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ABSTRACT. Let f(x) be a monic polynomial with integer coefficients and in-
tegers r1,...,rp with 0 <ry < .-+ <7, < p the n roots of f(z) =0 mod p for a
prime p. We proposed conjectures on the distribution of the point (r1/p,...,7n/p)
in the previous papers. One aim of this paper is to revise them for a reducible
polynomial f(z), and the other is to show that they imply the one-dimensional
equidistribution of r1/p,...,rp/p for an irreducible polynomial f(z) by a geo-
metric way.

Communicated by Shigeki Akiyama

Throughout this paper, a polynomial means a monic one over the ring 7Z
of integers and the letter p denotes a prime number. Let

F(@) = "+ anaa™ ™ 4 tag

be a polynomial of degree n with complex roots oy, . . ., a,. We fix the numbering
of roots once and for all, and define a vector space LR over the rational number

field Q by n
Zliai = ln+1},

i=1
which depends on the numbering of roots «;. The projection defined by

(ll, Ce ,ln,ln+1) — (ll, Ce ,ln)

i lia; € Q}
=1
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LR := {(zl,...,lnﬂ) e Q!

from LR to
LRy := {(ll,...,ln) e Q"
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is an isomorphism, more strongly from LRNZ"*! on LRyNZ", since numbers o
are algebraic integers. Since there is a trivial linear relation Y «; = —a,_1,
the non-zero vector (1,...,1,—a,_1) is always in LR, hence ¢ := dimg LR =
dimg LRy > 1 is clear. The inequality ¢ < n is also clear and the condition
t = n holds if and only if f(z) is a product of linear forms in Q[x]. The vector
(1,...,1) is always in LRy, and a polynomial f(z) has a rational root if and only
if a vector of the form (0,...,0,1,0,...,0) is in LRy, and o; — o; € Q holds for
distinct 4, j if and only if a vector of the form (0,...,0,1,0,...,0,—1,0,...,0)
is in LRO

We say that a polynomial f(z) has a non-trivial linear relation among roots
if ¢t > 1.

We take a Z-basis

Thj = (mj71, cen ,mjm,mj) (] = ].,. . .,t)
of LRNZ"*!, and put
m; = (mjyl, e ,m]"n) (] = 1,. . ,t)

By definition, the vector 71, satisfies

n
ij’iai = mj (j = 1,...,t)
i=1
and the vectors my,...,m; are a basis of LRy N Z". We fix the basis m;
(j =1,...,t) together with roots «; once and for all.

We introduce two permutation groups associated with them:

G:={ves, | wm),.. . vz =(m,. .. m)z}

G:={vesS,|vim),...,v(m))z=(m,...,my)z}.

Here,
(z1,..,zk)z = {arz1 + -+ agzp | a1, ...,a, € L}
and we let, for & = (z1,...,2,) € R", z € R and a permutation v € S,
v(x) = (zy-1(1ys- -, Tu-1(m) ), Y((z,2)) := (v(x), x).
Note thae“®) = (@) ), v((@,2)) = (v(z),z)

G={veS,|v(LR)=LR}, G={veS,|v(LRy) = LRy},

hence, groups G, G are independent of the choice of bases ri; and G is a sub-
group of G. If f(x) is irreducible, then they are identical. However, they are not
necessarily equal for a reducible polynomial.

We may take the vector (1,...,1, —a,_1) as 1y, and if f(z) has no non-trivial
linear relation among roots, then it is a basis of LR N Z"*Y, hence G=G=25,.
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Next, we put
Sply(f) :=={p < X | f(z) is fully splitting modulo p}

for a positive number X and Spl(f) := Spl..(f).

We require the following conditions on the local roots ry,...,r, (€ Z)
of f(x) =0 mod p for a prime p € Spl(f):

f@) =[] @@= r:) modp, (1)
=1
0<r <rpg<-- <, <p. (2)

The condition () is nothing but the definition of p € Spl(f), and ([2)) determines
local roots 7; uniquely. From now on, local roots r; are supposed to satisfy two
conditions () and (). The global ordering () to local roots is a key.

We know that for a sufficiently large prime p € Spl(f), there is at least one
permutation o € S,, dependent on p such that

n
ij’irg(i) =m;modp (1< Vi< t). (3)
i=1
To state conjectures, we introduce the following notation corresponding to the
condition ()
Splx (f,o) == {p € Splx(f) | B},
which is independent of the choice of the basis m;, and we define the density by

Prif.o) = Jm sl () -

We suppose that the limit exists. The existence of the limit is supported by com-
puter experiment.

Next, we introduce geometric objects

D, = {(xl,xn) e [o,1]"

n
0<x1<~-~<xn<1,inGZ},
i=1

n

S mjiz.ny €L (1< <t)
i=1

1)

—

S
I

(1...,2,) €10,1]"

_ {wegn | (o), z) € Z ("1 eLRODZn)}.
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The dimension of ®,, is n — 1 and that of D(f,0) is less than or equal to n — ¢.
In the following, the volume vol(D(f, o)) means that as an (n — t)-dimensional
set, that is for a set S in v + R[vy, ..., v,—¢](C R™) with orthonormal elements
v1,..., Uy € R" weidentify v+ y;v; € S with a point (y1,...,yn_¢) € R
So, vol(D(f,0)) = 0 holds if dim®D(f,0) <n —t.

In case that f(x) is a product of linear forms, which is equivalent to t = n,
dim D (f, o) = 0 holds, hence the discussion about D(f, o) is almost meaningless.

If there is no non-trivial linear relation among roots, then ©(f, o) is equal
to D, for every permutation o.

The first conjecture is

CONJECTURE 1. For a permutation o with Pr(f,o) > 0, the ratio

_ vol(D(f,0))
= Pr(f,o) (4)

is independent of o. If G = G holds, then two conditions Pr(f,o) > 0 and
vol(D(f, o)) > 0 are equivalent.

If (i) f(x) is not a product of linear forms, (ii) o; —a; ¢ Q for any distinct ¢, 7,
that is, f(x) # F(z)g(x)g(x + a) for any F(z),g(x) € Qlz],a € Q and (iii)
VOl(@(f, a)) = cPr(f,o) holds for every o € S,,, then

c= det((mi,mj))/#é

is known (cf. [K4]), although it is not necessary here.

There is an example of a reducible polynomial f(z) such that Pr(f,o) =0
but vol(D(f,o)) > 0 for some permutation o as follows, and Expectation 1”
in [K1J, [K3] should be revised as above, not to exclude a reducible polynomial.

EXAMPLE. Let us consider the polynomial f(z) = (22 — 2)((x — 1) — 2) with
roots oy = \/5, = 1—1—\/5, as=—V2,ay=1 —+/2. Then t = 3 and the matrix
(mj,;) and m; are

1 0 01 1
1 -1 00 |, 1|,
1 0 1 0 0
and
G ={[1,2,3,4],[1,2,4,3],[2,1,3,4],[2,1,4, 3],
3,4,1,2],3,4,2,1],[4,3,1,2], [4,3,2, 1]}
and R
G ={[1,2,3,4],[3,4,1,2]},
where a permutation ¢ is identified with the vector [o(1),...,0(4)] of images.
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Then we see that

D(f,0) = {{(xvxalw,lx)|0<x<1/2} ifoea,

{(1/2,1/2,1/2,1/2)} otherwise.
Two conditions dim®D(f,0) =1(=n —t) and 0 € G are equivalent. We find

s -

since p € Spl(f, o) means

1 ifaeé,

0 otherwise,

To1) tTo@) =P+ 1,7501) —To@2) = —L,7501) + 7o3) =P

for a sufficiently large p, which implies o € G. TA his is an exampl(i such that
Pr(f,o) = 0 but Vol(’D(f,J)) >0 for 0 € G\ G by #G = 8, #G = 2, and
this supports Conjecture [Tl

The revision with respect to Expectation 1’ in for a reducible polyno-
mial f(x) is
CONJECTURE 2. Suppose that Pr(f,o)>0, vol(@(f, U)) >0 for a permutation o ;
then for a set D = D° C [0,1)", we have

. #{pESpl (f,a)\(rl/p,...,rn/p)ED}
Pro(f,0) = Jim, Sl (.0)
_ vol(D ND(f,0))
vol(D(f, o))

The suppositions Pr(f,o) > 0,vol(D(f,0)) > 0 are added.

Next, we discuss the one-dimensional equidistribution of r;/p (1 <i1<n,pe€
Spl(f)) for local roots r;, that is, whether for 0 < a < 1,

ZpeSplX(f) #{i|ri/p<a,1<i<n} .

s n - # Splx ()

is true or not. We note that if f(z) has a rational integral root r¢, then r = rg
or r = p+ rg is a local root according to 7o > 0 or rg < 0 for a large prime
p € Spl(f), hence r/p tends to 0 or 1, that is the one-dimensional equidis-
tribution is false. So, we exclude a polynomial with a rational integral root.
We showed that Conjectures above imply the one-dimensional equidistribution
of roots r;/p for a polynomial which has no non-trivial linear relation among
roots by calculation (cf. [K2]). Here we show for a more general polynomial,
e.g., an irreducible polynomial of degree larger than 1, that Conjectures[I], 2 im-
ply the one-dimensional equidistribution of roots r; /p not based on hard calcu-
lation.
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Putting
D; o :={(z1,...,2,) €[0,1)" | &; < a},
it is easy to see

Z #{i|ri/p<a,1<i<n}

pESPlx (f)

— Z #{i| (r1/p,....7n/D) € Dia}

pESPly (f)

Z #{p € Splx(f) | (ri/p, -, 7n/p) € Dia}

Yo > #peSplx(fi0) [ (r1/p,.. . 7a/p) € Dia}/#G +O(1),

i=10€S,

since we know by Proposition 2 in [K3] that if a prime p € Spl(f) is suffi-

ciently large, then there are exactly #G permutations o satisfying p € Spl(f, o).
Therefore we have

m EpESplx(f) #{7’ | Tl/p S a71 S { S n}

X—o0 n# Splx (f)
— Im . Zoesn #{pe SplX(vaJ) | (r1/p,--.,7/p) € Dia}
Xoooim] n-#G - #Splx(f)
~ lim " D oes, #p € Splx (f,0) [ (r1/p, ..., 7a/P) € Dia}
X—oo o] # Splx (f,0)
#Splx (f,0)

n-#G - #Splx(f)

where S/ is a subset of S,, consisting of permutations satisfying Pr(f,o) >0

1 n
_ Prp. (f,o0)Pr(f,
462 T Pro . oPro)

Z Z Prp, . (f,0)vol(D(f,0)) (by Conjecture )
i=1o0€S],

n

1
nc#é

_ ! _ Z Z vol(D;. ND(f,0)) (by Conjecture [2]).

ne#G 3 o=y}

98



DISTRIBUTION OF ROOTS MODULO A PRIME OF A POLYNOMIAL

We note that the dimension of the set

Di,O N @(f,O')

= {($1,~-~,9€n)|0<x1 < <Zap <l ZO,ng‘,k%(m EZ(VJ)}
k=1

is less than n — ¢, since the condition x; = 0 is independent of conditions
> h My kTo(k) € Z (%) by the assumption that f(x) has no rational root.
Therefore the above is equal to 0 at a =0, and to 1 at a = 1 by

c= 2 pr(f,0)>0 VLD (S, 0))
Z PT(f’ g')

= 3 vol(D(f,0))/#G.

Pr(f,0)>0

using Corollary 2 in [K3]. Hence, once we have shown that it is a linear form
in a, it is equal to a on [0,1), that is the distribution of r;/p is uniform.
The difference between the above sum restricted on S/, and the full sum

Z Z vol(Dmﬁ@(f, U)) (5)

i=10€S,
is
n

> > vol(D; o ND(f,0)). (6)

=1 Pr(f,0)=0, vol(D(f,0))>0

From now on, the aim is to show that () is a linear form in a. Under the as-
sumption that the conditions Pr(f,o) > 0 and V01(©(f, 0)) > 0 are equivalent,
it means that (@) vanishes and the distribution of r;/p is uniform.

We assume still that a polynomial f(x) has no rational roots, and put

Q(f) = Qaq, .- -, ap),
Bi = i — tropo(a) /[Q(f) : Q] (#0),

LRy := {(ll,,ln) S Qn Zliai S Q}
=1

i liB; = 0}7
i=1

9;:={x eR"|(l,®) €Z for "l€ LRy,NZ"}.

:{(ll,...,ln)eQ"
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LEMMA 0.1. Suppose that o; — o & Q for any distinct i,5. We have

S >  vol(Dia ND(f,0) = vol({w € [0,1)" | z; < a} NDy),

i=10€S, i=1
i particular,

> vol(D(f,0)) =vol([0,1)" N Dy).

gES,

Proof. The equations
D; o ND(f,0)
={ze0,)"|z1 < <zp,z;<a (Lo (z) €Z for Yl€ LRyNZ"}
={xc[0,)" |2 < - <, 7 <a,0 (x) €Dy}
=o({yc[0,)" | Yor1(1) < < Yo1(n): Yo—1(1) < @} NDy)
imply
vol(D; o ND(f,0))
= vol({fy € R" |0 < yp—101) <+ < Yo—1(n) < Lyp—1(y < a} N Dy).

Here, we note that by the assumption, LRy contains no vector of the form
0,...,0,1,0,...,-1,0,...,0) and Dy is defined by ¢ linearly independent vec-
tors m; and the volume vol is (n — t)-dimensional one, hence it is not necessary
to care an additional equation x; = x; for i # j. Let us define a mapping ¢ from

X(@) ={(z,9) |z € (0,1)", 1 <i<n,x; <a,x; #x if j#I}
to the union of
Y(Jv k) = {(yvav k) | Yy e (07 1)n’0 < Yo (1) << Yo (n) < 17yo(k:) < (I}
by ¢((z,1)) = (z,0,k), where o, k are defined by

To) < 0 < To(ny, k=0 (i),
hence
gb(X(z)) = Ug kio(k)=iY (0, k) for i=1,...,n.

The mapping is clearly bijective for any fixed i, and if (y,0,k) € Y(o,k)
and (y,0’, k') € Y (o', k') occur with o(k) = o'(k’), then o = o/, k = k" hold.
Hence, defining pr by pr(y, o, k) = y, we have

pr(Y(o,k)) Npr(Y (o', k")) =0
if o(k) = o’ (k') and either o # ¢’ or k # K/, and so
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n

> vol(Dio ND(f,0))

i=1 o

= inol(pr(Y(U_lai)) N ©f>

i=1 o

— z”: Zvol(pr(Y(J, k)) N gf)

k=1 o

- Z Z VOl(pT(Y(O’, k)) ﬂ@f)

i k,o:o(k)=1

= ZVO](U/@J:J(k):ipT(Y(Ua k?)) N @f)
= Zvol<pT(Uk7a;g(k):iY(Uv k)) N ©f>
= Zvol(pr(X(i)) ﬂ©f>

= Zvol({:c €0,1)" |z; <a}nNDy).
O

Hence to show the equidistribution, we have only to see that each factor
vol({z € [0,1)" | z; < a} N Dy) is a linear form in a.

LeMMA 0.2. Suppose that 51, ..., 8, are linearly independent over Q and
(Braty-sBn) = By, )T for T € M,.,,(Q).

Then we have r =n —t,

I lr+1
LRy =< (l1,...,1,) € Q" : =-T :
L, ln
and
m
o | =(S'T,-S) for 7S € GL,—(Q) N M,—(Z).
my
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Proof. By
n Z1 Lr41
inﬁi:(ﬁla'“aﬁr) : +T : (xz; € R),
i=1 Z, T
we see

LRy = {(11,...,zn) eqQ®

zn:lzﬂi = 0}

=1

Iy lrg1
=T ,

=< (l1,...,0lp) €Q" :
ly Iy

which implies ¢ = dim LRy = n — r. On the other hand, the definition of T’
implies
fe31
(tT, _1n—'r) — 0(71—7',1)’
B
hence row vectors of the matrix (*T, —1,,_,) spann LRy by rank(*T, —1,_,) =
dim LRy and so there is a matrix S € GL,,_.(Q) such that

my
=S('T, ~1,_,) = (S'T,-S),

my

which implies that S is integral. (]

LEMMA 0.3. Supposing the assumption on 3; in Lemmall3, we have
Dy ={x eR" | (S'T,-S)'x € M1(Z)}
= {a: ER" | (pyny. . xp0) = (x1,...,2,)T + ktS™! (316 € MM(Z))} .
For (z1,...,x,) € [0,1)", there are ezactly |det(S)| vectors (z,41,...,2y) €

[0,1)"7" such that (z1,...,z,) € Dyf.
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Proof. We see that
my
D;=(zeR" D | tee My (2) p={x e R" | (S'T,-S)'w € M 1(2)}

my
— {2 €R" | (@41, 2n) — (21, .., 2,)T)'S € My o(Z)}
= {il? S R" | (.’L’T+1, Ce ,.’I}n) = (.’I}l, Ce ,.’IL,«)T+ k:tS_l (Elk S Ml,t(Z))} .

Since S € GL,_,(Q) is an integral regular matrix, the inclusion Z"~"S~1 5
Z"~" is clear. Hence, for (z1,...,x,) € R", there is a vector (z,41,...,2y) :=
(x1,...,2,)T+k'S~1 € ]0,1)"" for some integral vector k. The number of such
integral vectors is | det(S)| since S is integral. O

Thus we see that, assuming that f1,..., 3, is linearly independent over Q and
1 <i<r asabove

{zel0, )" [zi<a} NDy=

{xel0,1)" |z <a, (@rq1,. .. 20) = (21, . .., z,)T+k'S™! (akEMu(Z))} ,
which is included in the union of sets parallel to the subspace

{x e R" | (Trg1,---,2Tn) = (x1,...,2.)T},

and the projection to E;, := {x € [0,1)" | &; < a} is exactly |det(S)|-fold
independently on @ by the lemma above. Hence the volume of {x € [0,1)" |
z; < a}NDy as an r (= n — t)-dimensional set is proportional to a = vol(E; ).
In general, for given i, we have only to take a subset ji,...,7 . such that
Bj,---,Bj, are linearly independent over Q and j, = ¢ for some k. Thus, we
have proved that

THEOREM 0.1. If a polynomial f(x) has no rational root, o; — o; & Q for any
distinct i, j, and the conditions Pr(f,o) > 0 and VOl(@(f, a)) > 0 are equivalent,
then Congectures[, [2 imply the equidistribution of r;/p for local roots r; of the
polynomial.

So, the equidistribution of r;/p for local roots r; is likely for an irreducible
polynomial f(x) of deg f > 1. Although the polynomial

fx) = (2* = 2)((z - 1)* - 2)
does not satisfy the assumption of the theorem, the equidistribution of local

roots r;/p is true by [DET], [T].
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Put, for an algebraic number field F' containing Q(f)

Spl(f, F') := {p € Spl(f) | p is fully splitting at F'}.
If a subsequence of r;/p for local roots r; of f restricted on p € Spl(f, F) dis-
tributes uniformly for every irreducible polynomial f of deg f > 1 and every
number field F', then the one-dimensional distribution of r; /p for any reducible
polynomial without rational root is true.

REMARK. Foo proves in [E] that the set {r;/p |1 <i <n,p e Spl(f)} is dense
in the interval (0, 1) for an irreducible polynomial f(z) of degree > 1 under the
Bouniakowsky conjecture.
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