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EXTREME VALUES
OF EULER-KRONECKER CONSTANTS

HENRY H. KiMm*
Department of Mathematics, University of Toronto, CANADA

Korea Institute for Advanced Study, Seoul, KOREA

ABSTRACT. In a family of S,-fields (n < 5), we show that except for a den-
sity zero set, the lower and upper bounds of the Euler-Kronecker constants
are —(n — 1)loglogdi + O(logloglogdy) and loglogdyx + O(logloglogdy ),
resp., where dg is the absolute value of the discriminant of a number field K.

Communicated by Radhakrishnan Nair

1. Introduction

A number field K of degree n is called an .S,,-field if its Galois closure over Q
is an S,-Galois extension. For an S,-field K, let (x(s) be the Dedekind zeta
function, with the following Laurent series expansion at s = 1:

Cr(s) :C—l(S*1)_1+Co+cl(s—1)+-.-

Then vk = c¢p/c—1 is called the Euler-Kronecker constant of K. If K = Q,
g is just the Euler constant v. We have

() = (s - 1)+
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Let dx be the absolute value of the discriminant of K. Under GRH, Thara [4]
showed that when n is fixed, for any € > 0,

—2(n—1+¢€)loglogdx <vyx <2(1+¢€)loglogdg.
In [I], we showed that under the strong Artin conjecture, GRH, and certain
zero-density hypothesis, the upper and lower bounds are

—(n —1)loglogdyi + O(logloglogdk), loglogdyx + O(logloglogdy), resp.

In this paper, following [2], we show that if n < 5, except for a density zero
set, the above are true upper and lower bounds. More precisely, we prove

THEOREM 1.1. Let L(X) be the set of S,-fields (n < 5) with X/2 < dx < X.
Cx(s)
¢(s)

log X
ol X exp(—c’L log log log log X)
loglog X

For Sx-fields, we assume the strong Artin conjecture for

. Then, except for

fields for some constant ¢’ > 0,

—(n—1)loglogdr + O(logloglog dx ) < vk <loglogdk + O(logloglog d ).

Next, we construct an infinite family of S,,-fields with extreme values.

THEOREM 1.2. Let n < 5. Forn =15, we assume the strong Artin conjecture.
1) Let Li(X) be the set of S, -fields K of signature (r1,12) with X/2<dr <X

for which
vk = —(n — 1)loglog dx + O(logloglog dk ).
Then
log X
|L;(X)| > A(r2) X exp (—ciﬁ) for some ¢} > 0.

2) Let L, (X) be the set of Sy-fields K of signature (r1,rs) with X/2 < dg <

X for which
vk = loglog dk + O(logloglog d).
Then
log X
|L,(X)| > A(r2) X exp <c’1$> for some ¢} >0,

where A(rg) is a constant which occurs in Theorem [Z
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2. Counting number fields with local conditions

Let K be an S,-field of signature (r1,r2) for n < 5. We recall counting .S,,-
-fields with finitely many local conditions: Let S = (£C,) be a finite set of local
conditions: £C, = Sp,c means that p is unramified and the conjugacy class

of Frob,, is C. Define |S, c| = m for some positive valued function f(p)

which satisfies f(p) = O(%). More explicitly [2], we have

fp)=pt+p? if n=3;
fp)=pt+2p24p3 if n =4
fP)=p t+2p 2423 4+p % if n=5.

There are also several splitting types of ramified primes, which are denoted by

71,72, Tw: LCp = &p ., means that p is ramified and its splitting type is ;.
We assume that there are positive valued functions ¢1(p), c2(p), ..., cu(p) with
Yoiici(p) = f(p) and define |S, .| = 13:}1(’;). We define the local condition
LC, = Sp, which means that p is ramified, i.e, r = r; for some j. Define
[Sprl = THFy- Let 8] =TI, 1£C, .

Let L, (X)) be the set of S,-fields K of signature (r1,rs) with X/2 <
drx < X, and let L, (X; S)(”) be the set of S,,-fields K of signature (71, r3) with
X/2 < dg < X and the local conditions S. It is assumed that we pick up only
one number field K from n conjugate number fields. Then we have

THEOREM 2.1. Let n < 5. For some positive constants § < 1 and k,

La(X)0D] = A(rs)X +O(X?), (2.1)

|Ln(X;8)79] = [S|A(r2)X + O (HP>X6 :

peS

where the implied constant is uniformly bounded for p and local conditions at p,
and see [3] for the precise value of A(rs).

Here we can control all primes only up to clog X, where ¢ < %. To ease the

notations, throughout the article, we denote L, (X)) by L(X) if there is no
danger of confusion.
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If K is the Galois closure of K over Q, then we have Ck(s) = C(s)L(s, p),
where p is the (n — 1)-dimensional standard representation of S,,. Then
/

L
Yk =7+ f(17/’)~

This leads us to the study of %(1,,0). By abuse of notation, we denote L(X)
as a set of L-functions L(s, p). Here we need care in order to ensure one to one
correspondence between two sets. Two number fields K7 and K are said to be
arithmetically equivalent if (x, (s) = (x,(s). If two number fields K3 and K» are
conjugate, then they are arithmetically equivalent. The converse is not always
true. A number field K; is called arithmetically solitary if (x, (s) = Ck,($)
implies that K7 and Ky are conjugate. It is known that S,,-fields and A, -fields
are arithmetically solitary. See [0, Chap. II]. Hence if K, Ko € L(X) are not
conjugate, then (k, (s) # Ck,(s). So if we set

CKl (5) = C(S)L(Sv pl) and CKz (8) = C(S)L(Sv p2)7
then L(s, p1) # L(s, p2), and L(s, p) € L(X) makes sense.

3. Proofs of the theorems

L(s,p) = ixp(n)n—s = Hﬁ <1 — %)ﬁ.

p =1

Let

Then we have

/ oo d
S s0) = S A a0 =3 s

Recall [3, Proposition 2.1]:

PROPOSITION 3.1. Suppose L(s,p) is entire and is zero free in the rectangle
[, 1] X [—2, z]. Then

/

fﬂ(l’p) — Z ap(n)A(n) 1o, ((logdK)(logx) + (10gx)2> |

F1
L n 1—5=

n<x €T

By setting x = (logdg)® with B(1 — O‘TH) > 3, we have

r B a,(n)A(n) 1
73(1&) B Z n +O<logdK>

n<(logdg)?

p<(log dx)”? p
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We prove

PROPOSITION 3.2. Let n < 5, and x = (logX)?, y = cilog X with B >

1land 0 < ¢ < 1—;5. Then except for O(X eXP(*ClloI;f%?X log log log log X))

L-functions in L(X) for some constant ¢ > 0, L-functions in L(X) satisfy

Z w < logloglog X.
p

y<p<x

By applying Kowalski-Michel zero density theorem [7] to the family L(X)
(See [2] for the details), we may assume that every L-function in L(X) outside
the exceptional set in Proposition has the desired zero free region of the form
in Proposition B.Jl Then outside the exceptional set,

L Gp (p) logp
——(1,p) = Z ———= + O (logloglog X).

L
p<cilogdk p

Now, Theorem [[LT] follows immediately by observing that

1
—1<a,(p)<n—1, and Z o8P logz 4+ O(1).
p<z

In order to prove Proposition B.2] we imitate the proof of Proposition 4.2
in [2]. Namely, we prove

PROPOSITION 3.3. Let n < 5, and x = (log X)? and y = cylog X. Then for

r < co 101;{%?)( with a sufficiently small ¢,
logp\ 2r) (logz "
Z ( Z M) < r (4(ﬁ+ 1)(n — 1)2N72L)r ( 7;) ( ng> X,
L(s,p)eL(X) \y<p<z p T Yy

where N, is the number of splitting types in S, -fields, and the implied constant
depends only on n.

By Stirling’s formula,
. | VI I
P4+ 1) — 122y 2L o Tﬁ(w(m 1)(n - 1) Nn)ﬂ
7!

(&

Here Ny = 3,N3 =5, Ny = 11, N5 = 17. (cf. [2]).
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Proof. By the multinomial formula, the left hand side is

> Z Ly~ @l 50 o) gl
u! Py ey, ' o

P1y--+sPu .
L(s,p)eL(X) Py’ Pu

(logp1)™ -+ (logpu)™, (3.1)

where 251) means that the sum is over the ordered w-tuples (rq,...,ry)

1y--5Tu
of positive integers such that vy +--- + r, = 2r, and Zézl),‘.‘,pu means the sum
over the u-tuples (p1,...,p,) of distinct primes such that y < p; < x for each i.
Each ordered u-tuple (r1,...,r,) gives a composition of 2r. Here a composition
means an ordered partition. We write that formula (B1)):

1) (2r)! (2) (logp1)™ - -+ (log py)"™
(Bj]) Z Z’I‘l, T Tl T ' U' Z T1 T

Pi,.-5P P1 cPu

( > e -ap<pu>7'u> .

L(s,p)eL(X)

We show that for any composition r; +ry + -+ - + ry, = 27,

Tu

(2r)! (2) (logp1)™ - -+ (log py )™
ol 1 ;Z 1 —— X
T1- Ty Ul P1;--5Pu P1 - Pu

( Z a,(p1)™ - 'ap(pu)ru> <

L(s,p)€L(X)

2r) (B + l)r(logx)’“'

(o -,y x LD

(3.2)
Since the number of compositions of 27is 22"~ it implies that the formula (B1)):

BI) < r(4(8 +1)(n — 1)>N2)" (2:!) (loif) X

First, we consider compositions with r; > 2 for all <. Then by using the trivial

bound, r T
Z@) (logpy)™ - - - (log pu)"™ ( > app)™ - a,(p )>
71 T P r “

P1yeesDu Dy - DPu L(s,p)€L(X)

<<d2’"X< 3 aﬁ#)...( > M)

y<pi1<z Y<pu<T
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where we used the fact that for r» > 2, Ey<p<m (loff)r < 5 (10%)1”—1'

In [2], we showed that for any rqy,...,r, such that ry +--- +r, = 2r, and
S ; .
r; > 2 for all 4, 1 log u< 1
ulry! oL\ oy ol

By using the fact that }Zgg < B + 1 for sufficiently large X, we have (3.2)

in this case.
Next, suppose r; = 1 for some i. We may assume that

LA Ty g Ty = 20,
rm=--=r,m=1 and rp1>1...,r,>1
Consider
Z ap(p1)™ - ap(pu)™. (3.3)
L(s,p)eL(X)
Let N be the number of conjugacy classes of GG. Recall that there are w ram-
ified splitting types so that N, = N + w. Partition the sum ZL(S’p)eL(X)
into N} sums, namely, given (Sy,...,S,), where S; is either S, ¢ or Sy, .,
we consider the set of L(s,p) € L(X) with the local conditions S; for each i.
Note that in each such partition, a,(p1)"™ - - a,(p,)™ remains a constant.
Suppose one of pi,...,p, is unramified, say p;. Consider N(N + w)*~!
such partitions in ([B3). Fix the splitting types of po,...,p, and let Frob,,
runs through the conjugacy classes of G. Let L(X;ps,...,p,) be the set of
L(s,p) € L(X) with the fixed splitting types. Then the sum of such N parti-

tions is
Z ap(p1)ay(p2) -+ a,(pu)™ Z 1.
c

L(s,p)€L(X;p2;..-.Pu)

By 1),

[ 5
1= A(p277pu)X+O((plpu)ﬁX )7
> Gl
Le)eLKiparpn) |CIA T £ (1))

for some constant A(ps, ..., py). Let x, be the character of p. Then a,(p)=x,(g),
where g = Frob,,. By orthogonality of characters,

> [Clas(m) = 3~ x,l9) = 0.

C geG
Hence the above sum is O(N(p1 o -pu)"X‘;). By the trivial bound,

la,(p2) -+~ a,(pu)™] < (n —1)%".
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By HsIng a b b—1,.a+1
Z p*(logp)” < (logx)’™ 'z for b>1,
y<p<x

the contribution from these partitions to (.2) is

(2r)!
27 6 K—1
< Nn-1)"X Y ” ( E j2h logpz>

Yy<p;<x
H ( > logpi)”>
i=m-+1 y<p;<x
, 2r)t 1 ,
< N(n _ 1)27X5 ( T) - un+u—2r(10g x)27—u

ril-ery! !

< N( 1)27“X6 <2T) um+u—2r+1ym+r—u+1.
7!
Here we used [2, Lemma 4.3] for the last inequality. If we choose ¢y sufficiently
small, X (log X)? A+l <« XM This verifies (3.2)).
Now suppose that pi,...,p, are all ramified. Then by (2IJ), the number
of elements in the set of L(s,p) € L(X) with the local condition S, , for i =
1,...,m,is

H 1;{‘?1 7’2)X+O((pl"'pm)ﬁX6)v

Note that 1_{(fp()p) < 5. By the trivial bound,

lap(p1)™ -+ ap(pu)™| < (n = 1)" < (n = 1)*

Hence the main term contributes to (3:2))

X(n— 1)2TZ(2) (logp1) - (logpm)(logpm+1)7""+l <+ (log pu)"™

P1yeesDu pl pmp:,;ff' o
m u
<<X("—1)2TH< > pf2(logpi)> IT ( > pi_”(logpi)'"’)
=1 y<pi<zx i=m+1 y<p;<x
oy logx 2r—u
<xtn=1y (1)

As above, (3.2)) is verified in this case.

The contribution of the error term O((py - - - pm ) X°) to ([B2) is similar to the
case when p; is unramified. O
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Now take y = cilogX, and r = co 102,?50 e Then from Proposition B3]
a,(p)lo
the number of L(s, p) € L(X) such that |Ey<p<m "(pp 2 BP| > Jogloglog X, is
X
< X exp (—c’@ log log log log X) , (3.4)

for some ¢’ > 0. This proves Proposition
Now, let S = (Sp,c)p<y be the set of local conditions such that for every
prime p <y, Frob, =1, i.e., a,(p) =n — 1. Then

IL(X,8)|=A ’“2XH L0 (prXa

p<y P<y
Here,
S’Il
logH I—Lfl 7= (log\Sn|)Zl—Zlog(1+f(p)
P<y p P<y P<y
it +0<(10y )2> ,
<y gy gy
and
Z log(1+ f(p)) = loglogy + O(1).
P<y
Hence,
log X
|L(X,S)| > X exp <_cll goi)gX> for some ¢} > 0.

This is larger than ([3.4). Also we may assume that almost all L-functions
in L(X,S) have the desired zero-free region of the form in Proposition Bl
Hence

L lo
—=(1,p) = (n—=1) > 222 4 O(log log log dc)
p<y

= (n—1)loglogdk + O(logloglogd).
This proves Theorem [[.2]-1).
Similarly, consider C, the conjugacy class of (1...n). Then a,(p) = —1

if Frob, € C. Let S = (Sp,¢)p<y be the set of local conditions such that for every
prime p <y, Frob, € C. Then

|L(X,S)| = A(ry XH +0 (Hp)WXé

p<y p<y
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As above, we can show that |L(X,S)| > X exp ( ch 1ofi§x) for some ¢} > 0,

and I/ o
—f(l, p)=— Z %8P O(logloglog d)
Py
= —loglog |dk | + O(logloglog d).
This proves Theorem [[.2]-2).
REMARK 3.5. In [3], we have shown that the average of kth moments of — % (1, p)
is a constant, i.e.,

g iipd (‘%<1P>>kzc’“+o<@>'

L(s,p)eL(X)

REMARK 3.6. If we take r = 1 in Proposition B3] then the number of L(s, p) €

L(X) such that ‘Ey<p<m M > logloglog X, is O ( ), which

X
(log X)(loglog X)

C log X
lloglog X

is larger than X exp( ) This is the reason why we need to take

_ log X
T = 25,0, in Proposition B3l in order to prove Theorem 1.2.

4. Logarithmic derivatives inside the critical strip

As in Proposition Bl we can show that for 0 < a < %, if L(s, p) is entire and
is zero free in the rectangle [1 — 2a, 1] x [~(logdk)?, (log dx)?],

L ap(p) logp
AL > ”pT+O(1). (4.1)
p<(logdx)”?
r—1
By using the fact that > _ _, Sﬁgf;{r < (logQﬂ) , as in Proposition B3}

we can show

PROPOSITION 4.1. Let n < 5, and x = (log X)? and y = cylog X. Then for

r < co 1o?i§x with a sufficiently small co,
2r .
lo r (2r)! [lo !
I B TR O
L(s,p)eL(X) \y<p<z p : Y

This implies
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PROPOSITION 4.2. Let n <5, and z = (log X)?, y = ¢y log X with B > 1 and
0<e < 1—;5. Let 0 <a < i. Then except for O <X1_0,> L-functions in L(X)

for some constant ¢’ > 0, L-functions in L(X) satisfy

< (log X) .

ay(p)lo
Z (p) logp

pl—a

y<p<xw

By applying Kowalski-Michel zero density theorem [7] to the family L(X),
we can show that every L-function in L(X) outside O(X'7°) set has the
desired zero free region [1—2a, 1] x [~ (log dx )?, (log dx )?] for sufficiently small a.
Therefore, except for O(X~¢") L-functions in L(X) for ¢/ > 0, for sufficiently

small a,
/

L
—f(l —a,p) < (logdk)".

Also from (), we can see that there are infinitely many S, -fields with
L/
—f(l —a,p) = A(logdg)* + O((logdK)%“),
and infinitely many S,,-fields with
r 3,
——(1—a,p) = ~B(n—1)(logdx)" + O((log dic) ¥*)

for some absolute constants A, B > 0.

Note that under GRH, we only obtain the bound (5, p.115])

/

L
—7(l-ap) < (log d)**.

REMARK 4.2. We would like to make corrections on [2]. They do not affect the
results of the paper:

log X

Togloa X for some

1) In Theorem 1.2 and 1.3, 1og)fgc> ?X should be replaced by ¢}

cj > 0. Or state them as in Theorem [[.2] of this paper.

2) In Proposition 4.2, 2r should be multiplied on the right side. Also the implied
constant depends only on d.
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