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ABSTRACT. In this paper, we study the sequence (f(pn))n≥1, where pn is the

nth prime number and f is a function of a class of slowly increasing functions
including f(x) = logb x

r and f(x) = logb(x log x)r, where b ≥ 2 is an integer and

r > 0 is a real number. We give upper bounds of the discrepancy D∗
Ni

(f(pn), g)

for a distribution function g and a sub-sequence (Ni)i≥1 of the natural numbers.

Especially for f(x) = logb x
r, we obtain the effective results for an upper bound

of D∗
Ni

(f(pn), g).

Communicated by Werner Georg Nowak

1. Introduction

In [8], we gave some results about the first digit problem in base b ≥ 2 for
the sequence (nr)n≥1 and for the sequence (prn)n≥1, where pn is the nth prime
number and r > 0 is a real number. In this paper, we generalize and sharpen
them.

Throughout this paper, for x ∈ R, let

bxc = max{n ∈ Z : n ≤ x}, dxe = min{n ∈ Z : x ≤ n}, {x} = x− bxc,

let cE denote the characteristic function of the set E ⊂ R, and let π(x) be the
number of primes not exceeding x.
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Let (yn)n≥1 be a sequence of real numbers. If there exists a strictly increasing
sequence of positive integers (Ni)i≥1 such that

lim
i→∞

1

Ni

Ni∑
n=1

c[0,x)({yn}) = g(x) for every x ∈ [0, 1],

then g is called a distribution functions (d.f.) mod 1 of (yn)n≥1. Let G(yn mod 1)
be the set of all d.f.’s of (yn)n≥1 (see [12]). If G(yn mod 1) = {g(x) = x}, then
the sequence (yn)n≥1 is said to be uniformly distributed mod1 (abbreviating
u.d.mod1).

Suppose that g is a non-decreasing function on [0, 1] with g(0) = 0, g(1) = 1.
Then the extremal discrepancy DN (yn, g) and the star discrepancy D∗N (yn, g)
of (yn)n≥1 with respect to g are defined by

DN (yn, g) = sup
0≤α<β≤1

∣∣∣∣∣ 1

N

N∑
n=1

c[α,β)({yn})− (g(β)− g(α))

∣∣∣∣∣
and

D∗N (yn, g) = sup
x∈[0,1]

∣∣∣∣∣ 1

N

N∑
n=1

c[0,x)({yn})− g(x)

∣∣∣∣∣ ,
respectively (see [12, 1.10.1]). If g(x) = x for 0 ≤ x ≤ 1, then g is omitted in
D∗N (yn, g) or DN (yn, g).

Let b ≥ 2 be an integer considered as a base for the development of a real
number x > 0 and Mb(x) be the mantissa of x defined by x = Mb(x) × bn(x)
such that 1 ≤ Mb(x) < b holds, where n(x) is a uniquely determined integer.
Let D = d1d2 · · · ds be a positive integer expressed in the base b, that is

D = d1b
s−1 + d2b

s−2 + · · ·+ ds−1b+ ds,

where d1 6= 0 and at the same time D = d1d2 · · · ds is considered as an
s-consecutive block of digits in the base b. Note that for x of the type
x = 0.00 · · · 0 d1d2 · · · ds · · · , d1 > 0, we have Mb(x) = d1.d2 · · · ds · · · and the
first zero digits are omitted. Thus a positive real number x has the first s-digits,
starting a non-zero digit, that equal to D = d1d2 · · · ds if and only if

D

bs−1
= d1.d2 · · · ds ≤Mb(x) < d1.d2 · · · (ds + 1) =

D + 1

bs−1
. (1)

Let (xn) be a sequence of positive number, and let F (D, s,N, xn) be the
number of integers 1 ≤ n ≤ N such that the leading block of s digits (beginning
with 6= 0) of xn equals D. The sequence (xn)n≥1 is said to satisfy Benford’s
law (abbreviated by B.L.) in base b, if for every s = 1, 2, . . . and every s-digits
integer D = d1d2 · · · ds
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lim
N→∞

F (D, s,N, xn)

N
= logb

(
D + 1

bs−1

)
− logb

(
D

bs−1

)
(see [3]). Since logbMb(x) = {logb x} by (1), the leading block of s digits
(beginning with 6= 0) of xn equals D if and only if

logb

(
D

bs−1

)
≤ {logb xn} < logb

(
D + 1

bs−1

)
.

Hence, the sequence (xn)n≥1 satisfies Benford’s law if and only if (logb xn)n≥1
is uniformly distributed mod1 (see [3], [9]).

If g ∈ G(logb xn mod 1) and

lim
i→∞

1

Ni

Ni∑
n=1

c[0,x)({logb xn}) = g(x)

for x ∈ [0, 1], then for every s-digits integer D = d1d2 · · · ds, s = 1, 2, . . . ,

lim
i→∞

F (D, s,Ni, xn)

Ni
= g

(
logb

(
D + 1

bs−1

))
− g

(
logb

(
D

bs−1

))
(see [9], [8]).

For r > 0, the sequence (nr)n≥1 and (prn)n≥1 do not satisfy Benford’s
law, that is, the sequence (logb n

r)n≥1 and (logb p
r
n)n≥1 are not u.d. mod1.

E l i a h o u,M a s s é , and S c h n e i d e r [4] showed that for a positive integer
r, the discrepancy of the sequence (yn) = (log10 n

r)n≥1, (log10(n log n)r)n≥1, or
(log10 p

r
n)n≥1 satisfies Dφ(r)(yn) = O(r−1) with φ(r) = berc. Thus, when r →∞,

these sequences satisfy Benford’s law in a sense.

It is also known that

G(logb n
r mod 1) = G(logb p

r
n mod 1) = {gw(x); 0 ≤ w ≤ 1},

where

gw(x) =
1

b
w
r

b
x
r − 1

b
1
r − 1

+
min(b

x
r , b

w
r )− 1

b
w
r

(0 ≤ x ≤ 1),

and if limi→∞{logb p
r
Ni
} = w, then for x ∈ [0, 1]

lim
i→∞

1

Ni

Ni∑
n=1

c[0,x)({logb p
r
n}) = gw(x)

(see [13], [6], [12, 2.12.1], and [7]), and so

lim
i→∞

F (D, s,Ni, p
r
n)

Ni
= gw

(
logb

(
D + 1

bs−1

))
− gw

(
logb

(
D

bs−1

))
. (2)

21



YUKIO OHKUBO — OTO STRAUCH

As examples of Ni and w, in [8] we gave the following:

• if 0 < w < 1 and Ni = π(b
i+w
r ), then limi→∞{logb p

r
Ni
} = w,

• if Ni = π(b
i
r ), then limi→∞{logb p

r
Ni
} = 1.

In [8], for rate of convergence of (2) we also proved that∣∣∣∣∣F (D, s,Ni, p
r
n)

Ni
−

(D+1
bs−1 )

1
r − ( D

bs−1 )
1
r

b
1
r − 1

∣∣∣∣∣ ≤ Cb,r
(

1

log pNi

)
, (3)

for Ni = π(b
i
r ), i = 1, 2, . . . and a constant Cb,r > 0 depending on b and r.

In this paper, to refine (3), we consider a generalized sequence (f(pn))n≥1,
where f is a function of a class of slowly increasing functions including

f(x) = logb x
r and f(x) = logb(x log x)r.

Since∣∣∣∣∣F (D, s,N, xn)

N
−

(
g

(
logb

D + 1

bs−1

)
− g
(

logb
D

bs−1

))∣∣∣∣∣ ≤ 2D∗N (logb xn, g),

an upper bound of D∗Ni(logb xn, g) is the rate of convergence of F (D,s,Ni,xn)
Ni

.

Especially, we obtain an effective result for an upper bound of D∗N (logb p
r
n, g).

2. Preliminaries

To characterize the class of slowly increasing functions, we need some defini-
tions and results concerning regular variation.

Definition 1 ([2], p.18). A function f is said to be regularly varying of index
ρ if it is real-valued, positive and measurable on [t0,∞) for some t0 > 0, and if

lim
t→∞

f(λt)

f(t)
= λρ (∀λ > 0)

for some real number ρ. Then we write f ∈ Rρ. If f ∈ R0, then f is said to be
slowly varying.

Lemma 1 ([2], Theorem 1.3.1). The function ` is slowly varying if and only if
it may be written in the form

`(x) = c(x) exp

{∫ x

a

ε(u)du/u

}
(x ≥ a)

for some a > 0, where c(x) is measurable and c(x) → c ∈ (0,∞), ε(x) → 0 as
x→∞.
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Lemma 2. If a function f is positive, strictly increasing, differentiable on [t0,∞)
for some t0 > 0, and satisfies

lim
t→∞

tf ′(t)

f(t)
= ρ 6= 0,

then f ∈ Rρ and f−1 ∈ R1/ρ.

P r o o f. Let `(t) = t−ρf(t) for t ≥ t0. Then we have

ε(t) :=
t`′(t)

`(t)
= −ρ+

tf ′(t)

f(t)
→ 0 (t→∞). (4)

Since ∫ t

t0

ε(u)

u
du =

∫ t

t0

`′(u)

`(u)
du =

∫ t

t0

(
log `(u)

)′
du = log `(t)− log `(t0),

we have

`(t) = `(t0) exp

(∫ t

t0

ε(u)

u
du

)
.

From Lemma 1, it follows that `(t) is slowly varying. Hence f(t) = tρ`(t) is
regularly varying of index ρ, i.e., f ∈ Rρ.

Let h(t) = log f(et). Then

h′(t) =
f ′(et)et

f(et)
=
{ρe(ρ−1)t`(et) + eρt`′(et)}et

eρt`(et)
= ρ+

et`′(et)

`(et)
= ρ+ ε(et).

Therefore by (4) we have

h′(t)→ ρ (t→∞).
Hence

(h−1)′(t) =
1

h′(h−1(t))
→ 1

ρ
(t→∞). (5)

Since h−1(t) = log f−1(et), we have

f−1(t) = exp
(
h−1(log t)

)
.

Hence
f−1(λt)

f−1(t)
=

exp(h−1(log λ+ log t))

exp(h−1(log t))

= exp{h−1(log λ+ log t)− h−1(log t)}

= exp{(log λ)(h−1)′(ξt)},

where log t ≤ ξt ≤ log t+ log λ. By this and (5) we have

f−1(λt)

f−1(t)
→ exp

(
1

ρ
log λ

)
= λ1/ρ (t→∞).
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Thus f−1 ∈ R1/ρ. �

Lemma 3 (Uniform Convergence Theorem: [2], [11] ). If f ∈ Rρ, then for every
[a, b] with 0 < a < b <∞

lim
t→∞

f(λt)

f(t)
= λρ uniformly in λ ∈ [a, b].

Lemma 4. If a real-valued function f is strictly increasing and differentiable on
[t0,∞) for some t0 > 0, and satisfies limt→∞ tf ′(t) = ρ > 0, then for −∞ <
a < b <∞

sup
x∈[a,b]

∣∣∣∣f−1(t+ x)

f−1(t)
− ex/ρ

∣∣∣∣→ 0 (t→∞).

P r o o f. Let g(t) = exp(f(t)). From the assumption,

tg′(t)

g(t)
= tf ′(t)→ ρ (t→∞).

By Lemma 2 we have g−1 ∈ R1/ρ. Since g−1(y) = f−1(log y), Lemma 3 implies
for [a′, b′] with 0 < a′ < b′ <∞

lim
y→∞

f−1(log(λy))

f−1(log y)
= λ1/ρ uniformly in λ ∈ [a′, b′],

and so

lim
t→∞

f−1(t+ x)

f−1(t)
= ex/ρ (t→∞)

uniformly for x ∈ [a, b] (−∞ < a < b <∞), that is,

sup
x∈[a,b]

∣∣∣∣f−1(t+ x)

f−1(t)
− ex/ρ

∣∣∣∣→ 0 (t→∞).

�

Lemma 5. If a real-valued function f is strictly increasing, differentiable
on [t0,∞), and satisfies limt→∞ tf ′(t) = ρ > 0, then for −∞ < a < b <∞

sup
x∈[a,b]

∣∣∣∣B(t+ x)

B(t)
− ex/ρ

∣∣∣∣→ 0 (t→∞),

where B(t) = f−1(t)
log f−1(t)−1 .
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P r o o f. Since limt→∞
f(t)
log t = limt→∞ tf ′(t) = ρ, we have limt→∞ f(t) =∞, and

so limt→∞ f−1(t) =∞. By Lemma 4 we have∣∣∣∣ log f−1(t)− 1

log f−1(t+ x)− 1
− 1

∣∣∣∣ =
log f−1(t+x)

f−1(t)

log f−1(t+ x)− 1
≤

log f−1(t+1)
f−1(t)

log f−1(t)− 1
→ 0 (t→∞)

for t ≥ 0 and 0 ≤ x ≤ 1.

Therefore,

sup
x∈[a,b]

∣∣∣∣B(t+ x)

B(t)
− ex/ρ

∣∣∣∣ = sup
0≤x≤1

∣∣∣∣f−1(t+ x)

f−1(t)
· log f−1(t)− 1

log f−1(t+ x)− 1
− ex/ρ

∣∣∣∣
≤ sup

0≤x≤1

(
f−1(t+ x)

f−1(t)

∣∣∣∣ log f−1(t)− 1

log f−1(t+ x)− 1
− 1

∣∣∣∣)+ sup
0≤x≤1

∣∣∣∣f−1(t+ x)

f−1(t)
− ex/ρ

∣∣∣∣
≤ f−1(t+ 1)

f−1(t)
sup

0≤x≤1

∣∣∣∣ log f−1(t)− 1

log f−1(t+ x)− 1
− 1

∣∣∣∣+ sup
0≤x≤1

∣∣∣∣f−1(t+ x)

f−1(t)
− ex/ρ

∣∣∣∣
→ 0 (t→∞). �

3. Estimate of discrepancy of (f(pn))

In [8], we obtained an upper bound of D∗N
(
logb(p

r
n), gw

)
for w ∈ [0, 1].

In slightly different fashion from [8], we have the following estimate of
D∗N

(
f(pn), gw

)
for w ∈ [0, 1], where f is a strictly increasing continuous function

on [X,∞) for some X > 0.

Theorem 1. Suppose that f is a strictly increasing continuous function on
[pm+1,∞) for some integer m ≥ 0, k0 is an integer satisfying f−1(k0) >
max(pm+1, e), and ψ is an increasing positive function on [0, 1] with ψ(0) = 1.
Let

B(x) =
f−1(x)

log f−1(x)− 1
, KN = bf(pN )c, and wN = {f(pN )}.

Then for 0 ≤ w ≤ 1 the sequence
(
f(pm+n)

)
n≥1, n = 1, 2, . . . satisfies

D∗N
(
f(pm+n), gw

)
≤ 2

N

KN−1∑
k=k0

B(k) sup
x∈[0,1]

∣∣∣∣B(k + x)

B(k)
− ψ(x)

∣∣∣∣
+
(
ψ(1) + 1

)B(KN )

N
sup
x∈[0,1]

∣∣∣∣B(KN + x)

B(KN )
− ψ(x)

∣∣∣∣
+

(
ψ(1)

B(KN )

N
+ 1

)
|ψ(w)− ψ(wN )|+ B(k0)

N
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+O

(
1

N

KN+1∑
k=k0+1

f−1(k)

(log f−1(k))3

)
+O

(
ψ(1)B(KN )

N(log f−1(KN ))2

)

+O

(
f−1(k0) +m

N

)
+O

(
ψ(1) log f−1(KN )

N(log f−1(KN )− 1)

)
,

where

gw(x) =
1

ψ(w)

ψ(x)− 1

ψ(1)− 1
+

min(ψ(x), ψ(w))− 1

ψ(w)
(0 ≤ x ≤ 1).

P r o o f. Set

FN (x) =
#{1 ≤ n ≤ N ; {f(pm+n)} ∈ [0, x)}

N
for x ∈ [0, 1].

Then, for 0 ≤ x ≤ 1

FN (x) =
#{1 ≤ n ≤ N −m; {f(pm+n)} ∈ [0, x)}

N

+
#{N −m+ 1 ≤ n ≤ N ; {f(pm+n)} ∈ [0, x)}

N

=
1

N

KN−1∑
k=k0

(
A(k + x)−A(k)

)
+

min(A(KN + x), A(KN + wN ))−A(KN )

N
+
O(f−1(k0) +m)

N
, (6)

where
A(y) = #{1 ≤ n ≤ N : f(pm+n) < y} for y ≥ f(pm+1)

and
O
(
f−1(k0) +m

)
≤ f−1(k0) +m.

Then, for y ≥ f(pm+1)

A(y) = π
(
f−1(y)

)
−m+O(1).

Since

π(x) =

∫ x

2

1

log t
dt+O

(
x

(log x)3

)
(see [5]) and that∫ x

2

1

log t
dt =

x

log x− 1
+O

(
x

(log x)3

)
,

we have

π(x) =
x

log x− 1
+O

(
x

(log x)3

)
.

Therefore, for y ≥ f(pm+1)

A(y) = B(y) +O

(
f−1(y)

(log f−1(y))3

)
, (7)
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and so,
A(k + x)−A(k) = B(k + x)−B(k) +O

(
f−1(k + 1)

(log f−1(k + 1))3

)
(8)

for k ≥ k0 and 0 ≤ x ≤ 1.

Since B(x) and f−1(x)/
(
log f−1(x)

)3
are non-decreasing, by (7) and (8) we have

min
(
A(KN + x), A(KN + wN )

)
=

min
(
B(KN + x), B(KN + wN )

)
+O

(
f−1(KN + 1)

(log f−1(KN + 1))3

)
.

Hence, by (6) and (8) we have

FN (x)=
1

N

KN−1∑
k=k0

(
B(k+x)−B(k)

)
+

min(B(KN+x), B(KN+wN ))−B(KN )

N
+

O

(
1

N

KN+1∑
k=k0+1

f−1(k)

log f−1(k))3

)
+
O(f−1(k0) +m)

N
. (9)

We can express the first term in the right-hand side of (9) as∑KN−1
k=k0

(B(k + x)−B(k))∑KN−1
k=k0

(B(k + 1)−B(k))
· B(KN )−B(k0)

N
,

and the second term as(
min

(
B(KN + x)

B(KN )
,
B(KN + wN )

B(KN )

)
− 1

)
B(KN )

N
.

Hence we have for x ∈ [0, 1]

FN (x)− gw(x) (10)

=

∑KN−1
k=k0

(B(k + x)−B(k))∑KN−1
k=k0

(B(k + 1)−B(k))
· B(KN )−B(k0)

N
− ψ(x)− 1

ψ(1)− 1
· 1

ψ(w)

+

(
min

(
B(KN + x)

B(KN )
,
B(KN + wN )

B(KN )

)
− 1

)
B(KN )

N
− min(ψ(x), ψ(w))− 1

ψ(w)

+O

(
1

N

KN+1∑
k=k0+1

f−1(k)

log f−1(k))3

)
+
O(f−1(k0) +m)

N

=

(∑KN−1
k=k0

(B(k + x)−B(k))∑KN−1
k=k0

(B(k + 1)−B(k))
− ψ(x)− 1

ψ(1)− 1

)
B(KN )−B(k0)

N
(11)
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+

(
B(KN )−B(k0)

N
− 1

ψ(w)

)
ψ(x)− 1

ψ(1)− 1
(12)

+

(
min

(
B(KN + x)

B(KN )
,
B(KN + wN )

B(KN )

)
−min

(
ψ(x), ψ(w)

))B(KN )

N
(13)

+

(
ψ(u)− N

B(KN )

)(
min(ψ(x), ψ(w))− 1

N
B(KN )ψ(w)

)
(14)

+O

(
1

N

KN+1∑
k=k0+1

f−1(k)

log f−1(k))3

)
+
O(f−1(k0) +m)

N
.

In order to estimate (11), we set

Sj =

j−1∑
k=k0

(
B(k + x)−B(k)

)
, Tj =

j−1∑
k=k0

(
B(k + 1)−B(k)

)
for j ≥ k0 + 1, Sk0 = Tk0 = 0, and U = ψ(x)−1

ψ(1)−1 . Then we have, successively,∑KN−1
k=k0

(B(k + x)−B(k))∑KN−1
k=k0

(B(k + 1)−B(k))
− ψ(x)− 1

ψ(1)− 1
=
SKN
TKN

− U

=
1

TKN

KN−1∑
k=k0

(Sk+1 − Sk)− U

TKN

KN−1∑
k=k0

(Tk+1 − Tk)

=
1

TKN

KN−1∑
k=k0

(Tk+1 − Tk)

(
Sk+1 − Sk
Tk+1 − Tk

− U
)

=
1

B(K)−B(k0)
×
KN−1∑
k=k0

(
B(k + 1)−B(k)

)(B(k + x)−B(k)

B(k + 1)−B(k)
− ψ(x)− 1

ψ(1)− 1

)
.

Then, we obtain

|(11)| ≤ 1

N

KN−1∑
k=k0

(
B(k + 1)−B(k)

) ∣∣∣∣B(k + x)−B(k)

B(k + 1)−B(k)
− ψ(x)− 1

ψ(1)− 1

∣∣∣∣
=

1

N

KN−1∑
k=k0

(
B(k + 1)−B(k)

) ∣∣∣∣Ψk(x)− 1

Ψk(1)− 1
− ψ(x)− 1

ψ(1)− 1

∣∣∣∣
≤ 1

N

KN−1∑
k=k0

(
B(k + 1)−B(k)

)
×
∣∣∣∣ (Ψk(x)− ψ(x))(ψ(1)− 1)− (Ψk(1)− ψ(1))(ψ(1)− 1)

(Ψk(1)− 1)(ψ(1)− 1)

∣∣∣∣
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≤ 1

N

KN−1∑
k=k0

B(k + 1)−B(k)

Ψk(1)− 1

(
|Ψk(x)− ψ(x)|+ |Ψk(1)− ψ(1)|

)
≤ 2

N

KN−1∑
k=k0

B(k) sup
x∈[0,1]

|Ψk(x)− ψ(x)|, (15)

where Ψk(x) = B(k+x)
B(k) .

Every second factor in (12), (13) and (14) is bonded. In fact, for (12)

0 ≤ ψ(x)− 1

ψ(1)− 1
≤ 1 for x ∈ [0, 1]. (16)

Since

N=A(KN+wN )+m+1=B(KN+wN )+O

(
f−1(KN+wN )

(log f−1(KN+wN ))3

)
+m+1, (17)

we have N

B(KN )
= ΨKN (wN ) +R(N), (18)

where

R(N) = O

(
1

(log f−1(KN ))2

)
+O

(
(m+ 1) log f−1(KN )

f−1(KN )

)
→ 0 (N →∞).

(19)
By (16), we have

|(12)| ≤
∣∣∣∣B(KN )−B(k0)

N
− 1

ψ(w)

∣∣∣∣
≤
∣∣∣∣ 1

N
B(KN )

− 1

ψ(wN )

∣∣∣∣+

∣∣∣∣ 1

ψ(wN )
− 1

ψ(w)

∣∣∣∣+
B(k0)

N

=

∣∣∣∣ 1

ΨKN (wN ) +R(N)
− 1

ψ(wN )

∣∣∣∣+
|ψ(w)− ψ(wN )|
ψ(wN )ψ(w)

+
B(k0)

N

≤|ψ(wN )−ΨKN (wN )|+R(N)

ψ(wN )(ΨKN (wN ) +R(N))
+ |ψ(w)− ψ(wN )|+ B(k0)

N

≤B(KN )

N

(
|ψ(wN )−ΨKN (wN )|+R(N)

)
+ |ψ(w)− ψ(wN )|+ B(k0)

N

≤B(KN )

N
sup
x∈[0,1]

|ψ(x)−ΨKN (x)|+ |ψ(w)− ψ(wN )|+ B(k0)

N

+O

(
f−1(KN )

N(log f−1(KN ))2(log f−1(KN )− 1)

)
+O

(
log f−1(KN )

N(log f−1(KN )− 1)

)
. (20)
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We can rewrite (13) to the form

|(13)| ≤ B(KN )

N

(∣∣∣∣∣min

(
B(KN + x)

B(KN )
,
B(KN + wN )

B(KN )

)
−min

(
ψ(x), ψ(wN )

)∣∣∣∣∣+∣∣∣∣∣min
(
ψ(x), ψ(wN )

)
−min

(
ψ(x), ψ(w)

)∣∣∣∣∣
)
.

If x < wN , then B(KN + x) < B(KN + wN ), then ψ(x) < ψ(wN ) and then∣∣∣∣∣min

(
B(KN + x)

B(KN )
,
B(KN + wN )

B(KN )

)
−min

(
ψ(x), ψ(wN )

)∣∣∣∣∣ =

|ΨKN (x)− ψ(x)| ≤ sup
x∈[0,1]

|ΨKN (x)− ψ(x)|.

If x < wN and x < w, then min
(
ψ(x), ψ(wN )

)
− min

(
ψ(x), ψ(w)

)
= 0.

If w < x < wN , then |min
(
ψ(x), ψ(wN )

)
−min

(
ψ(x), ψ(w)

)
| = |ψ(x)−ψ(w)| ≤

|ψ(wN )− ψ(w)|. Similarly, in all other cases. Thus we have

|(13)| ≤ B(KN )

N

(
sup
x∈[0,1]

|ΨKN (x)− ψ(x)|+ |ψ(wN )− ψ(w)|

)
. (21)

By (19) we obtain

|(14)| ≤ B(KN )

N

(
ψ(1)− 1

)(
|ψ(w)− ψ(wN )|+

∣∣∣∣ψ(wN )− N

B(KN )

∣∣∣∣
)

=
B(KN )

N

(
ψ(1)− 1

)(
|ψ(w)− ψ(wN )|+ |ψ(wN )−ΨKN (wN )|+R(N)

)

≤ B(KN )

N

(
ψ(1)− 1

)(
|ψ(w)− ψ(wN )|+ sup

x∈[0,1]
|ΨKN (x)− ψ(x)| +

O

(
1

(log f−1(KN ))2

)
+O

(
log f−1(KN )

f−1(KN )

))
≤
(
ψ(1)− 1

)(
|ψ(w)− ψ(wN )|+ sup

x∈[0,1]
|ΨKN (x)− ψ(x)|

)B(KN )

N

+O

(
(ψ(1)− 1)f−1(KN )

N(log f−1(KN ))2(log f−1(KN )− 1)

)

+O

(
(ψ(1)− 1) log f−1(KN )

N(log f−1(KN )− 1)

)
. (22)
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Combining (10), (15), (20), (21), and (22), we have

|FN (x)− gw(x)|

≤ 2

N

KN−1∑
k=k0

B(k) sup
x∈[0,1]

|Ψk(x)− ψ(x)|+ B(KN )

N
sup
x∈[0,1]

|ΨKN (x)− ψ(x)|

+ |ψ(w)− ψ(wN )|+ B(k0)

N
+O

(
f−1(KN )

N(log f−1(KN ))2(log f−1(KN )− 1)

)
+O

(
log f−1(KN )

N(log f−1(KN )− 1)

)

+
B(KN )

N

(
sup
x∈[0,1]

|ΨKN (x)− ψ(x)|+ |ψ(wN )− ψ(w)|

)

+
(
ψ(1)− 1

)B(KN )

N

(
|ψ(w)− ψ(wN )|+ sup

x∈[0,1]
|ΨKN (x)− ψ(x)|

)

+O

(
(ψ(1)− 1)f−1(KN )

N(log f−1(KN ))2(log f−1(KN )− 1)

)
+O

(
(ψ(1)− 1) log f−1(KN )

N(log f−1(KN )− 1)

)

+O

(
1

N

KN+1∑
k=k0+1

f−1(k)

(log f−1(k))3

)
+O

(
f−1(k0) +m

N

)

≤ 2

N

KN−1∑
k=k0

B(k) sup
x∈[0,1]

|Ψk(x)− ψ(x)|+
(
ψ(1)+1

)B(KN )

N
sup
x∈[0,1]

|ΨKN (x)−ψ(x)|

+

(
ψ(1)

B(KN )

N
+ 1

)
|ψ(w)− ψ(wN )|+ B(k0)

N

+O

(
ψ(1)B(KN )

N(log f−1(KN ))2

)
+O

(
1

N

KN+1∑
k=k0+1

f−1(k)

(log f−1(k))3

)

+O

(
f−1(k0) +m

N

)
+O

(
ψ(1) log f−1(KN )

N(log f−1(KN )− 1)

)
.

This proves the theorem. �

From Theorem 1, we deduce the following corollaries.
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Corollary 1. Suppose f is a strictly increasing differentiable function on
[pm+1,∞) for some integer m ≥ 0, and satisfies

lim
t→∞

tf ′(t) = ρ > 0. (23)

Let 0 < w ≤ 1 and Ni = π
(
f−1(i+ w)

)
. Then

lim
i→∞
{f(pNi)} = w

and

lim
i→∞

D∗Ni
(
f(pm+n), gw

)
= 0,

where

gw(x) =
1

e
w
ρ

e
x
ρ − 1

e
1
ρ − 1

+
min(e

x
ρ , e

w
ρ )− 1

e
w
ρ

(0 ≤ x ≤ 1).

P r o o f. Let 0 < w ≤ 1, KNi = bf(pNi)c, wNi = {f(pNi)}. By the prime number
theorem, we have

π
(
f−1(i+ w)

)
− π

(
f−1(i)

)
=

f−1(i+ w)

log f−1(i+ w)
− f−1(i)

log f−1(i)
+O

(
f−1(i+ w)

log2 f−1(i+ w)

)
=

f−1(i+ w)

log f−1(i+ w)

{
1− f−1(i)

f−1(i+ w)

log f−1(i+ w)

log f−1(i)
+O

(
1

log f−1(i+ w)

)}
. (24)

By the assumption, we obtain

lim
x→∞

f−1(x) =∞, and so lim
i→∞

f−1(i+ w)

log f−1(i+ w)
=∞.

By Lemma 4, we have limi→∞
f−1(i+w)
f−1(i) = e

w
ρ > 1. Hence

lim
i→∞

log f−1(i+ w)

log f−1(i)
= lim
i→∞

(
1

log f−1(i)
log

f−1(i+ w)

f−1(i)

)
+ 1 = 1. (25)

Therefore, (24) and (25) yield

lim
i→∞

π
(
f−1(i+ w)

)
− π

(
f−1(i)

)
=∞.

Hence, there exists i0 such that π
(
f−1(i + w)

)
− π

(
f−1(i)

)
≥ 1 for i ≥ i0.

Thus, for i ≥ i0
f−1(i) ≤ pNi < f−1(i+ w) ≤ pNi+1, so i ≤ f(pNi) < i+ w ≤ f(pNi+1),

and so

KNi = bf(pNi)c = i. (26)
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Successively, we obtain

wNi ={f(pNi)} = f(pNi)− i < w,

w >wNi = wNi − w + w = f(pNi)− (i+ w) + w ≥ f(pNi)− f(pNi+1) + w,

0 <w − wNi ≤ f(pNi+1)− f(pNi). (27)

It is shown that pn+1 − pn = O
(
pθn
)

(28)

for some 0 < θ < 1, namely, pn+1 − pn = O(p0.525n ) due to R. C. B a k e r,
G. H a r m a n and J. P i n t z [1]. Hence, by the assumption (23)

f(pNi+1)− f(pNi) = (pNi+1 − pNi)f ′(ξ) = O(pθ−1Ni
), pNi ≤ ξ ≤ pNi+1.

Therefore, by (27) we have
wNi → w (i→∞). (29)

Applying Theorem 1 with ψ(x) = e
x
ρ , we have

D∗Ni
(
f(pm+n), gw

)
≤ 2

Ni

i−1∑
k=k0

B(k) sup
x∈[0,1]

∣∣∣∣B(k + x)

B(k)
− e

x
ρ

∣∣∣∣+
(
e

1
ρ + 1

) B(i)

Ni
sup
x∈[0,1]

∣∣∣∣B(i+ x)

B(i)
− e

x
ρ

∣∣∣∣
+

(
e

1
ρ
B(i)

Ni
+ 1

) ∣∣∣ewρ − ewNiρ ∣∣∣+
B(k0)

Ni
+O

(
1

Ni

i+1∑
k=k0+1

f−1(k)

(log f−1(k))3

)

+O

(
e

1
ρB(i)

Ni(log f−1(i))2

)
+
O(f−1(k0 +m))

Ni
+O

(
e

1
ρ log f−1(i)

Ni(log f−1(i)− 1)

)
. (30)

We note that

1

Ni

i−1∑
k=k0

B(k)

∣∣∣∣B(k + x)

B(k)
− e

x
ρ

∣∣∣∣ =
1

Ni

i−1∑
k=k0

(
B(k + 1)−B(k)

)
×

supx∈[0,1]

∣∣∣B(k+x)
B(k) − e

x
ρ

∣∣∣
B(k+1)
B(k) − 1

. (31)

By Lemma 5 we have
lim
k→∞

sup
x∈[0,1]

∣∣∣∣ B(k + x)

B(k)
− e

x
ρ

∣∣∣∣ = 0.

Combining this with limk→∞
B(k+1)
B(k) = ψ(1) = e

1
ρ > 1, we get

lim
k→∞

supx∈[0,1]

∣∣∣B(k+x)
B(k) − e

x
ρ

∣∣∣
B(k+1)
B(k) − 1

= 0. (32)
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By Lemma 5 and (29) we have∣∣∣∣B(KNi + wNi)

B(KNi)
− e

w
ρ

∣∣∣∣ ≤ ∣∣∣∣B(KNi + wNi)

B(KNi)
− e

wNi
ρ

∣∣∣∣+
∣∣∣ewNiρ − ewρ ∣∣∣

≤ sup
0≤x≤1

∣∣∣∣B(KNi + x)

B(KNi)
− e

x
ρ

∣∣∣∣+
∣∣∣ewNiρ − ewρ ∣∣∣→ 0 (i→∞),

so we have

lim
i→∞

B(KNi + wNi)

B(KNi)
= e

w
ρ . (33)

Therefore, by (18) and (19) we have

lim
i→∞

B(i)

Ni
=

1

e
w
ρ
. (34)

By (31), (32) and (34), we have

lim
i→∞

1

Ni

i−1∑
k=0

B(k) sup
x∈[0,1]

|Ψk(x)− e
x
ρ | = 0.

Lastly, we show that 1
Ni

∑i+1
k=k0+1

f−1(k)
(log f−1(k))3 → 0. By Cauchy-Stolz lemma, it

suffices to prove that

lim
i→∞

(log f−1(i+ 1))3 (Ni −Ni−1)

f−1(i+ 1)
= ∞. (35)

By (17) we have

Ni −Ni−1 = B(i+ wNi)−B(i− 1 + wNi−1
) +O

(
f−1(i+ wNi)

(log f−1(i+ wNi))
3

)
. (36)

Since

f−1(i+ wNi)
(
log f−1(i− 1 + wNi−1

)− 1
)

− f−1(i− 1 + wNi−1
)
(
log f−1(i+ wNi)− 1

)
= f−1(i+ wNi) log

f−1(i− 1 + wNi−1
)

f−1(i+ wNi)

+
{
f−1(i+ wNi)− f−1(i− 1 + wNi−1

)
}{

log f−1(i+ wNi)− 1
}

≥ f−1(i) log
f−1(i− 1 + wNi−1)

f−1(i+ wNi)
,

we obtain

B(i+ wNi)−B(i− 1 + wNi−1
) ≥

f−1(i) log
f−1(i−1+wNi−1

)

f−1(i+wNi )

(log f−1(i)− 1)(log f−1(i+ 1)− 1)
.
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Therefore,

(log f−1(i))3(B(i+ wNi)−B(i− 1 + wNi−1
))

f−1(i)

≥
(log f−1(i))3 log

f−1(i−1+wNi−1
)

f−1(i+wNi )

(log f−1(i)− 1)(log f−1(i+ 1)− 1)

≥
(
log f−1(i)

) 1

1− 1
log f−1(i)

1
log f−1(i+1)
log f−1(i) −

1
log f−1(i)

log
f−1(i− 1 + wNi−1

)

f−1(i+ wNi)
.

(37)

By Lemma 4 and (29), we have

lim
i→∞

f−1(i+ wNi)

f−1(i)
= ψ(w), (38)

so

f−1(i− 1 + wNi−1)

f−1(i+ wNi)
=

f−1(i−1+wNi−1
)

f−1(i−1)
f−1(i+wNi )

f−1(i) · f−1(i)
f−1(i−1)

→ ψ(w)

ψ(w)ψ(1)
=

1

ψ(1)
(i→∞).

(39)
From (25), (37), and (39), it follows that

lim
i→∞

(log f−1(i))3(B(i+ wNi)−B(i− 1 + wNi−1
))

f−1(i)
=∞. (40)

By (25) and (38) we have

lim
i→∞

log f−1(i)

log f−1(i+ wNi)
= 1. (41)

Hence, by (36), (40), and (41) we have

(log f−1(i))3(Ni −Ni−1)

f−1(i)
=

(log f−1(i))3(B(i+ wNi)−B(i− 1 + wNi−1
))

f−1(i)
+

O

(
f−1(i+ wNi)

f−1(i)
·
(

log f−1(i)

log f−1(i+ wNi)

)3)
→∞

as i→∞. (42)
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From (42),

lim
i→∞

f−1(i)/f−1(i+ 1) = 1/e1/ρ, and lim
i→∞

log f−1(i+ 1)/ log f−1(i) = 1,

we arrive at (35). Consequently, the right hand side of (30) tends to 0 as i→∞.
Thus limi→∞D∗Ni(f(pm+n) mod 1, gw) = 0. �

Corollary 2. Let r > 0, 0 < w ≤ 1, let Ni = π(b
i+w
r ), i = 1, 2, . . . , and let

gw(x) =
1

b
w
r

b
x
r − 1

b
1
r − 1

+
min(b

x
r , b

w
r )− 1

b
w
r

(0 ≤ x ≤ 1).

Then we have

D∗Ni(logb p
r
n, gw) ≤ b 1

r (log b)

(
2 + (b

1
r + 1)

log b

r

)
log pNi(

log pNi − (1 + 1
r ) log b

)2
+ C1

(
b

2
r r

log b
+ b

1
r log b

)
log pNi(

log pNi − (1 + 1
r ) log b

)3
+ C2

(
b2 +

b2

2 log b− 1

)
b

2
r r

log pNi
p1−θNi

+ C3b
2
r r

(log pNi)
2 + log pNi log log pNi

pNi(r log pNi − r − log b)
,

(43)

where Ni ≥ 6 for i = 1, 2, . . . and Cj is a constant for j = 1, 2, 3.

P r o o f. Applying Theorem 1 and Corollary 1 with

• f(t) = logb t
r for t ≥ 1,

• m = 0,

• k0 = d2re,
• f−1(t) = b

t
r for t ≥ 0,

• ρ = limt→∞ tf ′(t) = r
log b ,

• ψ(x) = b
x
r ,

• B(x) = rb
x
r

x log b−r ,

• Ni = π(b
i+w
r ),

• KNi = br logb pNic = i by (26), wNi = {r logb pNi},

we have

D∗Ni(logb p
r
n, gw) ≤ 2r

Ni

∑
2r≤k≤i−1

b
k
r

k − r
sup
x∈[0,1]

∣∣∣∣b xr( k − r
k + x− r

− 1

)∣∣∣∣
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+
(b

1
r + 1)rb

i
r

(i− r)Ni
sup
x∈[0,1]

∣∣∣∣b xr( i− r
i+ x− r

− 1

)∣∣∣∣+

(
rb

i+1
r

Ni
+ 1

)∣∣∣bwr − bwNir ∣∣∣
+

b2+
1
r

(2 log b− 1)Ni
+O

(
r3

(log b)3Ni

∑
2r+1≤k≤i+1

b
k
r

k3

)
+O

(
r3b

i+1
r

(log b)2i2(i− r)Ni

)

+O

(
b2+

1
r

Ni

)
+O

(
b

1
r (log b)i

Ni(i log b− r)

)
. (44)

Since

sup
x∈[0,1]

∣∣∣∣b xr ( k − r
k + x− r

− 1

)∣∣∣∣ < b
1
r

k − r
(45)

and that b
x
r

(x−r)2 is increasing for x ≥ 2r, we have

∑
2r≤k≤i−1

b
k
r

k − r
sup
x∈[0,1]

∣∣∣∣b xr ( k − r
k + x− r

− 1

)∣∣∣∣ ≤ b 1
r

∫ i

2r

b
x
r

(x− r)2
dx.

Using the integration by parts, we have∫ i

2r

b
x
r

(x− r)2
dx ≤ rb

i
r

(log b)(i− r)2
+ 2

r

log b

∫ i

2r

b
x
r

(x− r)3
dx

≤ rb
i
r

(log b)(i− r)2

+ 2
r

log b

{
rb

i
r

(log b)(i− r)3
+ 3

r

log b

∫ i

2r

b
x
r

(x− r)4
dx

}

≤ rb
i
r

(log b)(i− r)2
+

8r2b
i
r

(log b)2(i− r)3
,

because e
x
r

(x−r)4 is increasing for x ≥ 2r. Hence

∑
2r≤k<i

b
k
r

k − r
sup
x∈[0,1]

∣∣∣∣b xr ( k − r
k + x− r

− 1

)∣∣∣∣
≤ rb

i+1
r

(log b)2(i− r)2

(
log b+

8r

i− r

)
. (46)
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Similarly, we have ∑
2r+1≤k≤i+1

b
k
r

k3
≤ 4rb

i+2
r

(log b)(i+ 2)3
. (47)

By (27), we have for w ∈ [0, 1),∣∣∣bwr − bwNir ∣∣∣ ≤ b
1
r log b

r

(
f(pNi+1)− f(pNi)

)
≤ b 1

r

(
pNi+1 − pNi

pNi

)
. (48)

By (28) and (48), we obtain

∣∣∣bur − bwNir ∣∣∣ = O

(
b

1
r

p1−θNi

)
= O

(
b

1
r

N1−θ
i (logNi)1−θ

)
, (49)

where θ = 0.525.

By (44), (45), (46), (47), and (49), we obtain

D∗Ni(logb p
r
n, gw) ≤

(
2

log b
b

1
r r2 + (b

2
r + b

1
r )r

)
b
i
r

(i− r)2Ni

+
16b

1
r r3

(log b)2
b
i
r

(i− r)3Ni

+ const b
2
r r

b
i
r

N2−θ
i (logNi)1−θ

+ const b
1
r

1

N1−θ
i (logNi)1−θ

+
b2+

1
r

2 log b− 1

1

Ni

+ const
b

2
r r4

(log b)4
b
i
r

i3Ni
+ const

b
1
r r3

(log b)2
b
i
r

i2(i− r)Ni

+ const b2+
1
r

1

Ni
+ const (log b)b

1
r

i

Ni(i log b− r)
, (50)

where each “const” means a positive constant. Since

r logb pNi = i+ wNi ≤ i+ 1,

i ≥ r

log b
log pNi − 1. (51)
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Since
i < i+ wNi =

r

log b
log pNi (52)

and that
pn < n(log n+ log log n) for n ≥ 6

by J. B. R o s s e r and L. S c h o e n f e l d [10], we have

i <
r

log b

(
logNi + log(logNi + log logNi)

)
, (53)

and so
b
i
r < Ni(logNi + log logNi) (54)

for Ni ≥ 6. By (51), (53), (54), and

n log n < pn for n ≥ 1,

by J. B. R o s s e r and L. S c h o e n f e l d [10], we have

b
i
r

(i− r)2Ni
<

log(Ni logNi)

( r
log b log pNi − r − 1)2

<
log pNi

( r
log b log pNi − r − 1)2

,

b
i
r

(i− r)3Ni
<

log(Ni logNi)

( r
log b log pNi − r − 1)3

<
log pNi

( r
log b log pNi − r − 1)3

,

b
i
r

N2−θ
i (logNi)1−θ

<
log(Ni logNi)

N1−θ
i (logNi)1−θ

,

b
i
r

i3Ni
<

log(Ni logNi)

( r
log b log pNi − 1)3

<
log pNi

( r
log b log pNi − 1)3

,

b
i
r

i2(i− r)Ni
<

log(Ni logNi)

( r
log b log pNi − 1)2( r

log b log pNi − r − 1)

<
log pNi

( r
log b log pNi − 1)2( r

log b log pNi − r − 1)
,

i

Ni(i− r)
<

r

log b

log(Ni log(Ni logNi))

Ni(
r

log b log pNi − r − 1)

<
r

log b

log pNi
Ni(

r
log b log pNi − r − 1)

,

1

Ni
<

1

π(b
i
r )
∼ log b

r

i

b
i
r

<
log b

r

r
log b log pNi

b(logb pNi−
1
r )

= b
1
r

log pNi
pNi

.
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Overall, by (50), we have

D∗Ni(logb p
r
n, gw) ≤

(
2b

1
r r2

log b
+
(
b

2
r + b

1
r

)
r

)
log pNi

( r
log b log pNi − r − 1)2

+
16b

1
r r3

(log b)2
log pNi

( r
log b log pNi − r − 1)3

+ const b
2
r r

log pNi
p1−θNi

+ const b
1
r

1

p1−θNi

+ const
b2+

2
r

2 log b− 1

log pNi
pNi

+ const
b

2
r r4

(log b)4
log pNi

( r
log b log pNi − 1)3

+ const
b

1
r r3

(log b)2
log pNi

( r
log b log pNi − 1)2( r

log b log pNi − r − 1)

+ const b2+
2
r

log pNi
pNi

+ const b
2
r r

(log pNi)
2 + log pNi log log pNi

pNi(r log pNi − r − log b)

≤ b 1
r (log b)

(
2 + (b

1
r + 1)

log b

r

)
log pNi(

log pNi − (1 + 1
r ) log b

)2
+ const

(
b

2
r r

log b
+ b

1
r log b

)
log pNi(

log pNi − (1 + 1
r ) log b

)3
+ const

(
b2 +

b2

2 log b− 1

)
b

2
r r

log pNi
p1−θNi

+ const b
2
r r

(log pNi)
2 + log pNi log log pNi

pNi(r log pNi − r − log b)

for Ni ≥ 6. �

From Corollary 2 it follows immediately:

Corollary 3. Let r > 0, 0 < w ≤ 1, let Ni = π(b
i+w
r ), i = 1, 2, . . . , and let

gw(x) =
1

b
w
r

b
x
r − 1

b
1
r − 1

+
min(b

x
r , b

w
r )− 1

b
w
r

(0 ≤ x ≤ 1).

Then we have

lim
i→∞

(log pNi)D
∗
Ni(logb p

r
n, gw) ≤ b 1

r (log b)

(
2 + (b

1
r + 1)

log b

r

)
.
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Corollary 4. Let r be a positive integer. Then

lim
r→∞

rD∗π(br)(logb p
r
n, g1) ≤ 2,

where

g1(x) =
b
x
r − 1

b
1
r − 1

(0 ≤ x ≤ 1).

P r o o f. Let r ≥ 3. Put w = 1 and i = r2 − 1 in Corollary 3. Then Ni = π(br).
By (52), we have

log pNi >

(
r − 1

r

)
log b,

and so
r

log pNi
≤ r

(r − 1
r ) log b

→ 1

log b

as r →∞. From this and Corollary 3, the desired inequality follows. �
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