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ABSTRACT. Let f(x) be a monic polynomial with integer coefficients and in-

tegers r1, . . . , rn with 0 ≤ r1 ≤ · · · ≤ rn < p the n roots of f(x) ≡ 0 mod p for a
prime p. We proposed conjectures on the distribution of the point (r1/p, . . . , rn/p)
in the previous papers. One aim of this paper is to revise them for a reducible
polynomial f(x), and the other is to show that they imply the one-dimensional
equidistribution of r1/p, . . . , rn/p for an irreducible polynomial f(x) by a geo-
metric way.

Communicated by Shigeki Akiyama

Throughout this paper, a polynomial means a monic one over the ring Z

of integers and the letter p denotes a prime number. Let

f(x) = xn+ an−1x
n−1 + · · ·+ a0

be a polynomial of degree n with complex roots α1, . . . , αn. We fix the numbering
of roots once and for all, and define a vector space LR over the rational number
field Q by

LR :=

{
(l1, . . . , ln+1) ∈ Qn+1

∣∣∣∣
n∑

i=1

liαi = ln+1

}
,

which depends on the numbering of roots αi. The projection defined by

(l1, . . . , ln, ln+1) �→ (l1, . . . , ln)

from LR to

LR0 :=

{
(l1, . . . , ln) ∈ Qn

∣∣∣∣
n∑

i=1

liαi ∈ Q

}
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is an isomorphism, more strongly from LR∩Zn+1 on LR0∩Zn, since numbers αi

are algebraic integers. Since there is a trivial linear relation
∑

αi = −an−1,
the non-zero vector (1, . . . , 1,−an−1) is always in LR, hence t := dimQ LR =
dimQ LR0 ≥ 1 is clear. The inequality t ≤ n is also clear and the condition
t = n holds if and only if f(x) is a product of linear forms in Q[x]. The vector
(1, . . . , 1) is always in LR0, and a polynomial f(x) has a rational root if and only
if a vector of the form (0, . . . , 0, 1, 0, . . . , 0) is in LR0, and αi − αj ∈ Q holds for
distinct i, j if and only if a vector of the form (0, . . . , 0, 1, 0, . . . , 0,−1, 0, . . . , 0)
is in LR0.

We say that a polynomial f(x) has a non-trivial linear relation among roots
if t > 1.

We take a Z-basis

m̂j := (mj,1, . . . ,mj,n,mj) (j = 1, . . . , t)

of LR ∩ Zn+1, and put

mj := (mj,1, . . . ,mj,n) (j = 1, . . . , t).

By definition, the vector m̂j satisfies
n∑

i=1

mj,iαi = mj (j = 1, . . . , t)

and the vectors m1, . . . ,mt are a basis of LR0 ∩ Zn. We fix the basis m̂j

(j = 1, . . . , t) together with roots αi once and for all.

We introduce two permutation groups associated with them:

Ĝ : = {ν ∈ Sn | 〈ν(m̂1), . . . , ν(m̂t)〉Z = 〈m̂1, . . . , m̂t〉Z},

G : = {ν ∈ Sn | 〈ν(m1), . . . , ν(mt)〉Z = 〈m1, . . . ,mt〉Z}.
Here,

〈z1, . . . , zk〉Z := {a1z1 + · · ·+ akzk | a1, . . . , ak ∈ Z}
and we let, for x = (x1, . . . , xn) ∈ Rn, x ∈ R and a permutation ν ∈ Sn

ν(x) :=
(
xν−1(1), . . . , xν−1(n)

)
, ν

(
(x, x)

)
:=

(
ν(x), x

)
.

Note that

Ĝ = {ν ∈ Sn | ν(LR) = LR}, G = {ν ∈ Sn | ν(LR0) = LR0},
hence, groups Ĝ,G are independent of the choice of bases m̂i and Ĝ is a sub-
group of G. If f(x) is irreducible, then they are identical. However, they are not
necessarily equal for a reducible polynomial.

We may take the vector (1, . . . , 1,−an−1) as m̂1, and if f(x) has no non-trivial

linear relation among roots, then it is a basis of LR∩Zn+1, hence Ĝ = G = Sn.
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Next, we put

SplX(f) := {p ≤ X | f(x) is fully splitting modulo p}
for a positive number X and Spl(f) := Spl∞(f).

We require the following conditions on the local roots r1, . . . , rn (∈ Z)
of f(x) ≡ 0 mod p for a prime p ∈ Spl(f) :

f(x) ≡
n∏

i=1

(x− ri) mod p, (1)

0 ≤ r1 ≤ r2 ≤ · · · ≤ rn < p. (2)

The condition (1) is nothing but the definition of p ∈ Spl(f), and (2) determines
local roots ri uniquely. From now on, local roots ri are supposed to satisfy two
conditions (1) and (2). The global ordering (2) to local roots is a key.

We know that for a sufficiently large prime p ∈ Spl(f), there is at least one
permutation σ ∈ Sn dependent on p such that

n∑
i=1

mj,irσ(i) ≡ mj mod p
(
1 ≤ ∀j ≤ t

)
. (3)

To state conjectures, we introduce the following notation corresponding to the
condition (3)

SplX(f, σ) := {p ∈ SplX(f) | (3)},

which is independent of the choice of the basis m̂i, and we define the density by

Pr(f, σ) := lim
X→∞

#SplX(f, σ)

# SplX(f)
.

We suppose that the limit exists. The existence of the limit is supported by com-
puter experiment.

Next, we introduce geometric objects

D̂n :=

{
(x1 . . . , xn) ∈ [0, 1]n

∣∣∣∣ 0 ≤ x1 ≤ · · · ≤ xn ≤ 1,

n∑
i=1

xi ∈ Z

}
,

D(f, σ) :=

⎧⎨
⎩(x1 . . . , xn) ∈ [0, 1]n

∣∣∣∣∣
0 ≤ x1 ≤ · · · ≤ xn ≤ 1,
n∑

i=1

mj,i xσ(i) ∈ Z
(
1 ≤ ∀j ≤ t

)
⎫⎬
⎭

=
{
x ∈ D̂n | (σ(l),x) ∈ Z

(∀l ∈ LR0 ∩ Zn
)}

.
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The dimension of D̂n is n− 1 and that of D(f, σ) is less than or equal to n− t.
In the following, the volume vol

(
D(f, σ)

)
means that as an (n− t)-dimensional

set, that is for a set S in v + R[v1, . . . , vn−t](⊂ Rn) with orthonormal elements
v1, . . . , vn−t ∈ Rn, we identify v+

∑
yivi ∈ S with a point (y1, . . . , yn−t) ∈ Rn−t.

So, vol(D(f, σ)) = 0 holds if dimD(f, σ) < n− t.

In case that f(x) is a product of linear forms, which is equivalent to t = n,
dimD(f, σ) = 0 holds, hence the discussion about D(f, σ) is almost meaningless.

If there is no non-trivial linear relation among roots, then D(f, σ) is equal

to D̂n for every permutation σ.

The first conjecture is

��������	� 1
 For a permutation σ with Pr(f, σ) > 0, the ratio

c =
vol(D(f, σ))

Pr(f, σ)
(4)

is independent of σ. If G = Ĝ holds, then two conditions Pr(f, σ) > 0 and
vol(D(f, σ)) > 0 are equivalent.

If (i) f(x) is not a product of linear forms, (ii) αi−αj �∈ Q for any distinct i, j,
that is, f(x) �= F (x)g(x)g(x + a) for any F (x), g(x) ∈ Q[x], a ∈ Q and (iii)
vol

(
D(f, σ)

)
= cPr(f, σ) holds for every σ ∈ Sn, then

c =
√
det((mi,mj))/#Ĝ

is known (cf. [K4]), although it is not necessary here.

There is an example of a reducible polynomial f(x) such that Pr(f, σ) = 0
but vol(D(f, σ)) > 0 for some permutation σ as follows, and Expectation 1′′

in [K1], [K3] should be revised as above, not to exclude a reducible polynomial.

������
 Let us consider the polynomial f(x) = (x2 − 2)((x − 1)2 − 2) with

roots α1 =
√
2, α2 = 1+

√
2, α3 = −√

2, α4 = 1−√
2. Then t = 3 and the matrix

(mj,i) and mi are ⎛
⎝ 1 0 0 1

1 −1 0 0
1 0 1 0

⎞
⎠ ,

⎛
⎝ 1

−1
0

⎞
⎠ ,

and

G = {[1, 2, 3, 4], [1, 2, 4, 3], [2, 1, 3, 4], [2, 1, 4, 3],
[3, 4, 1, 2], [3, 4, 2, 1], [4, 3, 1, 2], [4, 3, 2, 1]}

and
Ĝ = {[1, 2, 3, 4], [3, 4, 1, 2]},

where a permutation σ is identified with the vector [σ(1), . . . , σ(4)] of images.
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Then we see that

D(f, σ) =

{
{(x, x, 1− x, 1− x) | 0 ≤ x ≤ 1/2} if σ ∈ G,

{(1/2, 1/2, 1/2, 1/2)} otherwise.

Two conditions dimD(f, σ) = 1 (= n− t) and σ ∈ G are equivalent. We find

Pr(f, σ) =

{
1 if σ ∈ Ĝ,

0 otherwise,
since p ∈ Spl(f, σ) means

rσ(1) + rσ(4) = p+ 1, rσ(1) − rσ(2) = −1, rσ(1) + rσ(3) = p

for a sufficiently large p, which implies σ ∈ Ĝ. This is an example such that

Pr(f, σ) = 0 but vol
(
D(f, σ)

)
> 0 for σ ∈ G \ Ĝ by #G = 8,#Ĝ = 2, and

this supports Conjecture 1.

The revision with respect to Expectation 1′ in [K4] for a reducible polyno-
mial f(x) is

��������	� 2
 Suppose that Pr(f, σ)>0, vol
(
D(f, σ)

)
>0 for a permutation σ;

then for a set D = D◦ ⊂ [0, 1)n, we have

PrD(f, σ) := lim
X→∞

#{p ∈ SplX(f, σ) | (r1/p, . . . , rn/p) ∈ D}
#SplX(f, σ)

=
vol(D ∩D(f, σ))

vol(D(f, σ))
.

The suppositions Pr(f, σ) > 0, vol(D(f, σ)) > 0 are added.

Next, we discuss the one-dimensional equidistribution of ri/p
(
1 ≤ i ≤ n, p ∈

Spl(f)
)
for local roots ri, that is, whether for 0 ≤ a < 1,

lim
X→∞

∑
p∈SplX(f) #{i | ri/p ≤ a, 1 ≤ i ≤ n}

n ·#SplX(f)
= a

is true or not. We note that if f(x) has a rational integral root r0, then r = r0
or r = p + r0 is a local root according to r0 ≥ 0 or r0 < 0 for a large prime
p ∈ Spl(f), hence r/p tends to 0 or 1, that is the one-dimensional equidis-
tribution is false. So, we exclude a polynomial with a rational integral root.
We showed that Conjectures above imply the one-dimensional equidistribution
of roots ri/p for a polynomial which has no non-trivial linear relation among
roots by calculation (cf. [K2]). Here we show for a more general polynomial,
e.g., an irreducible polynomial of degree larger than 1, that Conjectures 1, 2 im-
ply the one-dimensional equidistribution of roots ri/p not based on hard calcu-
lation.
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Putting

Di,a := {(x1, . . . , xn) ∈ [0, 1)n | xi ≤ a},
it is easy to see∑

p∈SplX(f)

#{i | ri/p ≤ a, 1 ≤ i ≤ n}

=
∑

p∈SplX(f)

#{i | (r1/p, . . . , rn/p) ∈ Di,a}

=

n∑
i=1

#{p ∈ SplX(f) | (r1/p, . . . , rn/p) ∈ Di,a}

=

n∑
i=1

∑
σ∈Sn

#{p ∈ SplX(f, σ) | (r1/p, . . . , rn/p) ∈ Di,a}/#Ĝ+O(1),

since we know by Proposition 2 in [K3] that if a prime p ∈ Spl(f) is suffi-

ciently large, then there are exactly #Ĝ permutations σ satisfying p ∈ Spl(f, σ).
Therefore we have

lim
X→∞

∑
p∈SplX(f) #{i | ri/p ≤ a, 1 ≤ i ≤ n}

n#SplX(f)

= lim
X→∞

n∑
i=1

∑
σ∈Sn

#{p ∈ SplX(f, σ) | (r1/p, . . . , rn/p) ∈ Di,a}
n ·#Ĝ ·#SplX(f)

= lim
X→∞

n∑
i=1

∑
σ∈S′

n
#{p ∈ SplX(f, σ) | (r1/p, . . . , rn/p) ∈ Di,a}

#SplX(f, σ)

× #SplX(f, σ)

n ·#Ĝ ·#SplX(f)

where S′
n is a subset of Sn consisting of permutations satisfying Pr(f, σ) > 0

=
1

n#Ĝ

n∑
i=1

∑
σ∈S′

n

PrDi,a
(f, σ)Pr(f, σ)

=
1

nc#Ĝ

n∑
i=1

∑
σ∈S′

n

PrDi,a
(f, σ)vol

(
D(f, σ)

)
(by Conjecture 1)

=
1

nc#Ĝ

n∑
i=1

∑
σ∈S′

n

vol
(
Di,a ∩D(f, σ)

)
(by Conjecture 2).
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We note that the dimension of the set

Di,0 ∩D(f, σ)

=

{
(x1, . . . , xn)

∣∣0 ≤ x1 ≤ · · · ≤ xn < 1, xi = 0,

n∑
k=1

mj,kxσ(k) ∈ Z
(∀j)}

is less than n − t, since the condition xi = 0 is independent of conditions∑n
k=1 mj,kxσ(k) ∈ Z (∀j) by the assumption that f(x) has no rational root.

Therefore the above is equal to 0 at a = 0, and to 1 at a = 1 by

c =

∑
Pr(f,σ)>0 vol(D(f, σ))∑

Pr(f, σ)
=

∑
Pr(f,σ)>0

vol
(
D(f, σ)

)
/#Ĝ,

using Corollary 2 in [K3]. Hence, once we have shown that it is a linear form
in a, it is equal to a on [0, 1), that is the distribution of ri/p is uniform.
The difference between the above sum restricted on S′

n and the full sum

n∑
i=1

∑
σ∈Sn

vol
(
Di,a ∩D(f, σ)

)
(5)

is
n∑

i=1

∑
Pr(f,σ)=0, vol(D(f,σ))>0

vol
(
Di,a ∩D(f, σ)

)
. (6)

From now on, the aim is to show that (5) is a linear form in a. Under the as-
sumption that the conditions Pr(f, σ) > 0 and vol

(
D(f, σ)

)
> 0 are equivalent,

it means that (6) vanishes and the distribution of ri/p is uniform.

We assume still that a polynomial f(x) has no rational roots, and put

Q(f) := Q(α1, . . . , αn),

βi := αi − trQ(f)/Q(αi)/[Q(f) : Q] ( �= 0),

LR0 :=

{
(l1, . . . , ln) ∈ Qn

∣∣∣∣
n∑

i=1

liαi ∈ Q

}

=

{
(l1, . . . , ln) ∈ Qn

∣∣∣∣
n∑

i=1

liβi = 0

}
,

Df :=
{
x ∈ Rn

∣∣(l,x) ∈ Z for ∀l ∈ LR0 ∩ Zn
}
.
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���� 0.1
 Suppose that αi − αj �∈ Q for any distinct i, j. We have

n∑
i=1

∑
σ∈Sn

vol
(
Di,a ∩D(f, σ)

)
=

n∑
i=1

vol
({x ∈ [0, 1)n | xi ≤ a} ∩Df

)
,

in particular, ∑
σ∈Sn

vol
(
D(f, σ)

)
= vol

(
[0, 1)n ∩Df

)
.

P r o o f. The equations

Di,a ∩D(f, σ)

=
{
x ∈ [0, 1)n | x1 ≤ · · · ≤ xn, xi ≤ a,

(
l, σ−1(x)

) ∈ Z for ∀l ∈ LR0 ∩ Zn
}

= {x ∈ [0, 1)n | x1 ≤ · · · ≤ xn, xi ≤ a, σ−1(x) ∈ Df}
= σ

({y ∈ [0, 1)n | yσ−1(1) ≤ · · · ≤ yσ−1(n), yσ−1(i) ≤ a} ∩Df

)
imply

vol
(
Di,a ∩D(f, σ)

)
= vol

({y ∈ Rn | 0 < yσ−1(1) < · · · < yσ−1(n) < 1, yσ−1(i) ≤ a} ∩Df

)
.

Here, we note that by the assumption, LR0 contains no vector of the form
(0, . . . , 0, 1, 0, . . . ,−1, 0, . . . , 0) and Df is defined by t linearly independent vec-
tors mj and the volume vol is (n− t)-dimensional one, hence it is not necessary
to care an additional equation xi = xj for i �= j. Let us define a mapping φ from

X(i) := {(x, i) | x ∈ (0, 1)n, 1 ≤ i ≤ n, xi ≤ a, xj �= xl if j �= l}
to the union of

Y (σ, k) := {(y, σ, k) | y ∈ (0, 1)n, 0 < yσ(1) < · · · < yσ(n) < 1, yσ(k) ≤ a}
by φ((x, i)) = (x, σ, k), where σ, k are defined by

xσ(1) < · · · < xσ(n), k = σ−1(i),

hence
φ
(
X(i)

)
= ∪σ,k:σ(k)=iY (σ, k) for i = 1, . . . , n.

The mapping is clearly bijective for any fixed i, and if (y, σ, k) ∈ Y (σ, k)
and (y, σ′, k′) ∈ Y (σ′, k′) occur with σ(k) = σ′(k′), then σ = σ′, k = k′ hold.
Hence, defining pr by pr(y, σ, k) = y, we have

pr
(
Y (σ, k)

) ∩ pr
(
Y (σ′, k′)

)
= ∅

if σ(k) = σ′(k′) and either σ �= σ′ or k �= k′, and so
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n∑
i=1

∑
σ

vol
(
Di,a ∩D(f, σ)

)

=

n∑
i=1

∑
σ

vol
(
pr
(
Y (σ−1, i)

) ∩Df

)

=

n∑
k=1

∑
σ

vol
(
pr
(
Y (σ, k)

) ∩Df

)

=
∑
i

∑
k,σ:σ(k)=i

vol
(
pr
(
Y (σ, k)

) ∩Df

)

=
∑
i

vol
(
∪k,σ:σ(k)=ipr

(
Y (σ, k)

) ∩Df

)

=
∑
i

vol
(
pr
(∪k,σ:σ(k)=iY (σ, k)

) ∩Df

)

=
∑
i

vol
(
pr
(
X(i)

) ∩Df

)

=
∑
i

vol
({x ∈ [0, 1)n | xi ≤ a} ∩Df

)
.

�

Hence to show the equidistribution, we have only to see that each factor
vol

({x ∈ [0, 1)n | xi ≤ a} ∩Df

)
is a linear form in a.

���� 0.2
 Suppose that β1, . . . , βr are linearly independent over Q and

(βr+1, . . . , βn) = (β1, . . . , βr)T for ∃T ∈ Mr,n−r(Q).

Then we have r = n− t,

LR0 =

⎧⎪⎨
⎪⎩(l1, . . . , ln) ∈ Qn

∣∣∣∣
⎛
⎜⎝

l1
...
lr

⎞
⎟⎠ = −T

⎛
⎜⎝

lr+1

...
ln

⎞
⎟⎠
⎫⎪⎬
⎪⎭

and ⎛
⎜⎝

m1

...
mt

⎞
⎟⎠ = (StT,−S) for ∃S ∈ GLn−r(Q) ∩Mn−r(Z).
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P r o o f. By

n∑
i=1

xiβi = (β1, . . . , βr)

⎧⎪⎨
⎪⎩
⎛
⎜⎝

x1

...
xr

⎞
⎟⎠+ T

⎛
⎜⎝

xr+1

...
xn

⎞
⎟⎠
⎫⎪⎬
⎪⎭ (xi ∈ R),

we see

LR0 =

{
(l1, . . . , ln) ∈ Qn

∣∣∣∣
n∑

i=1

liβi = 0

}

=

⎧⎪⎨
⎪⎩(l1, . . . , ln) ∈ Qn

∣∣∣∣
⎛
⎜⎝

l1
...
lr

⎞
⎟⎠ = −T

⎛
⎜⎝

lr+1

...
ln

⎞
⎟⎠
⎫⎪⎬
⎪⎭ ,

which implies t = dimLR0 = n − r. On the other hand, the definition of T
implies

(tT,−1n−r)

⎛
⎜⎝

β1
...
βn

⎞
⎟⎠ = 0(n−r,1),

hence row vectors of the matrix (tT,−1n−r) spann LR0 by rank(tT,−1n−r) =
dimLR0 and so there is a matrix S ∈ GLn−r(Q) such that⎛

⎜⎝
m1

...
mt

⎞
⎟⎠ = S(tT,−1n−r) = (StT,−S),

which implies that S is integral. �

���� 0.3
 Supposing the assumption on βi in Lemma 0.2, we have

Df =
{
x ∈ Rn | (StT,−S)tx ∈ Mt,1(Z)

}
=

{
x ∈ Rn | (xr+1, . . . , xn) = (x1, . . . , xr)T + ktS−1

(
∃k ∈ M1,t

(
Z
))}

.

For (x1, . . . , xr) ∈ [0, 1)r, there are exactly | det(S)| vectors (xr+1, . . . , xn) ∈
[0, 1)n−r such that (x1, . . . , xn) ∈ Df .
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P r o o f. We see that

Df =

⎧⎪⎨
⎪⎩x ∈ Rn

∣∣∣∣
⎛
⎜⎝

m1

...
mt

⎞
⎟⎠ tx ∈ Mt,1(Z)

⎫⎪⎬
⎪⎭=

{
x ∈ Rn | (S tT,−S)tx ∈ Mt,1(Z)

}

=
{
x ∈ Rn | ((xr+1, . . . , xn)− (x1, . . . , xr)T )

tS ∈ M1,t(Z)
}

=
{
x ∈ Rn | (xr+1, . . . , xn) = (x1, . . . , xr)T + ktS−1 (∃k ∈ M1,t(Z))

}
.

Since S ∈ GLn−r(Q) is an integral regular matrix, the inclusion Zn−r tS−1 ⊃
Zn−r is clear. Hence, for (x1, . . . , xr) ∈ Rr, there is a vector (xr+1, . . . , xn) :=
(x1, . . . , xr)T+ktS−1 ∈ [0, 1)n−r for some integral vector k. The number of such
integral vectors is | det(S)| since S is integral. �

Thus we see that, assuming that β1, . . . , βr is linearly independent over Q and
1 ≤ i ≤ r as above

{x∈ [0, 1)n | xi≤a} ∩Df ={
x∈ [0, 1)n |xi≤a, (xr+1, . . . , xn)=(x1, . . . , xr)T+ktS−1

(∃k∈M1,t(Z)
)}

,

which is included in the union of sets parallel to the subspace

{x ∈ Rn | (xr+1, . . . , xn) = (x1, . . . , xr)T} ,
and the projection to Ei,a := {x ∈ [0, 1)r | xi ≤ a} is exactly | det(S)|-fold
independently on x by the lemma above. Hence the volume of {x ∈ [0, 1)n |
xi ≤ a} ∩Df as an r (= n− t)-dimensional set is proportional to a = vol(Ei,a).
In general, for given i, we have only to take a subset j1, . . . , jr such that
βj1 , . . . , βjr are linearly independent over Q and jk = i for some k. Thus, we
have proved that

����	�� 0.1
 If a polynomial f(x) has no rational root, αi − αj �∈ Q for any
distinct i, j, and the conditions Pr(f, σ) > 0 and vol

(
D(f, σ)

)
> 0 are equivalent,

then Conjectures 1, 2 imply the equidistribution of ri/p for local roots ri of the
polynomial.

So, the equidistribution of ri/p for local roots ri is likely for an irreducible
polynomial f(x) of deg f > 1. Although the polynomial

f(x) = (x2 − 2)
(
(x− 1)2 − 2

)
does not satisfy the assumption of the theorem, the equidistribution of local
roots ri/p is true by [DFI], [T].

103



YOSHIYUKI KITAOKA

Put, for an algebraic number field F containing Q(f)

Spl(f, F ) := {p ∈ Spl(f) | p is fully splitting at F}.
If a subsequence of ri/p for local roots ri of f restricted on p ∈ Spl(f, F ) dis-
tributes uniformly for every irreducible polynomial f of deg f > 1 and every
number field F , then the one-dimensional distribution of ri/p for any reducible
polynomial without rational root is true.

���	�
 Foo proves in [F] that the set {ri/p | 1 ≤ i ≤ n, p ∈ Spl(f)} is dense
in the interval (0, 1) for an irreducible polynomial f(x) of degree > 1 under the
Bouniakowsky conjecture.
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