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JOINT DISTRIBUTION
IN RESIDUE CLASSES OF THE BASE-¢ AND
OSTROWSKI DIGITAL SUMS

DIivYUM SHARMA

Department of Pure Mathematics, University of Waterloo, Ontario, Canada.

ABSTRACT. Let g be an integer greater than or equal to 2, and let Sq(n) denote
the sum of digits of n in base q. For
a=1[0;1,m], m>2,
let So(n) denote the sum of digits in the Ostrowski a-representation of n. Let
m1, mg > 2 be integers with
ged(qg — 1,mq) = ged(m, mo) = 1.
We prove that there exists § > 0 such that for all integers r1, ra,

{0 <n < N:S¢(n)=r1 (mod my), Sa(n) =re (mod ma)}|

N
= + O(N—9).
mi1msa

The asymptotic relation implied by this equality was proved by Coquet, Rhin &
Toffin and the equality was proved for the case a = [ 1] by Spiegelhofer.

Communicated by Werner Georg Nowak

1. Introduction

Let ¢ be an integer greater than or equal to 2, and let Sy(n) denote the sum
of digits of n in base q. Much effort has been made to understand the behaviour
of this function. Bush [9] studied the asymptotic behaviour of its mean value. The
distribution of the values of this function has also been investigated [15]. There
has been a keen interest in the sum of digits of primes [18] and polynomials [4].
(We also refer to [5], [I2] and the references there for other related results.)
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Throughout this paper, g, g1, g2, m1, Mo denote integers greater than or equal
to 2. Gel'fond [I3] proved that if m; is coprime to ¢ — 1, then the function S,(n)
is uniformly distributed modulo m,. Further, he conjectured that if

ged(qr,q2) = ged(ma, i — 1) = ged(ma, g2 — 1) = 1,
then there exists § = d(q1, g2, m1, ma) > 0 such that

H0<n < N:8;(n)=r (modm), S¢(n)=re (mod ms)}

N
= +O(N'™%)
mimes

for all integers r1,7r2. The asymptotic relation implied in this conjecture was
proved by Bésineau [7]; while the conjecture was proved in its full strength
by Kim [16] (See also [5] for some recent improvements of Kim’s result).

In this paper we are concerned with the above problem for the sum of dig-
its functions of the base-q¢ and Ostrowski representation of integers. In 1922,
Ostrowski [I9] discovered a numeration system based on continued fractions.
He showed that the sequence of the denominators of the convergents to the sim-
ple continued fraction expansion of an irrational number forms the basis for a
numeration system. More precisely, he proved the following result.

THEOREM 1.1. [Il Theorem 3.9.1] Let o be an irrational real number having
continued fraction expansion [ag;a1,...]. Let (¢;)i>0 be the sequence of the de-
nominators of the convergents to the continued fraction expansion. Then every
non-negative integer n can be expressed uniquely as

n = Z biqi, (1)
0<i<e
where the b;’s are integers satisfying
(i) 0< by < as.
(ii)) 0 < b; < ajyq fori> 1.
(iii) Fori > 1, if b; = aj41, then b;—1 = 0.
In fact, the three conditions above are equivalent to the inequality

bogo +biq1 + - + bigi < Git1- (2)

Note that Condition (iii) states that the relation ¢;+1 = ai+1¢; + ¢i—1 can-
not be used to replace a linear combination of summands with another sum-
mand. The expression given in is called the Ostrowski a-representation of n.
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See [6] for a survey on the connections between the Ostrowski numeration sys-
tems and combinatorics of words, and [3] for a study of ergodic and topological-
dynamical properties of various dynamical systems associated to Ostrowski a-
-representations. We refer to [§] for an analysis of the asymptotic average of the
number of non-zero terms required in these representations.

If the Ostrowski a-representation of a positive integer n is given by
0<i<t

let

0<i<e
be the sum of digits. In [10], Coquet, Rhin & Toffin studied the relation between
the functions S,(n) and S, (n). They proved the following theorem.

THEOREM. Let ¢ be an integer greater than or equal to 2 and let a be an irra-
tional real number. The sequence n — x.S4(n) +ySa(n) is uniformly distributed
modulo 1 if and only if at least one of z and y is irrational.

In [20], Spiegelhofer considered the case when

C1+VE o
a= 5 =[1].

(Note that in this case, the sequence (g;) is the sequence of Fibonacci numbers
and that every non-negative integer can be uniquely expressed as a sum of non-
consecutive Fibonacci numbers. This representation is known as the Zeckendorf
representation of integers (see [23]).) He proved that if § € R and v € R\ Z,
then

D €(054(n) + 7Sa(n)) = O(N'~?)

n<N
for some 0 > 0. (Throughout this paper, e(z) denotes exp(2miz).) As a conse-
quence, he obtained

THEOREM. [20, Corollary 5.3] Let o = (1 4+ /5)/2 and let g,mq,mo > 2
be integers with ged(mq,q — 1) = 1. There exists § > 0 such that for all
integers r1,ro,
{0 <n < N:S;n)=r (mod my), Sq(n)=ry (mod ma)}
N

= +O(N'7%).
mims
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In [I1], Coquet, Rhin & Toffin gave three sufficient conditions for the set
{n e N:5;(n) =r1 (mod my), Sa(n) =ry (mod ms)}

to have asymptotic density equal to 1/(mims). One of these conditions is that
the sequence (gr) be lacunary and ged(ag, ma) be equal to one for infinitely
many indices k. Note that this condition is satisfied for

a:[O;m:_m+ 2m2+4m,m22
as

Gor L+ 2t > 1 4 g ifag =1,

q m—i—q’;—;lZm—l—% if agy 1 = m.

For these values of «, we improve the above asymptotic estimate to an estimate
with error term O(N'7?). Let ||z|| = I'ni%l | — j|. We prove
JE€

THEOREM 1.2. Let g > 2 be an integer and let

a=1[0;1,m], m > 2.
Let 0,~v € R with ||m~| # 0. Then there exists § > 0 such that
Z e(0S,(n) + ¥Sa(n)) = O(N1~9).
n<N

As a consequence, we obtain

COROLLARY 1.3. Let q¢ and « be as in Theorem and let mi,mo > 2 be
integers with gcd(g — 1,m1) = ged(m, ma) = 1. There exists § > 0 such that for
all integers r1,712,

H0<n < N:S;(n)=r1 (mod mq), So(n)=re (mod ms)}|

N
= + O(N'79).
mimso

The proof relies on Weyl’s and van der Corput’s method. In Section [2] we
introduce some notation and record some preliminary lemmas. Following [20],
we obtain a characterization of integers with the same initial digits in their
Ostrowski a-representations in Section [B] We then use it to obtain an ana-
logue of inverse discrete Fourier transform in this case and also derive a uniform
upper bound for the Fourier coefficients. Finally, we prove Theorem and

Corollary [I.3]in Section [4]
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2. Preliminaries

Let ¢,m,a, 8,7 be as in the statement of Theorem Let [x] denote the
smallest integer greater than or equal to z and {z} denote the fractional part
of x. Recall that the Vinogradov symbol f < F' means that there is a constant
¢ such that the inequality |f| < ¢F holds. The implied constant ¢ can depend
on ¢q,m,vy. We will repeatedly use the fact that for real numbers x,y and a
positive integer a, we have ||z + y[| < [|z| + [ly| and hence [laz|| < al|z||.

Since

a=[0;1,m],

we have ¢ = ¢1 = 1 and

_ Jmgi—1 +qi—2 ifiis even,
o Gi—1t¢qi—2 if 7 is odd.

Let d = m? + 4m and

m+2+d
Then
m+d ¢ m—Vd _, (5)
q2¢ 2\/& @ 2\/;1 ;
oy L
q20+1 \/aso \/2190
By Theorem the digits in the a-representation of a positive integer n
satisty bae(n) <1 and bypy1(n) <m

for all non-negative integers ¢. Given an integer k > 1, let ¢, (n; k) denote the
truncation of the sum in after k digits, i.e.,

tamik) = 3 biln)a
0<i<k—1
and let S, ;(n) denote the sum of the first k& digits, i.e.,
Sanx(n) = > bi(n).
0<i<k—1
By (@),
ta (n; k) < G- (6)
Next, let
Sq,t(n) = Sq(n( mod ¢")).
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Let G¢(f) = G¢(£,0) denote the discrete Fourier coefficients of the function

e(054(n)), ie.,
= tz (6S(u) — Lug™).

Then -
e(0Sg4(n)) = _ e(tng™")Gy(L,0), (7)
£<qt
e(=0S,,:1(n)) = > e(tng ")Gi(=L,6). (®)
{<qt

Note that, by Parseval’s identity,

S IG)P = 1. (9)

£<qt

For negative integers n, we define
Sq(n) = Sa(n) =0.

We now list some results needed in the proof. The following is an elementary
lemma on exponential sums.

LEMMA 2.1. Letx € R and N,R > 0. Then

(i) [I7, Lemmal]
1
< min (N, > .
2[||

2

Z e(nx)

n<N

(i)
> (B—lrle(re) =

|r|<R

Z e(rz)

r<R

We now record an estimate from [20], which is proved using a discrepancy
estimate for the sequence (ny), where ¢ has bounded partial quotients. We use

it for ¢ as given in .

LEMMA 2.2. [20, Lemma 5.8] Let I be a finite interval in Z. Let K and a be
real numbers with K > 1. Then

Zmln( +1h ”2> < VEMI) + K In \(I).

hel

(Here, A denotes the Lebesgue measure on R.)
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Next, we state the version of the Weyl-van der Corput inequality that will be
used later.

LEmMMA 2.3. [14, Lemma 2.5] Let zg,...,zny—1 be complex numbers. For all
positive integers R, we have

2
< % Z (1 - |;> Z EnZnJrr .

|r|<R 0<n<N
0<n+r<N

N-1
>
n=0

The following lemma states that for most integers n, the representations of n
and n + r may differ at digits corresponding to the first few base elements only.

LEMMA 2.4. Let N,r, k,t be non-negative integers with k > 2 and let 6, be real
numbers. Then

(i) Hn < N :e(0S4(n+71))e(8S4(n)) # e(0Sq(n+ r))e(@Sq,t(n))H

Nr

S — + 7.
q e — e —

(ii) Hn < N :e(ySa(n+r))e(vSa(n)) # e(vSak(n + r))e(vSmk(n))}‘

Nr

< .
qk—-1

Proof.

See [20, Lemma 1.17] for a proof of (i) and [2I Lemma 2.6] for a proof of (ii). O

3. Lemmas

We first derive a characterization (Corollary of integers n with the same
value of t,(n; k), for a given k. Later, we use this to obtain the discrete Fourier
transform for the function e(ySq 1 (n)). This is analogous to [20, Proposition 5.7
& Proposition 5.4].

LEMMA 3.1. Let k > 2 be an integer. Let pr(n) = (—1)"nep, where ¢ is as in (4).
Define

[m—k{ﬁ %) if k=2,  koEN,
A(l) _
W _

|k =ERE) i k=2k0+1, ko€,

20
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(5 A=) i k=2h,  keN,
A(Q) ® ®
2 =
[, =258 i b=2k +1, ko €N,
and
A;(gl) if 0<u<qgp1,
Ry (u) = pr(u) + @
AT af g1 S u < gy
Then

pr(n) € Ry (ta(n; k)) + Z.
Proof. By and the definition of ¢, (n; k),

ng —ta(n; k)p

= > buln)e (”” v o _m= ﬁw)
_ y _

0>[k/2] 2vd 2vd

0+1 -1
+ Z baet1(n)yp (SD\/E - @\/g )

£>[(k—1)/2]
= Z bzé(")Qsz

£21k/2]

m—Vd _o— _
5 D b)Y
£ [k/2]

+ Z baet1(n)q2e+3
2[(k=1)/2]

tm Y b e

£2[(k=1)/2]

= Z bas (n)112€+2

£2Tk/2]
+ ) bapi(n)garys
£2[(k—=1)/2]

CmV) S bule) g bl

902 sQZJrl

+

0>Tk/2] £>[(k—1)/2]

Note that the first two terms in the above expression are integers.
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We first consider the case when k is even. Write k = 2kg, kg € N. Now

Z b24+1(n) <m Z 1 _-m + \/g

l+1 — 41 k
e>ro—1y/21 ¥ (ko ¥ 2t

since 1 2

l—o™  —m+Vd
Suppose that by_1(n) = 0. Then

(=m + V) bae(n)
LARLY v

(,06

<

£k /2]
If by—1(n) #0, then by condition (iii) of Theorem [I.1] bk

(n) #
and
—m+Vd bos(n —m++Vd 1 1
(=m + Vd) Z ;(e ) < ( ;‘ d) Z Lo EE

#1. Hence by (n)=0

£>[k/2]

Further, note that if by—1(n) = 0, then to(n; k) = to(n; k — 1) and hence by (6)),
ta(nik) = ta(nik —1) < 1.

Zb Qz>Qk1

0<i<k—1

If by_1(n) # 0, then

This proves the lemma when k is even. Next, we consider the case when k is odd.
Write k = 2ko + 1, ko € N. Then

n(—p) —ta(n;k)(—p)
(m —Vd) 3 bae(n) Y bae+1(n) (mod 1).

1 41
2 L>ko+1 ¥ L>ko
Since
Z bae(n) < 1 2
0 = _ko+l )
G ¥ prott _m 4+ Vd
we get

—Vd b 1
(m \[) Z ze(en) > _ —
>ko+1 ¥ ¥

Suppose that b;_1(n) = 0. Then

Z baet1(n) < m 2 —m++d

+1 — k+1 k
s ot vd 29k
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If bx_1(n) # 0, then by condition (iii) of Theorem br(n) # m. Hence

b%“(n) m—1 1
Z Pas] < R0+ +m Z ot

L>ko L>ko+1
_m-1 —m+ Vd
- ¢k0+1 Q@koJrl
_—m—1+ Vd
= 7@% )
As before, this proves the lemma when k is odd. [

LEMMA 3.2. Fix an integer k > 2. The sets
Ri(u)+7Z, 0 <u< gy,

form a partition of R.

Proof. For each integer v with 0 < u < gy, let
Rk(u) = Ry(u) mod 1.

This set is the union of at most two intervals. Further, the sum of the measures
of the sets Ry(u) is 1. To prove this, we first consider the case when k is even.
Write k = 2kq. By Lemma if 0 < u < gg—1, then the measure of Ry (u)

1 m—\/c?_Q—m+\/67i
(Pko_ 2¢k0 - 290k0 .

Further, the measure of Ry (u) is equal to the measure of Ry (u) as

1 m—\/g
<

oo — 72()0160 1.

Similarly, if g1 < u < g, then the measure of Ry (u) is

1 m—vd 1
Qhotl 2ok T 2pko
1
1

(2@71 —-m+ \/g>

10
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Hence, the sum of measures of the sets Ry (u) is
2—-m+d
2¢pko
_2-m+Vd
=g
m+Vd 1
WQIC—I + s qr—2
m+Vd [ 1 ko 1
o \va v

1
1t (ak — ar—1)

1
Qk—1+ oo ((m = 1)gr—1 + qr—2)

Vit v
L (m4vVd 4y m—Vd g
w’“’( ovd ¥ ovd )
=W(1+¢—1>
_ 1 <m+\/g+m\/g>

2v/d ovd

@2k0
=1-0=1

A similar calculation shows that the sum of measures also equals one when £ is
odd. Now we show that the sets Ry (u) cover the interval [0,1). If not, pick

e [0, 1)\ U Bu(w).

0<u<qy

Then, there exists € > 0 such that the sets [z, + €] and |J Rg(u) are disjoint.
Since ¢ is irrational, the sequence ({px(n)}) is dense in [0,1) by Kronecker’s
theorem (see, for example, [2| Theorem 7.7]). Hence there is an integer ng such
that {px(no)} € [,z + €]. Therefore

{pe(no)y ¢ J Bulw).

0<u<qy

This contradicts Lemma Thus the interval [0, 1) is the union of the sets Ry, (u).
Finally, we show that these sets are disjoint. If not, there exist x,v,w with

h that ~ -
v # w, such tha x € Ri(v) N Ry(w).

Then there is an € > 0 such that
)\(]?k(v) n Rk(w)) > €.

11
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Thus
1=)| |J Rew
0<u<qi
— A (Rk(v) \ (Ri(v) ﬂRk(w))) U | Rulw)
uFv
< Z AMRe(u) —e=1—¢,
0<u<qg

which is a contradiction. Therefore the sets ]%k(u) must be disjoint. g

As an immediate consequence of Lemmas [3.1] and [3.2] we get
COROLLARY 3.3. Letn >0,k >2 and 0 <u < qr. Then
ta(n; k) =u
if and only if
(=) nyp € Ri(u) + Z.
We now present an inversion formula as in for the function e(ySan(n)).

LEMMA 3.4. Let v € R and h,n € Z with n > 0. Let H, k be positive integers
with k > 2. Define "
M (hy) = Y e(vSa(u) — hpr(u)),
0<u<qr—1
M (hy) = Y7 e(ySalu) = hpi(u)),
qr—1<u<gk

where py(u) is as defined in Lemma . For |h| < H, there exist complex num-
bers bY7 (), 82 (h), S (h) and 2 (h) with

Zomdd G = 2k, ko € Z,

b(l)(O) _ 2¢

" ﬁ ’Lfk:2k(]+17 ko € Z,
0) = 3 if k=2, kocZ
a ) V4

2F0 if k=2ko+1, kg € Z,
and fori=1,2,
: : 1
b9 (h)| < min (5(0), — ) if h#£0,
H H |h|

5 (m)] < 2

12
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such that

e(YSa i Z( S 05 (e (hpr(n)) MY (h, 7))

i=1 \|h|<H

+o<;zc5}><h>e<hpk<n>> > e<—hm<u>>>

|h|<H 0<u<qr—1

—l—O(I;Z cg)(h)e(hpk(n)) Z e(—hpk(u))>,

|h|<H qr—1<u<qs
where the expressions within the O-parentheses are non-negative real numbers.
Proof. Let u € [0,¢;) be an integer and let

Xu = XRy(u)+2Z>
denote the indicator function of Ry(u) + Z. Using Corollary we get

e(vSak(n)) = e(’ySa (ta(n; k)))
= > e(vSa(u) xu(pr(n))

0<u<qg
= > e(v8a(u)xu(pr(n))
0<u<qr—1

Using Vaaler’s [22] trigonometric polynomial approximation to the function
{z} — 1/2, one obtains (see [20, Eqn. (5.7)]),

X[a,p)+z(T) = Z a'H(h)e(h(x - b)) + O(HH(:C —b)+kp(x— a)),
Ih[<H

ay(0) =b—a, |ay(h)] < min <b |}1l|)1f h#0 (10)

and _ 1 |h|
kp(t) = ST > <1 - H+1) e(ht).

Ih|<H

where

Further, kg (t) is a non-negative real number for all real numbers t. Write

Rk(u) = [pk(u) + Capk(u) + d),

where the values of ¢ and d can be seen from Lemma [B.1]

13
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Then,
e(’ysa(u))Xu (pk(n))
0<u<qgr—1
= Z bg)(h)e(hpk(n)) Z e(vSa(u) — hpg(u))
hI<H 0<u<qr 1
+0 Z tr (pr(n) — pr(u) — B) |
pe{e,d} 0<u<qp_:

where

bl (h) = ajy (h)e(—hd).
Using (10]), we get
b 0)=d—c
and

1
6% ()| < min (bgy@, |h|) if h # 0.

Let 8 € {c,d}. Since kg (t) is a non-negative real number for all real numbers ¢,
we have

> rulpr(n) —pr(u) — B)

0<u<qr—1
< % h§<:H (1 - }I|h‘|'|1>0<u<zl1kf(h(pk(n) — pr(u) = B)).

Thus, we obtain the term with 7 = 1 claimed in the lemma with

My — ||
whose absolute value is at most 2. Similarly, by considering the sum
Z e('YSa(u))Xu (pk(n)),
qr—1<u<gk
we obtain the term with ¢ = 2. [

LEMMA 3.5. Let v € R with ||m~y|| # 0. Then there exist C,n > 0 such that
for all B € R and k > 2, we have

1

p D e(vSa(u) + Bu)| < Ce.
k

0<u<qg

14
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Proof. Set 1
pie = pus(7, B) = o > e(ySalu) + Bu),

k 0<u<qy

My = max(|u, lpe—1]) and  cx =+ Ba.
By [1I, Lemma 4 & p. 333], (M) is a decreasing sequence and for k > 1,

- - 1 3 1 1
Mo < Mp_y (1—min( —, = (14 — — — ) a2 ?
fre = ( i (12’ 20 ( * ag ak+1> akHHCk” >>
~ . 1 3 2 =
< Mg_1|1—min | —, 7mHCkH =: My_1vx, (11)

as a; € {1,m} for i > 1. Observe that

lars3yll = llaxtsy + Blar3qrra + qer1 — qra3)
< leks1ll + agssllcerall + llck+3]|-
Thus

min(||y]], [[my]) < m Y llexsill,
1<i<3

implying that for every k, there exists ¢ € {1, 2,3} such that

min([|y|, [|m~])
3m

ekl >

and hence

(1 min(|ly]], [[m~])?
i <1— P
Vhti < i (12 60m3

_ minal my? _
60m3 -

Since [|my[| # 0, ¢ < 1. Fix k. Then there exists k; € {k — 2,k — 3,k — 4} such

that 1y, < 1. Using and the fact that (M) is a decreasing sequence, we get

=1

My < My, 12 < My, _1thp, < My_s1).
Applying this repeatedly, we get
M, < Msyp*/572,

completing the proof of the lemma. ([
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4. Proof of Theorem [1.2]

With all the ingredients in place, the theorem follows as in [20]. We include
the details below. Set

R = [N*me/@me) | [ — | Niatna/@ne) |
t=lalnN/Ing|, k=1+]2aln N/Iny|,

where 7 is as in Lemma © is as in and a is sufficiently small. Let
ga(n) = e(054(n)), gq.e(n) = e(0Sq.¢(n)),
ga(n) = e(v8a(n)), gak(n) = e(vSak(n))

and

9(n) = gq(n)ga(n).
By Lemma 2.3 we get

2
N 7] -
Tow| <7 X (1-F)| T swenwl.

Ir|<R 0<n,n+r<N

Removing the condition n +r < N from the second sum gives an error which is

<z (-B) T swenam

N<n+r<N+R

N Ir|
<E D (1 - ) 1
Ir|<R N<n+r<N+R
N 7| N
<2 - p=22 - NR.
< ( R)R = > (R—|r)) < NR
[r|<R |r|<R
Thus
N r —
r
Z gn)| < 7 Z ( - R) Z gn+r)g(n)| + O(NR). (12)
n<N |r|<R 0<n<N

We denote by N’ the largest multiple of ¢* not exceeding N. Restricting the
second sum in to N’ gives an error which is

N Irl\ . N¢' t
<5 Z( —R>q = 2 > (R—|r|) < N¢".

|r|<R |r|<R

16
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Hence

> gn+r)g(n)

0<n<N’

> gn)

n<N

s (1)

[r|<R

+O(NR+ N¢h). (13)

From the definitions of the functions g, g4, go, We get

g(n+71)g(n) = gg(n+r)ga(n+r)ge(n) ga(n)
= e(HSq(n + r))e(wSa(n + T))e(—HSq(n))e(—'ySa(n))
- e(e(sq(n ) — Sq(n))>e(’y(5a(n ) — Sa(n))).

Therefore for a fixed r, we have

> gn+r)gln)

0<n<N’

- Y e(G(Sq(n +r)— Sq(n)))e(v(sa(n +7) - Sa(n>)) |

0<n<N’

IN

Z 6(9 (Sqe(n+71)— S,Lt(n))) e(’y (Sak(n+r)— Sa,k(n))> ‘
0<n<N'
+ Z' 1
0<n<N’

Z 1,

0<n<N’

= Z gqt(n—I—r)gqt( )9,k (n+ 1) gak
0<n<N’

where the second sum 3’ runs over those integers n for which either

6(9(5 (n+71)—S4(n ))) #6( ( qt(n+’r)_sq,t(n))>

e('y(Sa (n+7)— Sa(n))) £ e(y(sa,k(n ) — sa,k(n))).

Substituting in 7 we get

17
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> g(n)

n<N

N
<<§Z

(-4)

Z 9q,t (n + T)gq,t(n)ga,k(n + r)ga,k(n)

[r|<R 0<n<N’
L y o (1- I Z' 1] +O(NR+ N¢h) (14)
R R '

|r|<R

Now by Lemma [2.4

0<n<N’

/ Nr Nr
i (= +r)+—.
0<n<N’ q dk—1
Therefore,
N I '\ N /
R (R X=X S
[r|<R 0<n<N’ [r|<R 0<n<N’
N Nr Nr N (N N
S E e +7r+ - E s +14+—- ZT
<R q qk—1 q qk—1 <R
N /(N N N2R N2R
< (t+1+ )R2_ — +NR+
R \q qk—1 q qr—1

Substituting in 7 we obtain

=

2

N
< T

r|<R

> g(n)

n<N

Z 9q,t (n + r)gq,t(n)ga,k(n =+ r)ga,k(n)
0<n<N'

2 2
+O<NR+th+N RN R).

qt N q
k—1

From (f)), it follows that ¢(*~1)/2 < g;_;. Using this and the choice of R,t,k,

we find that

N?R N?R
NR+ N¢' + -

qk—1

< N1+a7na/(2lntp) +NqalnqN

< Nlita +N27T/a/(21nap).

18
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BASE-¢ AND OSTROWSKI SUM-OF-DIGITS FUNCTIONS

Thus
2
N |
Zg(n) <<EZ 1_E Zg% n+’rgq,()gak(n+r)gak( )
n<N [r|<R 0<n<N’

+0 (NlJra + NZ*TW/(QUNP)) ] (15)

We use the expressions for gq¢(n + 1), g4.:(n), ga.k(n + 1), ga .k (n) from (7)),
and Lemma In the product gq k(1 + 7)ga,k(n), there are sixteen summands
of the following three kinds: four products of the main terms in the expressions
for gok(n +r) and go x(n), eight products of the main terms and error terms,
four products of the error terms. We now consider these three cases separately.

Case 1. (Summands with both factors as main terms.)
Let h = hi + ho and £ = ¢1 + ¢5. We need to estimate

=5 2 Goll)Go(=E2)b) ()b (—ha) M (b1, 7) M (~h2, )

£9,6,<q"
|hil,|h2|<H
l L
X Z —|r] e(r( 1—|—h1(—1)k<p>> Z e<n<t+(—1)kh<p>>. (16)
|r|<R q n<N’ q

We first consider the subcase when h = 0. If £ # 0 (mod ¢'), then

Z e(nfq_t) =0

n<N’
as ¢!|N’. Hence we assume that £ = 0 (mod ¢'). Therefore, Gy(—£2) = G4(¢1),
implying that
e Gi(0)Gi (=) = [Gu(tn)]*. (17)

We will estimate the sum over n trivially. By Lemma ii) and (i),

|r|z<:R(R - |r|)e<r<§1 + hl(—l)%)) = ;e <7~(2 + hl(—l)kgo)>

2
< (min(R,; ||€1q + hi(— gp”i ))
; -2
< min (RQ, > : (18)

IM (~hayy)| < g < g (19)

2

=+ hi(=1)F

Next,

as
qx < (m+1)gr—1.

19
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By Lemma [3.4]
2
oo = g’
since g < @™ by . Again, by Lemma and the fact that h = hy + hy = 0,

we get

6% (0)| <

]bg)( 2)| = ‘b(] h1)| < min ( L h1> if hy #0. (20)

Similarly, 1
’b () h1 | <L — (21)

Qk

implying that

Z e(’ySa(u) - hpk(u)) ,

u

1
v (h h —
| ( 1)M 1Y ‘ < o

where the sum either runs over u < gp—1 or gx—1 < u < q. Thus by the triangle
inequality

‘b(l (h1)M (h1,7)|

1 1
< = Z e(vSa(u) — hpp(w)) |+ — Z e(YSa(u) — hpy(u))
Tk U<qr—1 u<gk
< Ce *=Dn 4 Ok « e=(k=1in, (22)

where the last step follows from Lemma and the inequality qr_1 < qx.
Combining the estimates — and ([22] , we find that the expression in is

N2gj_, 1 ) -2
E (4q) E )
e" D2 |G (471) mm( |h1|>mm<R

l1<qt Ih |[<H

V4
& +h1<—1>%‘

Using @[), the above expression is

<<Msu Z min 11 min ( R?, [[£1q~" + |h|e|| 2
on(—1) 2 Zle%|h\<H w1kl = o)

Write
|h| = sqi + h, 0<h< q.
Then
\h|_1 < (sqr)™' and min (1/(sqk), 1/qk) =1/(sqx).
Hence the preceeding expression is

N?gx—1
EUSTS 1t el
< enF-DR? Z s x Zue% ~Z mm( g™ + (sar + h)ell =

20
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By Lemma and the inequality > s7! < Inz, we obtain the bound

N? ) N?
WlnH(qu—l—R Ingr) < D) InH(qge 1R +Ing,_1).

By the choice of H, R, k and the fact that gy_; < ¢*~1/2 (from (F)), the con-
tribution in this subcase is

na N?InN e N alng N
< <4a+ 211'“)0) en(2aln N/1Inp) \ Na—-na/(2lngp) +1HQO

<

<4 +—21 )1nN(N2 3na/(2Ine) | aN2*2"a/ln¢1nN).

Next, we consider the case when h # 0. Since ¢ is badly approximable,
there is a constant ¢; such that for all integers ¢/, h' with h' # 0,

+ i S
Bat Igt)2”
Thus h'gt| = ('q')
ity s h . Z,t . h|’ th_g‘
Ihe + tq™|| = min |heo = j + tq™"| = min |hlje = =

C1 C1
> |hlo—— = 75
" ha = Thl
We estimate G; and the sum over r trivially. Next, as in (21)), |b§?(h1)\ <q
Further, since |M]iz)(h1, Y| < qx, we get that |bg})(h1)M,£Z)(h1, v)| < 1. Similarly,
05 (—ha) MY (~ha, )| < 1.
Thus we obtain that the expression in is

Z e(n(éq_t + (—1)kh<p)>‘ :

n<N’

(23)

< N¢g*t Z sup

b |, ha|<H “€Z
h1+ha#0

Let h € Z with 1<|h| < 2H. The number of pairs (hy, hy) with (—=1)*(hy+ho)=h
is 2H + 1 — |h|. Hence the above expression equals

Ng* Z (2H +1— |h\)sug Z e(n(éqt+hcp))|

1<|h|<2H N
1
< Ng* (2H +1— |h|)sup<min(N, ))
1S;§2H ez 2|[lg=t + hyl|
< NHg* Y |hlg* < NH?¢",
1<|h|<2H
by Lemma [2.1] and (23).
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Further, by the choice of H,t, the contribution in this subcase is
< N1+12a+3na/(2 In Lp)q4a Ing N _ N1+16a+37]a/(2 In ) )
Case II. (Summands with exactly one factor as main term.)

Suppose that the main term comes from the expression for g,.(n + r).
(The other case is similar.) Then, we need to estimate

P

|r|<R

ST e(tin+r)g + lang™ + hapi(n + 1))

n<N’ gy lo<qt
|h1|§H

G1(£1,0)Gr(—Lg, 0)bS) (hy) M (hy,~) x

0(; > c&%‘)(hz)e(thk(n))Ze<—h2pk<u>)>‘.

|ho|<H u

Recall that the expression in the error term is a non-negative real number. We use

the inequality |M ,gi)(hl, Y)| < gk, and estimate G; and the sum over r trivially.
Using Lemma we obtain the following upper bound.

N qp . < () 1 )
E min| b}/ (0), —
H H ( ) |h1|

>

|ha|<H

N¢¥g.In H
< q" 4k Z

S e~ hapi(w)

u

S e(hap(m)|.,

n<N’

(24)

|ho|<H

where the last step follows from the inequality Y s~! < Inz. By Lemma
s<z
the above expression is

Ng?*q,In H . ( 1 ) . < 1 )
L — min | qx, ——— | min { N, ———
H Z |[haepl| |[haepl|

|ho|<H
Ng*q,In H . ( 1 )
L — min | g N, ———
> TraelP
2|<H
(In H)?

< ]\73/2qth,‘z/2 In H + N2q2tq,% T
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where the last inequality follows from Lemma [2.2] By the choice of H,t, k and
the fact that g < <pk/2, we find that the contribution in this case is

<4a+ o )N3/2q2alnq N@(?)aln(p N)/2 In N

2 2
2 2alng N, 2aln, N (hl N)
+ (4a + 21n ) N q L ‘ N4a+na/(21n¢)

T R R () Il

Case III. (Summands with both factors as error terms.)
We need to estimate

P

|r|<R

Z Z £1 (n+7)g t—i—ﬁgnq_t)

n<N' 0y £r<q"

Gi(€1,0)Gi(—L2,0)

ok ¥ csﬁmne(hlmmm)Ze(—hlmu)))

|hi|<H u

\h2|§H u

We estimate one of the error terms trivially by g. Further, we estimate G; and
the sum over r trivially to get

N¢*qp
Vi g
|ha|<H

This is the product of the expression in with (In H)~!. Therefore, proceeding
as in Case II, we obtain the bound

> e(—hapi(u))

u

Z e(thk(n)) | .

n<N’

InH
< N30 N2q2tq]371}{
< NB+7a)/2 | (4a+ 2;7 >N2 na/(2ne) | N

Combining the three cases and , we get

2
> g(n)

n<N

< N?720 for some § > 0.
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Proof of Corollary [I.3
We first recall an estimate of Gel’fond [13]: If k1, m;, ¢ are positive integers with

my > 2, ki <mp; and gcd(ml,q — 1) = 1,
then there exists 4; > 0 such that for every a € R, we have

e (an + :;Sq(n)> =O(N'). (25)

n<N

Now, since

S| =

ngkbe <%€> =1lor0

according to whether b divides a or not, we have

H0<n < N:S,(n)=r (mod mi), Su(n)=ry (modms)}|

LSy (S0n) Ly (s

n<N 0<ki<mi 0<ko<mo
1 lel k’gT‘Q k’l ]CQ
= E el — - e| —Sy(n) + —5S.(n)
mim m m m
iz 0<ki<mi 1 2 n<N 1 2
0<ka<ma

N 1
= + O(
mimeso mimso

1
+ mimso Z

1<ki<mi In<N

> e<:1115q(n) + :;Sa(n)>

0<ki<mi In<N
1<ko<meo
N /
= +O(N'%),
mimaz
where the last equality follows from and Theorem [1.2 O
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