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ABSTRACT. In this paper, we study the sequence (f(pn))n>1, where py, is the
nth prime number and f is a function of a class of slowly increasing functions
including f(z) = logy " and f(z) = log,(zlog )", where b > 2 is an integer and
r > 0 is a real number. We give upper bounds of the discrepancy D;\h (f(pn),9)
for a distribution function g and a sub-sequence (N;);>1 of the natural numbers.
Especially for f(z) = log, ", we obtain the effective results for an upper bound

of D, (f(pn), 9)-

i

Communicated by Werner Georg Nowak

1. Introduction

In [8], we gave some results about the first digit problem in base b > 2 for
the sequence (n"),>1 and for the sequence (p},)n>1, where p,, is the nth prime
number and r > 0 is a real number. In this paper, we generalize and sharpen
them.

Throughout this paper, for z € R, let

|z =max{n € Z:n<z}, [z]=min{ne€Z:x<n}, {z}=z-|z],

let cp denote the characteristic function of the set E C R, and let 7(z) be the
number of primes not exceeding x.
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Let (yn)n>1 be a sequence of real numbers. If there exists a strictly increasing
sequence of positive integers (N;);>1 such that

N;
Zliglo Niz nzlc[o’x)({yn}) =g(x) forevery =z €]0,1],

then g is called a distribution functions (d.f.) mod 1 of (yy)n>1. Let G(y,, mod 1)
be the set of all d.f.’s of (y,)n>1 (see [12]). If G(y, mod 1) = {g(z) = x}, then
the sequence (yn)n>1 is said to be uniformly distributed modl (abbreviating
u.d.modl).

Suppose that g is a non-decreasing function on [0, 1] with ¢g(0) =0, g(1) = 1.
Then the extremal discrepancy Dy (yn,g) and the star discrepancy D% (yn, g)
of (yn)n>1 with respect to g are defined by

Dy(ng) = 5w |03 clas({a}) = (905) — 9(a)

0<a<f<1

and

Dy (Yn,9) = 81[101)1
S

)

1 N
NZ [0,2) {yn 79(17)

respectively (see [12, 1.10.1]). If g(x) = « for 0 < z < 1, then g is omitted in
D3 (yn, 9) or D (yn: 9)-

Let b > 2 be an integer considered as a base for the development of a real
number 2 > 0 and M,(x) be the mantissa of = defined by x = M,(z) x b™*)
such that 1 < Mp(z) < b holds, where n(x) is a uniquely determined integer.
Let D = djds - --ds be a positive integer expressed in the base b, that is

D=dib> 4+ dob* 2+ +ds_1b+d,,

where d; # 0 and at the same time D = dids---ds is considered as an
s-consecutive block of digits in the base b. Note that for z of the type
x =0.00---0dyds---ds---, di > 0, we have My(x) = dy1.dy---ds--- and the
first zero digits are omitted. Thus a positive real number = has the first s-digits,
starting a non-zero digit, that equal to D = dyds - - - ds if and only if

D D+1
gt = dude - dy < My(a) < dudy - (ds +1) = (1)

Let (z,) be a sequence of positive number, and let F(D,s, N,x,) be the
number of integers 1 < n < N such that the leading block of s digits (beginning
with # 0) of =, equals D. The sequence (zy)n,>1 is said to satisfy Benford’s
law (abbreviated by B.L.) in base b, if for every s = 1,2,... and every s-digits
integer D = dyds - - - dg
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(see [3]). Since log, My(z) = {log, z} by (1), the leading block of s digits
(beginning with # 0) of z,, equals D if and only if
D D+1
log,, (bS1> < {log, z,} < log, (lf&l) .
Hence, the sequence (x,,),>1 satisfies Benford’s law if and only if (log, z,,)n>1
is uniformly distributed mod1 (see [3], [9]).
If g € G(logy x,, mod 1) and
1 &
A Z:l cpo.0)({logy 2n}) = g(x)

for z € [0,1], then for every s-digits integer D = dydy---ds, s =1,2,...,

. F(D,s,N;,x,) D+1 D
e A = e E i

(see [, ).

For » > 0, the sequence (n"),>1 and (p}),>1 do not satisfy Benford’s
law, that is, the sequence (log,n"),>1 and (log, p})n>1 are not u.d. modl.
Eliahou,Massé, and Schneider [4] showed that for a positive integer
r, the discrepancy of the sequence (y,) = (log;yn")n>1, (logig(nlogn)™),>1, or
(logo P )n>1 satisfies Dy (yn) = O(r~1) with ¢(r) = [e”]. Thus, when r — oo,
these sequences satisfy Benford’s law in a sense.

It is also known that

G(log, n" mod 1) = G(log, p;, mod 1) = {gy(2);0 <w < 1},

where 1br—1 in(b7,b7) — 1
= min(br,br ) —

w = Tw ’m 0< <1 s

gule) = e+ = (0<z<1)

and if lim;_, o {log, piy,} = w, then for z € [0,1]
1 &

Jim > oy {logy pi}) = gu(@)
" n=1

(see [13], [6], [I2, 2.12.1], and [7]), and so

. F(D,s,N;,pr) D+1 D
Zli{})lo Tﬂ = Gw <10gb <b5—1)> — Jw (10gb (bs—1>> . (2)
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As examples of N; and w, in [§] we gave the following:
eif0<w<1land N; = ﬂ(bztw ), then lim;_, . {log, py, } = w,
o if N; = m(b+), then lim;_,o{log, pfy, } = 1.

In [§], for rate of convergence of (2]) we also proved that

1
<
= Cb,'r‘ (10gpN,i> ) (3)

for N; = W(b%), i=1,2,... and a constant (3, > 0 depending on b and 7.
In this paper, to refine , we consider a generalized sequence (f(pn))n>1,
where f is a function of a class of slowly increasing functions including

1

N; br —1

f(z) =logyz" and f(z)=log,(xlogx)"

Since

F(D,s,N,z,) D+1 D
- N g long -9 IOgbij

an upper bound of Dy (log, x,,g) is the rate of convergence of

S 2D}K\/'(logb x’nag)a

F(D,s,N;,®n)
N; :

Especially, we obtain an effective result for an upper bound of D3, (log, pfl, g).

2. Preliminaries

To characterize the class of slowly increasing functions, we need some defini-
tions and results concerning regular variation.

DEFINITION 1 ([2], p.18). A function f is said to be regularly varying of index
p if it is real-valued, positive and measurable on [tg, c0) for some ty > 0, and if

At
im L2 Z v (wa > 0)
t—o0 f(t)
for some real number p. Then we write f € R,. If f € Ry, then f is said to be
slowly varying.

LeEMMA 1 (2], Theorem 1.3.1). The function £ is slowly varying if and only if
it may be written in the form

0(z) = e(z) exp { / x&(u)du/u} (x> a)

for some a > 0, where c(x) is measurable and c(x) — ¢ € (0,00), e(x) — 0 as
T — 00.

22



DISTRIBUTION OF LEADING DIGITS OF NUMBERS Il

LEMMA 2. If a function f is positive, strictly increasing, differentiable on [tg,c0)
for some tg > 0, and satisfies
tf'(t)

)
then f € R, and f~! € Ry,

=p#0,

Proof. Let £(t) =t~ *f(t) for t > t5. Then we have
_ () tf'(t)

=Ty T 2 e Y
Since
t @du _ "0 (u) du — ' log £(w)) du = log £(t) — log £(to),
. u v L(uw) t ( )
we have

0(t) = U(to) exp </: f‘“‘(;‘)du> .

From Lemma [1} it follows that £(t) is slowly varying. Hence f(t) = tP4(t) is
regularly varying of index p, i.e., f € R,.

Let h(t) = log f(e'). Then
P _ Lo ) et et )
flet) ertl(et) £(e')
Therefore by (4)) we have

(t) =

R(t)—p (t— o).
Hence e 1 1
(h )(t)zm%; (t — 00). (5)
Since h=1(t) = log f ~*(e!), we have
f7H(t) = exp(h™ ' (logt)).
S7H(At)  exp(h~!(log X + logt))
f7At)  exp(h~i(logt))
= exp{h!(log X +logt) — h~'(logt)}
= exp{(log \) (A1) (&)},
where logt < & <logt + log A. By this and we have
)
1)

Hence

1
— exp ( log)\> =\ (t = o).
p
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Thus /! € Ry, 0

LEMMA 3 (Uniform Convergence Theorem: [2], [I1] ). If f € R,, then for every
[a,b] with0 < a <b< oo
At
tlggo ff((t)) =X uniformly in X € [a,b].
LEMMA 4. If a real-valued function f is strictly increasing and differentiable on
[to,00) for some tg > 0, and satisfies lim;_, oo tf'(t) = p > 0, then for —oco <
a<b<oo

sup itz £1+x)—e“/p =0 (t— o0).
z€Ja,b] f (t)
Proof. Let g(t) = exp(f(t)). From the assumption,
tg'(t)

=tf'(t) = p (t— o0).
L=t p (=)
By Lemmawe have g~1 € Ry/,. Since g y) = f(logy), Lemma implies
for [/, V] with 0 < a/ < b < 0

f £ H0080W)

A o y) uniformly in \ € [d/,b'],

and so
. fﬁl(t+$) _z/p
tli>nolo W =e (t — OO)
uniformly for z € [a,b] (—o00 < a < b < 00), that is,
Lt -
sup M—e‘/” =0 (t— ).
z€[a,b] f (t)

O

LEMMA 5. If a real-valued function f is strictly increasing, differentiable
on [tg, 00), and satisfies lims_, oo tf'(t) = p > 0, then for —oo < a < b < 00

B(t+x)

_ oT/p
B(t) ©

sup
z€la,b]

—0 (t— 00),

—1
where B(t) = ﬁ.
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Proof. Since lim;_,oo l(—) = limy, 00 tf/(t) = p, we have lim;_, o f(t) = 0o, and
so limy_, oo f71(t) = 00. By Lemmawe have

-1 T
w1 el wl
log f~Ht+x)—1 Clog fl(t+ax)—1 " logf- ()_1
fort>0and 0 <z <1.
Therefore,
Bit G log f~(t) — 1
g [P0 ] [ 01,
z€[a,b] B(t) 0<z<1 f (t) logf (t T LU) 1
f~ft+az)| logf=t(t)—1 D FUE+ ) )
< su —1 + su —_— = em P
- 03“"21 ( fHE) g frH(t+ ) -1 Oﬁzgl J7H)
[+ log f~1(t) — 1 ‘ it
S Ty — 1|+ sup |Z—— 2 _¢o/r
1) ogmgl log f~1(t+x)—1 Ogmlg)l ()
-0 (t— 00). .

3. Estimate of discrepancy of (f(p,))

In [8], we obtained an upper bound of D3 (log,(ph),g.) for w € [0,1].
In slightly different fashion from [§], we have the following estimate of
Dy ( f(pn), gw) for w € [0, 1], where f is a strictly increasing continuous function
on [X, 00) for some X > 0.

THEOREM 1. Suppose that f is a strictly increasing continuous function on
[Pma1,00) for some integer m > 0, ko is an integer satisfying f~'(ko) >
max(pmt1,e), and 1 s an increasing positive function on [0, 1] with ¥(0) = 1.
Let

Bo) = b =g Kn = Low)ls and oy = {7lon)):
Then for 0 < w <1 the sequence (f(pm+n))n21, n=1,2,... satisfies
. 9 Pt Bk + )
Dy (f(Pmetn)s gw) < N k;g B(k)x?[g,)u B 1/’(@’
B(Ky) . B(Ky + x)
=) e [P v

+ (s 25 1) o) - wiwl + 25
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1R ) (1) B(Ky)
+O(N Z:O%f*%w>+O<Nw%f%KMP)

k=ko+1

+O(f1wﬁ+m>+o<¢ﬂﬂ%fl%W)>

N Nllog 1 (Kn) 1))
where
_ 1 9@) -1  min@)Pw)) -1 -
2= G- T I 0=t
Proof. Set
Fy(z) = #{l<n<N; {,];\(]pm+n)} €[0.2)} for z€[0,1].
Then, for 0 <z <1
FN(.’L‘) :#{1 <n<N-— m;]éf(pm-‘rn)} € [O"T)}
#{N_m+ 1<n< N;{f(pern)} € [0>$)}
Kn—1 N
N > (Ak+ ) — A(k))
k=kqo
N min(A(Ky + a:),A(]f\iN +wy)) — A(KN) n O(ffl(]/;o) + m)7 (©)
A = IS n SN S ) <) x> Flpn)

O(f (ko) +m) < [ (ko) +m.
Then, for y > f(pm+1)

Aly) =7(f7(y)) —m+O().

(z) = /j @dwo ((10;)3>

(see [3]) and that
1
/2 logt 1og:1771 gx)3 )’
i)

( lo
() logac — 1 ( lo
Therefore, for y > f(pm+1)

)

) "

Since

we have

Aly) = U+OQ
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and so,

fHk+1) )

log f=1(k+1))3 ®)

A(k:+x)—A(k):B(k+x)—B(lc)+O<(

fork>kpand 0 <z <I1.
Since B(z) and f~!(z)/(log f~* ) are non-decreasing, by (7)) and (8) we have
min(A(KN +z), A(Ky + u;N)) =
min(B(KN + ), B(Kny +wn)) + O (

fTH KN +1) )
(log f~H(Kn +1))* )
Hence, by @ and (8]) we have

i: B(k+a)— ))+min(B(KN+x)7B(JfZ{N-FwN))_B(KN)

Kn+1
0 (zlv > 1ogff—11(2>>3> Sl
k=ko+1
We can express the first term in the right-hand side of @ as
2 (B(k + ) — B(k)) _ B(Kx) — B(ko)
Yk, (Blk+1) = B(k)) N
and the second term as

(min(B(KN +2) B(Ky+ wN)> - 1) B(Ky)

+

=ko

B(Ky) ' B(Kn) N

Hence we have for z € [0, 1]

FN()igw() (10)
L Bk + )~ B(k) B(Ky) - Blke)  (z)—1 1
Y (B(R+1) - B(k) N (1) =1 P(w)

n min(B(KN +x) B(Ky +wN)> 1 B(Ky) min(y(@),Y(w)) -1
B(Ky) ' B(Ky) N W (w)
1 I O(f (ko) +m)
o (N 2 i fl(k))?’) TN
_ (22 (Bl +2) ~ B(R)  (z) — 1) B(Kn) — B(k) a1
NN B(k+1) - Bk) (1) -1 N
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B(K 1 P(x)—1
+ (PR - ) v 12
+ (m KN + ; ([;JZI;;;]N)) — min(iﬁ(x),iﬁ(w))) B(]I;N) (13)
min(y(z), P(w)) — 1
+ 14
<w ) ( Bl V() ) o
e S () O(f~ (ko) +m)
o= .
* <N k:%;l log (k) ) T N
In order to estimate ([11)), we set
j—1 j—1
Si=Y_ (B(k+z)—B(k), T;=> (B(k+1)-B(k))
k=ko k=ko
for j > ko + 1, Sky =Tk, =0, and U = ’f;g;j Then we have, successively,
itk Bkt o)~ B(R)  w(x) =1 _ Sky -
Bk +1) = B(k) () =1 Ty
| Kvo r Kvol
= T Z (Sky1 — Sk) — Tro Z (Thy1 — Tk)
N =k N =k
1 ! Sk41 — Sk
B Trx P (Tiets = To) (Tk+1 ~Tn U)
n 0 Kn—1

B B x) —
~ B(K) - B(ko) - 2 (Bl+1) = B(k)) <B(k: +1)—-B(k) ¢1)—1)°

k=ko

Then, we obtain
Kny—1
@<y > B+ - B0 | g =g - S0

k=kq

R Up(z) =1 oa) -1
12;0 (k1) = B0) |, ) ‘w<1>—1‘
1 Kny—1
<% k;m (B(k +1) — B(k))
| Wa(e) (@) (1) — 1) — (Ta(1) — p(D)((1) ~ 1) ‘
(Tx(1) — (@ (1) — 1)
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Kn—1

1 B(k +1) — B(k)
SN ;;‘0 (1) -1 (1Wk(z) — ()] 4 [Wr(1) — (1)])
Kn—1
S% B(k) sup |¥g(z) — (x)l, (15)
k=ko z€]0,1]

where Uy (z) = B](Bk(:;”).

Every second factor in , and is bonded. In fact, for
-1
0< ig; S<1 forzeo1]. (16)
Since K )
n +wn
N=A(K +m+1=B(Ky+wy)+0 i >+ +1, (17
(o =B ) 0 GE S s )+ 07
we have N
=V R(N 18
where

B | (m+1)log 1 (Kx) N
R(N>‘O<<1ogf1<KN>>2>+O< (k) )éo (= 00).

(19)
By , we have
S ‘Jr‘ 11 ’+B(ko)
=5 S| [P dw)| TN
_ 1 o1 ‘Jr [P (w) — P(wn)| +B(k0)
Uy (wn) +R(N)  Y(wn) Y(wn ) (w) N
[b(ww) — Urey ()] + ROV iy Blko)
S (ww) (T (wn) + ROVY) 1P e+ =g
<BUN) () — ey (wom) -+ BOV) + () — (o) + 20
<PUN cup 1(0) — Wi (@) + o) — (o) + o)
z€[0,1]
S HKN)
o (N(logf—1<KN>>2<1ogf—1<KN> = 1))
log f~1(Ky)
o (N(log T (K) 1>> | (20)
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We can rewrite to the form

+

B(Ky) . (B(Kn +z) B(Ky+wn) .
@==y <mm< B(Ky) ' B(Ky) >mm(w(x),w(wN))

)

If < wn, then B(Ky +z) < B(Ky +wy), then ¥(z) < ¢(wx) and then

min(z/)(a?), 1/)(wN)) — min(z/)(:zr), 7/’(“’))

. B(Ky +2) B(Ky+wn) . _
mln( B(Ky) ' B(Kn) )—mln(¢(x)7¢(wN)) =

Wiy () = ¥(x)] < sip Wiy () = ¢(z)].

If 2 < wy and ¢ < w, then min(¢(z),¥(wy)) — min(Y(z),¥(w)) = 0.
If w < z < wy, then |min(¢(w),¢(wN)) —min(w(x),w(UJ)H = [¢(z) —P(w)| <

| (wn) — 1 (w)]. Similarly, in all other cases. Thus we have

z€[0,1]

@ < 2 ( Sup Wy (@) = (@) + [(wy) - ¢<w>|> SNCAY

By we obtain

l‘é%( (1) - )(M) Y(wn)| + | <wN>—B(ND

Kpy)

= B(ﬁN)(¢( 1) — )(IdJ( ) — (wn)| + [Y(wn) — \I/KN(wN)|+R(N)>
< B(ﬁN)(w( 1) — )<|w< ) — (wn)| + sup Ui, () —b(z)] +
z€[0,1]

O(w%f;KMV)+O<g?¥£$OD

< (000) = 1) () = () + s [y () ) 22
(1)~ f-

+0 (ST T
(s

(6(1) — 1) log -
"o ( Nlog 1 (Kn) — 1) > |

H(KN) >
g [ (En)—1)
)

(22)
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Combining , , , , and , we have

|1N( )_gw( )|
En_1 B(Kny)
] — _— LG —
kEkOB mzt[zr?lll k() — (o) + ~ wzt[gr,)ﬂl Kn () — ¥ (2)]

B(ky) F 1K)
N O (Naogf—1<KN>>2<1ogf—1<KN> - 1>>

log £~ (K)
o (N(log f T (En) — 1))

+ w ( sup |Uk, (z) — (@)| + |[Y(wy) — w(w)>

+ [$(w) = P(wn)| +

z€[0,1]
+(¢<1>—1)B(§N> (w ) = (ww)| + Zl[tpummx)—w(x)l)
)f '(Ky) ($(1) — 1)log (K )
( 10gf 2(log f 1 (K N>—1>>+O< N{log f-1(Kx) — 1) >
KNH ko) +m
( 2 r >>>*O( )
Z smp Wu(e) ~ v+ ) +1) 2T s [, (2)-0(e)
k z€[0 z€[0,1
( ) [0w) = vl + 200
Y(1)B(Ky) 1A )
+O< N(log 1K )))+0<Nkk2+l(logf1<k))s>
(ko) +m (1) log f~1 (K )
+O< N )*O( N (log <KN>—1>>'
This proves the theorem. (I

From Theorem (1}, we deduce the following corollaries.
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COROLLARY 1. Suppose f is a strictly increasing differentiable function on
[Pmt1,00) for some integer m > 0, and satisfies

. 7 _

tllglo tf'(t)=p>0. (23)
Let 0 <w <1 and N; = 7(f~ (i + w)). Then

lim {f(le)} =w

71— 00

and
lim D?\fl (f(pm-‘rn):gw) =0,
71— 00
where )
1 er —1 min(er,er)—1
Ju(®) = = — ( @ ) 0<zx<1)
er er —1 er

Proof Let0<w <1, Ky, =|f(pn,)], wn, = {f(pn,)}. By the prime number
theorem, we have

(i +w) —7(f1))
I e U ) I i ) i+ w)
~log f~L(i +w) log f=1(d) O(long—l(i—l—w))

fﬁl(i-i-’UJ) {1_ fﬁl(i) logffl(i—kw) -I—O( 1 >} (24)

Tlogf i+ w) | Si+w) log /(i) log [T (i + w)
By the assumption, we obtain
1/
lim f~'(z) =00, andso lim M =00
T—00 71— 00 log f_l(Z + ’LU)
By Lemma we have lim;_, f;l,(flz)w) =e» > 1. Hence
. log f71(i +w) i 1 i+ w)
lim ————= =1 1 1=1. 25
i log 1) ime \log @) 2 1w )T (25)
Therefore, and yield
. 1y . —10:) —
lgrgoﬁ(f (i +w)) —m(f'(i)) = oo.
Hence, there exists ig such that 7(f~!(i + w)) — «(f~*(i)) > 1 for i > 4.
Thus, for i > ig
fﬁl(i) < pN; < fﬁl(i +w) < PN;+1, SO i < f(pNi) <itw< f(erFl)v

and so

KNi = Lf(pNz)J =1 (26)

32



DISTRIBUTION OF LEADING DIGITS OF NUMBERS Il

Successively, we obtain
wy, ={f(pn.)} = flow) —i <w,
w>wy, = wy, —w+w = f(pn,) — (I +w) +w > f(pn,) — f(pn,+1) +w,
0 <w —wn, < f(pn,+1) — f(pN,)- (27)

It is shown that Prst — pn = O <pr) (28)

for some 0 < 0 < 1, namely, p,t1 — pn = O(P)5%%) due to R.C.Baker,
G.Harman and J. Pintz [I]. Hence, by the assumption

f(pNH-l) - f(eri) = (pNH‘l - pNz)f/(g) = O(p%ltl)) PN; < g < PNi+1-

Therefore, by (27)) we have
Y wn, > w (i = 00). (29)

Applying Theorem |1| with ¢ (z) = e, we have
D}k\fl (f(pm+n)v gw)

2 . Bk+z) = 1 B(i) B(i+1z) =
< — B(k) sup |—5-~— —er|+ (er +1 — —er
N; k;() ( )ze[o,l] B(k) ( ) Ni wepy| B(i)
1 B(i) w v B(ko) <« 'k
+<e N, —|—1>e —e |+ < kz Tow 1R

ev B(i) O(f~ <ko+m enogf (i)
+O<Ni<logf—1<z')>2>+ ( Niflog /! 1))‘ (30

We note that

i—1

1—1
— B(k — = — B(k+1)— B(k
Ni,; ( )‘ B Ni,;( (e 1) = B) >
=ko =ko
SUPze(o0,1] ‘B( Bk) z) e%
e (@1
B(k)
By Lemma [5] we have B(k + ) .
lim sup |——~— —er|=0.
k—o0 xe[o 1] B(k)
Combining this with limg_, Bgc(z)l) =¢(1) = er > 1, we get
B(k+x z
. SUPze(0,1] ‘ E:;(:)) er
Jim —pam =0 )
B(k)
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By Lemma and we have

’B(KM +wy,)  w ‘B(KNZ. +wn;) ww‘ w
—_— —er | < |—————7F —e +le »r —er
< su —~ —er|+ler —er|—=0 7 — 00
osoer| B(Kw,) ( )
so we have B(K )
. N, TWN;)  w
B R .
Therefore, by and we have
. B(®) 1
1 = —w - 34
B (34

By , and @, we have

lim — > B(k) sup |y(z) —er|=0.
i—oco N, Z 16[0 1]

1 £ .
Lastly, we show that - Z? kot 1 W — 0. By Cauchy-Stolz lemma, it
suffices to prove that

(IOg fﬁl(i + 1))3 (Nz — Nifl)

i F i+ 1) . (35)
Bywehave
. _ N. _ ; _ s f_l(i—i_wNi)
N;—Ni_1=B(i+wn,) —Bi—1+wn, ,)+0 Tog 710 - wn))? . (36)
Since '
S+ wn)(log fH i — 1+ wn,_,) — 1)
—f_l(i—].-I—le._l)(lng_l(i—i—wNi)—1)
. fﬁl(i_1+wNif1)
=1 +wy,) log T+ o)
+{f_1(i+wNi)_f_l(i_1+rii71)}{10gf_l(i+wNi)_1}
—1/- f_l(._l""_ i—l)
2 170108 o
we obtain

1y fHi=14wn, )
f l(z)logw

(log f=1(i) = D(log f~1(i +1) = 1)

34
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Therefore,
(log f~'())*(B(i + wn,) = Bi = 1 + wn, _,))
1)
| log s ) log L o)
~ (log f71(4) = 1)(log f~1(i +1) — 1)

1 1 fﬁl(i_l"‘rwl\/‘fl)
> (log /() T g log e
_ f(+1) -1
L ey S Oigfflz(i) - logflfl(i) foHi+ o)
(37)
By Lemma and , we have
Mt ww)
SO
) T -1+wn, )
f71(17 1+wN7171) _ f1G-1) } N 1/’(10) _ (Z N OO)
(i t+wy,) I Gres)  _fi) w)(l)  ¥(l '
Flirey) I w)e(D) o)
(39)
From , , and , it follows that
log f=1(4))3(B(i )—B(@—-1 .
i 008 @Bl “BG—1twn)
1—>00 f 1(7,)
By and we have
lim 08 (41)

i—oo log f~1(i + wy;,)
Hence, by (36)), (40), and we have

(log f~1(i))*(Ni — Ni—1)

/0
(log f~*(1))*(Bli +ww,) = Bi =1+ wn,,)) |
F)
fMivwy) (g0 YY)
O( IR0 (logfl(i+wwi))>_>

as 1 —o00. (42)
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From ,
lim f744)/f7(i+1)=1/e?, and lim log f~'(i +1)/log f~1(i) = 1,
1—> 00 1—> 00
we arrive at . Consequently, the right hand side of tends to 0 as ¢ — 0.
Thus lim; o0 Dy, (f(Prmtn) mod 1, g,) = 0. O

w

COROLLARY 2. Letr >0,0<w <1, let N; = w(bit

1 b* —1  min(b7,b7) —1
w = Tw = 0<z<1).
gul®) =g T T = (0<z<1)

),i1=1,2,..., and let

Then we have

Dy, (log, pry» gw) < b%(log b) (2 + (b% +1)

logb) log pn,
r/ (logpy, — (1+ %)logh)’

b* log p,
+Cl(r +br logb> 08 PN ;
log b (logpn, — (1+ 1) logb)

b? 2 logpy,
Cy | b? br :
* 2( +2logb—1> e

(logpn,)? + log pw, loglog p;,

pw,(rlogpn; —r —logh) (43)
where N; > 6 fori=1,2,... and C; is a constant for j =1,2,3.

1+ Csbrr

Proof. Applying Theorem [I] and Corollary [I] with
o f(t) =log,t" for t > 1,
o m =0,
o ko= [2r],

FHt) = b+ for t >0,

p=limy oo t/(1) = 25,

U(x) = 0¥,

x
B(x) ~ 7z lgg;)—r’

i+w ) 7

Ni :7T(b r
b KNi = LTIOgpriJ =i by 7 WN; = {Tlogpri}7

o k—r
br[ ———1
(kJrzr )’

we have
k

X ” 2r b
Dy, (logy py, gw) < A >

; k—r
L or<k<i—1 z€[0,1]
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bE i—r )|+ Tbitl_kl
i+xT—r N;

b2t I br b
+ (2logb — 1)N; JrO((logb)?’]\f Z I@)JFO((logb)QiQ(i —T)Ni>

o I <k<it1

+0(b2+"1')+0< b (log b)i ) (44)

oy
br —b

(bv + 1)rb+ s
(i—7)N; z€[0,1]

i+1

Since
m k—r br
br | —m ——1])| < 45
o P ()< )

and that -2~ is increasing for z > 2r, we have

(z—r)2
k— Coby
pe (2T g gbr/ L
k+x—1r o (X —1)2

Using the integration by parts, we have

k

> 2w

or<k<io1 T z€0,1]

=

/Z’ R +27’/i bt
xr i
2r (LU - ’f‘)2 N (lOg b)(l - T)2 logb 2r (:E - T)S
< rbr
~ (logb)(i —r)?

+2— gt /i b
x

logb | (logb)(i —r)3 logd /o (x —1r)4

- rb N 812+

~ (logb)(i — )2 "~ (logb)2(i — )3’

z

e

k

because ﬁ is increasing for x > 2r. Hence
>
su
k— p

bt (T B 1)‘
2r<k<i T z€[0,1] k+x—r

rb 8r
< - ).
< o7 (%04 75) o
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Similarly, we have

it2
Z be < 4rb—r

2r+1<k<it1 k (logb)(i +2)?
By (27), we have for w € [0,1),

w o vni|  brlogh
b b | < 282 (fowan) — Flow,))
PN;

By and , we obtain

b~ b
<p}v:9> (N;—mog Niw) “9)
where 6§ = 0.525.

By , , 7 , and 7 we obtain

WN
N
-

bv —b

2 1 2 1 b%
D* (1 T < 2 " v
~, (logy vy, guw) < (logbb r*+ (b +b )r)

(i — r)2N;
16b7r3  br

(logb)? (i — r)3N;

i

+ const b* br + const br !
ns rr ns T
N7~ (log N;)1~* N}~ (log N;)1=*
e 1
* 2logb —1 N;
It by bro? b
t o t
oSt e by BN, T O™ g b)? 2 — 1),
1 . i
t p2tr — t (logb)br ——
+ cons N, + const (logb) Ni(ilogh—1) ) (50)

where each “const” means a positive constant. Since
rlog, pn, =1 +wn, <i+1,
r
1> ——logpn, — 1.
log b
38
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Since

i<i+wNi :logb

log pw;

and that
pn < n(logn + loglogn) for n > 6

by J.B.Rosser and L. Schoenfeld [I0], we have

i< (log N; + log(log N; + loglog Ni)),

log b
and so

br < N;(log N; + loglog N;)
for N; > 6. By (51), (53), (54), and
nlogn <p, forn>1,
by J.B.Rosser and L. Schoenfeld [I0], we have

i

br _ log(Nilog N) log p,
(i —1)2N; ~ (i logpy, —r— 12 (35 logpw, — 7 — 1)2
br __ log(Niloghy)  _ log piy.
(i —r)3N; (@wgpm —r—1)3 (@logpzvi B ER
b* log(N; log N;)
le_e(log Ni)t=? Nil_e(log N;)1=0
br _ _ log(N;log V) log .
br log(N; log N;)
i2(i — r)N; < (@ logpn, — 1)2(@ log . — 7 — 1)
< log pw;,
(125 log P, — 1)2 (1o logpy, — 7 — 1)’
{ r  log(N;log(N;log N;))
Ni(i —r) ~ logb Ni(sep logpn, — 7 —1)
r log p,

< .
longi(@ logpy, —7—1)

1 logb ¢ log b @ log p;

1
— < . . .
N; W(bi) r br r plogypn,—7)
— bt logpn, .
PN,

(52)
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Overall, by , we have
2b+ 12
log b

. ! |
Dy, (logy, pr,, gw) < ( + (b% + bi)r> 0g PN;

(@ logpn, — 7 — 1)2

16b7 13 log p, 2 logpy,
- + const brr -
(logd)? (555 logpv, — 7 — 1)° Ne
1 b+: logpy,
+ const b* ——5 T const 08 PN
PN, 2logb—1 pn;,
b%"A logqui

~+ const

(log b)* (1557 logpv, —1)?

b3 log p,
-+ const E PN,

(log b)? (logb log pn, — 1)2(10217 logpn, —7—1)
b?-i—% log PN;
PN;
(logpn,)? + log pw, loglog pw;,
pn; (rlogpn, —r —logb)

-+ const

+ const by

1 log b log p,
< b+ (log b) <2+ (b +1)=2 ) o8N,

"/ (logpw, — (1+ 1)logb)”
b* \ log p,
+ const (r + b" log b) 8 PN, 3
log b (logpn, — (1+ 1) logb)

2logh—1 1-6

b? 1 .
+ const (62 + ) b S PN
Pn,

(logpn,)? + log py, loglog pw,

+ const by
pN, (rlogpy, — r —logb)

for Nz Z 6.

From Corollary [2] it follows immediately:

w

COROLLARY 3. Let 7> 0,0 <w <1, let N; = (b~

1 b7 —1 in(b*,b+) —1
9u(@) = = | mmin(b7,b7) 0<z<1).

b+ br —1 b+
Then we have b

. logd
lin (05 . D, o 7 ) < 0 o) (24 0% + )2

40
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COROLLARY 4. Let r be a positive integer. Then

. * r <
Jim D7) (logy prys 1) < 2,

where

_b%—l

br —1 ( )

g1(z)

Proof Letr>3. Putw=1andi=7r?—11in Corollary Then N; = 7(b").
By , we have

1
log pn, > (r — ) log b,

r
and so
r < r N 1
logpn, — (r—21)logh ~ logb
as r — o0o. From this and Corollary [3] the desired inequality follows. O
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