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THE INEQUALITY
OF ERDOS-TURAN-KOKSMA IN THE TERMS
OF THE FUNCTIONS OF THE SYSTEM I's,

TSVETELINA PETROVA

South West University “Neofit Rilski”, Blagoevgrad, BULGARIA

ABSTRACT. In the present paper the author uses the function system 'z
constructed in Cantor bases to show upper bounds of the extreme and star dis-
crepancy of an arbitrary net in the terms of the trigonometric sum of this net with
respect to the functions of this system. The obtained estimations are inequalities
of the type of Erdds-Turan-Koksma. These inequalities are very suitable for study-
ing of nets constructed in the same Cantor system.

Communicated by Oto Strauch

1. Introduction

Let s > 1 be a fixed integer and will denote the dimension through the paper.
The inequality of Erdés-Turdan-Koksma gives an upper bound of the discrepancy
of an arbitrary net in [0,1)° in the terms of certain trigonometric sums. Re-
sults of this direction was presented in the monograph of Drmota and Tichy [2],
see Kuipers and Niederreiter [9] for its more general form, also Niederreiter [11]
for versions adapted to certain sequences of rational numbers. These inequali-
ties are an appropriate tool to establish the uniformly distribution of point sets.
Very well approach to construct low—discrepancy sequence is based on using
b—adic arithmetic, see Hellekalek and Niederreiter [7]. To study these classes
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of sequences and net usually are used some orthonormal function systems, con-
structed in the same base b.

With big success the functions of the trigonometric system are used.
So, for an arbitrary integer k an a real x € [0, 1) the function ey (z) is defined as
ep(x)=e*™ e,

For arbitrary vectors k= (k1,...,ks) € Z° and x=(z1,...,25)€[0,1)® we define
the function ey (x) = szl ex,; (7;). The set Ty = {ex(x) 1 k € Zj, x € [0,1)°} is
called trigonometric function system. The Walsh function system in base b, as
some their generalizations, as the system of Walsh functions over finite groups,
see Larcher, Niedrreiter and Schmid [I0], the function system constructed by us-
ing the b—adic arithmetics, see Hellekalek and Niederreiter [7], and the multi-
plicative system or Vilenkin function system, see Vilenkin [12], are a perfect tool
for investigation of the uniformly distribution of sequences.

Following Chrestenson [1] we will present the definition of the Walsh functions.
So, let b > 2 be a fixed integer and will denote the base in our work.

DEFINITION 1.1. For an arbitrary non-negative integer k and a real z € [0, 1)
with the b—adic representations

k= ikibi and x = ixib_i_l,
=0 =0

where k;,z; € {0,1,...,b— 1},k, # 0 and for infinitely many values of i, x; #
b — 1, the corresponding kth Walsh function , waly : [0,1) — C is defined as
27mi
p walg (x) — 5 (kowo+-Fkyzy)
Let us signify No = N U {0}. For arbitrary vectors k = (k1,...,ks) € N§
and x = (z1,...,25) € [0,1)° the multidimensional Walsh function in base b is
defined as , walk(x) = H;Zl pwalg, (z;). The system

W) = {bwl?l<x) tkeNg, x € [0,1)5}

is called Walsh function system in base b.

In the case when b = 2 the system W(2) is the system of the Walsh functions
in base b = 2, see Walsh [13].

Quite recently, Hellekalek [6], Hellekalek and Niederreiter [7] use the b—adic
arithmetics to construct the system I'y,, where b = (by, ..., bs) is a vector of not
necessarily distinct integers b; > 2. Some applications of the system I'y, to the
theory of the uniformly distributed sequences are shown.
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The different kinds of the discrepancy are quantitative measures for studying
the quality of the distribution of the points of nets and sequences. The details
are as following: Let J and J* denote the families of subintervals of [0, 1)® of the
form s s

J= H[uj,vj), and J* = H[O,vj),
j=1 j=1
where for 1 <j <s5,0<wu; <v; <1.

Let Py = {Xo,...,Xn_1} be an arbitrary net of N > 1 points in [0, 1)".
For an arbitrary subinterval J € J let us denote A(J;N) = #{x,, : 0 < n <
N-1, x,, € J}. Also, for an arbitrary subinterval J* € J* the quantity A(J*; N)
has the same sense. Let A; denote the Lebesgue measure on [0,1)%. We will give
the next definition:

DEFINITION 1.2. The extreme discrepancy D(Py) and the star discrepancy

D*(Py) of the net Py are defined, respectively, as

A(J; N)
N

A(J*; N)

D(Py)=sup N

JeJ

—)\S(J)‘ and D*(Py)= sup —As(J)|.

JreJ*

The inequality of Koksma-Hlawka shows the importance of the discrepancy
to the theory and the practice of the Monte Carlo and the Quasi-Monte Carlo
integration. So, for functions defined on [0,1)® with bounded variation V(f)
in sense of Hardy and Krausse the inequality

<V(f) - D*(Pn)

| N1
N nZ:O f(xn) — : (x)x

0,1

holds, here D*(Py) is the star discrepancy of the net Py = {xg,...,Xn_1}
of the nodes of the integration.

The original inequality of ErdésTurdan-Koksma, see Erdés-Turan [3] and
Koksma [§], gives upper bounds of the extreme and the star discrepancy of nets
in [0,1)% in the terms of the trigonometric sums with respect to the functions
of the system 7.

Niederreiter [11] considers special kind of nets and gives the form of this
inequality in the terms of the functions of the trigonometric function system.
So, let M >2 be an arbitrary integer. Let us consider the net Py ={xo,...,Xn-1},
where for 0 <n < N -1y, € Z° and x,, = {yﬁ"} is the fractional part of yﬁ"
Then, the inequality holds

D(’PN)<1<1%>S+ 2 m

keC* (M)

N—-1

% Z ex(xp)

n=

)
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where Cy(M) = (-4, %)ﬁ NZ?, C:(M) = Cs(M)\{0}, for and arbitrary vector
k = (k1,...,ks) € Z° the coefficient r(k, M) = [[;_, 7(k;, M) and
1 it k=0,
T(kjaM) = . k| .
Msint55 if k; #0.

Hellekalek [5] shows the form of inequality of Erdés-Turdn-Koksma in the
terms of the functions from Walsh functions system. Also Hellekalek [6] used the
functions from the system I'p, where p = (p1,...,ps) is a vector of prime num-
bers, to obtain an upper bound of the discrepancy in the terms of the functions
of this system.

The rest of the paper is organised in the following manner: In Section 2 we
give some preliminary results which will be fruitful to present our main results.
In Section 3 the main results of the paper are presented. They are estimations
of the extreme and the star discrepancy and are inequalities of the type of the
inequality of Erd6sTurdan-Koksma. In Section 4 we give the proofs of the main
results.

2. Preliminary results

We need to introduce some significations and to present four lemmas, where
the Fourier’s analysis of the local discrepancy will be developed. In this way,
to a large degree we will reduce the weight of the formulation of the presented
theorem.

We will give the concept of the so-called B—adic Cantor system, or a system
with variable bases. For this purpose, let B = {bg,b1,b2,...: b; > 2 for i > 0}
be a sequence of integers. The generalized powers are defined in the following
recursive way: By = 1 and for ¢ > 0 B;11 = B; - b;. An arbitrary integer
k > 0 has a unique B—adic representation of the form k = Z;/:o k; B;, where for
1>0 k; €{0,1,...,b;—1} and k,, # 0. An arbitrary real z € [0, 1) has a B—adic
representation of the form z = >7°° B—fjr—l, where for i > 0 z; € {0,1,...,b;—1}.
Under the assumption that for inﬁnitely many values of i we have that z; # b, —1
the representation of z is unique. Let us denote k(0) = 0, z(0) = 0 and for each
integer g > 1 let us define k(g) = Y2970 k;B; and z(g) = >.9_, B

We will present the concept of the multidimensional Cantor systems. So,
let for 1 <j<s, B = {bé]),bgj),bg]),... : b?) > 2 for i > 0} be given se-
quences of bases. Let us denote By = (By,...,Bs). Let k = (kq,...,ks) € N§
and x = (z1,...,xs) € [0,1)® be arbitrary vectors. For 1 < j < s the coor-
dinates k; and x; we present in the corresponding Bj—adic number system.
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ONE APPLICATION OF THE SYSTEM I'g,

In this sense, we will call that the vectors k and x are presented in the Bs—adic
Cantor system.

Following Hellekalek and Niederreiter [7] we will give the concept of a function
system constructed in Bs—adic Cantor system.

DEFINITION 2.1. For an arbitrary integer £ > 0 and a real number x €
[0,1) which have the B—adic representations of the form k = >.7_ k;B; and
T = Z;’ioﬁ, where for i > 0 k;,z; € {0,1,...,b; — 1}, k, # 0 and for in-
finitely many ¢ we have that x; # b; — 1, the kth function gy : [0,1) — C is

defined as

27ri<§—?+§—12+---+ Biil)(xOBO"'xlBlJ"”')

BYk(T) =€

Now, we will give the concept of the multidimensional version of the above
functions.

DEFINITION 2.2. For an arbitrary vector k= (kq,...,ks) € Nj the k- the func-
tion 5,7k :[0,1)° — C is defined as

() =[] 5,7, (25), x=(21,...,2,) €[0,1)".
j=1
The set
I'p, ={B.%(x) : ke Nj, x€0,1)°}

we will call Bs—adic function system.

Let us make the following choice of the sequences of bases: For 1 < j < s
let B; = {bj,b;,... :b; > 2 for j > 2}. Let us denote b = (By,...,Bs).
Then, from the system I's_ the system I'p,, which was introduced by Hellekalek
and Niederraiter [7], is obtained.

For 1 < j < s let p; be an arbitrary prime number and to denote p =
(p1,-..,ps). For 1 < j < s let us define the set of bases B; = {p;,pj,...}. Then,
from the system I'p, the system I'p, which was introduced by Hellekalek [6],
is obtained.

Grozdanov and Petrova [4] use the functions of the system I'g, to solve some
problems of the theory of the Quasi-Monte Carlo integration and the uniformly
distributed sequence. They prove the next statement:

ProOPOSITION 2.3. The system ', is a complete orthonormal basis of the space
L»([0,1]%).

For every integrable in sense of Riemann on [0, 1]° function f(x) and for an
arbitrary vector k € N§ the Fourier’s coefficients of f(x) is defined as

g, J/C\(k) = (X)Bsik(x) dx.
[0,1]*
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LEMMA 2.4. Let 3, 0 < B < 1 be an arbitrary fized real and have the B—adic
representation 3 = 0.8of102 ... Let us denote I = [0,3). For x € [0,1) let
us defined the function fr(x) = 1;(x) — X(I), where 1;(x) is the characteristic
function on the interval I. Then, we have the next:

i) Trivially FBJ?I(O) =0;
ii) Let k > 1 be an arbitrary fized integer and have the B—adic representation

k = kyBy + ky_1Bg_1 + --- + koBo, where g > 0, for 0 < i < g k; €
{0,1,...,b; — 1} and kg # 0. Then, the equalities hold

o i (k) =
Q‘Kikgbﬁl -k_g
BQHB%(B(Q)){%*@%% Bg+1(55(9+1))} if Bg#0,
e bg 1
5Y(8(9)) (B = Blg+ 1)) if By=0;
iii) The inequality pBﬁ(k)’ < Bg1+1 : Sin71rkg holds.

by
LEMMA 2.5. Let o > 1 be a fized integer. For an arbitrary integer b such that
0 < b< B, let I be the interval of the form I = [0, B%}) . We define the function
fi(x) =11(x)—=A(), = € [0,1), where 11(z) is the characteristic function on the
interval I. Then, we have the following:
i) Trivially we have that FBJ?I(O) =0;
ii) For each integers g and k such that 0 < g <a—1, By <k < By —1
and k is of the form k = kyBy + kyg_1Bg_1 + --- + ko, where kg # 0,
the inequality holds

1 1
S

Bg+1 sin 7Tb—-"
g

FBJ?I(IC)‘ <

iii) For each integer k > B, the equality holds FBJ?I(k) =0;
iv) For each integer k > 0 let us define the function

1 if k=0,
Bg1+1 . sinjri—g if kgBy <k<(kg+1)Bg—1,
Prp(k) = 0<g<a-1,

kg e{1,2,...,by — 1},
0 if k>B,

Then, the inequality FB]?I(k)‘ < pt, (k) holds.
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ONE APPLICATION OF THE SYSTEM I'g,

v) If « = 1 and g = 0 the result of the statement ii) can be improved as:
sin 7 2k
I'n fI k)‘ — _J_bo[

For each integer k, Bg < k < By — 1 the equality
holds.

Bi sinw&
0

LEMMA 2.6. Let o > 1 be an arbitrary and fixed integer. For arbitrary integers
a and b such that 0 < a < b < B, let I be the interval of the form I = |2, 2

Be Ba
Let us define the function fr(z) = 1;(x) — AX(I),z € [0,1), where 1;(x) is the
characteristic function on the interval I. Then the following holds:

i) Trivially we have that 1, f1(0) = 0;

ii) For each integers g and k such that 0 < g < a—1, By <k < Bgi1 —1
and k is of the form k = kyBy + ky_1Bg_1 + --- + ko, where k; # 0,
the inequality holds

~ 1 2
Irs fr(k)] < :

Byy1 sint

kg
by
iii) For each integer k > B, the equality FBf](k‘) =0 holds;
iv) For each integer k > 0 let us define the function

1 if k=0,
]_:,»gl+1 : —Sinilz__q if  kyBy<k<(ky+1)B
Pr (k) = ' 0<g<a-1,

kg€ {1,2,...,by — 1},
0 if k> B,

)

Then, the inequality |r, fr(k)| < pr, (k) holds.

v) If a =1 and g = 0, the result of ii) can be improved in the following way:
For each integer k such that By < k < By — 1 the equality

: b—a
N 1 ‘Slnﬂ'Tk‘
rafih)] = -

By sin wbﬁ
0

holds.

LEMMA 2.7. Let o = (aq,...,a5), where for 1 < j <'s, a; > 0 are integers,

be a given vector. Let
T lo. i
) B&]) )

BE& B&”) ot =11

j=1

G= H
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where for 1 <j <s0<a; <b; < B&];), are subintervals of [0,1)%. Let us define

the functions fc(x) = la(x) = As(G), fa-(%) = la=(x) = A(G7), x € [0,1)%,
where 1g(x) and 1g+(x) are the characteristic functions on intervals G and G*.
Let us define the sets

Ala) = {k: (ki,...k) €N§, 0<k;<BY), 1< gs}
and
A% (a) = A()\{0}.
Then, the following statements hold:
i) Ifk =0, then ry_fc(0) =0 and r,_fo-(0) = 0;
ii) For each vector k € (N§\ A*(a)) the equalities szfg(k) = 0 and
v, Ja- (k) = 0 hold;
iii) The functions fa(x) and fo-(x) have the following representations as poly-
nomaals over the system I'p, :
fe®) = Y o fo®sm(x), ¥ x€[0,1)°
keA* (a)
and

far(x) = D 1, for (K)Bne(x), ¥ x € [0,1)%;

keA* (a)

iv) For each vector k = (ki,...,ks) € N§ let us define the coefficients
prs, () = [[ prs, (k) and  pp, () =] Prs, (Kj),
j=1 j=1

where for 1 < j < s the coefficients pr, (k;) and pp, (k;) are defined

respectively in the conditions of Lemma [Z.8 iv) and in Lemma [Z7 iv).
Then, the inequalities hold

Ts, J?G(k)‘ < prg, (k) and

e, Jar (0)] < i, ().

3. The main results

In the next theorem we will give upper bounds of the extreme and the star
discrepancy of an arbitrary net in the terms of the trigonometric sum of the net
with respect to the functions of the system I's,.
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ONE APPLICATION OF THE SYSTEM I'g,

THEOREM 3.1. Let M > 2 be an arbitrary integer. For 1 < j < s let the
numbers a; > 1 be defined by the condition B&]j) = minazl{ng) : B&]) > M}
and to define the vector o = (aq,...,a). Let the sets A(a) and A*(«) which
have been defined in Lemma [2.7 correspond to the vector .

Let Pny = {xo,...,xn—1} be an arbitrary net of N points in [0,1)%. Then, the
following holds:

i) Raw form of the inequality of Erdés-Turdn-Koksma.

The extreme discrepancy and the star discrepancy of the net Py satisfy the

inequalities
2\’ ~
D(Py) <1- <1 - M) +sup Y I, fG(J)(k)’ - S(B.7; P)l
T€T ke (o)
and
* 1 ° N
D*(Py) <1- <1 - M) + sup Y FBSfG(J*)(k>‘ |S(B.7; PNy
S eI ke (a)
where S(p,x; Pn) = %22;_01 B. Yk (Xn) denotes the trigonometric sum

of the net Py with respect to the function g, yx. The sets G(J) and G(J*)
will be defined in Step 2 of the proof of the Theorem;

ii) Refined form of the inequality of Erdds-Turdn-Koksma.
Let the sequences of bases By, ..., Bs be limited from above, i.e., there
exists an absolute constant q > 2, such that for 1 < j < s and each i > 0

we have bEj) < q. Let us to define the integer r > 0 by the condition that
for each j such that 1 < j < s we have ¢® < r- M. Let us denote

Bry, (o) = max |S(B,7; Pn)|-

keA* (a)
Then, the inequalities holds
D(Py) <1+ (13>S+ Br, (a) { [1+ <é+i] (log r+log M)] ~ 1} .
M s m  blogq
and
D*(Py) <1- (1L>S+BFB (a) { {1+ <z+i> (logr+logM)] ~ 1} .
M s m  blogyq

COROLLARY 3.2. Let in Theorem [3.1 we replace the system ', with the sys-
tem I'p. Let M = p“ for some integer o. Let Py = {Xq,...,Xn_1} be an
arbitraty net. Then, we obtain the corresponding upper bound of the extreme

discrepancy in the terms of the functions of the system I'y. The last result have
been obtained by Hellekalek [6].
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4. Proof of the preliminary results

Proof of Lemma [Z4l Let k > 1 be an arbitrary and fixed integer. First we
will obtain an useful formula for the function p7x(x). For this purpose, let the
integer k£ > 1 and the real = € [0, 1) have the B—adic representations k = k,B,+
kg—lBg—l 4+ -+ k1 By + ko, where for 0 <1< g k; € {0,1,...,[)1' *1}, kg 35 0
and © = > 7, B—?—, where for i > 0 x; € {0,1,...,b; — 1} and for infinitely
many values of ¢ we have x; # b; — 1. Then, we have that

i ko kg1 kg .
B’}/k(.’IJ) _ 627r1<B1 +...+ B, +Bg+1) (zo+xz1B1+-+x43By)

:627r1<51+ +Bg+l> (o+x1B1+4x9-1Bg_1)

Sk kg1 .k
% 6271’1(—52 %g )-mng ) 627r1 Bgi—l z4Bg
k
2mizLx
_ by L9
= gk (z(g) e,

. . 2mitd
i.e., the equality pvi(z) = pye(z(g)) - € 7 holds.
For each integer k > 0 the equality holds

_ 1
e Fy (k) = / [11(2) — MD)] i (x) da.
0
i) Let k = 0. Then, we have that
_ 1
e Fy(0) = / [11(x) — MI)]dz = A(T) — A(I) = 0.
0
ii) Let k > 1. Then, the following holds

— 1 B
FBfI(k)Z/Oll(x)B%(JJ) dx:/B'Vk(x) dz

0
B(g) 8
I/ BYk(7)dx +/ BYk(z) dz.
0 B(9)

Let us use the presentation 3(g) = 0.8081 ... 841 = & for some integer
g
p such that 0 < p < By — 1. Hence, we have that

(1)

B(9) p—1bg +4
[ =S5 [T
0 a=0 pu=0 Bq+B 1
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iko
Forz € [B% + B::»l’ B% + ]’3‘:;11) we have that gyx(7) = Yk (Bi) Xy
and obtain
Bl9) T, a\ e ke
BYk(7) dr = Bk (—) et =0. (2)
/ B2 5,) 2
From (1) and () we obtain that
- 5
i) = [ (e de,
B(9)
Let us assume that 3, # 0.
— B
fih) = [ (o) ds
B(9)
o=l B+ 4T, B
= / BYk(z) dz +/ pYk(z) dz
0 B Blo+1)
1 Pl
o 27rikgg“;
= BgHB%(ﬁ(g)) Z e
n=0
+%(Blg+1)) - (B—-Bg+1))
1 2mitele
e _
= B Bk (ﬁ(g» Fg
g+1 e27rlﬁ 1

+n(Blg+1)) - (B-Blg+1)).
Let us assume that 3, = 0. Then we have the equality

B

v Fy (k) = /ﬂ ) 4= 9e(3(0)) (5~ Bla + 1)

Thus the statement ii) of the Lemma is proved. We note the fact that the
both formulas of ii) can be combined into one, namely,

— Zﬂi% o
s f1(k) = 5 B (8(9)) — +8(Blg+1)) - (B-Bg+1))
g+1 e ﬂ'lg 1
1 627ri ’“.7759 —1 skgPg
= 5 (B(9)) : ; +e¥™ e (8- Blg+1))

ik
Bg+1 eZﬂlg 1
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iii) From the statement ii) of the Lemma we obtain that

- 1 e27rik%59 1 ol
v Fr(0)| = [ (B@)| - | 5— -+ €T (B Blg+ 1))
Bg+1 e27rlﬁ 1
kg B
1 627” Zgg —1 onilaBa

B g +e b Bg+1(ﬁ_5<9+1)) :
g+1 GZWIW 1

kg
Let us denote €' = ¢ ™% and 6§ = Bgi1(B—B(g+1)). It is obviously that
0 < § < 1. Thus we obtain that

= 1 Chs —1
_ , By .
FBfI(k)‘—Bg_H ‘ C_1 +C 5‘
1 1 1
- AoBe [ 2 ot
Byt1 ‘C <Cl+6> ¢—1

1 5 1 1
gl | 5 -
&H{w ‘%—1+‘+w—u}

! {|15+6C|+ 1 }
By |\ 10—1] 01

1 {15+6 1 }
< +
B \1c—1 Tje-1
1 2
- = 3
By 101 ®

<

For an arbitrary real ¢ the equality ei*t — 1 = 2 sin% (f sin% +icos %) gives
us that

; t t t t
it . . . .
—1=2- —| |—sin = —|=2- —.
e | SID2H Sm2+1cos2‘ smz‘
k . 2mind ok
In the case when ¢ = 272 we obtain that |e” % — 1‘ = 2sin7?. From the
9 g
last equality and (3) we obtain that
= 1 1
o F(k ’ _ R
» Jr(k) Bgi1 sin Wf—"’
g
Lemma 24 is finally proved. O
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Proof of Lemma For each integer k > 0 we have that

1

I‘B,]/C\I(k) :/0 17(2)p7(z) do — )\(I)/Ogﬁk(x) da. (4)

i) In the case when k = 0 we directly obtain the pBﬁ(O) =0.

ii) Let us assume that 0 < g < o — 1. In Lemma 27 iii) was proved the

equality
1

) ko
g+1 51n7rb—-"
g

rofi k)‘ =

ili) Let k¥ > B,. Then, there exists unique integer g > a such that B, < k <

Byi1 —1. Let us assume that g > a + 1. Then, the presentation BLQ = B%,

where h =b- by ...by_1, gives us that

. " n o1
eofo gy ® = [Trm@ar= [Tmwe=Y ["m@da=o
: 0 0 p=0"%;

Let us assume that g = «. In this case we have that

p+1
rBf[o,Bb](k)I/ BYk( dx—Z/ B, (z)dz = 0. (6)
« 0

From @), (@) and (@) we obtain that for any integer k > B, the equality
ry f[o,%)(k) = 0 holds.

iv) This statement is a direct consequence of 1), ii) and iii).

v) In the case when o = 1 and g = 0 we have that 1 < k < by — 1. We have
that pyi(x) = 2™ and therefore

b b—1 ptl
= B1 bo
Ty f[o 2) (k)= [ py(x)dz="> Bk(z) do
"By 0 B
pu=0"2g
b—1 ptl b—1 omibk
. b0 27\'i‘g—’v de — 1 27ri’l‘)—k o 1 e ™o —1
= N & 0 dxr = % & 0 = %727rim .
pu=0" 1, pn=0 e bo — 1

Hence, we obtain that

sm7rb—‘

Fb b k)‘

B k

bo sin T
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Proof of Lemma [Z0 For every z € [0,1) we have that
fr@) = flo 2 (@) = flo, o) (@)

' Ba

and for each integer £ > 0 we obtain that
ref1(k) =y flo, oy (k) = FBf[ ) (k). (7)
i) Let us assume that k = 0. Then, according to (7) we obtain that

FBJ/C\I(O) = FBJ/C\[O L)(O) — FB]/C\[(),ﬁ)(O) =0.

’Ba

B

ii) Let us assume that 0 < g < a — 1. According to (7l and the result ii)
of Lemma [2.5] we obtain

0o fi(k)| <

o~

oo )] + [ea .~

reflo, 2 (k)| <

. kg
Bg+1 sin 7Tb—g
g

iii) Let k > B,. Then, there exists unique integer g > « such that B, <k<
Bgi1 — 1. Let us assume that g > a + 1. We have that 5~ = BL, where
o g
h=a-by...bg—1. Therefore we obtain that

FB.]?[()’%)(]C) :/0 Byk(x) dx —/O B (z) dz —Z/M;fyk dz = 0.

Let us assume that ¢ = a. We obtain that

FB/}\[O,%)U{:) :/o Bk ﬂf)dx—Z/ BYk(z)dx = 0.

By analogy we can prove that FBf[O b )(k:) = 0. By using the equalities
' Ba
rBf[(), o )(k) =0 and pr[O

Ba
that FBf[(k?) =0.
iv) This statement is a direct consequence of ii) and iii) of the Lemma.

v) Let av = 1. Then we have that By < k < B; and obtain that

)(k) = 0 and the presentation (7) we obtain

b
’Bea

b—1 pt1

vlo‘

1 ~ =
[ 1o y@emie o= [Tam@ac =3 [ Mamio as
0 '’ By 0 1=0 B
b—1 2mibdk
1 omi ke 1 e % —1
= — . e T“b()/J = — " 8
bo ;;) By 2 ®)
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By analogue we can prove that

1 2mi ek
1 et —1

1 o1 dt = —+ ———. 9

/O [0, ) (®)BTk(z) dz = 7 9)

ik
627r1 o — 1

Then, from (@), ([8) and (@) we obtain that

ib -k ia -k
1 627”be N €27r1a bo

v f1(k) (10)

- B 2Tt _
Let t; and ¢y be arbitrary real numbers. We will use the presentations
M elf2 — (cost; — costy) +i(sint;, — sinty)
t1+te .t —to

- gin

2 2

t1 +to . t1 — 1o

- sin

2 2
t1 —1 t t 4 t
B Sl (R Nl PP Sl R
2 2 2

Hence, we obtain that

(&

= —2sin

+ 2icos

t1 — to t1 +to t1 — to

6it1 o 6it2| —92 5

sin +1icos

L
2

=2 ‘Sin

By using the above explanation, from [I0] we obtain that

sin 7 L=k
1 bo

By sin 7

k.
bo

With this the Lemma is finally proved. (]

v F1(0)]

Proof of Lemma 27 Let for 1 < j < s us denote

b b.

% J and G} = 0,% .
BY)

ng_) ’ B&J;)
Then, the presentations hold
G=][G; and G*=]]G;.
j=1 j=1
The functions fg(x) and fg«(x) are of the form
S S b . S S b .
fa(x) = H lo,(x) - [ ]B(j)] and  fe-(x) = | | Ler(x) - H B—(]])
j=1 1 j=1"a;

G; =

]:1 Qj j:
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For each vector k = (k1,...,ks) € N§ we will calculate the Fourier's coeffi-
cients

o fe09 = [ 1660 = A(@re,Tulx) d

S 1 s 1
_ bj —a; _
:H/1G_¢(xj)rgﬂkj($j)d$j—n ’ <]/0F3ﬂkj(xj)d$j (11)

j=170 o1 BY)

and

s, for (k H/lG* T5)0s, Vi, (25) daj— H () /FB Vi, (z;) dz;.  (12)

i) Let us assume that k = 0. By using the equahtles () and ([I2)) we obtain

that
—a;
Fsng H/lG xj) dw; — H B
Jj=1 Qj
H H bj —a;
=1 ijj = BY)

and by analogy 1. fo (0) =0.
ii) Let us assume that k # 0. Then, there exists at less one index §, 1 < ¢§ < s

such that ks # 0 and hence fol BsVks (xs) des = 0. From(Id) and (I2)
we obtain that

FBst H/lG .'I,'] FB ’Yk .’I}] d.’I}] HFB 1G

The Fourier’s coefficient r,_ fG* (k) of the function fg«(x) can be calcu-
lated by a similar way:.
So, we got the following results:

5. 708 = T[ v, T, (k) and s, Jor () = HFB To: (k). (13)

Jj=1

Now, let us assume that k € (Nj\A*(a)) and k # 0. This means
that there exists at less one index d, 1 < § < s such that ks > B,,(9).
Then, according to Lemma [2.6] iii) and Lemma 23] iii) we have that

FB(;/]‘\GE (k‘(;) =0 and FB(s/l\Gg (k‘(;) =0
and from the equalities (I3]) we obtain that
rs, fo(k) =0 and rp, fo-(k)=0.
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iii) The statement iii) is a direct consequence of i) and ii) of the Lemma.

iv) According to the equality (I3]) and the statements of Lemma [25] iv) and
Lemma [2.6] iv) we obtain

FBst<k)’ =11 FB_jTG.j(’fj)’ <1 rrs, (k) = prs, (k)
j=1 j=1

and
te, Jo- (<) = [T |ra, Fos (89)| < T] e, (3) = o, ().
j=1 ' j=1
The Lemma is finally proved. (]

5. Proofs of the main results

Proof of Theorem Bl Following Hellekalek [5] and [6] the proof will be
realized into two steps - discretization and estimation of the discrete discrepancy.

STEP 1. (Discretization). Let for 1 < j < s the generalized powers B((fj) are
defined in the condition of the Theorem. Let J = [[j_,[u;,v;), where for
1 <j<s0<u; <wv; <1, be an arbitrary subinterval of [0,1)%. For 1 <j <
let us define the numbers

. ; a
a;:mm a:0§a<B&7j), u; < —4},

a! =max{a:0<a < BY <,
J - ;) Bé]) - ’
b, =max{b:0<b< BY), L— < v
and
) b
b;’:min{b:0<b<B((va), v < —}
J Bajj)

and to construct the intervals

/ / S
%, %) and J =
Ba- Baj j=1

J

S

11

j=1
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Let G(J) denote one of the both of intervals .J and .J. We note the fact that the
interval G(J) satisfies the conditions of Lemma 27
To estimate the quantity A,(J) — As(JJ) we will use the result of Niederre-

iter [I1, Lemma 3.9]. Let for 1 < j < s t; = b-jggﬁj and u; = bgTa{ Then, we
have that [ b — o Y a. — a" 9 9
TN S/ R Rk . Tk B Bl <2
J J ng_) ng-) Bg_) Bg_) - B&j-) - M
Hence, we obtain that
_ 2 \°
AN =AW <1—[(1-=). 14
@-rwsi-(1-5) (14)

STEP 2. (Estimation of the discrete discrepancy). '_Fhe inclusions J C J C J give
us that the inequalities A(J; N) < A(J; N) < A(J; N) hold. For the quantities
N=1. A(J; N) and \(J) we will consider the both cases:

N7LA(T;N) > A(J) and N7U-A(J;N) < A (J).
This will permit us to prove the inequality
[NTH AW N) = A()] € A(T) = As(d) +
max {|N~' A(L;N) = X (D)|, [N~ AT N) = A ()|} (15)
By using the statements of Lemma 7] the quantity
Ry (G(J)) = NTA(G(I); N) = A (G(J))

N—-1

= N1 Z [].G(J)(Xn) — As (G<J))]

n=0
N-1

=N fawy(xa)
n=0

has a development as a Fourier’s series of the form

Ry(G(J))=N"" Z_ S re fow 85, (%)

n=0 kEA*(a)

N-—1
> 1 foun (k) [N_l > Bﬂk(xn)]
n=0

kEA*(a)

> 1, o (k) - S(5,7 P).-
keA*(a)
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(16)

Hence, we obtain that
rs, fa(n (k)‘ |S(8, 7 Pr)I-

(G| <sup D

sup |RN
Jeg JET e enn(a)
From (I4)), (I5) and ([I6) we obtain that
+sup > | fow) ()] 1805 Pa)l

D(PN) <1- (1 —)
M/ red X
ii) According to part i) of the Theorem, Lemma [27 iii) and the introduced

quantity Br,_(c) we obtain that
D(Py) <1- (1 - M) + Bry, (@) Y ’FBSJ?G(J)(k)’
keA* (a
) o (1)
<1- (1 — M) + Bry, (a) > prs, (k).
keA*(a)

We will use the presentation

Z szss(k) = Z pFBS(k)_]'
(18)

keA* () keA(w)
BU) 1
g

=TI 11+ D prs (k)| —1.
=1 k;=1

On other side, according to Lemma 2.6 iv) for an arbitrary fixed integer o > 1

we have
B,—1 a—1 1 bg—1 1 (kg+1)Bg—1
DICET) Pt R S
k=1 g=0 9T p,=1 ST gk, B,
(19)
a—1 lbg_l 1
o k

Niederreiter [I1] proved the next result: For each integer b > 2 the inequality
(20)

holds
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Hence, from ([I9) and (20) we obtain that

B! 2 2
ZPFB(k) <2 <; log g + g) sa. (21)
k=1

From (I8) and (2I]) we obtain that

S () < 1_1 1 (Bosa )] -1 (2)

keA*(a)

We will use that for 1 < j < s the inequalities M < B(()fj) < ¢% holds. The
number r introduced in condition of the Theorem gives us that for 1 < j < s,
q* < r-M. Hence, for 1 < j < s the inequality a; < W holds and
from (22) we obtain

> pra(k) < {1+<é+i> (logr—l—logM)r—l. O

KeAr (o 5 bloggq

From (1) and the above inequality we prove the statement ii) of the Theorem.

Proof. Now, we will prove the upper bound of the star discrepancy D*(Py)
on the net Py. The proof again will be divided into two parts: discretization and
estimation of the discrete discrepancy.

STEP 1. (Discretization). Let for 1 < j < s the generalized powers B(%) are de-
fined in the condition of the Theorem. Let J* = H;Zl[O, vj), where for 1 < j <s
we have 0 < v; <1, be an arbitrary subinterval of [0,1)%. For 1 < j < s let us

define the numbers a; = max{a 0<a< Bg), B?j’ < vj} and to construct the
intervals . ’ s
_ a; - a; +1
J _H 0, —B(j)> and  J _H 0, o )
j=1 a; Jj=1 &

Let G(J*) means one of the both intervals J* and J .
According to Niederreiter [T2, Lemma 3.9] we can prove that

— 1Y
s s _* S I1—{1-—= .
AT -a < 1= (1-57) (23)
By using the statements of Lemma 2.7 the quantity
Ry (G(7%)) = N AG(I): N) = Al (G(T))

N-1

=N (Lo (xn) = A (G(T)]

n=0
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has a development as a Fourier‘s series of the form

N-1
RN(G(J*)) =N! Z Z I's, J/C\G(J*)(k)Bs'Vk(Xn)

n=0 ke A*(a)
= Z g, fG(J* -t Z B ’yk Xn
keA*(a)
= > o fowo &) - S(s e Pr).
keA*(a)
Hence, we obtain that
sup |RN( J* )| < Sup Z |F53fG(J* )| | (B ’Yk,PN)| (24)
Jregr " keA*(a)

From (23] and ([24)) we obtain the raw form of the inequality of ErdésTuran-

-Koksma for the star discrepancy.

STEP 2. (estimation of the discrete discrepancy). By using a technique which is
similar to one for obtaining of the refined form of the inequality of Erdos-Turan-
Koksma for the extreme discrepancy, we can prove the corresponding refined

form of this inequality for the star discrepancy. (]
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