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ABSTRACT. Motivated by the maximal average distance of uniformly distribu-
ted sequences we consider some extremal problems for functionals of type

1 r1
MCH//quc,
0J0

where pic is a copula measure and F is a Riemann integrable function on [0, 1]?
of a specific type. Such problems have been considered in [4] and are of interest
in the study of limit points of two uniformly distributed sequences.

Communicated by Robert Tichy

1. Introduction

According to [15], given a Riemann integrable function F defined on [0, 1]? and
two uniformly distributed sequences (z,,) and (y,) in [0,1), a general problem
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is to find limit points of the sequence (see also [10])

1 N
n=1 NeEN

As noted for instance in [4) [6] (see also [5]), this problem is equivalent to deter-
mining extreme values of the functional

1 1
Ho / / Fduc (1)
0J0

over all possible copula measures pc. Indeed, as shown in [0], this problem
can be embedded in the general theory of mass transportation and optimal
transport (see, e.g., [1,[I1][14]), and has important applications especially in risk
management [13].

Here we focus on some results presented in [4] and [6] about extremes of func-
tionals of type (I). Specifically, we present some generalizations of previous
results by using different proof techniques. Although the general existence
results could be also derived via optimal transport techniques [I1], the present
approach may provide an additional viewpoint to handle problems for uniformly
distributed sequences.

2. Main results

We start by introducing some notations that will be used in the sequel.

If ¥ is a measure on the Borel o—algebra B(R?) of R? then Gy denotes its
measure-generating function defined by

Gﬂ(xv y) = 19((7007 .’IJ] X (7007 y])

Vice versa, for every two-dimensional measure-generating function G the corres-
ponding measure on the Borel o-algebra B(R?) will be denoted by ¥ or pg.

For every one-dimensional distribution function F' the corresponding prob-
ability measure will be denoted by £z and F~ denotes the pseudo- (or left-)
inverse of F. Given one-dimensional distribution functions Fp, Fo the Fréchet
class of Fi, F5, i.e., the family of all two-dimensional d.f. with marginals
Fy and F, will be denoted by F(F, Fy).

Finally, the class of bivariate copulas will be denoted by C. Two elements of C
are the independence copula I, II(x, y) = xy, the comonotonicity copula M,

M(x,y) = min(z,y),
and the countermonotonicity copula
W(z,y) = max(x +y — 1,0).
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EXTREMAL PROBLEMS FOR PAIRS OF UNIFORMLY DISTRIBUTED SEQUENCES

For every H € F(Fy, F»), Sklar’s Theorem ensures that there exists a copula C,
which is unique if H is continuous, such that

H=Co (Fl,FQ).

For more details, see [3].
The following result generalizes both Theorem 4 in [4] and Theorem 3.6 in [6]
in the sense that:

a) the integral is calculated over the product I x Iy of arbitrary intervals I :=
[a1,b1] and I := [ag, bo] of R with non-empty interior,

b) the marginal distributions may be discontinuous (see Corollary [2]),

¢) the integrand does not need to be smooth.

Additionally, the method of proof is new and is grounded on disintegration
of the copula measure (see [3]). It should also be noticed that the first
part of the Theorem has been essentially proved, in a different setting, in [11]
Theorem 3.1.2].

THEOREM 1. Suppose that ¥ is a o-finite (positive) measure on I; x Iy =
[a1,b1] X [ag,bs] C R2 such that Gy is finite on [a1,b1) X [az,b2) and let Fy, Fy
be arbitrary continuous one-dimensional d.f. s fulfilling F;(b;) — Fi(a;) = 1.
Let H* € Fp, p, be defined by H* = M o (Fy,Fy) and set T* := F; o F}.

Then we have
ma, = sw [ Goley)duneg) = [ Golay) dun-(z.0)
HE]:(Fl,FQ) Iy x1Io Iy x1s
= [ Gy(z,T*(z)) dép (2). (2)
Iy

Furthermore, the following two conditions are equivalent for every continuous
H e .7:<F1,F2).‘

A) f[1X12 Gﬂ(xay) d,uH(x,y) <mg,-

B) 9({(v,w) € [} x I : H(v,w) < H*(v,w)}) > 0.

Proof. Fix H € F(F1,F3) and let A € C denote the corresponding copula
fulfilling H = A o (Fy, Fy). Setting I' := {(x,y,v,w) € [ x I x [} x Iy : v <

z,w < y} and letting p gy ® ¢ denote the product measure of p gy and 9, Fubini’s
theorem implies

i ©0T) = [ 90 o) = [ Galey) dunte.n)

Iy x Iz Iy xIz

where I', ) = {(v,w) : (z,y,v,w) € T'} denotes the (z,y)-cut of I. Using the
fact that I'(y ) = {(z,y) € [1 X Iz : (2,y,v,w) € '} = [v,b1] X [w, by}, again
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applying Fubini’s theorem (this time in the other direction) and using continuity
of F1, F» and Sklar’s theorem we get

i 90 = [ ) 000w = [ b b)) a9, 0)

- /1 XI(lfFl(v) — Fy(w) +A(F1(v),F2(w)))dq9(U7w) (3)
o <H*(v,w)
= /1 , pr= (L o,w)) dd(v, w) = pr- @ H(L),

from which the first part of Eq. (2) follows immediately. Considering that
K(.’I}, (7007 y]) = KM (Fl(x)7 [07 FZ(y)]) = 1[O,y] (T* (.’I}))

is a Markov kernel of H* (see [§]), the disintegration of the measure immediately

ields
' | Goepaumen - [ | / Gl ) (. ) i, )

1x1I2

- / Gy (2, T (2)) A, (),

I
which completes the proof of Eq. ().

Concerning the equivalence stated in the theorem we obviously have equality
in (@) if, and only if,

/ A(F1 (v), Fa(w)) dd(v, w) = M(Fy (v), Fy(w)) d9 (v, w)
(a1,b1)x(az,b2) (a1,b1)x(az,b2)
holds, from which the result follows immediately. O

COROLLARY 1. Under the assumptions of Theorem [, Eq. @) is also valid
for discontinuous Fy, F5.

Proof. Using Eq. @), considering

pr ([0, br] X fw, bo]) = lim i (0= 2,b1] x (w— L, by))
=t {1-Fito— ) - w3+ Ho— 30— )

<n-(o- 0 2)

< lim T+ ((’U* %,bl] X (w— %,bz]) "

n—oo

= - ([v,01] x [w, bs))

and proceeding as in the proof of Theorem [I], the desired inequality is obtained.

O
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In case Fy and F; are assumed to be continuous, all elements H € F(Fy, F)
are continuous too. Hence, if H(v,w) < H*(v,w) holds for some v, w € I x I,
then it also holds in a neighbourhood of (v, w). From this we directly get the
following result.

COROLLARY 2. If, under the assumption of Theorem/[d, ¥ has full support, then
H* is the unique element in F(Fy, Fy) attaining the mazimum Mg, .

EXAMPLE 1. Suppose that I; = I, = [0, 1], that ) is an arbitrary finite measure
on [0,2]? and that Fi(z) = Fa(z) = x1j9,1)(@) + 1(1,00) (). Furthermore let H
denote the ordinal sum of M and II with respect to the partition {[0, 3], [2,1]}

(see [A)), i.e.,

3 1

-+ —(4x — 3)(4y — 3), ,y) € [3/4,1]?,
PR £ (s CTR MR T

min(z, y), otherwise.

Then, obviously, F(Fi, F2) = C and {(v,w) : H(v,w) # M(v,w)} = (3,1)%
Since 19((%, 1)2) = 0 holds, according to Theorem [I] we have

ma, =/ GﬂdﬂH:/ Gy dun,
[0 [0

71]2 71]2
so the maximum Mg, is attained by two different copulas, M and H.

EXAMPLE 2. Assuming, as in the previous example, Iy = Iy = [0,1], let Gy
be a convex combination of II and M, that is, Gy = oIl + (1 — a)M for some
a € (0,1). First, observe that ¢ has full support, since

d=aun+ (1 —a)uy and pmg = Ao

has full support. So, in this case, according to Theorem [I] and Corollary 2, M is
the only copula attaining the maximum m¢,. Moreover,

mag, = / oIl + (1 — «)M dups
[0,1]?

= a/ (¢, t) dA(t) + (1 — ) M (t,t) dA(t)
[0,1] [0,1]
a 11—« 1 a

3 2 2 6

The following result provides a lower bound for integrals of type ([2)). It can
be proved by mimicking the arguments presented in Theorem [l
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THEOREM 2. Suppose that ¥ is a o-finite (positive) measure on
I x 12 = [al,bl] X [a2,b2] C R2

such that Gy is finite on [a1,b1) X [az, ba) and let Fy, Fy be arbitrary continuous
one-dimensional d. f. s fulfilling F;(b;) — Fi(a;) = 1. Let H, € Fr, r, be defined
by H, = W o (Fy, F3) and set T, := F5 o (1 — Fy). Then we have

My = inf Gy(x,y)dug(x,
mg, H€-7:(F17F2)/11><12 o(z,y) dum(z,y) "
— [ oo dum(w.9) = [Gol 7.(0) déi o).
Il><12 Iy

Furthermore, the following two conditions are equivalent for every continuous
H e .7:<F1, Fg).‘

A) f11><12 Gﬂ(xa y) dMH(x? y) > meg,-

B) 9({(v,w) € I} x I : H(v,w) > H,(v,w)}) > 0.

Now, fix yo € (0,1) be arbitrary and suppose both that ¥; is a finite (positive)
measure on [0, 1]x[0, yo] and that 95 is a finite (positive) measure on [0, 1]x(yo, 1].
Setting ¥ = ¥ — 95 yields a finite signed measure on B([0,1]?) with Jordan
decomposition ¥ — ¥5 (see [12]).

In the following we will consider the (measurable and bounded) function

Gﬁ(x7y) = 19([07‘7"] X [Ovy])
Slightly generalizing the results in [4, [6] we want to calculate

s =sup [ Gydpa. (5)
AeC J[0,1]2

mg

REMARK 1. Notice that, in [4, [6], instead of Gy, the integrand is assumed to
2
be a continuous function G' on [0,1]? fulfilling % > 0 on (0,1) x (0,y0)
2
and %(gf) < 0on (0,1) X (yo,1). Such a function can be considered as special

cases of Gy. In fact, setting

0?G(x,y)
ﬁExF::/ 2 dXg(x, ),
! : Ex(F[0,go)) Oy0T )

_9G(z,y)

9o(E x F) = / Aoz, 9),

Ex(Fao,t)  0y0z
for E, F € B(]0,1]) yields absolutely continuous, finite measures 91, 5.
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For ¢ = 11 — 95 we obviously get Gy = G + a for some constant a € R, implying

sup/ nguA:sup/ Gdpa+a.
AecC J[0,1]2 AeC J[o,1]2

Our general setting also includes the results from [I5, Theorems 28 and 29]

and [2].

As already shown in [4, Theorem 8] the problem of calculating ¢, can be
reduced to a one-dimensional maximization problem. Before restating Theorem
8 in [] and proving it in an alternative and shorter way we define the class H,,
as the set of all yp-sections of copulas, i.e., the family of all the maps of the
form x — C(z,y0), x €[0,1], C €C, and state some of its properties (see [7]).
First, it is clear that each element h € H,, has the following properties:

i) h(0) =0,h(1) = yo,
ii) h is non-decreasing and Lipschitz continuous (with Lipschitz constant L =
1) and
iii) A fulfils h(z) € (W(z,y0), M (x,yo)).
Conversely, it is straightforward to verify that each function A : [0,1] — [0, yo]
fulfilling properties (i)—(iii) is the yo-section of a copula. In fact, the function Cj,

defined b
Y M(h(x),y) if (x,y) € [0,1] x [0, yo],

Ch(xvy): z—h(z — .
B(w) + (1= o)W (2L 4=} if (a,y) € [0,1] % (o, 1]

(6)
is easily shown to be a copula whose yo-section coincides with h. Additionally,
setting h(z) =1 — (z — h(z)) for every z € [0,1] as well as

Ke, (2, E) = 1g(h(z))h' (z) + 15 (h(2)) (1 — 1/ (z)) (7)

for E € B([0,1]) and for every x € [0,1] at which h is differentiable (recall
that h is differentiable at M-a.e. z € [0,1]), it is straightforward to verify that
K¢, is a Markov kernel of Cj, (see, e.g., [16]) and that Cj, concentrates its mass
on I'(R)UT (h) (where I'(h) and I (k) denote the graphs of h and h, respectively)
in the sense that pc, (I'(h) UT'(R)) = 1.

THEOREM 3. Consider yo € (0,1) and suppose that 91 is a finite (positive) meas-
ure on [0,1]x[0,yo] and that ¥ is a finite (positive) measure on [0, 1] x (yo, 1].
Set 9 =91 — 99 and consider the (measurable and bounded) function

G (x,y) = 0([0, 2] x [0,y]).
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The following equality holds:

sup/ Gydup = Sup/ Gy duc,
Bec J[o,1]2 hety, J10,1]2

= su z, h(x))h' (x 8
b /[Oyl]cﬂ( (@)l () (8)

heH,,
+ Gy (z,h(z)) (1 = W (z)) dA(z).

Moreover, the former upper bound is attained (i.e., is a maximum) if and only
if the latter is attained.

Proof. Let A € C and set h(z) = A(x, 1) for every z € [0,1] and define two
new (conditional) probability measures ™, u~ by

iH(Q) = ium A ([0,1] % [0, 50])),

B Q) = — (N ([0,1] % [0, 1]))  for every € B([0, 1]%).

I—yo
Calculating both marginals of 1+ and applying Theorem M directly yields T* = h
as well as 1 ,
/ Gydut < — Gy (z, h(z)) (z) dA(z).
[0,1]%[0,y0] Yo Jio,1]

Considering that for every y € (yo, 1] we have

G,&(.’IJ, y) = G’ﬂ(xv yO) - 192([07 .’IJ] X [y07 y])
and setting

I= / Go(z,y) du™(z,y)

[0,1] x[yo,1]
we get
I— / Gz, yo) A~ () 92((0, 2] x [yo, y]) du~ (2, y)
[071]><[y071] [071]X[y071]
1 _
- G (2, yo) (1— 1 () dA() — / 9210, 2] x [yo, 5]) di~ (&, ),
I =90 Jio.1 0,1]X[0,1]

I*
whereby the last equality follows from the disintegration of a measure and the
fact that we have

Ka(z,(yo,1]) =1—=H(x) for Iae. zel0,1].
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Calculating the marginals of 4~ and applying Theorem Bl to I* we get T, = h
as well as

1
T—wo

I*

/[0 | 220002 oo ) (1 = 1)) ),

so, altogether

1 /

/[o : 92([0, 2] x [yo, h(2)]) (1 — W' () d)\(x>

1 - /
- = /[071?ﬂ (2, (@) (1 — W' (2)) d\(a).

Considering 14 = yout + (1 — yo)u~ we conclude that the first quantity
in Eq. (8) cannot be greater than the third one. Since, as direct consequence
of Eq. (), we have

/ Gyduc, = / Gy (z, h(z))k (z)
[0,1]2 [0,1]
+ Gy (z,h(z)) (1= 1'(z)) dA\(z)
and since C, is a copula with yg-section h, the proof of Eq. () is complete. [
In general it seems unknown if, under the assumptions of Theorem [3] there is
a unique function h € H,, attaining the maximum. In special cases, uniqueness

is clear - in the following we consider a slightly more general version of Example 3
in [4] and show uniqueness directly (without Euler equation).

EXAMPLE 3. As before suppose that yo € (0, 1). Let ¥ and ¥2 denote absolutely
continuous measures with constant densities a > 0 on the rectangle [0, 1] x [0, y]
and b > 0 on [0, 1] x (yo, 1], respectively, and set

Y =1 — Ys.
The corresponding function Gy is given by
ary if (z,y) € [0,1] x [0, yo],

Gﬁ(xvy) = {

axyo — bx(y — yo) if (z,y) € [0,1] x (yo, 1].
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For arbitrary h € H,, applying Theorem [3land using integration by parts we get

/[071]2 Gy d'uch - (l/ xh(x)h/(x) d)\(.’IJ)

[0,1]

+/ z [(a+b)yo — b+ ba — bh(x)](1 — k' (z)) dA\(x)
[0,1]

_ g{th(x)’; _ /[071]h2(x) d)\(x)}

+ gp{ el b — b+ b~ (o))

1

0

— / [(a@+ b)yo — b+ bx — bh(z))? d)\(x)}
[0,1]

2
a o a 2 a” o
= —y5 — — h dA —
=5 [ P+ g

d\(zx)

_/ [(a+ b)yo — b+ bx — bh(x)]
[0.1]

2b
a (Z2 2
(5 + ?> Yo

(ab + b*)h?(z)

2 oy
— 2b[(a + b)yo — b+ bx]h(z) dA\(z)

1

~ % [(a+ b)yo — b+ bx]* d\(w).
[0,1]

For fixed x the latter integrand becomes minimal if

(x —1).

h =
(z) y0+a+b

The function

hy : —1
1 $'—>y0+a+b(x )

is a global minimizer of the integral which, however, only lies in

b
a+b

Hy, for yo=
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It is straightforward to verify that for yg > aL—i-b the (piecewise linear) function A,
defined by

T if z € |0,

a

(a+ b)yo — b]

h(z) ==

, +b)yo — b
Yo+ g —1) ifze (%1}

is the best approximation of h; in H,,. Figure [Il depicts a sample of the corre-
sponding copula C}, for the case a = b =1 and yo = %.

1.00 ~
-
\'\.
=
.
0.75 2
T
-
P
///
e
y 0.50
0.25 /
0.00
0.00 0.25 0.50 0.75 1.00
X
FIGURE 1.

Sample of size n = 1.000 of the unique maximizer C},

in Example [ for the case a = b =1 and yo = %

Finally, we aim at showing that every h € H,, is in fact a possible maximizer
in the sense that there exists some 9 = 97 — 3 such that

sup/ Gydup = / Gyduc, -

Bec J[0,1)2 [0,1)2
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THEOREM 4. For every h € H,, there exists a measure 9 on B([0,1]?) such that

sup Gydup = Gy duc, -
BeC J[0,1)? [0,1]2

Proof. Fix h € H,, and let ¥ denote the (singular) probability measure spread-
ing its mass uniformly on I'(h). Thus, for every = € [0, 1], we have

Gy (m, h(x)) =1,
and on the other hand,

G'L9 (.’I},E(.’IJ)) = Gﬁ(fl),yo) =z
as well. Hence

1
Gy duc, = / rxdA(z) = =.
[0 2

[0,1]? il

Let us now consider an arbitrary h* € H,,, and let € [0,1] be any point
at which both h and h* are differentiable. If h*(x) < h(x) holds, then obviously,

Gy(z,h*(2)) <z,

whereas

G'L9 (.’I},F(.’I})) = Gﬁ(fl),yo) =,
so for those values of x one has

Gy (9(:, h*(x)) %(x) + Gy (x,F(w)) (1 —

@) <

dh*
3 () = 0. On the other hand, if
T

h*(xz) > h(x) holds, then it is easily checked that

where the equality holds if and only if

Gy(z,h*(z)) = Gy(z,h*(z)) = =,

so for those values of x one has

dh*
dx

(z) + Gy (2, h*(z)) (1 - (ilhx* (x)) =z

Gy (x, h*(z))

This proves that the copula C}, associated to h is a maximizer of f[o 12 Gydug

over all B € C, and the maximum is equal to % O
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