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ABSTRACT. Expanding on our previous results, we show that by partitioning
the set of primes into a finite number of subsets of roughly the same size, we can

create r-dimensional sequences of real numbers which are uniformly distributed

modulo [0, 1)r.

Communicated by Werner Georg Nowak

1. Introduction

In previous papers, we used the factorization of integers to generate large fam-
ilies of normal numbers; see for instance [1] and [2]. Along the same lines, letting
q ≥ 3 be a prime number, we showed in a recent paper [3] how one can create an
infinite sequence α1, α2, . . . of normal numbers in base q − 1 such that, for any
fixed integer r ≥ 1, the r-dimensional sequence ({α1(q − 1)n}, . . . , {αr(q − 1)n})
is uniformly distributed on [0, 1)r, where {y} stands for the fractional part of y.
Here, given an appropriate partition of the primes, we create an r-dimensional
sequence of real numbers which is uniformly distributed modulo [0, 1)r.

First, we introduce some basic notation. Given an integer q ≥ 3, let Aq :=
{0, 1, . . . , q − 1}. Given an integer t ≥ 1, an expression of the form i1i2 . . . it,
where each ij ∈ Aq, is called a finite word of length t. The symbol Λ will
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denote the empty word, so that if we concatenate the words α,Λ, β, then, instead
of writing αΛβ, we simply write αβ.

Let ℘ stand for the set of all primes. Given an integer q ≥ 3, a partition T
of ℘ into sets of primes ℘0, ℘1, . . . , ℘q−1,R, noted (T , q), is said to be a regular
partition if ℘0 ∪℘1 ∪ . . .∪℘q−1 ∪R = ℘, where R is finite (possibly empty) and
where the sets ℘i’s are roughly of the same size in the sense that, for every fixed
ε > 0,

max
j=0,1,...,q−1
ε≤y/x≤1

∣∣∣∣q π([x, x+ y] ∩ ℘j)
π([x, x+ y])

− 1

∣∣∣∣→ 0 as x→∞.

The following provide examples of regular partitions of primes:

(1) Given an arbitrary integer k ≥ 2, let `0, `1, . . . , `ϕ(k)−1 be the reduced
residues mod k (here ϕ stands for the Euler totient function). Setting

℘ν := {p ∈ ℘ : p ≡ `ν (mod k)} (ν = 0, 1, . . . , ϕ(k)− 1),

R := {p ∈ ℘ : p | k}.

Using the prime number theorem for arithmetic progressions, one can eas-
ily show that ℘0, ℘1, . . . , ℘ϕ(k)−1,R represents a regular partition of the
primes.

(2) Let α ∈ R \ Q. Given an integer q ≥ 2, let I0, I1, . . . , Iq−1 be disjoint
intervals each of length 1/q such that [0, 1) = I0 ∪ I1 ∪ · · · ∪ Iq−1. Setting
℘ν = {p ∈ ℘ : {αp} ∈ Iν} for ν = 0, 1, . . . , q − 1 and R = ∅, we easily
obtain a regular partition of the primes.

(3) Let p1 < p2 < · · · represent the sequence of all primes. Given a fixed
integer k, then for each integer ` = 0, 1, . . . , k − 1, consider the set of
primes ℘` := {pmk+` : m = 0, 1, 2, . . .} and let R = ∅, then one can show
that ℘0, ℘1, . . . , ℘k−1,R constitutes a regular partition of the primes.

Let λN be a function such that λN → ∞ as N → ∞. Then, for each integer
N > ee, we introduce the intervals:

JN =
[
eN , eN+1

)
and KN = [N,NλN ],

as well as the particular product of primes

QN :=
∏
p∈KN

p.

Now, we write each integer n ∈ JN as

n = π1(n)π2(n) · · ·πh(n)(n) ν(n), (1)
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where π1(n) ≤ π2(n) ≤ · · · ≤ πh(n) are those prime factors of n located in the
interval KN and ν(n) stands for the product of the other prime factors of n,
namely those which are relatively prime to QN .

2. Main result

Theorem 1. Let (T (j), qj)j≥1 be an arbitrary sequence of regular partitions
of the primes, with corresponding partitions

℘
(j)
0 , ℘

(j)
1 , . . . , ℘

(j)
qj−1,R(j) (j = 1, 2, . . .).

Given j, n ∈ N, let

aj,n =

{
` if πj(n) ∈ ℘(j)

` with j ≤ h(n),

0 if πj(n) ∈ R(j) or if j > h(n),

where h(n) is as in (1). For each integer j ≥ 1, consider the number βj whose
qj-ary expansion is

βj = 0.aj,1aj,2 . . .

and further consider the sequence

un,j = {βjqnj } (n = 1, 2, . . .).

Then, for each fixed integer r ≥ 1, the r-dimensional sequence

(un,1, un,2, . . . , un,r)n≥1

is uniformly distributed modulo [0, 1)r.

3. The approach and some preliminary lemmas

Fix positive integers r and k. Then, consider the real r × k matrix

S =


b1,1 · · · b1,k
b2,1 · · · b2,k
...

...
br,1 · · · br,k

 ,
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where each bi,j belongs to Aqj , and, moreover, for each positive integer n, con-
sider the real r × k matrix

κ(n) =


a1,n+1 · · · a1,n+k

a2,n+1 · · · a2,n+k

...
...

ar,n+1 · · · ar,n+k

 ,

where the elements aj,m are those appearing in the qj-ary expansion of βj .

Then, set

T :=

 r∏
j=1

qj

k .
In order to prove Theorem 1, it is sufficient to prove that, given any small number
ε > 0, for every matrix S (as the one above), we have

lim sup
x→∞

∣∣∣∣Tx#{n ≤ x : κ(n) = S} − 1

∣∣∣∣ ≤ ε. (2)

Indeed, fixing ε > 0 and assuming that we can establish that for eN ≤ x ≤ eN+1,
we have ∣∣T#{n ∈ [eN , x) : κ(n) = S} − (x− eN )

∣∣ ≤ ε x+O(1), (3)

and similarly, also with [eν , eν+1) instead of [eN , x) for ν = k, k + 1, . . . , N − 1,
we have

#{n ≤ x : κ(n) = S} =

N−1∑
ν=k

#{n ∈ Jν : κ(n) = S}

+ #
{
n ∈

[
eN , x

)
: κ(n) = S

}
+O(1),

then we easily see that (2) follows (3).

Lemma 1. Let yx be a function of x which tends to infinity with x. Then, the
number of those positive integers n ≤ x which have two prime divisors p1, p2 such
that yx ≤ p1 < p2 < 2p1 and p2 divides |

∏
−k≤j≤k(n+ j) is o(x) as x→∞.

P r o o f. It is clear that amongst those positive integers n ≤ x, the situation
p1 | n, p2 | n + j for some j ∈ [−k, k] and yx ≤ p1 < p2 < 2p1 occurs at most
x
∑
yx≤p1<p2<2p1<x

1
p1p2

= o(x) times, thus establishing our claim. �

Lemma 2. With yx as in Lemma 1, we have

lim
x→∞

1

x
#
{
n ≤ x : p2 | n, p ≥ yx

}
= 0.

14



UNIFORMLY DISTRIBUTED r-DIMENSIONAL SEQUENCES

P r o o f. This is immediate if one observes that

#{n ≤ x : p2 | n, p ≥ yx} ≤
∑
p≥yx

x

p2
� x

yx
. �

Lemma 3. As N →∞,

1

eN

{
n ∈ JN : min

−k≤`≤k
h(n+ `) ≤ r

}
→ 0.

P r o o f. This is an immediate consequence of the Turán-Kubilius inequality. �

Lemma 4. Let J = [eN , x], where eN < x ≤ eN+1. Let r and k be fixed positive
integers. Let Qi,`, for i = 1, . . . , r and ` = 1, . . . , k be distinct primes belonging
to KN such that Q1,` < Q2,` < · · · < Qr,`. Moreover, let SJ(Qi,` | i = 1, . . . , r,
` = 1, . . . , k) be the number of those integers n ∈ J for which πi(n + `) = Qi,`.
Also, for each integer r ≥ 1, let σ(1), . . . , σ(k) be the permutation of the set
{1, . . . , k} which allows us to write

Qr,σ(1) < Qr,σ(2) < · · · < Qr,σ(k).

Then, given any small ε > 0 and provided x−eN ≥ εeN , we have, as N →∞,

SJ(Qi,` | i = 1, . . . , r, ` = 1, . . . , k)

= (1 + o(1))
x− eN∏

1≤i≤r
1≤`≤k

Qi,`
·

∏
N≤π<Qr,σ(k)

(
1− ρ(π)

π

)
,

where

ρ(π) =



k if N ≤ π < Qr,σ(1),

k − 1 if Qr,σ(1) < π < Qr,σ(2),
...

...
1 if Qr,σ(k−1) < π < Qr,σ(k),

0 if π ∈ {Qi,` : i = 1, . . . , r, ` = 1, . . . , k}.

P r o o f. This is relation (2.1) in our paper [3]. �

4. Proof of Theorem 1

Let δ ∈ (0, 1/4) be fixed and set η = 1 + δ. Further let N be a large number
and let ν0 = ν0(N) be an integer satisfying

ν0δ >
1

ε
logN.
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Then, for each m ∈ {0, 1, . . . , ν0}, consider the interval

Lm =
[
ηmN, ηm+1N

]
.

Further consider the set M of matrices

M =


m1,1 · · · m1,k

m2,1 · · · m2,k

...
...

mr,1 · · · mr,k

 ,

where 0 ≤ m1,` < m2,` < · · · < mr,` ≤ ν0(N) for ` = 1, 2, . . . , k and
mu1,v1 6= mu2,v2 if (u1, v1) 6= (u2, v2).

With J as in the statement of Lemma 4 and given n ∈ J , write

τ(n) = M if πi(n+ `) ∈ Lmi,` (` = 1, . . . , k, i = 1, . . . , r).

Let us drop all those integers n ∈ J which can be neglected in light of Lem-
mas 1, 2 or 3. Then, the size of the set of those n ≤ x thus dropped is o(x) as
x→∞. Hence, for those n ∈ J which are not dropped, we have that τ(n) = M
holds for one and only one element of M . Let us fix a matrix M ∈M. Observe
that if Qi,` is a prime in the interval Lmi,` , then, according to Lemma 4, the
expression SJ(Qi,` | i = 1, . . . , r, ` = 1, . . . , k) tends to a constant as N → ∞,
since in fact it is(

1 + o(1)
) x− eN

Nrk
∏
η
∑
mi,`

∏
N<π<Nηmaxmi,`

(
1− ρ∗(π)

π

)
,

where ρ∗(π) is defined by

ρ∗(π) =


k if N ≤ π < Nηmr,σ(1) ,

k − 1 if Nηmr,σ(1) ≤ π < Nηmr,σ(2) ,
...

...
1 if Nηmr,σ(k−1) ≤ π < Nηmr,σ(k) .

The size of the collection of those primes Qi,` ∈ Lmi,` is equal to∏
i=1,...,r
`=1,...,k

π(Lmi,`).

On the other hand, the size of the collection of those Qi,` which also belong

to ℘
(i)
bi,`

is equal to ∏
i=1,...,r
`=1,...,k

π
(
Lmi,` ∩ ℘

(i)
bi,`

)
.
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Now, since ∏
i=1,...,r
`=1,...,k

qiπ(Lmi,` ∩ ℘
(i)
bi,`

)

π(Lmi,`)
=
(

1 +O
(
ξ(N)

))
, (4)

where ξ(N) → 0 as N → ∞, and since (4) holds uniformly for every M ∈ M,
we have thus established that (3) holds. Since we can perform the same argument
with the interval [eν , eν+1) instead of [eν , x), the proof of Theorem 1 is complete.

5. Final remarks

Finally, we may expand on an analogous result.

Given two integers Q ≥ 2 and r ≥ 1 such that (Q, r) = 1, let

℘Q,r := {p ∈ ℘ : p ≡ r (mod Q)}.

Moreover, let (T (j), qj)j≥1 be a sequence of regular partitions of the set
of primes ℘Q,r, with corresponding partitions

℘
(j)
0 , ℘

(j)
1 , . . . , ℘

(j)
qj−1,R(j) (j = 1, 2, . . .),

with #R(j) <∞, that is, such that

℘
(j)
0 ∪ ℘

(j)
1 ∪ . . . ∪ ℘

(j)
qj−1 ∪R(j) = ℘Q,r (j = 1, 2, . . .)

and, for each j ∈ N,

max
`=0,1,...,qj−1

ε≤y/x≤1

∣∣∣∣∣qjπ([x, x+ y] ∩ ℘(j)
` )

π([x, x+ y] ∩ ℘Q,r)
− 1

∣∣∣∣∣→ 0 as x→∞,

where ε > 0 is any preassigned small number.

Moreover, let xN , JN , λN and KN be defined as in Section 1, and further set

SN :=
∏

π∈KN∩℘Q,r

π for each integer N > ee.

Then, let
N ≤ π1(n) ≤ · · · ≤ πh(n)(n) ≤ NλN

be all the prime divisors πj(n) ≡ r (mod Q) belonging to the interval KN , which
is such that

n = π1(n) · · ·πh(n)(n)ν(n), where (ν(n), SN ) = 1.
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Finally, for each j ∈ N, consider the integers

aj,n :=

{
` if πj(n) ∈ ℘(j)

` and j ≤ h(n),

0 if πj(n) ∈ R(j) or if j > h(n),

the real numbers
βj = 0.aj,1aj,2 . . . (qj − ary expansion),

and the corresponding sequence of real numbers

un,j = {βjqnj } (n = 1, 2, . . .).

With this set up, one can prove that, for each fixed positive integer r, the
r-dimensional sequence (un,1, un,2, . . . , un,r)n≥1 is uniformly distributed mod-
ulo [0, 1)r.
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