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ABSTRACT. Let q be a positive integer and

S = {x0, x1, . . . , xT−1} ⊆ Zq = {0, 1, . . . , q − 1}
with

0 ≤ x0 < x1 < · · · < xT−1 ≤ q − 1.

We derive from S three (finite) sequences:

(1) For an integer M ≥ 2 let (sn) be the M-ary sequence defined by

sn ≡ xn+1 − xn mod M, n = 0, 1, . . . , T − 2.

(2) For an integer m ≥ 2 let (tn) be the binary sequence defined by

tn =

{
1 if 1 ≤ xn+1 − xn ≤ m− 1,
0, otherwise,

n = 0, 1, . . . , T − 2.

(3) Let (un) be the characteristic sequence of S,

un =

{
1 if n ∈ S,
0, otherwise,

n = 0, 1, . . . , q − 1.
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We study the balance and pattern distribution of the sequences (sn), (tn) and
(un). For sets S with desirable pseudorandom properties, more precisely, sets
with low correlation measures, we show the following:

(1) The sequence (sn) is (asymptotically) balanced and has uniform pattern
distribution if T is of smaller order of magnitude than q.

(2) The sequence (tn) is balanced and has uniform pattern distribution if T is

approximately
(
1− 1

21/(m−1)

)
q.

(3) The sequence (un) is balanced and has uniform pattern distribution if T is
approximately q

2
.

These results are motivated by earlier results for the sets of quadratic residues
and primitive roots modulo a prime. We unify these results and derive many
further (asymptotically) balanced sequences with uniform pattern distribution
from pseudorandom subsets.

Communicated by Friedrich Pillichshammer.

1. Introduction

The balance and pattern distribution of several sequences derived from pseu-
dorandom subsets of the finite field Zp of prime order p such as the set of qua-
dratic residues and the set of primitive roots modulo p have already been studied
in the literature, see in particular [15, 16]. In this paper we generalize the ap-
proach of [15, 16] for the sets of quadratic residues and primitive roots modulo
p to any pseudorandom subset. This unifies previous results and provides many
new results for free.

1.1. Fundamental examples

More precisely, let p > 2 be a prime, q0, q1, . . . , q p−3
2

be the quadratic resi-

dues modulo p in increasing order and let g0, g1, . . . , gϕ(p−1)−1 be the primitive
roots modulo p in increasing order, where ϕ is Euler’s totient function.
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Define the (finite) binary sequences (s′n), (s
′′
n), (t

′
n), (t

′′
n), (u

′
n) and (u′′n) by:

s′n ≡ qn+1 − qn mod 2, n = 0, 1, . . . ,
p− 5

2
,

s′′n ≡ gn+1 − gn mod 2, n = 0, 1, . . . , ϕ(p− 1)− 2,

t′n =

{
1 if qn+1 − qn = 1,

0, otherwise,
n = 0, 1, . . . ,

p− 5

2
,

t′′n =

{
1, if gn+1 − gn = 1,

0, otherwise,
n = 0, 1, . . . , ϕ(p− 1)− 2,

u′n =

{
1 if n is a quadratic residue modulo p,

0, otherwise,
n = 0, 1, . . . , p− 1,

u′′n =

{
1 if n is a primitive root modulo p,

0, otherwise,
n = 0, 1, . . . , p− 1.

A (finite) binary sequence is balanced if the numbers of sequence elements equal
to 0 and 1 differ by at most 1. (Note that the term balanced is used with a differ-
ent meaning in combinatorics on words, see for example [1, Definition 10.5.4].)
A sequence of length N is asymptotically balanced if this number is o(N).
Here

f(n) = o
(
g(n)

)
if lim

n→∞
f(n)

g(n)
= 0.

A sequence (sn) of length N has (asymptotically) uniform pattern distribution
(of length �) if each pattern in {0, 1}� of length � appears N2−� + o(N) times
in the vector sequence(

sn, sn+1, . . . , sn+�−1

)
, n = 0, 1, . . . , N − �− 1.

The extension of the terms balance and uniform pattern distribution to non-
binary sequences is obvious.

Since there are (p−1)/2 quadratic residues and ϕ(p−1) primitive roots modulo
p, (u′n) is balanced and (u′′n) is asymptotically balanced if ϕ(p− 1) = p

2 + o(p),

which is true for example for Fermat primes, that is, p is of the form p = 2k +1,
and safe primes, that is, (p− 1)/2 is also a (Sophie Germain) prime. If ϕ(p− 1)
is close to its maximum (p − 1)/2, then almost all quadratic non-residues are
primitive roots and the sequences (u′n) and (u′′n) are essentially dual sequences
with essentially the same uniform pattern distribution. Hence, there is no need
to study (u′′n) in this case. Ding [9] proved that (u′n) has a uniform pattern
distribution.
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Winterhof and Xiao (see [15]) showed that the sequence (s′′n) is (asymptoti-
cally) balanced and has (asymptotically) uniform pattern distribution provided
that ϕ(p − 1) = o(p) and proved in [16] that the sequence (t′n) is essentially
balanced and has uniform pattern distribution but the sequence (s′n) is quite
unbalanced. With the same methods one can show that (t′′n) is balanced and has
desirable pattern distribution if ϕ(p− 1) = p

2 + o(p).

The desirable features of the above sequences are induced by certain pseu-
dorandomness properties of the sets of quadratic residues and primitive roots
modulo p. Our goal is to construct and analyze more such sequences derived from
pseudorandom subsets of the residue class ring Zq modulo q which we identify
with the integers between 0 and q − 1, where q may be composite. The desired
pseudorandom properties are measured in terms of the correlation measures
defined below.

1.2. The general case

Pseudorandom subsets have been studied in a series of papers (see [2],
[4–8, 12, 13]), in particular by Dartyge and Sárközy (partly with other coau-
thors). More precisely, let q be a positive integer, R ⊆ Zq = {0, 1, . . . , q−1} and
define

fR(n) =

⎧⎨
⎩ 1− |R|

q , for n ∈ R,
− |R|

q , for n �∈ R.
(1)

Dartyge and Sárközy [7] introduced the correlation measure Ck(R, q) of order k
of a subset R of Zq as

Ck(R, q) = max
1≤M≤q

0≤d1<d2<···<dk≤q−1

∣∣∣∣∣
M−1∑
n=0

fR(n+ d1) · · · fR(n+ dk)

∣∣∣∣∣ .
Obviously, we have the trivial bound

Ck(R, q) ≤ min{|R|, q − |R|}.
The subset R is considered a pseudorandom subset of Zq if Ck(R, q) is “small”

(for all k = 1, . . . , K for some sufficiently large K), that is, o (min{|R|, q − |R|}).
In particular, very small R are not considered pseudorandom and in some
of our sequence constructions below we may restrict ourselves to sufficiently
large R. (Note that the expected size of a random R is q

2 , its variance is q
4

and by Chebyshev’s inequality the probability that a random subset R satisfies
||R| − q/2| ≥ q1/2 log q is o(1) assuming that each element of Zq belongs
to R with probability 1/2, that is, a binomial distribution.) However, we
also provide a promising sequence construction from rather sparse subsets.
For R ⊆ Zq we write
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BALANCE AND PATTERN DISTRIBUTION FROM PSEUDORANDOM SUBSETS

C(R, q, s) = max
1≤k≤s

Ck(R, q).

Dartyge and Sárközy also introduced the correlation measure of order k for
subsets of {1, . . . , q} in [5], that is, without reduction modulo q. Some bounds
in the literature refer to this slightly different correlation measure. However, both
measures are of the same order of magnitude and differ only by a multiplicative
constant between 1 and 2.

Throughout this paper we denote

S = {x0, x1, . . . , xT−1} ⊆ Zq with 0 ≤ x0 < x1 < · · · < xT−1 ≤ q − 1. (2)

For given integers M ≥ 2 and m ≥ 2, let (sn) be the M -ary sequence defined by

sn ≡ xn+1 − xn modM, n = 0, 1, . . . , T − 2, (3)

and let (tn) be the binary sequence defined by

tn =

{
1 if 1≤xn+1− xn≤m− 1,

0, otherwise,
n = 0, 1, . . . , T − 2. (4)

We also consider the characteristic sequence (un) of S ,

un =

{
1 if n ∈ S ,
0, otherwise,

n = 0, 1, . . . , q − 1. (5)

Clearly, the sequence (un) is balanced if and only if T = q
2 + o(q). We study

the balance and pattern distribution of the sequences (sn) and (tn), and the
pattern distribution of the sequence (un) in Section 2 and give large families
of examples in Section 3.

We write

f(n) = O(g(n)) or f(n) � g(n) if |f(n)| ≤ cg(n)

for some absolute constant c > 0.

2. Balance and pattern distribution

For an M -ary sequence (en) of length T − 1 and u ∈ {1, . . . ,M} let N (u)(en)
denote the number of n = 0, 1, . . . , T − 2 with en ≡ u modM . If

N (u)(en) =

(
1

M
+ o(1)

)
T for all u ∈ {1, . . . ,M},

we say that (en) is (asymptotically) balanced.
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In this section we study the balance of the sequences (sn) and (tn). We start
with a preliminary result.

2.1. A preliminary result

����� 2.1� Let R be a subset of Zq = {0, 1, . . . , q − 1}. Define

c(i) =

{
+1, i ∈ R,
−1, i ∈ Zq \ R.

For any positive integer s with 1 ≤ s ≤ q and any (ε0, . . . , εs−1) ∈ {−1,+1}s,
we put

Γ(ε0, . . . , εs−1) = |{n = 0, 1, . . . , q − s : c(n+ i) = εi, i = 0, . . . , s− 1}| .
Let z = z(ε0, . . . , εs−1) be the number of i with εi = 1, i = 0, . . . , s − 1.
Then we have

Γ(ε0, . . . , εs−1) =

( |R|
q

)z (
1− |R|

q

)s−z

q +O
(
2sC(R, q, s)), q → ∞.

P r o o f. Since otherwise the result is trivial we may assume R �= ∅ and s ≤ log q.
Let I ⊆ {0, . . . , s− 1} be the set of indices of size z satisfying

εi =

{
1, i ∈ I,

−1, i �∈ I.
Note that

fR(n) +
|R|
q

=

{
1, c(n) = 1,

0, c(n) = −1,

where fR(n) is defined by (1). Then

Γ(ε0, . . . , εs−1) =

q−s∑
n=0

∏
i∈I

(
fR(n+ i) +

|R|
q

)∏
i �∈I

(
1− |R|

q
− fR(n+ i)

)

=

( |R|
q

)z(
1− |R|

q

)s−z

(q − s+ 1)

+
∑
H⊆I

J⊆{0,...,s−1}\I
H∪J �=∅

( |R|
q

)z−|H|(
1− |R|

q

)s−z−|J |

× (−1)|J |
q−s∑
n=0

∏
i∈H∪J

fR(n+ i).
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Since the absolute value of the sums over n can be estimated by C|H∪J |(R, q) ≤
C(R, q, s) and the number of pairs (H, J) to be considered is 2s − 1 we get
the result. �

2.2. Balance of (sn)

����	�� 2.2� Let M ≥ 2 and T be integers with

log log log q

log log q
≤ T ≤ q.

Let the subset S of size T and the M -ary sequence (sn) be defined by (2) and (3),
respectively. For any integer u with 1 ≤ u ≤M let N (u)(sn) denote the number
of n = 0, 1, . . . , T − 2 with sn ≡ u modM . Then we have

N (u)(sn) =

⎛
⎜⎝ T

q

(
1− T

q

)u−1

1−
(
1− T

q

)M
+ o(1)

⎞
⎟⎠T

+O
(
MC(S , q,M log log q)(log q)M−2

)
, q → ∞.

If T = o(q), then we have

N (u)(sn) =

(
1

M
+ o(1)

)
T

+O
(
MC(S , q,M log log q)(log q)M−2

)
, q → ∞,

and the sequence is (asymptotically) balanced if

C(S , q,M log log q) = o

(
T

(log q)M−2

)
.

P r o o f. For integers k ≥ 0 and u with 1 ≤ u ≤M put

Nk,u = Γ(1,−1, . . . ,−1︸ ︷︷ ︸
Mk

,−1, . . . ,−1︸ ︷︷ ︸
u−1

, 1).

Choose
H = �log log q
 − 4

and verify that for T ≥ log log log q
log log q q

(
1− T

q

)M(H+1)

≤
(
1− log log log q

log log q

)M log log q−4M

≤ (log log q)−M

(
1− log log log q

log log q

)−4M

= o(1),
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where we used

1− x ≤ e−x, and

T
q

(
1− T

q

)u−1

1−
(
1− T

q

)M ≤ 1, 1 ≤ T ≤ q.

By Lemma 2.1 with z = 2 and s = Mk + u + 1 ≤ M log log q, k = 0, 1, . . . , H,
we have

N (u)(sn) ≥
H∑

k=0

Nk,u

=

H∑
k=0

((
T

q

)2(
1− T

q

)Mk+u−1

q

+O
(
2Mk+u+1C(S , q,Mk + u+ 1)

))

=

⎛
⎜⎝ T

q

(
1− T

q

)u−1

1−
(
1− T

q

)M + o(1)

⎞
⎟⎠T

+O
(
2MH+M+1C(S , q,MH +M + 1)

)

=

⎛
⎜⎝ T

q

(
1− T

q

)u−1

1−
(
1− T

q

)M + o(1)

⎞
⎟⎠T

+O
(
C(S , q,M log log q)(log q)M−2

)
.

Note that
M∑
u=1

T
q

(
1− T

q

)u−1

1−
(
1− T

q

)M = 1. (6)

Hence, for each v = 1, . . . ,M we have

N (v)(sn) = T − 1−
∑
u�=v

N (u)(sn)

≤ T − (
1 + o(1)

)
T +O

(
MC(S , q,M log log q)(log q)M−2

)
+

T
q

(
1− T

q

)v−1

1−
(
1− T

q

)M T

and the first result follows.
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If T = o(q), then we get

T
q

(
1− T

q

)u−1

1−
(
1− T

q

)M =
1 +

∑u−1
j=1

(
u−1
j

) (−T
q

)j

M +
∑M

j=2

(
M
j

) (−T
q

)j−1
=

1 + o(1)

M + o(1)
=

1

M
+ o(1) (7)

and the second result follows. �

2.3. Balance of (tn)

����	�� 2.3� Let T be an integer with 1 ≤ T ≤ q. Let the subset S and the
sequence (tn) be defined by (2) and (4), respectively. For v ∈ {0, 1} let N (v)(tn)
denote the number of n = 0, 1, . . . , T − 2 with tn = v. Then we have

N (v)(tn) =

(
1− T

q

)(m−1)(1−v)
(
1−

(
1− T

q

)m−1
)v
T + O

(
2mC(S , q,m)

)
,

which shows that the sequence is (asymptotically) balanced if

T =

(
1− 1

21/(m−1)

)
q + o(q) and C(S , q,m) = o(T ).

P r o o f. By Lemma 2.1 we get

N (1)(tn) =

m−1∑
u=1

Γ(1,−1, . . . ,−1︸ ︷︷ ︸
u−1

, 1)

=

m−1∑
u=1

((
T

q

)2(
1− T

q

)u−1

q +O
(
2u+1C(S , q, u+ 1)

))

=

(
1−

(
1− T

q

)m−1
)
T +O

(
2mC(S , q,m)

)
and

N (0)(tn) = T − 1−N (1)(tn) =

(
1− T

q

)m−1

T +O
(
2mC(S , q,m)

)
,

which completes the proof of the first result.

The second result follows since(
1− T

q

)m−1

=

(
1−

(
1− T

q

)m−1
)

is equivalent to T =
(
1− 1

21/(m−1)

)
q. �
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2.4. Pattern distribution of (sn)

����	�� 2.4� Let M ≥ 2 and T be integers with

log log log q

log log q
q ≤ T ≤ q.

Let the subset S of size T and the M -ary sequence (sn) be defined by (2) and (3),
respectively. Let (a0, . . . , a�−1) ∈ {1, 2, . . . ,M}� be any pattern of fixed length
� ≥ 1. Let N (a0,...,a�−1)(sn) be the number of n = 0, 1, . . . , T−�−1 with sn+i = ai
for i = 0, . . . , �− 1. Then we have

N (a0,...,a�−1)(sn) =

⎛
⎜⎜⎜⎜⎜⎝
(

T
q

)�(
1− T

q

)a0+···+a�−1−�

(
1−

(
1− T

q

)M)� + o(1)

⎞
⎟⎟⎟⎟⎟⎠T

+O
(
M �C(S , q, �M log log q)(log q)�M

)
,

and the sequence of patterns of length � is (asymptotically) balanced if

T = o (q) and C (S , q, �M log log q) = o
(
T/(log q)�M

)
.

P r o o f. For non-negative integers k0, . . . , k�−1 we put

N ′
k0,...,k�−1;a0,...,a�−1

= Γ(1,−1, . . . ,−1︸ ︷︷ ︸
Mk0

,−1, . . . ,−1︸ ︷︷ ︸
a0−1

, 1,−1, . . . ,−1︸ ︷︷ ︸
Mk1

,−1, . . . ,−1︸ ︷︷ ︸
a1−1

, . . . , 1,

−1, . . . ,−1︸ ︷︷ ︸
Mk�−1

,−1, . . . ,−1︸ ︷︷ ︸
a�−1−1

, 1).

Take
H = �log log q
 − 2

and recall from the proof of Theorem 2.2 that

(
1− T

q

)M(H+1)

= o(1) for T ≥ log log log q

log log q
q.
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By Lemma 2.1 with s = M (k0 + k1 + · · · + k�−1) + a0 + a1 + · · · + a�−1 + 1 ≤
�M log log q and z = �+ 1 we get as in the proof of Theorem 2.2

N (a0,...,a�−1)(sn) ≥
H∑

k0,k1,...,k�−1=0

N ′
k0,...,k�−1; a0,...,a�−1

=

H∑
k0,k1,...,k�−1=0

((
T

q

)�+1 (
1− T

q

)M(k0+···+k�−1)+a0+···+a�−1−�

q

+O
(
2M(k0+···+k�−1)+a0+···+a�−1+1

C(S , q,M (k0 + · · ·+ k�−1) + a0 + · · ·+ a�−1 + 1)
))

=

�−1∏
i=0

⎛
⎜⎝ T

q

(
1− T

q

)ai−1

1−
(
1− T

q

)M + o(1)

⎞
⎟⎠T

+O
(
2M�(H+1)C(S , q,M�(H + 1) + 1)

)

=

⎛
⎜⎜⎜⎝
(

T
q

)� (
1− T

q

)a0+···+a�−1−�

(
1−

(
1− T

q

)M)� + o(1)

⎞
⎟⎟⎟⎠T

+O
((
C(S , q, �M log log q)

)
(log q)�M

)
.

From (6) we get

M∑
a0,a1,...,a�−1=1

(
T
q

)� (
1− T

q

)a0+···+a�−1−�

(
1−

(
1− T

q

)M)� =

⎛
⎜⎝ M∑

u=1

T
q

(
1− T

q

)u−1

1−
(
1− T

q

)M
⎞
⎟⎠
�

= 1

and the first result from

N (a0,...,a�−1)(sn) = T − � −
∑

(b0,...,b�−1)∈{1,...,M}�\{(a0,...,a�−1)})
N (b0,...,b�−1)(sn)

and the lower bound on N(a0,...,a�−1)(sn).
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Finally, note that (7) implies(
T
q

)� (
1− T

q

)a0+···+a�−1−�

(
1−

(
1− T

q

)M)� =

(
1

M
+ o(1)

)�
=

1

M �
+ o(1)

provided that T = o (q). �

2.5. Pattern distribution of (tn)

����	�� 2.5� Let T be an integer with

log log log q

log log q
q ≤ T ≤ q.

Let the subset S of size T and the sequence (tn) be defined by (2) and (4),
respectively. Let (b0, . . . , b�−1) ∈ {0, 1}� be any pattern of length � ≥ 1.
Let N (b0,...,b�−1)(tn) be the number of n = 0, 1, . . . , T − �− 1 such that tn+i = bi
for i = 0, . . . , �− 1. Then we have

N (b0,...,b�−1)(tn)

=

⎛
⎝(1− T

q

)(m−1)(�−b0−···−b�−1)
(
1−

(
1− T

q

)m−1
)b0+···+b�−1

+ o(1)

⎞
⎠T

+O
(
2�(m−2)C(S , q, � log log q)(log q)�

)
and the sequence of patterns of length � is (asymptotically) balanced if

T =

(
1− 1

21/(m−1)

)
q + o(q) and C(S , q, � log log q) = o

(
T/(log q)�

)
.

P r o o f. For positive integers x0, . . . , x�−1 we put

N ′′
x0,...,x�−1

= Γ(1,−1, . . . ,−1︸ ︷︷ ︸
x0−1

, 1, . . . , 1,−1, . . . ,−1︸ ︷︷ ︸
x�−1−1

, 1).

Let Z = b0 + · · ·+ b�−1 be the number of j = 0, . . . , �− 1 with bj = 1. Without
loss of generality we may assume b0 = · · · = bZ−1 = 1 and bZ = · · · = b�−1 = 0.
We choose

H = �log log q
 − 4

and verify that for T ≥ log log log q
log log q q,(

1− T

q

)H
= o(1).
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By Lemma 2.1 with s = x0 + · · ·+ x�−1 +1 ≤ �H + 1 ≤ � log log q and z = �+1
we have

N (b0,...,b�−1)(tn) ≥
m−1∑

x0,...,xz−1=1

H∑
xz,...,x�−1=m

N ′′
x0,...,x�−1

=

m−1∑
x0,...,xz−1=1

H∑
xz,...,x�−1=m

((
T

q

)�(
1− T

q

)x0+···+x�−1−�

T

+O
(
2x0+···+x�−1C(S , q, �H + 1)

))

=

((
1− T

q

)m−1

−
(
1− T

q

)H
)�−z (

1−
(
1− T

q

)m−1
)z
T

+O
(
2�(m+H+1)C(S , q, � log log q)

)
=

((
1− T

q

)(m−1)(�−z)
(
1−

(
1− T

q

)m−1
)z

+ o(1)

)
T

+O
(
2�(m−3)C(S , q, � log log q)(log q)�

)
.

Note that

1∑
b0,b1,...,b�−1=0

(
1− T

q

)(m−1)(�−b0−···−b�−1)
(
1−

(
1− T

q

)m−1
)b0+···+b�−1

= 1.

Thus we get Theorem 2.5. �

2.6. Pattern distribution of (un)

The following result seems to be well-known at least for some special sets
such as the set of primitive roots modulo a prime. However, for the convenience
of the reader we add its short proof.

����	�� 2.6� Let S ⊆ Zq be of size T and the sequence (un) be defined by (5).

Let (b0, . . . , b�−1) ∈ {0, 1}� be a pattern of length � ≥ 1. Let N (b0,...,b�−1)(un)
be the number of n = 0, 1, . . . , q − � with un+i = bi for i = 0, . . . , � − 1.
Then we have

N (b0,...,b�−1)(un) =

(
T

q

)b0+···+b�−1
(
1− T

q

)�−b0−···−b�−1

q +O
(
2�C(S , q, �))

and the sequence of patterns of length � is (asymptotically) balanced if

T =
q

2
+ o(q) and C(S , q, �) = o(q).
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P r o o f. Put w = b0 + · · · + b�−1 and εi = (−1)bi+1 for i = 0, . . . , � − 1.
By Lemma 2.1 we have

N (b0,...,b�−1)(un) = Γ(ε0, . . . , ε�−1)

=

(
T

q

)w (
1− T

q

)�−w

q +O
(
2�C(S , q, �))

which implies the result. �

3. A primer on pseudorandom subsets

Many pseudorandom subsets have been constructed and studied using number
theoretic methods. We can derive large families of (asymptotically) balanced
sequences with uniform pattern distribution from these pseudorandom subsets
using our Theorems 2.2 to 2.6.

Dartyge and Sárközy [6] constructed pseudorandom subsets using dth power
residues modulo p for a divisor d of p− 1.


	����
�
�� 3.1� Let p≥ 2 be a prime number, d | p−1 and let f ∈Zp[x] be

a non-constant polynomial with no multiple roots in the algebraic closure Zp

of Zp. Define

R =
{
n : 0 ≤ n ≤ p− 1, ∃y ∈ Z

∗
p with f(n) ≡ yd mod p

}
.

Then we have ∣∣∣∣|R| − p−m

d

∣∣∣∣ ≤ d− 1

d

(
deg(f)− 1

)
p

1
2 , (8)

where m ≤ deg(f) is the number of zeros of f(x) in Zp.

Moreover, suppose that at least one of the following conditions is satisfied:

(i) k ≤ 2;

(ii) d is a prime divisor of p− 1 and (4k)deg(f) < p;

(iii) the polynomial xp−1 + · · · + x + 1 is irreducible in Zt[x] for any prime
divisor t of d and max(deg(f), k) < p.

Then we have

Ck(R, p) �
(
1 + o(1)

)k (
1− 1

d

)k
deg(f)kp

1
2 log p.
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(1) Note that (8) is slightly better than [6, (1.6)] and can be obtained from

|Vf | − p−m

d
=

1

d

d−1∑
j=1

p−1∑
n=0

χj
(
f(n)

)
and the Weil bound for complete multiplicative character sums, where χ
is any character of order d of Z∗

p.

(2) In the special case p > 2, d = 2 and f(x) = x the set R is the set of
quadratic residues modulo p. Combining Theorem 2.2 with M = 2, Theo-
rem 2.5 with m = 2 and Theorem 2.6, respectively, we recover essentially,
that is, up to logarithmic and o(1) terms, the following results:

(a) [16, Theorem 2] on the imbalance of the sequence (sn),

(b) [16, Theorem 3] on the uniform pattern distribution of (tn),

(c) [9, Proposition 2] on the uniform pattern distribution of the Legendre
sequence (un).

The reason for the slightly weaker results is our generic approach whereas
in special cases we can optimize, for example, the choice of H and can deal
with complete sums over Zp instead of incomplete ones.

(3) For sufficiently large p, f(x) = x and, say,

log log log p ≤ d ≤ log log p

log log log p

combining Theorem 2.4 and Proposition 3.1 we see that the sequence (sn)
has (asymptotically) a uniform pattern distribution.

Dartyge, Sárközy and Szalay [8] studied the pseudorandomness of subsets
related to primitive roots modulo p.


	����
�
�� 3.2� Let p be an odd prime and let Gp be the set of the primitive
roots modulo p. Let s, r ∈ N with s | p− 1, r | p− 1 and f(x) ∈ Zp[x]. Define the
subset R ⊆ Zp by

R =
{
gs : g ∈ Gp, ∃x ∈ Z

∗
p with f(gs) = xr

}
.

Then we have

|R| = 1

r
ϕ

(
p− 1

s

)
+O

(
deg(f)2ω( p−1

s )p
1
2 log p

)
,

where ω(n) denotes the number of distinct prime factors of n.
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Suppose that f(x) is irreducible over Zp, deg(f) ≥ 2 or deg(f) = r = 1.
Then we have

Ck(R, p) �
(
1 + o(1)

)k
k deg(f)2kω( p−1

s )p
1
2 log p.

����	���

(1) We have 2ω(n) = no(1), see for example [11], and thus

2kω((p−1)/s)p1/2 log p ≤ p
1
2+o(1).

(2) For r = s = 1 and f(x) = x we get the set of primitive roots modulo p.
Combining Proposition 3.2 with Theorem 2.2, Theorem 2.4 and Theo-
rem 2.6 with M = m = 2, respectively, we recover essentially:

(a) [15, Theorems 1 and 2] on the (im-)balance and pattern distribution
of the sequence (sn),

(b) [3, Theorem 1] on the pattern distribution of the sequence (un).

Dartyge, Sárközy and Szalay [8] also studied the pseudorandomness of subsets
defined by index properties, that is, elements with polynomial values in geometric
progression.


	����
�
�� 3.3� Let p be a prime, f(x) ∈ Zp[x] with deg(f) ≥ 1, r ∈ Z,
s ∈ N, s < p. Define R ⊆ Zp by

R = {n : 0 ≤ n ≤ p−1, ∃h ∈ {r, r+1, . . . , r+s−1} with ind f(n) ≡ h mod p},
where ind m denotes the base g index of m to a fixed primitive root g modulo p.
Then we have

|R| = s+O
(
deg(f)p

1
2 log p

)
.

Moreover, suppose that at least one of the following conditions holds:

(i) f is irreducible;

(ii) if f has the factorization f = fα1
1 · · · fαu

u where αi ∈ N and fi is irre-
ducible over Zp, then there exists a β such that exactly one or two fi’s have
the degree β;

(iii) k ≤ 2;

(iv) (4k)deg(f) < p or
(
4 deg(f)

)k
< p.

Then we have

Ck(R, p) �
(
1 + o(1)

)k
deg(f)k2kp

1
2 (log p)k+1.
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(1) This construction extends Gyarmati’s earlier construction [10] for r = 1
and s = (p− 1)/2.

(2) Propositions 3.1 and 3.2 provide only non-trivial constructions of size at
most (p− 1)/2. Hence, Theorem 2.5 can guarantee uniform pattern distri-
bution only for m = 2. However, the size s in the construction of Proposi-
tion 3.3 is very flexible and taking

s =

⌊(
1− 1

21/(m−1)

)
p

⌋
we get a uniform pattern distribution for any m ≥ 2.

Dartyge, Mosaki and Sárközy [4] presented the analogs for arithmetic pro-
gressions and inverses of arithmetic progressions.


	����
�
�� 3.4� Assume that p is an odd prime number, f(x) ∈ Zp[x] is
of degree deg(f) ≥ 2. Let r ∈ Z, s ∈ N, s < p. Define R ⊆ Zp by

R =
{
n : 0 ≤ n ≤ p−1, ∃h ∈ {r, r+1, . . . , r+s−1} with f(n) ≡ h mod p

}
.

Then we have

|R| = s+O
(
deg(f)p

1
2 log p

)
and for k ≤ deg(f)− 1

Ck(R, p) � deg(f)p
1
2 (log p)k+1.


	����
�
�� 3.5� Assume that p is an odd prime number, r ∈ Z, s ∈ N, s < p,
f(x) ∈ Zp[x] has no multiple root and 1 ≤ deg(f(x)) < p. Define R ⊆ Zp by

R =
{
n : 0 ≤ n ≤ p− 1, gcd(f(n), p) = 1, ∃h ∈ {r, r + 1, . . . , r + s− 1}

with hf(n) ≡ 1 mod p
}
.

Then we have

|R| = s+O
(
deg(f)p

1
2 log p

)
and for k < p

2 deg(f)

Ck(R, p) � deg(f)p
1
2 (log p)k+1.

Dartyge and Sárközy [7] presented constructions by using the argument
of complex numbers, multiplicative and additive characters.
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	����
�
�� 3.6� Let p be a prime, χ a multiplicative character, ψ a non-
trivial additive character modulo p, f(x), g(x) ∈ Zp[x] with deg(g) ≥ 2, and α, β
real numbers with α < β ≤ α+ 1. Define R ⊆ Zp by

R =
{
0 ≤ n ≤ p− 1 : gcd(f(n), p) = 1 and

2πα ≤ arg
(
χ(f(n))ψ

(
g(n)

))
< 2πβ

}
.

Then we have

|R| = (β − α)p+O
((
deg(f) + deg(g)

)
p

1
2 log p

)
and for k ≤ deg(g)− 1

Ck(R, p) � (1 + o(1))k
(
deg(f) + deg(g)

)
p

1
2 (log p)k+1.

����	���

(1) This construction generalizes Dartyge’s and Sárközy’s construction [6] for χ
being the Legendre symbol, ψ trivial, α = −1/4 and β = 1/4, and extends
Dartyge’s, Mosaki’s and Sárközy’s construction [4] for χ trivial, ψ canoni-
cal, α = r

p and β = r+s−1
p .

Let p be a prime and let n be an integer with gcd(n, p) = 1. The Fermat
quotient qp(n) is defined as the unique integer with

qp(n) ≡ np−1 − 1

p
mod p, 0 ≤ qp(n) ≤ p− 1.

We also define
qp(n) = 0 for gcd(n, p) > 1.

The first author and Zhang [14] studied the pseudorandomness of subsets con-
structed by Fermat quotients using estimates for exponential sums and character
sums with Fermat quotients.


	����
�
�� 3.7� Let p be an odd prime number, and d | p−1. Define R ⊆ Zp2

by

R =
{
n : 0 ≤ n ≤ p2 − 1, ∃ y such that

1 ≤ y ≤ p− 1 and qp(n) ≡ yd mod p
}
.

Then we have

|R| = (p− 1)2

dand

Ck

(R, p2) � kp
5
3 .
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	����
�
�� 3.8� Let p be an odd prime number, and let Gp be the set of the
primitive roots modulo p. Define R ⊂ Zp2 by

R =
{
n : 0 ≤ n ≤ p2 − 1, qp(n) ∈ Gp

}
.

Then we have

|R| = (p− 1)ϕ(p− 1)

and

Ck

(R, p2) � k2kω(p−1)p
5
3 .

Now it is easy to plug the results of Propositions 3.1 to 3.8 in Theorems 2.2
to 2.6 to get many new results on balance and uniform pattern distribution
of sequences of type (sn), (tn) and (un).
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