k € K 5. By the (mod 1) uniform distribution of the sequence
of vectors {(ka, kv)}32, we have

Kl,sz{lgkzgn

and

KQ’SZ{lgl{?STL

(mod 1)

we have

b—a—2 b— 2
#Kl,s = (1 + 0(1))”‘#7 #K2,s = (1 + 0(1))“‘&7
m m
hence it follows by summing these for all s =0,1,...,m — 1 that

liminfl#{l <k<n|ka+g(ky) €[a,b] (mod1)} >b—a—2¢
n

n—0o0

and

1

limsup —# {1 <k <n|ka+ g(ky) € [a,b] (mod 1)} <b—a+ 2e.
n—oo TN

Since € > 0 and 0 < a < b < 1 are arbitrary, the uniform distribution of {na +

f(n)}oe, (mod 1) follows. O

We shall need the extension of Proposition [£.I]to more than one term. To this
end, note that for an irrational « the condition “f is rational or 1,a,1/3 are
rationally independent” can be phrased as “a cannot be written as a rational
linear combination of 1 and 1/8”. It turns out that this is the right formulation
in the general case.

PROPOSITION 4.2. Let « be irrational and let f1,..., f, be continuous periodic
functions with periods B1,...,08,. If a cannot be written as a rational linear
combination of the numbers 1,1/B1,...,1/p,, then the sequence {na+f1(n)+- -
<o fu(n)}oe . is uniformly distributed (mod 1).
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This is best possible in the sense that if o and 3; are given and o can be
written as a rational linear combination of the numbers 1,1/f1,...,1/5,, then
there are (;-periodic continuous functions f; for j = 1,...,v, such that the
sequence no + fi(n) + -+ fu,(n), n = 1,2,..., is not uniformly distributed
(mod 1). See Proposition (.11

Proof. A large part of the proof has been already established in the preceding
proof.

Set v; = 1/8; and g;(x) = fi(Bix). Then g; are 1-periodic and
no+ fi(n) + -+ fu(n) = {na+ g1 (nm) + - + gu(ny)}  (mod 1).

Select a maximal subset of ~1,...,7, that forms with 1 a rationally inde-
pendent set. We may assume that {v;,...,7,} is this maximal subset. Then,
by the assumption of the theorem, 1,a,~1,...,7, are rationally independent,
furthermore every «; with j > pu is a rational combination of the form

m
v = dj + Z Cj,iVi- (4.1)

i=1
Let ¢ be a common multiple of the denominators of these d;. If k is of the form
k=ql+r, 0<r<q,then
o
kryj =rd; + Z ik (mod 1),
i=1
and it is sufficient to show the uniform distribution in question along every
sequence N, = {ql +r}°; where 0 < r < ¢ is fixed.
For a large m partition [0, 1]* by the hyperplanes x; = t/m,t=1,...,m—1,
1 <i < p, in R* into m* little cubes I, 1 < s < m#. The image of such an I
under the mapping u
(xl,...,xu) — de —l—ch’ixi (42)
i=1
(cf. @) is an interval I; 5 of length < C'/m.
Now let 0 < a < b < 1 be fixed, and for an 0 < ¢ < min{a,1 — b} let m be
so large that the oscillation of gi(x1) + --- + g,(z,) over any I, as well as the
oscillation of each g;, j > p, over any I; s is smaller than £/2v. Let, furthermore,

Qs = (Qi.s,...,Qpu,s) be an arbitrary point from I, let ijs be the image of Q)
under the mapping ([£2)), and set

I d
Ts:Zgi<ryins + Z 9gj VJQJS

i=1 j=v+1
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For s =1,...,m" consider the sets
Kis={1<k<n, ke N |(kn,....,ky,) €I, ka€la—Ts+e,b—Ts —¢l]},
and
Kyo={1<k<n, ke N,|(kv,....ky.) €I, ka € [a—Ts —e,b—Ts + €]},

where the relations are understood (mod 1). Exactly as in the preceding proof,
by the choice of m, it follows that for £ € K, ¢ we have

ka+ g1(vik) + -+ g (k) € [a,b] (mod 1), (4.3)

and on the other hand, if (kvy1,...,kv,) € Is and ([@3)) is true, then k € K .
By the (mod 1) uniform distribution of the sequence of vectors

{(ka, ky1s oo k) 3021, ke,

(which follows from the rational independence of (1, ,v1,...,7,)), we have
b—a—2e b—a+2¢
#K = (1+ 0(1))11(1'7’ #Kos = (1+ 0(1))71(1,7'
It follows by summing these for all s = 1,...,m* that

n—0o0

lim inf %# {1<k<n, keN,|ka+gi(m1k)+ -+ gu(wk) € [a,b] (mod 1)}
>b—a—2¢

and

limsup T # {1 <k < n, k€N, [ka+gi(yk) +-- + g, (k) € [a,b] (mod 1)}

n—o0

<b-—a-+ 2.

Since ¢ > 0 and 0 < a < b < 1 are arbitrary and since there are n/q + O(1)
numbers k € N, with 1 < k < n, the uniform distribution of

{ka+ gi(vik) + -+ g (k) }R21, ken,
(mod 1) follows. O

Next we state a somewhat more general form (but actually, since the number v
of terms in Proposition f.2]is arbitrary, and since, by Weierstrass theorem, every
periodic continuous function of several variables can be uniformly approximated
by trigonometric polynomials of the same variables, one can show that this
seemingly more general form is equivalent to Proposition [£.2)).

PRrROPOSITION 4.3. Let a be irrational and let F' be a continuous function of the
variables x1,...,x, which is periodic in each variable with periods B1,..., 0y,
respectively. If a cannot be written as a rational linear combination of the num-
bers 1,1/P1,...,1/B,, then the sequence {na + F(n,...,n)}>2, is uniformly
distributed (mod 1).
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In particular, if
F(xy,...,x,) = fi(x) + -+ fulx),

where each f; is a continuous periodic function of period f3;, then we obtain
Proposition

Proof. We follow the preceding proof.

Set
¢ vi=1/8; and G(x1,...,2,) = F(frz1,...,0,x,).
Then G is 1-periodic in each variable and

na+ F(n,...,n) = {na+G{nmn},....,{nn})} (mod1).

Select again a maximal subset of 7q,...,7, that forms with 1 a rationally
independent set. We may assume that {v1,...,7,} is this maximal subset. Then,
by the assumption of the theorem, 1,a,~1,...,7, are rationally independent,

furthermore every 7; with j > p is a rational combination of the form (&I]).
For a large m partition [0,1]* by the hyperplanes x; = t/m, ¢t =1,...,m — 1
in R* into m* little cubes I, 1 < s < m*, as before. The image of such an I
under the mapping (£2) (cf. (41)) is again an interval I; ; of length < C'/m.

Now for fixed 0 < a < b < 1 and for an 0 < ¢ < min{a, 1 —b} let m be so large
that the oscillation of G over any set of diameter < Cv/m is smaller than /2.
Let furthermore, Qs = (Qs,1,...,Qs,,) be an arbitrary point from I, let Qj’s
be the image of Qs under the mapping ([£2)), and set

Ty = GMQstv- - VuQss Yut1Qurtysr - - - s YwQuys)-
With these modifications for the sets
Kis={1<k<n, ke N,|(kv,....ky.) €I, ka € [a—Ts +¢,b—Ts — €]},
and
Kos={1<k<n, ke N, |(kvn,....ky) €1, ka€la—Ts—e,b—Ts+¢l},

(where the relations are understood (mod 1)) we get again that for k € K 4
we have ka + G(mk,---,vwk) € [a,b] (mod 1), and on the other hand,
if (ky1,...,kyu) € Is and ka+ G(yik, -+ ,vwk) € [a,b] (mod 1), then k € Ky .
By the (mod 1) uniform distribution of the sequence of vectors {(ka, kv1, ...
oo k) 3RS0 ke, (which is a consequence of the rational independence
of (1,,71,...,7.)), we get again
b—a—2¢
q-mht

b—a+2¢

#K1 5= (1+0(1))n ppp—y

. #Kos=(1+01)n

)

and from here the uniform distribution of

{ka + G(krylv T 7]@%)}20:1, keEN,.
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(mod 1) for each 0 < r < ¢ follows as before, and this proves Proposition
O

4.2. The polynomial case

Now we extend Proposition to the polynomial case. As before, we may
assume without loss of generality that the polynomials we are dealing with are
without constant term.

PROPOSITION 4.4. Let Py, Py, ..., Py be polynomials without constant terms and
let F' be a continuous function of variables x1,...,x, which is periodic in each
variable with periods By, . .., By, respectively. If Py cannot be written as a rational
linear combination of the polynomials Py /B4, ..., Pi/Ba and of a polynomial with
rational coefficients, then the sequence

{Po(n) + F(Pi(n),- -, Pa(n))}_, (4.4)
is uniformly distributed (mod 1).
Note that Proposition is the special case of this when Py(x) = az and

Pj(xz) = « for all other j.

In particular, if
F(xb' . '7xl/) = fl(xl) +-+ fl/(xl/)7

where each f; is a continuous periodic function of period ;, then under the
conditions of the theorem the (mod 1) uniform distribution of the sequence

{Po(n) + fr(Pr(n)) + -+ fu (Pu(n)}o |

follows. In Proposition we shall show that this is best possible in the sense
that if Py, P1,..., P, are given and Py can be written as a rational linear com-
bination of the polynomials P;/31,..., P,/B, and of a polynomial with rational
coefficients, then there are continuous functions f; of period 3, 1 < j < v, such
that the sequence

Po(n) + fi(Pi(n)) + -+ fa(Pu(n)),  n=12...,
is not uniformly distributed (mod 1).
Proof. The proof is almost identical to that of Proposition €2 Indeed, as there
set v; = 1/8; and
i /B G(x1,...,2,) = F(f121,- .., Buty).
Then F(Py(n),...,P,(n)) = G(nPi(n),..., 7P, (n)). Select a maximal subset

of v1Py,...,v, P, for which no non-trivial linear combination with integer co-
efficients produces a polynomial with integer coefficients. We may assume that
Y1 P, ..., v, P, is this maximal subset. Then, by the assumption of the theorem,
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Po,v1Pi,...,v, P, is Q-independent (see Definition 2.T), but every ~;P; with
j > v is a combination of the form

v Pj(z) = R;(x) +ch,mP¢(x), (4.5)

where the ¢;; are rationals and R; has rational coefficients. Let ¢ be a common
multiple of the denominators of all the coefficients in all R;, u < j < v. It is suf-
ficient to verify the uniform distribution of each subsequence of ([@4]) for which
the indices n belong to N, = {ql + r};°; with a fixed 0 <r < q. If k =gl +r is
such an index, then

m
Vi Pi(k) = Rj(r) + Y c;miPi(k)  (mod 1),
and on the right R;(r) is independéfit of I = 1,2,... This R;(r) plays the role
of rd; in [@2). Since Py,v1P1,...,v, P, are Q-independent, it follows that the
polynomials Py(qz + 1), v1Pi(qx +7)...,v.Pu(qx + r) are also Q-independent
(note that if a polynomial R has rational coefficients then so does R((y—1)/q))-
Hence Weyl’s theorem ensures that the sequence

(Po(k), 1 Pi(k), ..., vuPu(k)), k=ql+r, 1=12,...,

of vectors is uniformly distributed (mod 1) on [0,1)”*!. This is an analogue
of the uniform distribution of the sequence {(ka,ny1,...,k7.) 72, renr, in the
preceding proof (while (LX) is an analogue of ([@1])), and by replacing the latter
by the previous one, that proof goes through without much change. (]

4.3. The vector case

Now we shall consider the vector case, namely the uniform distribution of vec-
tor sequences of the form

{(na1 + fi(n),...,naqg + fd(n)) }zozl (4.6)

(mod 1), where the f; are continuous periodic functions. To this end we introduce
the following definition.

DEFINITION 4.5. We say that a system (aq, 31),. .., (aq, 84) of number pairs
is totally Q-independent, if for any non-empty subset A C {1,...,d} it is true,
that if ay, A € A, are nonzero integers, then the number ), \ axa, cannot be
written as a rational linear combination of the numbers 1, 5y, A € A.

As an example consider the pairs (v/2,v/3), (v/3,7), (72,v/2). This is easily
seen to be totally Q-independent, though a1 + as = V2 + 3 = 81 + (3 (note
that total Q-independence requires that o + as = v/2 + /3 should not be a
rational linear combination of f; = v/2 and 82 = ™ — we cannot use in this
combination f3).
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PROPOSITION 4.6. Let fi1,..., fq be continuous periodic functions with peri-
ods B, ..., Ba. If (a1, 1/B1), ..., (aq,1/B4) are totally Q-independent, then the
sequence (L8] is uniformly distributed on [0,1)? (mod 1).

In Proposition we shall show that one cannot do more than Proposi-
tion 46| for uniform distribution is not true (for some functions f; of period f;)
if (a1,1/p1),-.., (a, 1/B4) are not totally Q-independent.

Proof. By Weyl’s criterion, a sequence

(Viny -y Vdm), n=12..., (4.7)
of vectors is uniformly distributed on [0,1)? (mod 1) precisely if for all integers
a1, .., a4, a? > 0, the sequence of numbers

a1V1,p + -+ apVdn, n=12..., (48)

is uniformly distributed on [0,1) (mod 1). Apply this to vj, = a;n + f;(n).
If in the combination the non-zero a; are ax, A € A, then we need to prove the
(mod 1) uniform distribution on [0, 1) of the sequence

(Za,\a,\>n+2a,\f>\(n), n=12 ...,

AEA AEA

which follows from Proposition@.2lbecause, by total Q-independence, } -, o yaxax
cannot be written as a rational linear combination of the numbers 1,1/8,
AeA. O

We can state a more general form of the preceding proposition. To this end
we introduce the following definition.

DEFINITION 4.7. We say that a system

(abﬂl,lv <. 751,11)7 ) (advﬂd,lv e 7ﬂd,l/)
of (v+1)-tuples of numbers is totally Q-independent, if for any non-empty subset
A C{1,...,d} it is true, that if ax, A € A, are nonzero integers, then the number
> aeA @y cannot be written as a rational linear combination of the numbers
1,5)\7]‘, )\EA,l <7<

PROPOSITION 4.8. Let I, ..., Fy be continuous periodic functions of v variables
such that F; is pertodic in the jth variable with period B; ;. If

(abl/ﬂl,l" . '71/61711)7 .. '7(ad7 1/6(1,17' . '71/6d,1/)

are totally Q-independent, then the sequence

{(na1+F1(n,...,n),...,nad+Fd(n,...,n))}

[ee]

(4.9)

n=1
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of vectors is uniformly distributed on [0,1)% (mod 1).

Proof. Just follow the proof of Proposition[4.Gl In this case we apply Weyl’s cri-
terion to a linear combination ), a;v;, with v;, = a;n+Fj(n,...,n). If in the
combination the non-zero a; are ay, A € A, then we need to prove the (mod 1)
uniform distribution on [0, 1) of the sequence

(Za,\a,\>n+2a,\F>\(n,...,n), n=12,...,

A€EA AEA

which follows from Proposition .3 because, by total Q-independence, » 7, axax
cannot be written as a rational linear combination of the numbers

1, 1/Brj, NEA, 1<j<w

Indeed, if, say, A = {1,...,x} (which we may assume), then one should replace
v in Proposition by kv and apply Proposition to the function

F(xy, ..., v0)=F1(21,. ., 20) +Fo(Tug1, - Tow)+  H Fo(T(em1)pt15 -+ 5 Trw)
which is 3; j-periodic in the variable z(;_1),4 ;. O
The polynomial version of Proposition is our next result.
DEFINITION 4.9. We say that a system
(P1,Pia,...,P1y),...,(Pa,Pia,..., Piy)

of polynomial (v + 1)-tuples is totally Q-independent, if for any non-empty
subset A C {1,...,d} it is true, that if ay, A € A are nonzero integers, then the
polynomial > sea @xPy cannot be written as a linear combination with rational
coefficients of the polynomials Py j, A € A,1 < j < v, and of a polynomial with
integer coefficients.

The most general result on distribution in this paper is the following.

THEOREM 4.10. Let Fy, ..., Fy be continuous functions of v variables such that
each F; is periodic in each of its variables with periods B; 1, . .., Bi ., respectively.
Let furthermore, Pi,...,P; and P;;, 1 < < d, 1 < j < v, be polynomials
without constant terms. If the system

(Plapl,l/ﬁl,la cee 7P1,V/ﬁ1,u)a ey (Pda Pd,l/ﬁd,la cee 7Pd,V/ﬁd,l/>
1s totally Q-independent, then the sequence

(Pl(n)+F1(P1,1(n),...,Pl,y(n)),...,Pd(n)+Fd(Pd,1(n),...,de(n))), (4.10)
n=1,2,..., of vectors is uniformly distributed on [0,1)? (mod 1).

See Proposition 5.4 for the sharpness of this theorem.
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Proof. The claim follows from Proposition 4] exactly as Proposition
resp., followed from Proposition resp., Proposition 0] just use again
that uniform distribution of a sequence (7)) is equivalent to the uniform distri-
bution of all the sequences (@8], and apply Proposition L4 O

5. Exactness of the conditions for uniform distribution

In this section we show that the conditions for uniform distribution set forth
in the preceding section are exact. Let us start by showing that the conditions
in Proposition Bl and Proposition cannot be relaxed.

ProPoOSITION 5.1. If a and Bi,...,06, are given and o can be written as a
rational linear combination of the numbers 1,1/81,...,1/B,, then there are
Bj-periodic continuous functions f; for j = 1,...,v, such that the sequence

na+ fi(n)+---+ fu(n), n=1,2,..., is not uniformly distributed (mod 1).

This proposition does not tell us if, in the case when uniform distribution
does not happen, the sequence has a distribution or not. We shall briefly discuss
that question in the next section.

Proof of Proposition Bl First of all, we may assume that « is irra-
tional, for otherwise the claim is trivial by setting f; = 0.

Let v; = 1/8;. By the assumption there are integers ¢ > 0 and po,p1...,Dp4

such that »
P Po
atd Hy== (5.1)
P q

Multiply this equality by n and write each number on the left as its integral and
fractional part to obtain

~p; Po
[na] + {na} + 37 %2 (] + {mgh) = 7
j=1
from which we can see that

1%
Dj 5
{na}+> “{ny} ==,
= 1 4

where s is an integer. Since on the left we have a linear combination of numbers
lying in [0, 1), actually
sl <lal +[pa] + -+ Ipu| = M.
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Therefore, for every N there is an integer ¢ € [—M, M| such that for at least
N/(2M + 1) of the numbers 1 <n < N we have

nay+ 3" By} = (52)

and we may assume that ¢ is the same for infinitely many N.

Let € > 0 be a small number. Since « is irrational, by the uniform distribution
of the sequence {na}, n=1,2,..., for large N at least (1 —2¢)N of the numbers
{na}, n =1,2,...,N, belong to [0,1 — ¢]. In a similar vein, if for some j the
number «; is irrational, then for large N at least (1 — 2¢)N of the numbers
{nv;},n=1,2,...,N, belong to [0,1 —¢]. On the other hand, if 7; is rational,
then for small € > 0 all the numbers {nvy;}, n=1,2,..., N, belong to [0,1 —¢].
Thus, for at least (1 —2(v + 1)e)N of the numbers 1 < n < N these relations
hold simultaneously. Choose N sufficiently large so that all these are satisfied.
If, in addition, 2(v 4+ 1)e < 1/2(2M + 1), then aut of these > (1 — 2(v + 1)e)N
numbers 1 < n < N at least N/2(2M + 1) also satisfy (5.2)) (recall that (5.2)
was true for at least N/(2M + 1) of the 1 <n < N).

Let now gj, j = 1,...,v, be 1-periodic continuous functions such that

gj(x):&x for z € [0,1 —¢].
q

In view of ([5.2), for at least N/2(2M + 1) of the numbers 1 <n < N we have

d
t
na + Zgi(n%) =- (mod 1),
i=1 q
and since this is true for infinitely many NV, it follows that the numbers on the left
forn =1,2,... are not uniformly distributed (mod 1) (the uniform distribution
does not have point masses).

We can complete the proof by setting f;(x) = g;(v;x) = g;(z/5;) O

Next we show that the condition given in Proposition [£4] is sharp.

PROPOSITION 5.2. If the numbers 31, ..., 3, and the polynomials Py, Py, ..., P,
are given and Py can be written as a rational linear combination of the polyno-
mials Py /B, ..., P,/B, and of a polynomial with rational coefficients, then for
j = 1,...,v there are periodic continuous functions f; of period B; such that

sequence
Py(n)+ fr(Pi(n)) + -+ fu(Ps(n)), n=12,...,

is mot uniformly distributed (mod 1).
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Proof. The proof is almost identical to that of Proposition 5.1l We may assume
that P has an irrational coefficient (otherwise just setf; = 0).

Now start with a relation
d
p
Z ; ; =P R.(2), (5.3)

where v; = 1/8; and R; is a polynomial with integer coefficients. This is an
analogue of (B1]), and from here proceed as we reasoned from (51). We only
need to mention that since Py has at least one irrational coefficient, by Weyl’s
theorem, for large N, at least (1—2¢&)N of the numbers { Py(n)},n =1,2,..., N,
belong to [0,1 — €], and similarly, if for some j the polynomial P;~; has an ir-
rational coefficient, then for large N at least (1—2¢)N of the numbers {P;(n)v;},
n = 1,2,..., N, belong to [0,1 — ¢]. On the other hand, if all coefficients
of Pjv; are rational, then for sufficiently small ¢ > 0 all the numbers {P;(n)v;},
n=1,2,...,N, belong to [0,1 — &]. d

The conditions set forth in the vector case in Proposition are also best
possible:

PROPOSITION 5.3. Let aq,...,aq and B1,...,Bq be given numbers. If the pairs
(a1,1/81), ..., (q,1/Ba) are mnot totally Q-independent, then there are
Bj-periodic continuous functions f; such that the sequence [&8) is not uniformly
distributed (mod 1) on [0,1).

Proof. We may assume that 1,q;,...,aq are rationally independent (if this
is not the case, then for f; = 0 the sequence (6] is not uniformly distributed
by Weyl’s theorem).

By assumption there is a non-empty set A C {1,...,d} and non-zero integers
ax, A € A, such that
Z(ZAOQ\ —I—Z —7,\ (5.4)
AEA AEA

where vy = 1/8 and py, q, po are integers. This is an analogue of (5.2)), and if we
follow the reasoning after (B.2) (note that we can, since ), axav is irrational
by the rational independence of 1,a1,...,aq), then we obtain that there are
continuous functions h) of period () such that the sequence

(Za,\a,\>n —|—Zh,\(n), n=12 ...,

AEA AEA

is not (mod 1) uniformly distributed.
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If we set f\ = hy/ay, then it follows that the numerical sequence

(Za,\a,\>n+2a,\f>\(n), n=12 ...,

AEA AEA

is not (mod 1) uniformly distributed on [0,1). But then, by Weyl’s theorem,
the vector sequence ([G) (where, say, we set f; = 0 if j ¢ A) is not uniformly
distributed (mod 1) in [0, 1), either. O

Finally, we show that Theorem[.I0is sharp. For simplicity we shall formulate
the sharpness only for the case when the functions F; are of a single variable.

THEOREM 5.4. Let 31, ..., B4 be given numbers and let Q1,...,Qq and Py, ..., Py
be given polynomials without constant terms. If the system of polynomial pairs
(Q1,P1/B1),...,(Qa, Pi/Ba) is not totally Q-independent, then there are con-
tinuous periodic functions f; of period 8;, 1 < j < d, such that the sequence

{(Qun) + fi (P, - Qaln) + fa(Pa(m) } (5.5)

is not uniformly distributed (mod 1) on [0,1)%.

Proof. We may assume that Qi,...,Qq are Q-independent (otherwise, set
f; =0 and apply Weyl’s theorem).

By assumption there is a non-empty set A C {1,...,d} and non-zero integers
ax, A € A, such that with v, = 1/, we have

D axQa(@) + 3 P = L R(E),

AEA AEA q

where pg,pa,q are integers and the polynomial R has integer coefficients.
This is now an analogue of (5.4) and (53), and from here the reasoning is the
same that was given after (0.4]) (taking into account the necessary modifications
in the polynomial case as were given after (53]) and taking also into account
that > ax@Q. has an irrational coefficient since @1, ..., Qq are Q-independent)
by Proposition there are continuous functions hy of period [y such that

the sequence
(Z aAQA(”)) + Z hx(Px(n)), n=12,...,
AEA AEA

is not (mod 1) uniformly distributed. Now set fyx = hy/ay, and complete the
proof as in Proposition d
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6. Density and distribution on the torus

In this section we change somewhat our perspective. So far we have considered
modulo 1 values as fractional parts on the interval [0,1). But we can consider
them also on the torus R/Z, i.e., when we identify the points 0 and 1 in [0, 1].
All our results so far on the (mod 1) density and uniform distribution hold also
on the torus without any change. Until now we have been considering sequences
(or vector sequences) of the form

Py(0) + F(Py(n),...,P,(n)), n=12,..., (6.1)

where, in some cases, F' was allowed to be almost periodic. If we only restrict
our attention only to periodic F', then it is natural to work with mappings
G : (R/Z)Y — R/Z (or with G : (R/Z)" — (R/Z)? in the vector case) and
consider sequences

G(Pi(n),...,P,(n)), n=12,... (6.2)

on R/Z (or on (R/Z)?9 in the vector case), which leads to a somewhat more
general setting. Indeed, if the F in (6.]) is periodic in each variable with periods
B1, ..., By, respectively, then by setting

G(.’I}(),.’I}l, s 7xl/) = o + F(ﬂlxh ce 761/-7;1/)7 (.’L'(),.’I}l, s 7*7;1/) € (R/Z)V+l7
and (6.3)
Pi(z) = Pj(x)/B;,
we have

Py(0) + F(Py(n),...,P,(n)) = G(Po(n), Pf(n),...,P;(n)) (mod 1),

so ([62) include, indeed, (mod 1) sequences of the form (61)).

Any function G : (R/Z)" — R/Z can also be considered as a function
G :R” — R/Z by stipulating G(z1,...,2,) = G{z1},...,{x,}), and this is
indeed how we interpreted the values in (6.2). The torus R/Z can also be iden-
tified with the unit circle under the mapping = — 2™, This allows us to speak
of the rotation (or winding) number w of a continuous mapping g : R/Z — R/Z
which is defined as the total change of the argument in e2**9(*) as z runs trough
the interval [0,1]. Intuitively, w tells us how many times e>™9(®) circles the
origin as e?™** makes one full circle in the positive (counterclockwise) direction.
For example, if m is an integer, then the mapping x — ma has rotation num-
ber m, and all g : R/Z — R/Z with rotation number m is homotope with the
mapping r — mx.

If G:= (R/Z)” — R/Z is continuous and we fix xs,...,x,, then g(z1) =
G(z1,22,...,2,) is a mapping from R/Z into itself, and let w; be its rota-
tion number. Since this is an integer which changes continuously as we change
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Za,...,x, continuously, it follows that w; is independent of how xs,...,x, are
fixed, and we call w; the rotation number of G with respect to z;. The rota-
tion number w; with respect the variable z;, 2 < j < v, is defined similarly.
For example, the mapping G in ([G.3]) has rotation number wy = 1 with respect
to the variable 2y and (because of the periodicity of the function F') rotation
number 0 (w; = 0) with respect to all other variables z;, 1 < j <w.

6.1. Density on the torus

With the just given definitions we are now ready to extend Proposition B.4]
at least for periodic functions).
t least f iodic functi

PROPOSITION 6.1. Let G := (R/Z)" — R/Z be a continuous function with
rotation numbers wq, ..., w,, respectively, and let Py,..., P, be arbitrary poly-
nomials without constant terms. If wy Py + - --+w, P, has at least one irrational
coefficient, then the sequence

oo

{G(Pl(n), o P,,(n))} (6.4)

n=1

is dense in R/Z.

Note that this is exact in the following sense: if all coefficients of w; Py +-- -+
w, P, are rational, then for

G(x1,...,x,) =wizy + - +wymy,

(which clearly has rotation numbers wq,...,w,), the sequence in ([G.4]) is not
dense in R/Z (for it has only finitely many different terms).

Proof of Proposition The claim easily follows from Proposition [3.41
In fact, let

F(z1,...,2,) = G(x1,...,2,) — (wiz1 + - + wox,).

Since all rotation numbers of this F' are zero, F' (considered as a function from
R” to R) is a 1-periodic function in each of its variable. Furthermore, if we set

Po:=wiPi+--+wb,,
then for all n we have

G(Pi(n),...,P,(n)) = Py(n) + F(Py(n),...,P,(n)),

hence the claim in the proposition is a consequence of Proposition [3.41 O

In a similar vein, one can obtain the vector case.

154



WEYL'S UNIFORM DISTRIBUTION UNDER PERIODIC PERTURBATION

THEOREM 6.2. Let Gi(x;1,...2;,), 1 < i < d, be continuous functions of v
variables on R/Z, and let P; j, 1 < j < v, 1 <i < d, be polynomials without
constant terms. If the rotation number of G; with respect to the variable x; ; is
w; ; and if the polynomials

Pi :wi,lPi’l —|—-~-+wi7,,Pi,V, = 1,...,d, (65)

are Q-independent, then the sequence of vectors

(Gi (Pi,l(n), e Pi7,,(n))>d

) n=12,... (6.6)
is dense in (R/Z)%.

This is exact again, for if the polynomials (6.0 are not Q-independent, i.e.,
some linear combination of them with rational coefficients has rational coeffi-
cients, then for

Gi(Ti1,. ., Tip) = Wi T 1 + -+ Wi Ty, i=1,...,d,
the sequence (6.6) is not dense in (R/Z)? by Weyl’s theorem.

Proof. If we set
Fz‘(xi,b e ,xi,u) = Gi(xi,b e ,xi,u) - (wi,1xi,1 + - wi,uxi,u),

then the claim follows from Theorem [B.1 exactly as we deduced Proposition
from Proposition 341 O

6.2. Existence of distribution

We have seen that when considering the Weyl theory with periodic per-
turbations, we do not always get uniform distribution. This raises the ques-
tion if in those cases the distribution of the sequences in question exist at all.
We shall see that the answer depends on if we work on the torus or on [0, 1)
with fractional parts.

Let X1, Xo, ... be a sequence on the torus (R/Z)% We say that this sequence
has distribution o if for every continuous function f : (R/Z)% — R we have

lim lZf(Xk) :/fda. (6.7)
k=1

n—oo n

An equivalent formulation is that for a dense setf] of 0 < a; < by <1,1<4<d,
we have

n—oo

lim #{1§k§n

d
Xy € H[ai,bi]} -0 (H[ai,bi]> : (6.8)

=1 i=1

5In fact, for all a;, b; for which the boundary of the box H;-izl [a;, b;] has zero o-measure.
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Uniform distribution is when o is the Haar measure on (R/Z)? (which is the
d-fold product of the normalized arc measure on the unit circle). In proving the
existence of such a o it is sufficient to show that the limit

L;:= lim —Zka

exists for all such f, for then Ly is clearly a positive linear functional and the
Riesz representation theorem (cf. [4, Theorem 2.14]) gives (6.7)) with some mea-
sure o.

Now on the torus the existence of the distribution for polynomial sequences
holds in all situations.

THEOREM 6.3. Let Gy1,...,G4 be continuous mappings of (R/Z)" into R/Z,

and let P;;, 1 <i<d, 1<j<v, be arbitrary polynomials. Then the sequence
(Gl(Pl,l(n),...,Pl,y<n)),...,Gd(Pd,l(n),...,Pd,y(n))) B

of vectors has a distribution.

Proof. By introducing (d — 1)v dummy variables in each G; (and hence re-
placing v by vd) and by listing P; ; into a single sequence P; it is sufficient to
consider the case when P; ; does not depend on 4, i.e., it is sufficient to consider
sequences of the form

(Gl(Pl(n), . P,)),....Ga(Pi(n),. .. ,Pl,(n)))

As before, we may assume that each P; is without a constant term. Choose
a maximal Q-independent subset of Pi,...,P,. We may assume that this is
Py, ..., P, for some p, and first consider the case when ;1 > 1. Every Pj, u <
7 < v, can be expressed as

[ee]

n:l.

m
Pj = Rj +ch,jP37
s=1

where the ¢, ; and the coefficients of the polynomial R; are rational numbers.
Choose an integer ¢ > 0 such that every gc, ; is an integer, and all coefficients
of all ¢R; are integers. It is sufficient to show that the distribution of every
subsequence

(G1 (Pi(k), ..., P(K)), ..., Ga(Pr(k), .. (k)))

exists, where N, = {k |k = gl +7}°;, and 0 < r < ¢ is a fixed integer.

k=1, kEN,.
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If k € N,., then m
Pj(k) = R;(r) + Y _ cs; Ps(k) (mod 1),
so if s=1
Iz 1
Gi(z1,...,z,) =G, (ml, vy Ry (1) +Z Copt1Tss -+ RV<T)—|—Z cs’,,xs>,
then ! !

Gi(Pi(K), ..., P,(K)) = Gi(Pi(k),..., Py(k)) for all i.

Now if f is any continuous function on (R/Z)? and we set

[z, x,) = f(GT(xl,...,xu),...,GZ(xl,...,xu)),

then we have to show the existence of the limit

im LN fr(Puk), . Pa(k).
k=1, kEN,
Since, by Weyl's theorem, { (P1(k), ..., P.(k)) }Z‘;L LN
in (R/Z)" (a consequence of the Q-independence of the polynomials Py, .. ., Pﬁ),
the preceding limit exists (and is actually f f*do where o is the Haar measure
on (R/Z)").

If 4 =0, i.e., when all P; have rational coefficients, then for a ¢ for which all
qP; have integer coefficients and for k = ¢l 4+ r we have P;(k) = P;(r) (mod 1),
ie., (Pi(k),...,P,(k)) is a constant vector in (R/Z)" for k € N, from which
the claim in the theorem immediately follows. O

is uniformly distributed

Finally, we show that the situation is different if we consider distribution
not on the torus R/Z, but the distribution of the fractional parts (that belong
to [0,1)). The following proposition shows that in this case the distribution may
not exist in very simple situations.

PROPOSITION 6.4. Let « be irrational. Then there is a 1/a-periodic continu-
ous function f such that the distribution of the fractional parts {na + f(n)},
n=12,..., does not exist.

The non-existence of the distribution in this case will mean that for all
b € [7/8,15/16] the limit

1
lim =#{1 <k <n|{ka+ f(k)} €[0,0]}
n oo n
does not exist.

6Note that any Q-dependence of Pj(qz +r), 1 < j < p, would automatically extend to a
Q-dependence of Pi,..., P,
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Recall, however, that if f is SB-periodic for some irrational 5 and 1,a and 3
are rationally independent, then this phenomenon cannot happen since then
the fractional parts {na + f(n)}, n = 1,2,..., are uniformly distributed (see

Proposition [A1]).

Proof of Proposition It will be sufficient to construct a 1-periodic
function h for which the sequence {na+h(na)}, n =1,2,..., of fractional parts
has no distribution on [0, 1), for then f(x) := h(ax) is suitable in Proposition 6.4l

Let z,, = {ma}, and S = {z,,}5°_;. Let hy be the 1-periodic continuous
function for which

—x x €[0,1/2],
ho(x) =¢ —1/242(x—1/2), x € (1/2,3/4],
0, x € (3/4,1).
Then
0, x €[0,1/2],
x+ho(x) =4 3(x—1/2), x € (1/2,3/4],
x, x € (3/4,1).
For k£ = 0,1, ... we shall define a 1-periodic continuous function h; and numbers

My_1 < N < My, where —1/16 < hi41 < hy will be true for all k, and hgyq
will be obtained from hj by modifying hj on certain finitely many disjoint open
intervals (ag,s, bks) C (0,1/2), s € Ly, over which hy(x) = —z. The modification
will be done with the "triangle” function

ak:,s - Z, HAS (ak,sack,s]a
Xk,s(x) = €T — bk,sa HAS (Ck,sabk,s)a
0, elsewhere in [0, 1),

where ¢y s is the midpoint of (ay s, bis), i.e., we set

hisr =hi+ Y Xka(2), (6.9)
s€Ly,

and of course continue this hj1 periodically with period 1. We shall also require
that the endpoints ay s, bx,s do not belong to the set S, and hyyi1(x) = ho(z)
outside a set consisting of finitely many closed intervals C (0, 1/2) of total length
< 1/8. Note that with such a construction the functions {hj}?2, uniformly
converge monotone decreasingly to a continuous function h such that z+h(z)=2x
on [3/4,1), and for x € [0,1) the fractional part {z + h(x)} belongs to the
interval (7/8, 1) precisely if x € (7/8,1) or if x4+ h(x) < 0, and in the latter case
the fractional part {x + h(z)} actually belongs to (15/16,1).
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ho has already been given, and set Ng = 1, My = 2. Suppose hy, Ny, My,
have already been defined with the property that hy(x) = ho(z) outside a set
of closed intervals C (0,1/2) of total length < 1/8, say of total length 1/8 — dy.
The measure of the set

{2 €0,1)|{z + hy(2)} € (7/8,1)} (6.10)

is at most the measure of (7/8,1) plus the measure of those x € [0,1/2], where
hi(x) < ho(z), hence ([6I0) has measure < 1/4. Since hy, is 1-periodic, we have

{ma + hx(ma)} = {zm + hi(zm)},

and we get from the uniform distribution of the sequence {z,,}5_; in [0, 1) that
there is an Nyi1 > M}, such that

4 {1<m < Notr | @m + hio(em) € (7/8,1) (mod 1)} < % (6.11)

For the same reason there is an M1 > Ni11 such that the set
L, = {Nk+1 <m< Mk+1 |$m c (0, 1/2), T + hk($m) = 0}

has at least

1 1
#Li > (5 — 5 ) Mita (6.12)
2 8
elements. For each such x,, we have hy(z) = —x in a neighborhood of xz,, (this

follows from the fact that a;5,b;s & S for [ < k by the induction hypothesis
and by the fact that hx(xz) < —z only on the unions of the intervals (a; s, by s)
with [ < k), so we can choose for each s € Ly an interval (a,s, br,s) C (0,1/2)
with center at z, such that

L4 ak,sabk,s ¢ S)
(ak,s, bi,s) does not contain any of the points x,,, 1 <m < Niyq,
e the total length of these (ags, bk s), s € Ly is smaller than 5 /16(k + 1),

hi(x) = —z on (ak,s, bg,s) and

e these intervals are pairwise disjoint for different s.

Finally, set hi41 as in (69), and this finishes the induction.

The sequence {h;};2, converges decreasingly and uniformly to a 1-periodic
continuous function h, and by the construction we have h(x,,) = hy(z,,) for all
1 <m < Ng1. Hence, (610)) yields

lim inf

#{1 <m < Npy1|@m + h(zy) € (7/8,1) (mod 1)} <
k—o00 Nk+1

(6.13)

1=

On the other hand, for all m € Lj we have

1
E <z, + h<l'm) < Ty + hk:—i-l('rm) <0,

159



VILMOS TOTIK

and hence for all such m the fractional part {x,, + h(z,,)} belongs to (15/16,1).
But then (€.I2) implies

lim sup
k—o0 k+1

#{1 <m < My |Tm + h(zy) €

(15/16,1) (mod 1)} > % _ é (6.14)
Since (15/16, 1) is a proper subinterval of (7/8, 1), the relations (613]) and (614
show that the sequence
{zm + h(zm)}m-1,
and hence also the sequence
{{ma + h(ma)}}(:no:1 (mod 1)

has no distribution. O
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