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ON THE DERIVATIVE OF THE MINKOWSKI
QUESTION-MARK FUNCTION

DMITRY GAYFULIN

National Research University Higher School of Economics, Moscow, RUSSTA

ABSTRACT. The Minkowski question-mark function ?(z) is a continuous mo-
notonous function defined on [0, 1] interval. It is well known fact that the deriv-
ative of this function, if exists, can take only two values: 0 and +oo. It is also
known that the value of the derivative ?’(x) at the point = [0;a1,az2,...,at,...]
is connected with the limit behaviour of the arithmetic mean (a1 +ag+---+a¢)/t.
Particularly, N. Moshchevitin and A. Dushistova showed that if

ayp +az +---+at <K,

where k1 = 2log( 1+2‘/5)/ log2 =1.3884..., then ?'(z) = +o0. They also proved
that the constant ki is non-improvable. We consider a dual problem: how small
can be the quantity a1 +az + -+ -+ ar — k1t if we know that ?’(z) = 07 We obtain

the non-improvable estimates of this quantity.

Communicated by Alexey Ustinov

1. Introduction

1.1. The Minkowski function 7(x)
For an arbitrary x € [0, 1] we consider its continued fraction expansion

1
x:[O;al,aQ,...,an,...]:7, a]‘GZ_;_

1
a +———
a2+...
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with natural partial quotients a;. This representation is infinite when x ¢ Q and
finite for rational x. For irrational numbers the continued fraction representation
is unique, however each rational x has two different representations

x=10;a1,a2,...,an-1,a,] and x=1[0;a1,a9,...,an_1,a, —1,1],
where a,, > 2. By B,, we denote the n-th level of the Stern-Brocot tree, that is
B, :={x=10;a1,...,a5] ;a1 +---+ar =n+1}.

In [13] Minkowski introduced the function ?(x) which may be defined as the
limit distribution function of sets B,,. This function was rediscovered several
times and studied by many authors (see [IJ, [4], [11], [I2], [14]). For irrational
x =[0;a1,az2,...,ay,...] the formula

> —1)k+1

) = Y. s 0

k=1
introduced by Denjoy [23] and Salem [16] may be considered as one of the equiv-
alent definitions of the function ?(x). If x is rational, then the infinite series in ()
is replaced by a finite sum. Note that ?([0;a1,...,a; + 1]) =7([0; a1, ..., a, 1])
and hence 7(x) is well-defined for rational numbers too. It is known that ?(z)
is a continuous strictly increasing function, also its derivative ?’(z), if exists,
can take only two values — 0 and +oo. Almost everywhere in [0; 1] in the sense

of Lebesgue measure the derivative exists and equals 0. Also, if z € Q, then
?(x) =0.

1.2. Notation and parameters

We will denote the sequences by capital letters A, B,C' and their elements
by the corresponding small letters a;, b;, ci. All sequences of the present paper
contain positive integers unless otherwise stated. For an arbitrary finite sequence
B = (by,ba,...,b,) we denote

B = (bybuts--sbr), S(B) = b 1(B) =[] b
i=1 i=1
By (A) we denote the continuant of (possibly empty) finite sequence A =
(a1,...,a¢). It is defined as follows: the continuant of the empty sequence (-)
equals 1, (a1) = ay, if £ > 2 one has

<(Z1, az; ..., at> = at<a17 az, ... 7at—1> + <(Z1,(Z2, R at—2>' <2>
Note that the finite continued fraction [0;aq, ..., a:] can be expressed using con-
tinuants ( >
as,...,0¢
0;a1,...,a))] = —————. 3
[’ ’ ’ t] <(Z1,(l2,...,at> <>
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ON THE DERIVATIVE OF THE MINKOWSKI QUESTION-MARK FUNCTION

Rule ([2)) can be generalized as follows

(a1,a9, ..., G, Q11,5 05) =(A1, 02, ..., a1){Ari1, ..., Q)
+{a1,a2,...,a1-1){(at42,...,a5)
= (a1,a2,...,a1)(At41, 0142, ..., as)
X (14 [0;a¢,at—1,...,a1][0; at41, G112, - -, as)).

(4)
One can find more about the properties of continuants in [9].

For an irrational = = [0;a1,as,...,an,...] we consider the sum S, (t) of its
partial quotients up to tth

Se(t) =a1+as + - +ay.
Throughout the paper we always denote the sequence of partial quotients of x
by ai,ao,...,a, ... unless otherwise stated. We will also denote the sequence
of ¢ first elements of this infinite sequence by A;. Thus, S, () = S(A:). We use
subscripts to indicate the repetition of a certain integer number: in particular,
1,=1,1,...,1.
————
n numbers

We also need the following constants

1 5 2log ®
g LHVE_ 1.618034...,  mp= =287 _13884838...,  (5)

2 log 2

vn2+4
A = %, (6)
4log A5 — Hlog A
Ky = 0875 T 908N 44010487 ..., (7)
log A5 — log Ay — log v/2
K1 — 1

=, /—— =10.7486412. .. 8
i log 2 ®

For an arbitrary sequence A of length ¢ we denote S(A) — kit by @ (A).
For 2 = [0;a1,...,aq,...] we denote () (A4;) by @501)(15).

1.3. Critical values

In the paper [I5] it was shown by J. Paradis, P. Viader, L. Bibiloni that the
value of the derivative of the function ?(z) is connected with the limit behaviour
of S;(t)/t — the arithmetic mean of ¢ first partial quotients of z. They showed
that if for some irrational number = the inequality S, (¢)/t < k; holds and
the derivative ?’(x) exists, then ?'(z) = +o00. To formulate their second result,
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let us introduce the constant zy =~ 5.319 — the positive root of the equation
2log(1 + z) = zlog2. It was shown in [I5] that if S,(¢)/t > zp and ?’(z) exists,
then ?(z) = 0.
In the paper [4] A. Dushistova and N. Moshchevitin improved the results
of [I5] and formulated the following two theorems.
THEOREM A.
(i) Let for real irrational x € (0,1) the inequality S, (t) < kit holds for all t
large enough. Then the derivative ?'(x) exists and equals +00.
(ii) For any positive € there exists an irrational number x € (0,1), such that
?(x) = 0 and the inequality S, (t) < (k1 + €)t holds for all t large enough.
THEOREM B.
(i) Let for real irrational x € (0,1) the inequality Sy (t) > kot holds for all t
large enough. Then the derivative 7' (x) exists and equals 0.
(ii) For any positive € there exists an irrational number x € (0,1), such that
?(x) = 400 and the inequality S;(t) > (k2 — €)t holds for all t large
enough.

One can see that the constants x; and ko in theorems A and B are non-
improvable.

1.4. The dual problem

In the paper [5] the dual problem was considered. Suppose that ?'(xz) = 0.
How small can be the difference cpggl)(t) = S, (t) —k1t? Statement (ii) of Theorem
A implies that npgcl)(t) can be less than ef for any positive €. The first non-
trivial estimate of ¢l () was obtained in [5] by A. Dushistova, I. Kan and N.
Moshchevitin.

THEOREM C.

(i) Let for irrational x € (0,1) the derivative 7' () exists and ?'(x) = 0. Then

for any € > 0 for all t large enough one has

max oM (u) = max (Sz(u) — k1u) > (kg — €)/tlogt. (9)

(ii) There exists an irrational x € (0,1), such that ?'(x) =0 and or any & > 0
for all t large enough one has

e (1) = S, (t) — kit < (2V2 4 €)kgr/tlogt. (10)

In the paper [8] a strengthened version of the inequality (@) was obtained.
It was shown that within the same condition for all ¢ large enough one has

2
max ot (u) > %m\/tlogt. (11)

u<t
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Of course, one can ask the same question when ?'(z) = +00. How small can be
the difference kot — S, (t)? The first result in this area was also obtained in [5].
It was improved several times and for now the best known estimates are the
following.
THEOREM D.
(i) Let for real irrational x € (0,1) the derivative 7' (x) exists and 7' (x) = +o00.
Then for all t large enough one has

mgf(/fzu - Sz(w) > 0.06222/%. (12)

(ii) There exists an irrational x € (0,1), such that 7' (z) = +oo and for all t
large enough one has

kol — S, (t) < 0.26489V/1. (13)

2. Main results

Note that there are different quantities on the left-hand sides of the inequal-
ities ([@) and ([I0). One can say that the inequality (@) considers the uniform

behaviour of " (t), whereas the inequality ([0 deals with the local behaviour of
this quantity. In the present paper we consider upper and lower estimates in both
cases. Our first theorem states that the constant in (I0) is non-improvable.

THEOREM 1. Let for irrational z € (0, 1) the derivative 7' (x) exists and 7' (x)=0.
Then for any € > 0 for infinitely many t one has

oM (1) > (22 — e)ry/tlogt. (14)

Our second theorem provides optimal estimates of the uniform behaviour
(1)
of ¢z’ (t).

THEOREM 2.
(i) Let for irrational x € (0,1) the derivative 7' () exists and ?'(x) = 0. Then
for any € > 0 for all t large enough one has

max oM (u) > (V2 — e)rg/tlogt. (15)

(ii) For any e > 0 there exists an irrational x € (0,1) such that 7 (x) =0 and
for infinitely many t one has

max oM (1) < (V2 + €)kygr/tlogt. (16)
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3. Auxiliary lemmas

3.1. Increment lemmas and their corollaries

The following two lemmas shed light on the connection between the behaviour
of the sum of partial quotients of x and the value of the derivative ?’(z).

LEMMA 3.1 ([B], Lemma 1). For an irrational © = [0; a1, a2, ..., a4, ...] and for
d small in absolute value, there exists a natural t = t(x, 5)E] such that

Na+0)=2z) | (Ad(Ai1)

5 = T 98.(0)+4 (17)
LEMMA 3.2 ([B], Lemma 2). For an irrational © = [0; a1, a2, ..., a4, ...] and for
0 small in absolute value, there exists a natural t = t(x, 5)E such that
? _? 2

S = 95, ()2

It is not convenient for us that the numerators of the right-hand sides of
([IT) and ([@8) do not coincide. That is why we prove a “symmetric” corollary of
Lemmas Bl and

LEMMA 3.3. For an irrational x = [0;a1,as,...,a,...] the derivative ?'(x)
equals zero if and only if

i <‘:t> =0. (19)
t—>oo\/§ (1)

In the proof of this lemma we will use the following statement from [10].

LEMMA 3.4 ([10], Lemma 2.1). Let for irrational x € (0,1) the derivative ?'(x)
exists and ' (z) = 0. Then

A

One can consider this lemma as the reversed version of Lemma [3.1l Now we
are ready to prove Lemma [3.3]

=0. (20)

It was also shown in [5], however not included in the statement of the lemma, that t(x,d) — co
as 6 — 0. We will use the fact in our future argument.
2Again, t(x,8) — co as § — 0.
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ON THE DERIVATIVE OF THE MINKOWSKI QUESTION-MARK FUNCTION

Proof.
(<) Follows immediately from Lemma B2
(=) Tt follows from Lemma B4 that (20) holds. Suppose that \/;‘giit) does not
tend to zero as t — oco. That is, there exists a positive constant ¢ such that
(Ar)
\/isz (t)
for infinitely many ¢. Consider N € N such that for any n > N one has

(An-1) _ ¢
\/isw(") 100°

>c (21)

Consider an arbitrary integer ¢ > N + ay such that the inequality (2I) holds.
Th
en (0 + e _ (ot (A (A
100 \/isz(t) ﬂsz(t)
Thus, a; > 100. On the other hand,

V2'e - V2" (A) - (Ar—2) <
(a—1 + D@ +1) " apy +1, 5% 5801 7100

>c

Therefore, we have 100v/2" < (at—1 + 1)(as + 1). As a; > 100, one can easily

see that a;_; > a; + 1. From (2II) one can also derive that
(A1) S ut 1 (Ai) - (Aer)

ﬂsz(t—l) \/iat \/ism(t—l) ﬂsm(t)

Repeating the same argument ¢ — N times we obtain that ay > a; +t — N >
a; + an and therefore we come to a contradiction. O

> C.

3.2. Continuant lower estimate

The following lemma is a useful tool to estimate the values of continuants,
most of whose elements are equal to 1. We introduce some notation first. Having
a sequence A;, denote by w(A;) the number of its elements greater than 1.
The set of such elements forms the sequence that we denote by

dAt(1)7 da, (2),... ,da, (w(At))

LEMMA 3.5. For an arbitrary continuant (A) = (a1, a9, ...,a) one has

(180, »
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Proof. We prove by induction on w(A:). If w(A;) equals zero, then (A4;) =
Fy+1 — (t + 1)th Fibonacci number and one can easily verify (22) using Binet’s
formula.

Now suppose that the inequality (22)) holds for all A; such that w(A;) = n.
Consider an arbitrary continuant (A;) having w(A;) = n+1. Let us also consider
the continuant (A}), which is obtained from (A;) by replacing one of its elements

greater than one by 1. Of course, w(A}) = n and one has

(A, oL (AT day(E)
= Gyt > G (250 %)

Applying (@), one can easily see that for arbitrary finite sequences A and B
one has

(A2, B) = (A,z)(B)(1+ [0; 2, 4][0; B])

= 2(A)(B)(1 + [0; A][0; 2]) (1 + [0; 2, A][0; BY). (24)
Hence,
(A, z,B) _x1+[0;x,<Z][O;B] 1+ [0; A)[0; 2] SRS B
(A,LB) 14,1, Al[0;B] 1+[0;A4] 2 2 4

Applying the lower estimate of gﬁf; from (23 to ([23), we prove the induction
t
step. The lemma is proved. ([l

LEMMA 3.6. Suppose that 7' (x) = 0. Then cpg(gl)(t) > 0 for all t large enough.

Proof. From Lemma [33 one has
(Ar)
\/isz: (t)
for all ¢ large enough. Using an obvious estimate (A;) > %t from (22), one has
1 (Ay) 1 P!

2 \/isz(t) 2 \/imt-i-ga(;) )"

As 2" = ®, we obtain the statement of the lemma. O

<1
2

LEMMA 3.7. Consider three arbitrary real numbers s > 3 > « > 3. Let R(s, «, [3)
be the set of all finite sequences R = (r1,...,1) of real numbers such that
a<r; < forali<kand S(R)=s. Then

RGE%EL,@H(R) > glsl. (26)
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ON THE DERIVATIVE OF THE MINKOWSKI QUESTION-MARK FUNCTION

Proof. Note that the number k is not fixed in the definition of R(s,«, ).
Denote

S, = min II(R).
fls. @ B) RER(s,0,8) (B)
It is clear that the function f(s, «, ) is monotonic in the first argument. Hence,
without loss of generality one can say that % € Z. Consider the sequence

Bs =880
s/B times

Using the compactness argument, one can easily see that there exists a sequence
Ro = (r%,...,r%) € R(s,a, ) such that TI(Ry) = f(s,, /). Suppose that
Ry # Rg. One can easily show that Ry cannot contain more than two elements

not equal to  or 3. Indeed, if a < 79 < r? < 3, then there exists § > 0 such
that r? — 6 > a and r? +d<B. As (1) — 6)(7’? +6) <979, one can see that

10
H<T(1)7 s >T?—17T? - 57 T?—i—la cee >T?—1>T? + 53 T;’]—i-la cee 7T21) <
H(T(l)v R T?—lv T?v T?—i—lv R T?—lv T?v Tg—i-l’ R Tgn) (27)
and we obtain a contradiction with the definition of Ry.
On the other hand, it follows from the definition of Ry that
II(Ry) < II(Rg). (28)

Without loss of generality one can assume that Ry does not contain elements
equal to 8. Indeed, if we remove all such elements from Ry and the same number
of elements from Rpg, the inequality (28)) will be still satisfied. Thus,
Ry = (z, o,a,...,«0)

—_——

(s—z)/a times
up to transposition of elements. Here a < z < .

Denote n = *=%. Inequality (28) can be written as

an+x

o"r < pBE . (29)

But in fact, the opposite inequality is true for all &« < z < 5. Taking into account
the fact that o® > * for > a > 3, one can easily verify that

an+x

ar >[5 (30)

antz | .
forx = aand x = 3. As 8 ¢ is a convex downward function of x, one can
deduce that it lies below the linear function a”z for all a < x < (. Thus,
we obtain a contradiction with (28) and the lemma is proved. O
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3.3. Elimination of small elements greater than 1

LEMMA 3.8. Let A,C be arbitrary (possibly empty) sequences of positive inte-
gers. Let B be a symmetric sequence. Consider two arbitrary integers p > m > 1.

Then
(A,1,B,p+m —1,C) < (A,m,B,p,C). (31)

Proof. Denote g = %. Consider the function
f(x) = <A7Q+xaB>q_l‘>C>a

where x run through the set of integers if p+m is even and runs through the set
of half-integers otherwise. One can see that f(x) is a quadratic polynomial with
negative leading coefficient. The maximum of f(x) is attained at the pointf]

0; B] — [0; B] + [0;C] — [0; 4]
: .

As B is a symmetric sequence, [0; %} = [0; B] and therefore |z,,,| < %. Hence,
as p > m > 1, one can easily see that

x'm -

<A,1,B,p—|—m—1,C)=f (_%) S f <_z%> = <AamaB>paC>' U

LEMMA 3.9. Suppose that ?'(x) = 0. Then there exists an irrational number
y=1[0;b01,ba,...,b,...] such that:

(1) ?(y) =0.
(2) For alli € N either b; =1 or b; > 12.

(3) For alli € N one has ¢\ (i) < oM (i).

Proof. First, let us eliminate all elements equal to 2 from the infinite sequence
(a1, az,...). Denote by s; the smallest index such that as, = 2. Denote by ¢; the
smallest index greater than s; such that a;, > 1. Now the procedure is repeated,
recursively,

si=min{n:n > t;_1,a, = 2}, t; =min{n :n > s;,a, > 1}

Thus, we obtain the two (possibly infinite) growing sequences s; < t1 < sg <
to < ... Note that if s; < n < t; for some j, then a,, = 1. Define the irrational

number z’ = [0;a},dh, ..., a},...] as follows
ap,—1=1 if n=ws;, forsome €N,
al, = a, + 1 if n=t;, forsome i€N,
Ay, otherwise.

3see [6], Lemma 5.4 for computational details

110



ON THE DERIVATIVE OF THE MINKOWSKI QUESTION-MARK FUNCTION

One can easily see from the definition of 2" that np(l)( t) < npggl)(t) for all ¢ > 1.
Let us now show that ?/(z') = 0.

It follows from Lemma B8 that (a},d), ..., a}) := (A}) < (A;) for all t > 1.
On the other hand |S,/(t) — S;(t)| < 1. Hence, as

{Ar)

tll>nolo \/—S () =0
by Lemma 33 we obtain that
A/
lim < 1) =0

t—>oo\/_s (t

and therefore ?'(2”) = 0. Using the same argument, one can eliminate the ele-
ments equal to 3,4, ..., 11 from the sequence a}, aj, . .. The lemma is proved. [J

LeEMMA 3.10. Suppose that 7' (x) = 0 and all partial quotients of x are either
equal to 1 07‘ greater than 11. There exists T € N such that for all t > T the

inequality o (t) > 3w(Ay) holds.

Proof. Lemma B3] implies that there exists an integer T such that V¢ > T
one has (As) 1

Hence, as § > 3 for > 12 and \/Tl = ®, one has by Lemma 3.1
1 A 1 @igwldd) 1 gwldd
5" <St>t Z 5 MWy o (32)
2 \/5 z() 2 \/iﬁlt‘i‘@:c (t) \/_<P:B (t

Statement of the lemma immediately follows from (32) as \/5 < 3. 0

4. Blocks structure and lower estimates

4.1. Parameters introduction

Let x = [0;a1,a2,...,a4,...] be an irrational number such that ?’(z) = 0.
By Lemma B9, without loss of generality one can say that either a; = 1 or
a; > 12 for all ¢ € N. Throughout the remaining part of the paper we consider
€ as a fixed positive real number from the statements of Theorems [I and 2
Let A = A(¢) be an arbitrary rational number such that 1 > A\ > 1 — &6
Define the following integer constants

10loge - log 6
log\ ’ ~ |log (1 +¢€2)

]+1, N =2M (P +2). (33)
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Now we select an integer parameter to large enough such that (1-A\)AVtg > log’to
and N
AVt € Z. (34)
Denote t; = Atg, where 1 < i < N. We define
B; = (at;41, 04,42, ..., a,_,) — the ith block,
where 1 <4 < N. Denote tyy1 = 0 and Byy1 = (Giy,y 415 ---50ty). Thus, we

have
[O;Ato] = [0;0,1, e 7at0] = [O;BN+1,BN,. . .,Bl].

One can easily see that S, (ty) = Zf\:;l S(B;) and <p§})(t0) = Zf\:;l oM (B;).
For each block B; denote its greatest element by M; and the index of such

element by m; (if the greatest element is not unique, we take the rightmost

one). Thus, a,,,, = M;. Denote ¢ = M . Let us also consider for each

Vtr—1logto

1 <i < N +1 the short block B} = (at,+1,--.,am;—1). Note that
i (mi) = oV (Bya) + 0!V (By) + -

o+ @M (Bigr) + o M(B)) + (M; — k1). (35)

For each 1 < i < N + 1 define the real numbers f; and f/ from the following
identities

S(Bi)+fiy/ti—1 1o S(B] '/ti—1lo
0 R Y I N ¢

) %

4.2. Lower estimate of 1) (By)
LEMMA 4.1. Suppose that ?'(x) = 0. Then for all 1 <i < N one has

N+1
fz/ ti—1logty + Z fevVte—1logty <O0. (37)
k=i+1

Proof. As?(z) =0, by Lemmal[3.3] without loss of generality one can say that
for all 1 <4 < N the inequality

(BN+1, BN, -, Big1, Bj)

\/ﬁs(BN-H)+S(BN)+---+S(B1;+1)+S(B§) <1
is satisfied. Using (@) we obtain
B By) ... (B; B!
Br)Br) . BretBi) (38)

\/ES(BN_H)+S(BN)+---+S(B1:+1)+S(B§)

Substituting (B6]) to ([B8) and taking logarithm of both parts, we get the state-
ment of the lemma. 0
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LEMMA 4.2. Suppose that 7' (x) = 0. If the inequality

oM (Br)| > ki (te—1 — ti)e®, (39)
holds for some 1 < k < N + 1, then one has:
(1) > 40.9
,Jmax g (u) 2 1o (40)

Proof. Suppose that
oM (B) > ka(trr — tr)e”
As,

M (ti-1) = oM (1) + M (By),
using the fact that cp (tk) > 0 by Lemma 3.6, we have

max cp(l)(u) > cp (tk_1) > cp(l (B) > K1(tg—1 — tk)55
tN<u<t()

= k1e® N = Nt > 3. (41)
On the other hand, if
M (Br) < —kate1 — tr)e®,
we again use the fact that @él)(tk 1) > 0 and obtain

(1) >
e, 90 (u) = ¢ ()

=W (tr_1) — oW (By) > w1 (tg_1 — tr)e® > 130 O
One can easily deduce from LemmalL2 that if the inequality (9] holds, then

the inequalities (I4]) and () are satisfied. Therefore, throughout the remaining
part of the paper we will assume that

S(Bk) = Hl(tk—l - tk)(l + 0(64)) (42)
forall 1 <k <N +1.

LEMMA 4.3. Suppose that 7 (x) = 0. Then for all1 <k < N + 1 one has

— D(tp_q1 — tx)y/1 1 4
e (By) > (k1 = Dt ;k¢%1§§;0( o) ¢ Toste. (43)

Proof. We recall that w(Bjy) is the number of elements of the block By, which
are greater than 1 and dp, (1),...,dp, (w(By)) is the sequence of such elements.
It follows from eqrefsbkass and Lemma [3.10 that

”LU(Bk

Z dBk Kll — 1)(tk_1 — tk;)(l + 0(64)).
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Therefore, as dp, (i) > 12 for all i, one has d%(i) > 3. Now we can obtain a
lower estimate of B
w(B .
ﬁ dBk (Z)
! 4
=1

applying Lemma B for s = (k1 — 1)(tsm1 — te)(1 + o(e?)), @ = 3, and

B = cp/tr—1logty. We have

w(By) . (1 =1)(t)_1—t) A+o(h))

H <dBk(Z)> > <Ck: tr—1 logt0> cp+/tr—1logtg (44)
4 - 4 :

=1

Substituting the estimate ([4) to ([22)) we obtain

(1= (tp_1—tg) (Ato(h)

— 1 c tp_1 logt
(By) > ®t-1—t <Ck\/tk 1 ogt0> k\/Tkh—1 108 10 . (45)

4
Taking into account that v2"' = @, from (B0), [@3) and Lemma B3 we get

(1= (tp—1—tr) (Ato(sh)

<Ckw/tk_1 log to) cky/tk—1logtg < \/iga(1>(Bk)+f;m/tk,1 logtO. (46)

4

Taking logarithms of both parts of ({46), after some transformations we obtain
the inequality

_ - 4V 1
- DS%JF e ngto < (M (Br) + fro/te—1log to) log V2 (47)

which is equivalent to ([43]). Lemma is proved. O

4.3. Main lower estimate

For k < N one can write ([@3]) as

oM (By) > (<m — D= ){ + o) - fk) Vtk—1logto. (48)

cx log 2

For kK = N + 1 we have

(1) (k1 =11 +o0(e) B
0" (Bng1)> Int1)Vinlogty > —fny1v/tnlogty. (49)

cny1log2

One can also deduce the following trivial lower estimate of ¢(!)(Bj,) using (B0)

<p(1)(B;€) > —fi/tk—1logto. (50)
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LEMMA 4.4. Suppose that ?'(x) = 0. Then for all 1 <i < N one has

90531)<mi)> (M Z (Mi)jﬂ) /ti_1 10gt0(1+o(54)). (51)

log 2 e Ck

Proof. Substituting the estimates {@3]) for k = N, N —1,...,i + 1, (@), and
eqrefgenest2 to ([B3) and taking into account the inequality ([B7) we obtain

N
k1 — 1)y/logt te_1 — tg
P (mi) > (1+0(€4))(<110# > #
& k=it1 RV k=L

+ (Ci\/ti—l logto — H1> . (52)

Taking into account the fact that ¢, = A\¥tg, we immediately obtain (5I)). Lemma
is proved. ([l

Inequality (B1I) is the key tool that we will use in proofs of Theorem[I and the
first statement of Theorem [l Let us simplify it using a new notation. Denote

_(K,lfl) _1
o= g2 n=—. (53)

Then, one can rewrite (&Il as follows

o1 (m;) > <(1 —-A) Z M + nci>a\/ti_1 logto. (14 0(")).  (54)

c
k—it1 k

5. Key lemmas

The inequality (54) reduces the estimation of maxj<;<n oM (m;) to the prob-
lem of finding maximum of the following quantity

N k—i
(1—)\)Z&+nci, i=1,2,...,N.

c
k—itl Ok

Note that this problem does not deal with the Minkowski function, continued
fractions etc. It is purely combinatorial. The following lemma allows us to esti-
mate the desired maximum.
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LEMMA 5.1. Let n,c1,co,...,cn be arbitrary positive real numbers. Define the
real numbers @; as follows k

1_

7

+ ne;. (55)
k=i+1
Then the following inequality holds

max_¢; > 1/8n(1+ o(e)). (56)

1<i<N

Proof. The proof of the lemma will be splitted into several steps. We also recall
that the constants M, N, and P used in our argument are defined in (B3]).

LEMMA 5.2. Suppose that the inequality (B8) is not satisfied. Then there exists
a natural number i1 < M such that ¢;, > ﬁ Moreover, for all i < N one has

3
c; < % (57)

Proof. Suppose the contrary. Let us estimate ¢; from below
N k M k M
VA VA .
>(1-A)Y ~——+nep > (1-A > AN VA
o2 0-03 Pt 2 0-03 om0 Y

k=1
=2n(1 - /\)\/X% =2/M(1+ V) (1 + o("))

> /8n(1+o(*)). (58)
We obtain a contradiction with (B0). The estimate (57) comes from the trivial
inequality ¢; > nc;. Lemma is proved. g

LEMMA 5.3. Suppose that the inequality (B6) is not satisfied. Then for all
im < N —M, m > 1 there exists a number i,y < tmi1 < im + M such that
Ci7n+1 > (1 +62)cim,'

Proof. Suppose the contrary. Let the inequality ¢;, ; < ¢;,, (14¢2) be satisfied
for all 1 < j < M. Then, using the argument from Lemma [5.2] we obtain

v
clpinL— ]‘_)\)Z Z+J+T71m—1+522 +ncln1

Ci,,

2 (ﬁ + WCz'm) (1+0(") > : in52 (1+0(c*)). (59)

In the last “>” of (BI) we use the Cauchy-Schwarz inequality. We come to a
contradiction with (Bf). Lemma is proved. O

116



ON THE DERIVATIVE OF THE MINKOWSKI QUESTION-MARK FUNCTION

Now we are ready to prove Lemma [BJl Suppose that the inequality (G0
is not satisfied. By Lemma there exists 1 < ¢; < M such that ¢; > ﬁ
Applying Lemma P = [logl(ol%] + 1 times, we obtain the number ¢;,_,
such that 1 o p 3
i > —(1+¢ > —.
Cipia 2\/,,—7< + ) n \/ﬁ

We come to a contradiction with (&7). Lemma is proved. O

One can rewrite (B4]) as

N .
i PNt
oM (m;) > VA ((1 —-A) Z @ + nci>om/t0 logto (1 + 0(54)). (60)
, k
k=i+1
Note that vA = 1 + o(e®). As the first statement of Theorem B requires us

to show that maxi<;<n cpgcl)(mi) is greater than /¢y logty multiplied by some
constant factor, we need to estimate the maximum of the following quantity

\/X’((l—A)Z m—i—nci), i=1,2,... N
k=it1 K

This estimate is provided by the following lemma.

LEMMA 5.4. Let C' = (c1,¢2,...,cn) be an arbitrary sequence of non-negative
real numbers. Let n be an arbitrary positive real number. Define the numbers @;
using ([B8). Define the numbers ¢, as follows

‘ N k ‘
‘P;(C) = \/Xz%‘ =(1-X) Z \/c_—: + \/Xlnci. (61)
k=it1

max_¢(C) > /2n(1 + o(e)). (62)

1<i<N

Then one has

Proof. The proof of the lemma will be also splitted into several steps. First,
using the substitution d; = o ¢c;, we write (G]) as

N ok
FUD) = () = (1= X) 3 5+ nds. (63)
k=i+1

Here D = (dy,ds,...,dy). Denote @, .. (D) =  max ¢ (D). In order to prove

the lemma it is enough for us to show that

Jin, Prnaz(D) = v/20(1 + o(e)). (64)

Denote the left-hand side of ([G4) by Ymin-

117



DMITRY GAYFULIN

LEMMA 5.5. Suppose that @), ,.(D) = Ymin for some D € RJZVO. Then for all
1 <k <N one has @},(D) = Ymin.-

Proof. Suppose that ¢/, .. (D) = ymin, but for some i one has @;(D) < Ymin.
We call the index n minimizing if @), (D) = Ymin. Let k be the largest non-
minimizing index. Without loss of generality one can say that all indices less
than k£ are not minimizing too. Indeed, consider the sequence

D/: (dl7"'7dk—17dk+67dk+17-"7dN)7

where § > 0 is some small parameter. One can easily see that ¢.(D") < ¢L(D)
for i < k, p}(D") > ¢L(D) for i= k and @;(D’) = @}(D) for i > k. As k is a
non-minimizing index, there exists 6 > 0 such that @}(D’) < ymin for all i < k.

Thus, k + 1 is the smallest minimizing index. As all indices less than k + 1
are not minimizing, there exists § > 0 such that for the sequence

D" = (dy,....dy,des1 — 6, dpss, ...,dy)

one has
Ymin > @L(D") > @L(D) for i<k and ¢@;(D")<@i(D)=ymin for i=k+ 1.

Thus, we obtained the sequence whose smallest minimizing index is at least k4 2.
Repeating this argument we obtain the sequence DY) = (dgN), dgN), ceey dg\l,v))

with the smallest minimizing index equal to N. One can easily see that for the
sequence N o
D) — (d1 NS f(s)

for > 0 small enough one has @/, (D'™) < @' (D)) = y,.;, and we
obtain a contradiction with the definition of ¥,,;,. Lemma is proved. O

LEMMA 5.6. There exists a unique sequence D = (dyi,ds,...,dN) such that
&rvaw(D) = Ymin. The elements of this sequence satisfy the recurrent equation

di + [ d3 + I
(65)

2

dry1 =
with the initial condition dqi = 0.

Proof. Lemma [5.5 implies that @'y (D) = Ymin. This fact yields a linear equa-
tion ndy = Ymin from which dy is uniquely defined. Then we substitute dy
to the equation @y_;(D) = ymin and find dy_; etc. Therefore the sequence D
is uniquely defined.

Suppose that d; > 0. But if we decrease dq, we would also decrease @} (D)
and not change ¢,(D) for ¢ > 2, but ¢/, ,.(D) would be still equal to ymn.
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We obtain a contradiction with the uniqueness of D. Finally, from the equation

Pry1(D) = @1(D)
one can derive

)\k:-i—l
Mdir1 —di) = (1= A)7—. (66)

k41
Considering (66]) as the quadratic equation on dj1; and choosing the positive
root, we obtain (65]). Lemma is proved. O
Thus, Ymin = ndy where dy can be evaluated from the recurrent equa-

tions (G5]). Multiplying both sides of (5] by /7, we obtain

dy. + / (Vidk)? + 4(1 — A)AR+1
Jideg = Viva - . (67)

Put ej, = \/ndj. Using the introduced notation, one can write (€7) as follows

er + \/e% +4(1 = M) AkHL
5 .

Eht1 = (68)

Denotd] 6, = (1 — A)AF and X,, = 3. 4,.
k=1

LEMMA 5.7. Forn > 1 one has

en < V22X, and epi1—en > \/2Xn+2 — \/2Xn+1.

Proof. The first statement is proved by induction. For n = 1 one can easily
verify the inequality. As \/x is a convex function, one can easily see that

en + /€2 + 46,41 _ V22X, +/2X, 4 46041
2 2

Ent+1 =

< V2X, + 20041 = V2X 011 (69)

Now we prove the second statement. Note that

\/ 6721 + 45n+1 — €n 25n+1 . 5n+1 (70)

€nt+1 — €En = = = .

2 en + 6% + 45n+1 Cn+1
4Bquation ([@8) is equivalent to % = €k1+1 (see (Z0)). Thus, ([E8) might be considered
as numerical integration of the differential equation y’ = é on the non-uniform grid Xj;.

I am thankful to I. Mitrofanov who drew my attention to this fact.
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On the other hand, as we already showed, \/2X,, 12 > +/2X,+1 > €,+1 and
therefore

20542 Ont1
2X 40 — V/2X41 = < =e€eni1 — €n. 71
V22 = V2K V2Xnt2 +/2X041 Ent1 i (1)

Lemma is proved. O

Now we are ready to prove Lemma 5.4l By Lemma B /2X,,.1 — e, forms
a decreasing sequence of positive real numbers. Hence

0<V2XNy —en_1 < V2X5 —e1 <2V X9
=/2(1 =AM+ A2) <2V1 = X =o(e?). (72)
On the other hand,

N
2Xn =2) (1= MM\ =2(1=AVH) =2+ 0(c).
fe=

=

Thus, ex_1 = V2 + o(e?). It also follows from (G8) that ex = V2 + o(g?).

Hence, )
Ymin = ndN = \/7_761\7 =V 2n + 0(6 )
Lemma is proved. O

6. Proof of Theorem [Il and the first statement
of Theorem

Now we are ready to prove Theorem [l

Proof. From (54) and Lemma [50] one can deduce that for all ¢y large enough
there exist integer numbers i and m; satisfying 1 < i < N and 1otg;0t0 <my; <o
such that

oM (m;) > \/8na/t;_1 log to(1+o0(e)) = 2v2k4\/ti1 logto(1+o0(e)). (73)

Ast; <m; <ty and 72— = X =1+ 0(£%), from (73] one has

ti—1

eV (m;) > 2v2k41/milogm; (1 + o(e)).

Theorem is proved. O

Let us now prove the first statement of Theorem [2
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Proof. It follows from (60) and Lemma [5.4] that for all ¢, large enough there
exist integer numbers i and m; satisfying 1 < i < N and —2- < m; < {3 such
that

log to

\/Xigo(l)(m') > /2nay/tilogto (1 + o(c)) = V2k4y/tilogto (1 + o(e)).
In other words,

maxnp(l)( ) > @él)(m,-) > \/5/-@4\/150 logto(l + 0(5)).

ui

The first statement of Theorem Plis proved. O

7. Proof of the second statement of Theorem
7.1. Superblocks definition

Proof. In this chapter we will construct an irrational number
x=1[0;a1,...,0n,...]
that will satisfy the conditions of the second statement of Theorem 2l The con-

tinued fraction of z will have the form

= [0; B0 g g By ] ) (74)

where the segments B will be defined later. We will call these segments super-
blocks. Recall that the sequence dj, is defined from the equations (65]) with the
initial condition d; = 0. It will be convenient for us to modify the first element

of this sequence. We set d; = dy = % = o(g%).

Let us now define the sequence T; that plays the key role in our construction.
We choose an arbitrary integer T, satisfying (1—\)VANT, > oe - Lhen, if the

] For each 7 > 1 put t(z) T;.

Now we describe the construction of the superblock B(*) for an arbitrary
positive integer i. For each k such that 1 < k < N we select three natural

numbers m,(:),n,(;), and tfj) from the following conditions:

dp/T;logT; < mfj) < dp\/T; log T;(1 +54),

d : d

b VTilog T, e — VT g Ti(1+¢Y),
K1 —

K1 —

log T; € (1) (i) (i) log T; €, 3
145 - ) - 1) < (1 = )
o 2 ( +8 +ny’ —ki(ny, +1) < o 2 +8+6

number T;_; is defined, we put T; = [

i 1 i i
B = M) 10 1), where (0] <5, () +1) | (52, 1)
(75)
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One can easily see that the numbers mé ), n( ) t( ), satisfying conditions ([Z])

always exist. Consider the block B( ) = = (a Ay g5 Ayl ) having the following
k—1
structure i . .
B]i ) = (T)’L](c ), 1n§j) 5 m,(c ), 1n,<:>’ ey T)’L](c ), 1n§j)) . (76)
We recall that
1,=1,1,...,1

n numbers

Denote the sequence of N blocks
(B](\’,), BY ... ,BY))

by B(®). For the initial superblock B = (a1, as, ... ,at%)) we set all its elements
to be equal to 1. Thus, the construction of the continued fraction (74) is fully
described. Note that the initial superblock B(9) has fixed length and therefore
does not affect neither the value of ?'(x) nor the behaviour of np( )( t) as t grows.

7.2. Y(x)=0
As we already mentioned, it is enough to show that for

' =1[0;8W, B, BM) 1) onehas ?(z') = 0. Denote the elements of con-
tinued fraction expansion of 2’ by af,d), ... By Lemma[3:3 it is enough to show
that the function o (), ab, ... a) .
for(t) = W (77)
tends to 0 as t — oco. One can easily see that f,/(t) > fo(t — 1) if ¢} = 1 and
Jar(t) < for(t — 1) if @} > 12. Of course, all partial quotients of z’, that are not
equal to one, are greater than 12. Thus it is enough to consider f,/(¢) only in the
case when a; = 1, but a;,; > 1. In this case, the continuant (a},a5,...,a})
consists of the sequences of the form (m; @ nl »). From the fact that (A, B) <

2(A)(B) and Lemma [3.3] one can easily see that if we show that
2<m(i) 1 (1:>>

<
<>+n<>

1
we will prove the fact that ?’(z) = 0. Note that
(@) _ (1) gn'”
4<ml s 1nl(1,)> < 8ml D"
From the definition ([Z]) one can easily see that

i 10T
ml()+nl()—mnl()+ logg2 (1+8+0( ))
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Thus, }
4<ml(z), 1nl(1:)> 8ml(i)q)nl<i>

i i i), log T; -
\/ﬁmg )+nl< ) \/5“1'”; )4 lng (1+5+40(e2))

(@)

= o T-Sml (79)
ﬂ%(H%ﬂ(fz))
And it is enough to show that
i)
8
b <1 (80)

/3 oed (5 Ho(e)

Taking logarithm of both sides of (80) and substituting mgi) from ([ZI]), we obtain
that

log T} 9 log T; € 9
1 ) (1+3 ) 1og V2
5 ( +o(e7) <log2 +8+0(5) og V2
_ logT; € 2
-2 (1 5ol )). (81)

Therefore, ?'(z) = 0.

7.3. The inequality (I0]) is satisfied

We will show that for z, that we built in Section [Z.I] for all ¢t = T3, 7 > 1
the inequality (I0)) is satisfied. This inequality is equivalent to the following

oW (V) = S, (v) — kv < (V2 + €)kan/tlogt Y < t. (82)

We will prove (82) by induction on i. Suppose that t = T} = t(()l). As the

segment BO) = (a1, a0, ... ,a,)) has length (0(£°))t, we will not take it into
N

account in our further argument.

One can easily see that cpggl)(u) > ) (v —1) if and only if a,, > 1. Thus, it is

enough to verify the inequality (82) only in the case when a, > 1. Suppose that
tgl) <v< tg_)l It follows from the definition () that

mgl) + ngl) — K1 (ngl) +1)>0.
Hence for any finite sequence B and for any 1 <1i < N one has

90(1) (Ba ]-n(_l)amz(l)) > 90(1)<B>
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Thus, it is enough to verify ([82) only for the largest t,(;)< ugt,ﬂ}_)l such that
a, > 1. In this case we have

PD () < 290 (BY) +m

—Z(Tl Er ol () (LG REC A

41 log 2

Substituting n( and m,, M from (7)), we obtain that

N i—

log 2 8 Sl d;

Denote ki — 1 1
e R R
“ 10g2(+8 (r54) Jr8 1 o

Using the introduced notation we have

oM () < ((1 ) Z A;_k + ndk> a/Ty log Ty (1 4 o(€?)). (85)

i=k+1 "

We recall that di,ds,...,dy is the minimizing sequence for (G3)). Thus from
Lemma we obtain that

oM () < a\/%\/Tl log T1 (1 4 o(¢))
=v2a\/T1 log T (1+o0(e))
< <\/§ + %) kq/T1 1log Ty (86)

Thus the inequality (82)) is satisfied for ¢ = 7. Using the same argument one
can derive that for all n € N one has

oM (BM) < (\/5 + %) kg Ty log T, (87)
And for all 1 < k < N, n € N one also has
ng (B™M) +m{™ < <\/§+ %)f@“/Tn log ). (88)
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Now we show that (82) is satisfied for ¢ = T;, when n > 2. Using the same
argument, one can deduce

<Z<p (BO) +Z<p (BM) +m" (89)

for some 1 < k < N.
From (87) it follows that

n—1 n—1 n—1
3 eW(B®) < <\/§+ %)M > VTilogT; < <\/§+ %)mx/long S VT
1=1 =1 =1
n—1 .
= <\/§+ %)/@“/Tn log T, Z \/XM
=1
<

(Va4 5 )T = (VT ot

(90)
Substituting the estimates (88) and ([@0) to (8I) we obtain that

D) < <\/§+ 23—6>/-€4\/Tn log T}, (91)

and the second statement of Theorem [2] is proved. (]
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