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PARTITIONING THE SET OF PRIMES TO CREATE
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ABSTRACT. Expanding on our previous results, we show that by partitioning
the set of primes into a finite number of subsets of roughly the same size, we can
create r-dimensional sequences of real numbers which are uniformly distributed
modulo [0,1)".

Communicated by Werner Georg Nowak

1. Introduction

In previous papers, we used the factorization of integers to generate large fam-
ilies of normal numbers; see for instance [I] and [2]. Along the same lines, letting
q > 3 be a prime number, we showed in a recent paper [3] how one can create an
infinite sequence ajq, as, ... of normal numbers in base ¢ — 1 such that, for any
fixed integer r > 1, the r-dimensional sequence ({a1(q —1)"}, ..., {ar-(¢ — 1)"})
is uniformly distributed on [0, 1)", where {y} stands for the fractional part of y.
Here, given an appropriate partition of the primes, we create an r-dimensional
sequence of real numbers which is uniformly distributed modulo [0,1)".

First, we introduce some basic notation. Given an integer ¢ > 3, let A, :=
{0,1,...,q — 1}. Given an integer ¢t > 1, an expression of the form 414y ... %,
where each ¢; € Ay, is called a finite word of length ¢. The symbol A will
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denote the empty word, so that if we concatenate the words «, A, 3, then, instead
of writing A3, we simply write a.

Let g stand for the set of all primes. Given an integer ¢ > 3, a partition T
of g into sets of primes o, @1, - -, Pq—1, R, noted (T, ¢q), is said to be a regular
partition if poU o1 U...Up_1 UR = p, where R is finite (possibly empty) and
where the sets p;’s are roughly of the same size in the sense that, for every fixed

e >0, N o
~ max ar(e,z+y] pJ)—l -0 as & — oo.
S i ([, x +y])

The following provide examples of reqular partitions of primes:

(1) Given an arbitrary integer k > 2, let fo,¢1,...,{,)—1 be the reduced
residues mod k (here ¢ stands for the Euler totient function). Setting

o, = {p€p:p=4, (modk)} (v=0,1,...,0(k) — 1),

R

{pep:p|k}

Using the prime number theorem for arithmetic progressions, one can eas-
ily show that po, @1,..., puk)—1, R represents a regular partition of the
primes.

(2) Let @ € R\ Q. Given an integer ¢ > 2, let Iy, I1,...,I;—1 be disjoint
intervals each of length 1/¢ such that [0,1) = I UI; U--- U I,_q. Setting
oo ={pe€ep:{apte L} forv=01...,q—1and R = 0, we easily
obtain a regular partition of the primes.

(3) Let p1 < p2 < --- represent the sequence of all primes. Given a fixed
integer k, then for each integer ¢ = 0,1,...,k — 1, consider the set of
primes gy := {pmite : m = 0,1,2,...} and let R = (), then one can show
that pg, g1, .., Pk—1, R constitutes a regular partition of the primes.

Let Ay be a function such that Ay — oo as N — oo. Then, for each integer
N > e, we introduce the intervals:

JIN = [eN,eN+1) and Ky = [N, N,

as well as the particular product of primes

Qv =[] »

pEKN

Now, we write each integer n € Jy as
n = w1 (n)ma(n) - Ty (n) v(n), (1)
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where 7 (n) < ma(n) < -+ < () are those prime factors of n located in the
interval K and v(n) stands for the product of the other prime factors of n,
namely those which are relatively prime to Q.

2. Main result

THEOREM 1. Let (T g;);j>1 be an arbitrary sequence of regular partitions
of the primes, with corresponding partitions

oD o9 ,@E]ﬁilpR(” (1=1,2,...).
Given j,n € N, let
¢ if m(n) € o with j < h(n),
Aip = .
- 0 if mi(n)eRY orifj> hn),

where h(n) is as in . For each integer j > 1, consider the number B; whose
qj-ary eTpansion is

5]' = 0.aj_,1aj,2 .

and further consider the sequence

un; ={Biq7} (n=12,...).

Then, for each fixed integer r > 1, the r-dimensional sequence

(un,1> Up,2y - - 7un,r)n21

is uniformly distributed modulo [0,1)".

3. The approach and some preliminary lemmas

Fix positive integers » and k. Then, consider the real r x k matrix

bii - bk
boq1 - bag

S = )
br I br k

) s
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where each b; ; belongs to A,;, and, moreover, for each positive integer n, con-
sider the real r X k matrix

A1n4+1 - Al ntk
a2,n4+1 - A2tk

K(n)= | . : ;
Ay nt1 e Ay n+k

where the elements a; ,,, are those appearing in the g;-ary expansion of 3;.
Then, set ‘

T:= H q;
j=1

In order to prove Theoreml[]] it is sufficient to prove that, given any small number
e > 0, for every matrix S (as the one above), we have

lim sup g#{ngx:/f(n) =S}-1|<e. (2)

T—00

Indeed, fixing € > 0 and assuming that we can establish that for eV <z < eN*1,

we have

‘T#{ne[eN,x):fi(n):S}—(:v—eNﬂ <ex+0(1), (3)
and similarly, also with [e¥, e’ *1) instead of [e™, ) for v =k, k+1,..., N — 1,
we have
N-1
#{n <z:k(n) =S5} :Z #{n e J,:k(n)= >S5}
v=~k

+ #{ne eV, z) 1 k(n) =S} +0(1),
then we easily see that follows .

LEMMA 1. Let y, be a function of x which tends to infinity with x. Then, the
number of those positive integers n < x which have two prime divisors p1,ps such
that y, < p1 < pa < 2p1 and ps divides | H—kgjgk(n + ) is o(x) as x — oo.

Proof. It is clear that amongst those positive integers n < z, the situation
p1 | n, pa | n+ j for some j € [k, k] and y, < p1 < p2 < 2p; occurs at most

Ty <pr<pa<apmi<z pips = 0(2) times, thus establishing our claim. O

LEMMA 2. With y, as in Lemmal[l], we have

T—00 I
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Proof. This is immediate if one observes that

X
#n<zp?n p2ut< Y S < O

P2Yz
LEMMA 3. As N — oo,

1
— : i < .
eN{nGJN 71?£engh(n+€)*r}_>0

Proof. Thisis an immediate consequence of the Turan-Kubilius inequality. O

LEMMA 4. Let J = [eV, 2], where eV < x < eNT1. Let r and k be fived positive
integers. Let Q; g, fori=1,...,7 and £ =1,...,k be distinct primes belonging
to Kn such that Q10 < Q20 < -+ < Qr . Moreover, let S;(Qie|i=1,...,7,
0=1,...,k) be the number of those integers n € J for which m;(n +£) = Q; 4.
Also, for each integer v > 1, let o(1),...,0(k) be the permutation of the set
{1,...,k} which allows us to write

Qr,a(l) < QT,U(Q) << Qr,a(k)~
Then, given any small e > 0 and provided z —e” > e, we have, as N — oo,

SJ(QZ"@H:L...,T, gZL...,k)

(HO(D)T—[ZVM‘ I1 <1P(:)>’

NS7T<Q»,‘,0(1C)
1<i<r
126k
where
k if N<m< Qr,a(l)a
k-1 Zf Qr,o(l) <7m< Qr,a(Z)a
p(m) =9 - :
1 Zf Qr,a(kfl) <7< Qr,o’(k)a
0 if me{Qie:i=1,...,7, £=1,...,k}.
Proof. This is relation (2.1) in our paper [3]. O

4. Proof of Theorem [1

Let § € (0,1/4) be fixed and set n = 1 + J. Further let NV be a large number
and let vy = () be an integer satisfying

1
g0 > glogN.
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Then, for each m € {0,1,...,1}, consider the interval
Ly, =[n™N,ny™*'N]J.

Further consider the set M of matrices

mi1 o Mk
mo1 - Mok
M - . . P
me1 0 Myk
where 0 < miy < may < -+ < myy < Y(N) for £ = 1,2,...,k and

My vy 7£ Mays,vo if (ulﬂvl) 7é (u27@2)'
With J as in the statement of Lemma [d] and given n € J, write

T(n) =M if mi(n+4)€Llpm,, (L=1,...k i=1,...,7).

Let us drop all those integers n € J which can be neglected in light of Lem-
mas or |3| Then, the size of the set of those n < x thus dropped is o(z) as
x — oo. Hence, for those n € J which are not dropped, we have that 7(n) = M
holds for one and only one element of M. Let us fix a matrix M € M. Observe
that if Q; ¢ is a prime in the interval L,,, ,, then, according to Lemma E|, the
expression S;(Qie |t =1,...,7,¢ =1,...,k) tends to a constant as N — oo,
since in fact it is

po e o ()
(o) g I (-2
rk Somy, ’
NTETTn2=mee o N @
where p*(7) is defined by

k if N <7 < Npmre@)
k—1 if N?]mrv”(l) << Nfr]mr‘o‘(2)’

1 if Nymret-n << Nymrot,

The size of the collection of those primes Q; ¢ € Ly, , is equal to

On the other hand, the size of the collection of those @);, which also belong

()
K3 H ’]T(Lm“[mplg?e>'

to oy, is equal to
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Now, since
4 (L O 61),)

I = = (rotee). (1

0=1,....k
where £(N) — 0 as N — oo, and since holds uniformly for every M € M,

we have thus established that holds. Since we can perform the same argument
with the interval [e”, e¥*1) instead of [¢”, x), the proof of Theorem is complete.

5. Final remarks

Finally, we may expand on an analogous result.
Given two integers Q > 2 and r > 1 such that (Q,r) =1, let

por ={p€p:p=r (modQ)}.

Moreover, let (T(j),qj)j21 be a sequence of regular partitions of the set
of primes g, with corresponding partitions

o o e RE (=12,
with #R) < oo, that is, such that
p(()j)Upgj)U...Upg)_luR(j):pQ,T (j=12,...)
and, for each j € N,

gm([z,z + y) N i)

it | m([z, e+ ylNpo.r)

-1 =0 as r — 00,

where € > 0 is any preassigned small number.
Moreover, let zn, Jy, Ay and Ky be defined as in Section 1, and further set
Sy = H T for each integer N > e°.
TEKNNPQ,r
Then, let
N <mi(n) < -+ < gy (n) < NAW

be all the prime divisors w;(n) = r (mod Q) belonging to the interval K, which
is such that

n =m1(n) - mhp)(n)r(n), where (v(n),Sy) = 1.
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Finally, for each j € N, consider the integers
¢ it mn)ep?  and j<h(n)

7

0 if mj(n)eRY  orif j>h(n),

Ajn =

)

the real numbers
B; =0.a51a52 ... (g; —ary expansion),

and the corresponding sequence of real numbers

Un,; = {ﬁ]q]"} (’I’L = 1, 2, .. )
With this set up, one can prove that, for each fixed positive integer r, the
r-dimensional sequence (U, 1,Un,2,- .-, Un,r)n>1 i uniformly distributed mod-
ulo [0,1)".
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