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NOTES ON THE DISTRIBUTION
OF ROOTS MODULO A PRIME OF A POLYNOMIAL

Y OSHIYUKI KITAOKA

ABSTRACT. Let f(x) be a monic polynomial in Z[z] with roots ai,...,an.
We point out the importance of linear relations among 1, aq, . . ., @y, over rationals
with respect to the distribution of local roots of f modulo a prime. We formulate
it as a conjectural uniform distribution in some sense, which elucidates data
in previous papers.

Communicated by Shigeki Akiyama
In this note, a polynomial means always a monic one over the ring Z of integers
and the letter p denotes a prime number, unless specified. Let
f(@)=2"+an_12" "+ +ap (0)
be a polynomial of degree n. As in the previous papers, we put
Splx (f) :=={p < X | f(z) is fully splitting modulo p}

for a positive number X and Spl (f) := Spl, (f). In this note, we require the
following conditions on the local roots r1,...,7r, (€ Z) of f(x) = 0 mod p for

a prime p € Spl (f):
flz) = H(x—n) mod p, (1)
0<r <rg < < <p. (2)

We can determine local roots r; uniquely with this global ordering. If f is ir-
reducible and of deg(f) > 1, and p is sufficiently large, then (2] is equivalent
to 0 <7y <--- <71y, < p. Here, we consider two types of distribution of local
roots r; of f.

2010 Mathematics Subject Classification: 11K.
Keywords: distribution, polynomial, roots modulo a prime,
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Before stating them, let aq,...,a, be roots of a polynomial f in (@) and
suppose a linear relation

Zmiai:m (m;,m € Q). (3)
i=1

Let us give three typical examples of a linear relation ([B]) among roots:
The first example is

Zai =tr(f) (:=—an_1).

We call a linear relation () trivial if m; = --- = m,,, otherwise non-trivial.
A trivial relation is reduced to the above. We know that for an irreducible
polynomial f, there is only a trivial relation if the degree n is prime or the
Galois group Gal (Q(a,...,a,)/Q) is S, or A, (n > 6) as a permutation group
of {ai,...,ay} (PropositionfZ).

The second is a reducible polynomial

f@)=g(x)h(z) with 1<degg<deg}f.

There is a non-trivial relation ) 3; = tr (g) for roots f3; of g, since a set of roots
of g is a proper subset of roots of f.
The third is a decomposable polynomial, that is

f(x) =g(h(z)) with 1<degh < deg f.
For a root 3 of g(x) = 0, a set of solutions 7; of h(x) = 8 is a proper subset
of roots of f(x), and we have a non-trivial relation v, = tr (h— ) = tr(h) € Z.
Some other examples are given in [3] and in the text.

If the degree of f is less than 6, there is no non-trivial linear relation except
the above two types, as shown below. In case of degree 6, other non-trivial linear
relations appear.

The first subject is a kind of uniformity: Let f be a polynomial in (@) of
degree n and put

Oni={(1..,2,) €0, 1)"|0<a1 < <mp <1,> 2, €Z}  (4)
=1

and for a set D C [0,1)" with D = D°

_ #{p e Splx(f) | (r1/p,---,m/p) € D}
#5Splx (f) 7

where local roots r; satisfy properties (), ).

PrD(f7X) :

We expect, under an assumption that a polynomial f has only a trivial linear
relation (@) among roots.
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DISTRIBUTION OF ROOTS MODULO A PRIME

EXPECTATION 1.

) vol (DN D,,)
Pr = lim Prp(f,X)= ——F5F-—=. 5
o(f) = Jim Pro(f, ) = "R (5)
The set D, is parametrized by 1, ..., z, 1, since x, equals [, x;|—> ., 4,

and the volume of the projection ®,, of D, to a hyperplane R"~! defined by
xn, = 01is 1/nl. Here, [x] denotes an integer satisfying = < [z] < x+1 for a real
number z.

In case of tr(f) = 0, we may suppose that D is limited to a domain on
D, by virtue of (r1/p,....,rn/p) € Dn, and it is easy to see that the right-
-hand side of (@) is vol(pr(D))/(1/n!), where pr is a projection (z1,...,z,) —
(.’L’l, e ,.’I,'n_l).

In general, a polynomial has non-trivial linear relations among roots, and
suppose that a system of linear equations

ij,iai:mj (G=1,....0) (6)
i=1

is a basis of all linear relations (B)) restricted to m;;, m; € Z. If f is irreducible,
then we see (Y, mj;)tr (f) = nm;. We fix a numbering of roots «; of f. For a
prime p € Spl(f), there is a permutation ¢ € S,, (dependent on p) such that
local roots r; satisfy induced relations (cf. Proposition [])

ijyiro(i) =mjmodp (1< Vi<t (7)

which implies ) . mj; - 753y /p — mj/p € Z. Let ® = (x1,...,2,) € [0,1]" be
an accumulation point of (r1/p,...,r,/p) with the same permutation o above;
then we see that @ is in the closure of

D(f,0):= {(xl,xn) efo,1)"

0<z <<z, <1,
YoMy Ty € Z for 1 < Vi<t
If  is not in D(f,0), then x, is equal to 1 and we neglect the case since we

are concerned with the volume. We note that the set ©(f, o) depends on a
numbering of roots «; and may be the same for distinct permutations.

If f has only a trivial linear relation, then ®(f, o) is nothing but D,,.
Put
Sply(f,0) :={p €SPl (f) | D _mjiro@ =mjmod p (1 <7j<t)}.

7

If Spl (f,01) N Spl(f,02) is an infinite set, then Spl__(f,o1) and Spl(f,02)
are equal except a finite set. The following is a generalization of Expectation 1.
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EXPECTATION 1'.
Prp(f,0): = Xlgnoo #{p € Splx<f,7;%1|)li:z]/cp;). . Trn/p) € D}

~ vol(DND(f,0)) ()
~ vol(D(f,0))
for a permutation o with dim®(f,0) = n — ¢, and vol is the volume as a set
of dim being n — t. With respect to the density of a set Spl(f,o) of primes,
our observation is
"
ExpECTATION 1”. _ #Sply(f,0)

A sy ¢ R

where the constant c¢ is independent of o.

We give a remark on the numbering of roots : Since (@) and (7)) are equiva-
lent to Y7 M ,-1(5)0g-1(;y = my and Y. my -1y = m; mod p, we may
assume that o in Expectation 1’,1” is the identity for any numbering of roots
with replacing “c is independent of ¢” by “c is independent of the numbering of
roots of f” in Expectation 1”.

We note that for a sufficiently large prime p, we see that 0 < r1+a,—1/n, r,+
an—1/n < p, and then ((r1 + an—1/n)/p,...,(rn + an—1/n)/p) € D(f,0) if
f is irreducible and that a point (ri/p,...,7r,/p) is on D(f,o) if and only if
an—1 = 0. Is it possible to reduce the problem to the case of trace being 0, using
g(z) == n"f((x — an—1)/n) = 2™+ 0-2""! 4+ ---? The relation between local
roots R; of g(x) and r; of f(x) is R; = nry(;) + an—1 mod p for a permutation o
dependent on p.

The second subject is as follows.

For given integers L (>1), R; with 0< R; < L and a prime p € Spl (f), we require
a following congruence condition besides (), (@) on the local roots ri,...,r,
of f(x) =0 mod p:

ri=R;mod L (1<Yi<n). (9)
ew (peSpl () | @, @, @)
. #{p € Sply f) ) )
PrX(fv L7 {Rz}) T #Splx(f) (10)
and
Pr (fa L?{Ri}) = Xli_IPOOPrX(fa La{Rz}) (11)

Although the existence of the limit is not proved in this case either, there is no
data to deny it. By putting

Ry ::an—1+ZRi and d:= (Rf,L),

i=1
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our second expectation is as follows:
For a polynomial f of degree > 2 with only a trivial relation (3])

EXPECTATION 2.

En(K)
P(7. L ()= LR a2

where K runs over a set of integers satlsfymg
1<K<n-1, (K,L)=d,
and g € (Z/LZ)* satisfy the conditions
{ Ry=Kqmod L (& Ry/d= K/d-qmod L/d),
[[q]] = [[1]] on Q(f) N Q(CL/a)-

Let us explain notations: E, (k) is the volume of the set {zx€[0,1)" ! |[x1+---

-+ xp—1| = k}. E,(k) is also defined as E,(k) := A(n — 1,k)/(n — 1),
using Eulerian numbers A(n, k) (1 < k < n) defined recursively by

AL 1) =1, AMnk)=(n—k+1)An—-1,k—1)+ kA(n — 1,k).

(r, is a primitive Lth root of unity, and Q(f) is a Galois extension of the rational
number field Q generated by all roots of f. For an abelian field F' in Q(¢.) and
an integer a relatively prime to ¢, [[a]] denotes an automorphism of F' induced
by ¢ — (¢

Expectations 1, 2 are supported by numerical data by computer for irreducible
and indecomposable polynomials of degree < 6 ([6],[7]), which are polynomials
with only a trivial linear relation among roots. Expectation2 fails for some
polynomials of deg f = 6 with non-trivial linear relations.

Let us refer to a relation with a one-dimensional distribution of r;/p (i =

1,...,n): Let f be a polynomial of degree n with only a trivial linear relation
among roots. Given number a € [0, 1], put D; o:={(z1,...,z,) € [0,1)" | z; < a}.
Then we see ) .
lim EpESplX(f) #{7’ | Tl/p S a, 1 S ? S n}
Xk n - #Splx (/)
— lim EpESpIX(f) #{Z | (T1/p,...,Tn/p) € Di,a}
X —00 n - #Splx (f)

Z PrDi,a (f)/n

_Zvol Dmﬂg )

(by Expectation 1)
n-vol (D,)

95



YOSHIYUKI KITAOKA

which is equal to a, as far as we check approximately by the Monte Carlo method
(definitely for n = 2, 3), that is we have the equi-distribution of r;/p.

Lastly, let us give a relation between Expectation 1 and a series of observations
in the references. Let a polynomial f of degree n have only a trivial linear relation
among roots, and put, for an integer k

Dy :={(z1,...,z,) €0, )" | [x1+ -+ xp_1]| = k}.
Then, under Expectation 1, we have

P E S| (it~ () o= B

s #5015 (/)

o HRESOL) [ /ot ra i /o] = b
X—o0 #Splx (f)

. #HpeSplx(f) | (ri/p,...,rn/p) € Di} _

= s () (=Prouf)
vol ({(@1,- ) € D | [X07 2] = k)

= = by Expectation 1
vol (D,,) ( )

vol ({(@1,...,20) €[0,1)" |21 <o <y, Yoty @ = k})

vol (D)

vol ({(@1,...,2y) €[0,1)" | Y0, i = k})
nl-vol ({(z1,...,2n) € [0, 1) |21 < - <@y, > iy a5 € Z})

= vol ({ (21,...,Zn_1) €[0,1)" 71| {z_: xz—‘ = k}) (projected to R™™1)

which elucidates most of numerical observations in previous papers. We note that
the last vol is the usual volume on R™~!, but others are the one on hyperplanes

defined by "
in €Z in R"™
i=1

We discuss a linear relation among roots in the first section, and in the second
section, we correct insufficient data given in [6] with respect to (I2]) and add new
ones.
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DISTRIBUTION OF ROOTS MODULO A PRIME

When we refer to an explicit value of a density, it is an approximation by
computer, unless specified.

1. Linear relation among roots

Let f(z) be a polynomial f in () of degree n with roots a; (1 = 1,...,n) and
suppose a linear relation [B). We may suppose that m = 0 in @B to discuss the
non-triviality of a linear relation, if necessary. Because, if tr (f) = —a,—1 = 0
holds, then taking traces, we have nm = (3>, m;)tr(f) = 0, hence m = 0.
Otherwise, we have > M;a; = 0 for M; := m; + m/a,—1. The non-triviality
of @) is unchanging by this operation.

Just to make sure, let us see a relation between global relations of roots «;
and local relations of roots 7} of f(z) = 0 mod p.

PROPOSITION 1. Let f(x) be a polynomial of degree n with roots oy, . .., o, and
suppose that it has no multiple roots, and let gj(z1,...,x,) (j = 1,...,t) be
polynomials in Z[x1, ..., 2y,)].

If there are global relations gj(aq,...,an) =0 (j = 1,...,t), then there are
roots r; of f(x) = 0mod p satisfy g;(ry,...,r,) = 0modp (j = 1,...,t) for
p € SplL(f).

Conversely, if roots ) of f(z) = 0mod p satisfy g;(r},...,r),) = 0mod p
(j =1,...,t) forinfinitely many primes p € Spl (f), then there is a permutation
o such that gj(as(1), .-, Qom)) =0 (j =1,...,1).

Proof. Put K = Q(f) and take a prime p € Spl(f). K is a Galois extension
and a prime p is fully splitting in K.

First, assume g;(ov,...,a,) =0 (j =1,...,t): For a prime ideal p of K over p,
take a rational integer 7} satisfying o; = r; mod p, which implies g;(r],...,r},) =

0 mod p, hence g;(r},...,r,) = 0mod p. Let us see that r{,...,r] are roots

r'n

of f(z) = 0mod p. We see 0 = f(a;) = f(r}) mod p, hence f(r;) = 0 mod p.
If p is sufficiently large, then we see that o; # o; modp for ¢ # j, hence
i # r; mod p, that is, rq,..., 7, are all distinct roots of f(z) =0 mod p.

Conversely, suppose that there are infinitely many primes p € Spl(f) such
that g;(rf,...,7,) = Omodp (j = 1,...,t) for roots r, of f(x) = 0 mod p.
For such a prime, we fix any prime ideal p over p; then there is a permutation o,
of {1,...,n} such that a, ;y = 7} mod p as above. We take a permutation o
satisfying o = o, for infinitely many primes p € Spl (f). For such infinitely many
primes p, we see gj(Qq(1);s-- - Ap(n)) = g5(77,--.,75,) = 0 mod p, hence a global

relation gj(s(1),-- s Qo(n)) =0 (= 1,...,1). O
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We apply this to linear equations g; == Y i mjz; —m; (j = 1,...,1)
(cf. (@), (). The following is a sufficient condition to a polynomial being without
non-trivial linear relation.

PROPOSITION 2. Let f(x) be an irreducible polynomial of degree m. If n is
a prime number p, or the Galois group Gal(Q(f)/Q) is S, or A, (n > 6)
as a permutation group of roots of f, then f has only a trivial linear relation
among roots.

Proof. First, suppose that the degree of a polynomial f is a prime p, and let
ai,...,q, be roots of f, and suppose a linear relation ([B]). Adding a trivial rela-
tion Y «a; = tr (f) to (@) if necessary, we may assume that > m; # 0. The Galois
group Gal (Q(f)/Q) acts faithfully on the set of all roots and contains an element
o of order p, hence we may assume that (a(al), .. ,a(ap)) = (ag,...,0p,a1).
Then from the assumption (@) follows

mi Mo e mp a1 m
my My e mp—1 9 m
mo M3 ... ma Qp m

Since «;’s are not rational, the determinant of the coefficient matrix of entries
m,; vanishes, hence we have

p—1

H (m1+C'ma + ¢P'ma + - + (P Vmy,) =0

i=0
for a primitive pth root ¢ := (, of unity, using a formula for cyclic determinant.
By the assumption ) m; # 0, we have

my + Cma + Cmg 4 -+ (P Vi, =0 for some i (0 <i < p),
which implies my = --- = m,, that is, ([B]) is trivial, since ¢ is still a primitive
pth root of unity.
Next, suppose that the Galois group Gal (Q(f)/Q) is the symmetric group S,,.

For any 1 < i < j < n, there is an automorphism ¢ which induces a transposition
of a; and o;. Hence we have

m = E mray | +mio; +mjog = E mray | +mia +mjay,
k#i,j k#i,j
which implies
mi(ai — ij) = m]—(ai — O[j).

By «; # o, we have m; = m;, thus (@) is trivial.
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Finally, suppose that Gal (Q( £/ Q) is the alternative group A,, and that (3]
is non-trivial. Let us show that coefficients my,..., m, are mutually distinct,
first. Suppose that m; = my; acting an even permutation a; — as — agz — ag
on (@), we have

miQy + moQg + m3a3 = m — Z M,
i>3
maag + mitg + Moz = m — Z m;Q;,
i>3
which imply (mq —ms)(o1 — a3) = 0, hence mg = my = mg. Considering other
a; (i > 3) instead of a3, we get my = mg = -+ = m,,, which contradicts the
non-triviality of (Bl). Thus coefficients m; are mutually distinct.

Next, considering even permutations:
{ag & ag, az & ag}, {1 < az, as & ay), {og & ayg, as < az},

we get
miay + Moy + M3z + Myy =M — Zi>4 miQu,

Mo +Miag + Mmaas +maay =m — Y., M,
Mm3aq 4+ Mgt +miaz +moay =m — Y, M,
{ M40y +Mmaan + Motz +miag =m — Y., M,
which imply
(m1 —m2)(an1 — az) + (m3 — ma)(az — ag) =0,
(m3z —my) (a1 — az) + (m1 — ma)(az — ag) =0,

hence (a1 — a2)? = (a3 — aq)?. Similarly, we have (a; — as)? = (a3 — as)?.
Therefore we get

0= (a3 —ay4)*— (a3 — as)?
= (a3 —ag+az —as)(az — g —az +as)
= (203 — ag — a5)(—ag + as),
i.e., 2a3 = a4 + as, similarly, 2as = a4 + ag. Thus we have a contradiction

a5 = Qg. ]

PROPOSITION 3. Let f = 2 4as3x> +asax®+a,x4ag be an irreducible polynomial.
If there is a non-trivial linear relation among roots of f, then f is decomposable,
that is f(x) = g(h(z)) for quadratic polynomials g(z), h(z).
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Proof. Let ay,...,a4 be the roots of f. Let G := Gal (Q(f)/Q) be the Galois

group; then it operates faithfully on a set {a1,..., a4} and there is a subgroup
of order 4 in G. Noting that for permutations:
o=(1,2), w=1(1,3) = op# po,
o=1(1,2)(3,4), p=1(2,3) = op# po,

o=1(1,2)(3,4), p=(1,3)(2,4) = opu=puo,
we see that:

(i) there is a cyclic permutation ¢ in G so that
o (a1, a0, a3,a4) = (2, a3, 04, 01),
(ii) there are permutations oy, 02 in G so that
o1 (a1, a0, a3, a4) = (g, a1, aq, as),
o9 : (a1, a0, a3, a4) — (a3, g, 01, 2)  or

(iii) there are permutations o1, 09 such that o1 (resp. o2) is a transposition
of ap and g (a3 and ay), respectively.

Suppose that (@) is non-trivial, that is Fm; # Hmj, and if ag = 0 happens,
then considering f(x — 1) instead of f(x), we may assume that az # 0 and
furthermore > m; # 0, adding a trivial relation.

First, let us consider

Case (i). By linear equations > m;o0?(a;) =m (j =0, 1,2, 3), we have

m1 Mo M3 My (65} a1 G2 QO3 Q4 m1 m
myg My Mo M3 (5] . Qo (3 Oy O mo . m
ms M4 M1 Mo a3 | las au a1 s ms | | m
mo M™TM3 MMy MM (6 7] a4y 1 Qo Q3 my m

Since «;’s are irrational, the determinant of coefficient matrix on m; vanishes,
ie., H;)’:O(ml + ¢P'mg + *'msz + (3*my) = 0 for a primitive fourth root ¢ := (4
of unity. By the assumption > m,; # 0, we have

my + C'ma + (¥ ms + *'my =0 forsome i=1,2,3,
hence

(i.1) my —m3 = mg —my = 0 in the case of i = 1,3 or
(i.2) my — mg + m3 — my = 0 in the case of i = 2.
Case of (i.1), i.e., m1 = m3, Mo = Mmy:

The difference of the first row and the second row gives

(my1 —ma)(aq — g +as —ag) = 0.
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If m1 = mso holds, we have a contradiction my = --- = my. It implies oy +
a3z = ag + ay = —az/2, hence f(z) = (2% + azx/2 + ar1a3)(2? + a32/2 + asay)
is a polynomial in 22 4+ azx /2, that is f is decomposable.

Case of (i.2), hence my + m3 = mg +my:

It is easy to see that

a1 Qg Qa3 Oy mi — Mo 0
g Qa3 Qg Q1 mo—m3| |0
a3 04 o1 Q9 ms3 — My o 0
g Qo Qs mg — mq 0
By non-triviality (m; — ma,...,mq —my) # (0,...,0), the cyclic determinant

of coefficients matrix vanishes, i.e.,
az(an + o — az — Cag)(ar — az + ag — ag) (a1 — Cag — az + Cag) = 0.

(i.2.1) Suppose a;+Cas—az—Cay = 0,1.e., a1 —a3z = —((aa—ay). By equations
S mia; = m and (by acting 02 on it) miaz + maay + mzag + myas = m,
we have

(m1 — m3)(a1 — 043) + (m2 — m4)(a2 — 044) =0,

hence ((mq — m3)(—¢) 4+ ma — my) (a2 — o) = 0. Therefore we get my = mg,
mg = my and so a contradiction m; = my = mg = my by the assumption
my + m3g = Mz + My.

(i.2.2) Suppose that oy — s+ ag — ay = 0; it implies ay + a3 = ag + oy, which
implies that f is decomposable as above.

(1.2.3) The case of oy — (g — ag + Caq = 0 is similar to (i.2.1).

Thus we have shown that in the case of (i), f is decomposable.
Case (ii). The second case gives the following equations:
miQ1 + Moo + M3Qg + Myt = M,
Mo + M10g + MyQg + M3y = m,
maQaq + MyQa + Mg + Moy = m,
maQy + M3Qo + Moy + M1y = M.
(@3), @@ (resp. [I5), ([IG)) give
(m1 +ma2) (a1 + a2) + (m3 + my)(as + ag) = 2m,
(ms3 +my) (a1 + a2) + (my1 + ma)(as + ag) = 2m,
hence if m; + mo # m3 4+ my holds, then a1 + as = a3z + a4 follows,

i.e., f is decomposable. Hence we may suppose that mi + me = mg + my.
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Similarly, using (I3)), (IQ) (resp. (I4), (IH)) , we may suppose mj + my = ms +

ms, and my + mg = mg + my, using ([I3), [@3) (resp. [I4), ([G)). These give
a contradiction mi = mg = ms3 = my.

Finally, let us consider:
Case (iii). Acting 01,02 on Y m;a; = m, we have

mia + Mot + M3Qag + Mqyay = M,
miQg + Mo + M3Qg + Mgty = M,

mia + motg + maay + My = m,
which implies
(m1 —me) (a1 —ag) = (mg —my)(az —ay) =0.
Since «;’s are distinct, we have
mi = may, ms3 = my.

By m1 # mg, the equations

(1 + a2) + (a3 + ag) = —az, mi(ag + az) + ms(ag +ayg) =m
imply
by :=a1+a2€Q, by:=a3+as €Q.
Therefore
f(z) = ($2 — (a1 + a2)z + ar02) (x2 — (a3 + o)z + azoy)
is equal to

1‘4 —+ a3m3 + (Oé30é4 + b1b2 + 041042)562 — (b1a3a4 + b2a1a2)x + f(()),
hence we have
aiag + azay = as — biba, boaias + biazay = —aq.

If by # by holds, then solving them, we have oy, agay € Q, which implies that
f is reducible. Thus we have b; = by and then f is a polynomial in 2% — bz,
that is decomposable.

The following is an easy corollary.

COROLLARY 1. Let f be a polynomial of degree less than 6 and suppose that f
has a non-trivial liner relation among roots. Then f is reducible or decomposable.
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PROPOSITION 4. Let f = (22 +ax)?+b(z*+ax)+c (a,b, c € Q) be an irreducible
and decomposable polynomial, and put

2 tbrte=(z—B1)(r—B), 2*+ar—pFi=(z—ai1)(r—az).
Then equations o1 + o2 = —a (i = 1,2) are a basis of linear relations (B])
among roots of f.

Proof. Let
myia1,1 + mi g e +maian +mosass =m  (m;j;,me Q)
be a linear relation. Using a; 1 + ;2 = —a, we may suppose
m1,2001 2 + Mg 2002 2 = M.

We have only to show mgy 5 = 0, which implies m; » = 0, hence we complete the
proof. Suppose that ms 2 # 0, and dividing ms 2, we may assume

azo =mio2+me  (mi,mg € Q).

Hence ;o is a root of g(z) = 2? + ax — B1 and h(z) = (miz + m2)? +
a(miz + ma) — Bo = (mix + mao)? + a(mix + ma) + b+ By, which are polyno-
mials over a quadratic field Q(f1). Since g(z) is irreducible in Q(51)[z], we have
h(x) = m2g(x), hence comparing constant terms m3 + amsy + b + 81 = —m?B;.
Thus we find a contradiction that 3; is rational. O

Let us give D(f,0) explicitly for a polynomial of degree 4. In case that f is
irreducible and indecomposable, there is only a trivial relation, hence

D(f,0) = Dn.
In case that f is irreducible and decomposable, by using Proposition [l we find,
with dim D (f,0) =2
0<m <@y <ay <y <1, }

@f:o- :{x’l"l‘,l‘
( ) (1 2,43 4) xg(l)+xg(2)EZ,$0(3)+xU(4)EZ

:{(1'1,1'2,1*.’1}2,1*(1}1)|0§.’L’1§{L’2§17{I}2§1*$1<1},

which is parametrized by 0 < z; < x5 < 1/2. The dimension of a domain
corresponding to {o(1),0(2)} # {1,4}, {2, 3} is less than 2. To confirm Expecta-
tion 1/, i.e., (), what we can do now is an approximate calculation by computer.
The right hand of (§) is a ratio, hence we do not need to look for volumes them-
selves. By using a projection to (x1,z2)-plane, we can approximate the right
hand of (§) by the Monte Carlo method.
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In case that f is a product of two irreducible quadratic polynomials with
distinct fundamental discriminants, relations are similar to the previous case
and hence D(f, o) is the same.

In case that two irreducible quadratic factors have the same fundamental
discriminant D, e.g., f(z) = (22 — D)((z — 1)? — 4D), put

alzx/ﬁ, ozzz—\/l_), a3:1+2\/l_), a4:172\/l_).
A basis of linear relations ([B]) among roots are
a1 +as =0, 201 —az=-1, 2a;+ a4 =1,
hence hyperplanes necessary in [0, 1)4 in question are
r1+x2, 2w —2x3, 2x1+x4 €EZ

and its permutations of indexes.
Thus we see that ©(f, o) of dim 1 is one of

12 3 4
{(z,22,1 —22,1—12) | 0<x<1/4}f0”—(1 4 2 3)’

12 3 4
{(x,l296,29671w)|1/4<$<1/3}f°”_(1 13 2)’

12 3 4
{(121,7%’1x’zx)|1/3<x<1/2}f0f0—(2 3 4 1>.

Let us see that Expectation 1” is true in this case. It is easy to see that lengths
are, in order v/10/4, v/10/12, v/10/6. For densities of Spl (f, ), we invoke [I], [,
that is for an irreducible quadratic polynomial, 1 /p,r3/p are equi-distributed.
Let r be a root of > = D modp with 0 < r < p/2. Then other roots of
f(x) = 0mod p are —r,1 £+ 2r mod p, and it is easy to see except for finitely

many primes local roots r1,...,r4 are in order
(r,142rp+1—-2r,p—r) if r/pel0,1/4),
(T17"'7T4): (T,p—|—1—2r,1+2r,p—7“) lf T/p€[1/471/3>7

(p+1-=2r,r,p—r,1+2r) if r/pe(l/3,1/2).
The uniformity of r/p implies that densities are proportional to
1/4,1/3—-1/4=1/12,1/2—-1/3=1/6.

Hence the constant ¢ in Expectation 1” is independent of o.

In case that a polynomial f is a product of irreducible quadratic polynomials
with the same fundamental discriminant, Expectation 1’,1” should be reduced

to [I], [9].
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In case that f(z) = [[/_,(x — a;) - g(x), where ;’s are all rational inte-
ger roots of f with a7 < ...y < 0 < a1 < ...y It is easy to see that

T1L = Qtly--yTat = Qqa, Tntl—t =P+ Qty...,Tn =D+

for any prime p € Spl(f) except finitely many primes. Linear relations among
roots are reduced to relations of g. Therefore the projection of D(f,o) to a
hyperplane defined by

r1=-=2,=0 with o(i))=i (1<i<a)
is (g, 0{a41,...,n}) modulo a lower dimensional set, hence the problem is reduced
to that of a polynomial g(x) as expected.

Before we discuss the case of degree six, let us introduce a notion “type”.
For an irreducible polynomial f of degree 6, we define its type number 2,3
temporarily as follows:

Denote a root of f by a. The type number of f is 2 if Q(«) contains a quadratic
subfield M5 such that the trace of o« to M> is rational.

The type number of f is 3 if Q(«) contains a cubic subfield M3 such that the
discriminant D of the monic minimal quadratic polynomial gs(z) of o over M3
is rational.

We note that the type number is independent of the choice of a root « of f,
and type numbers of f(x), f(x + a) (a € Q) are equal.

PROPOSITION 5. Let f = 25 + asz® + --- + ag be an irreducible polynomial of
degree 6 with roots o, ..., ag and suppose that there is a non-trivial relation (3)).
Then we have :

(i) The extension degree [Q(f) : Q] is not divisible by 5.

(ii) If Q(av) is an abelian extension, then f is either of type 2 or 3, or decom-
posable.

(ii) If Q(an) is an S3 Galois extension, then f is either of type 2 or 3, decom-
posable or there are a rational number ¢, two distinct roots o, o’ of f, and
a cubic subfield M3 such that tri /n, (@) +c-trg /(o) € Q and o, o' are
not conjugate over Ms.

Proof. Let ([B]) be a non-trivial relation.

(i) Suppose that the extension degree [Q(f) : Q] is divisible by 5; then there is
an automorphism o of order 5 in Gal (Q(f)/Q), which acts faithfully on a set
{a1,...,as}, hence we may assume that

o(ai) = a1 (1=1,2,3,4), o(as) =1 and o(as) = as.
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Adding a trivial relation, we may assume Zle m; £ 0

mi1 Mo M3 Mg My aq 1
ms M1 Mg M3 My Qo 1
myg My M1 Mo M3 Qa3 = (m — mgag) 1
ms My ms mq meo (e %] 1
me M3 Mg M5 My Qs 1
If the determinant of the coefficient matrix does not vanish, then a, ..., as are in

Q(ag), hence Q(ag) = Q({au, ..., as}) = Q(f) is a Galois extension of degree 6.
This contradicts the assumption. Thus the determinant vanishes, hence there is
a fifth root ¢ of unity satisfying Zle m;¢t~1 =0, i.e.,m; =--- =ms. Thus @)
implies m; (tr (f) — ag) + meag = m, which implies mq = mg, that is @) is a
trivial relation, contradicting the assumption. This completes the proof of (i). O

(ii) Suppose that Q(«q) is an abelian extension, hence the Galois group is gener-
ated by an automorphism o of order 6. We may assume that o(a;) = a1,
where a; = a; if j = kmod 6. Otherwise, there is a fixed root «; by o.
Let ¢ = (1 + v/—3)/2 be a primitive sixth root of unity, which satisfies
(2~ (+1=0and ¢* = —1, and consider central idempotents
60X e,
7 mod 6
> xi =1, xix; = 0ijX;-
i mod 6

The equation (@) is equivalent to x;(m) = x;(3>_, mray), hence

0=xi(m)= ( Z Q_ikmk> ( Z Ciloq> (1 # 0 mod 6),

k mod 6 ! mod 6

which satisfies

using xi(ag) = 671¢7F Y, 46 ¢"ay. Thus for

i Z 0 mod 6, Z C*Fme =0 or Z ta; =0 occurs.

k mod 6 !l mod 6
If > od 6{”@; =0 holds for every ¢ = 1,...,5, then we have

-§(5en) (5

i=1 \l mod 6 I=
5
= bag — Zal = 6ag — tr (f),
1=1
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which implies a contradiction ag € Q. Hence, we have ), mod6Cilal # 0
for some 7 # 0 mod 6, i.e.,

6
Y CFme = my + Cmg + Crmg + -+ 4 Pmg = 0. (17)
k=1

By expressing the above as a linear form of ¢ and 1, the equation (7)) is

mi—msg— myg+mg=mo+m3g—ms—mg=>0 (121,5),
mp —mg+my —ms=mgo—m3+ms—mg=0 (i =24),

mi +ms + ms = mo + my + mg (i =3).
Suppose that ([I7) is true for both i = 1 and ¢ = 2: Then we have
mi1 =m3=ms and mg = my = Mg.

If (I7) is true for ¢ = 3 moreover, then (@) is a trivial relation, which is a
contradiction. Thus ([I7) is false for i = 3, hence >, ¢ 3oy = 0 follows, that
is g + az + a5 = as + ag + ag. Putting g = (x — a1)(x — a3)(x — as) and
h=(x—a)(z— as)(r — ag), coefficients of polynomials g, h are in a quadratic
subfield M, fixed by o2 and their second leading coefficient oy + a3 + a5 =
ag + ag + ag = tr(f)/2 is rational, hence f is of type 2.

Suppose that ([I7) is true for i« = 1, but false for i = 2,4: Hence we have
> wod 6 ¢y = 0 for i = 2,4, which implies two equations

(a1 —ag +ay —as)V—3+ (—a; — as + 2a3 — ay — as + 2ag) = 0,
—(o1 —ag+ag —as)V—=3+ (—a3 — as + 2a3 — ag — a5 + 2a5) = 0,
hence a; + oy = ap + a5 = a3 + ag. Thus f is a polynomial in 22 + (a1 + ay)x,

that is decomposable.

Finally, we assume that (I7) is false for 4 = 1 hence for i = 5; similarly to the
above, we have a1 + as — aq4 — a5 = 0, i.e., a1 — gy = a5 — ag. Hence we see
that the discriminant (a; — ag)? of a polynomial (z — aq)(z — ) fixed by o is
fixed by o, hence rational, that is f is of type 3.

(iii) Suppose that K = Q(ay) is an Ss-extension : Then there are automorphisms
o, and a numbering £;; (i = 1,2, j = 1,2,3) of roots «; of f such that
o3 =n*=1,n0n=0? and
o(Bin) = Bi2,0(Bi2) = Bz, 0(Biz) =Bin (i=1,2)
n(B1,1) = Ba,1, n(Br2) = B2.3, n(Br,3) = P22,

noting that o, n have no fixed root. We divide a proof to several parts.
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LEMMA 1.

(1) If Zj B, is rational, then f is of type 2.

(2) If one Of (5171 — 52’1)2,(51’2 — 52’3)2,(51’3 — 52’2)2 ZS ﬁxed by g, then f iS
of type 3.

Proof.
Suppose that Y. 31 ; € Q, and decompose f as f = gh with g = [[(z — p1,5),
h =11(z — B2,;) € Msx], where My is a quadratic subfield fixed by o. Therefore
f is of type 2. Since polynomials (z — 811)(x — B21), (x — B1,2)(x — B23) and
(x — B13)(x — B22) are fixed by 7, their discriminants are also fixed by 7.
Therefore, if the discriminant is fixed by o, it is a rational number, that is,
f is of type 3. O

LEMMA 2. If there is a non-trivial relation

ZijﬁLj + Zm2,j52,j =m (m;,meQ), (18)
J J

then f is of type 2, or there are rational numbers my, ma, ms with m; # m; for
some i,j and my +ms + mg = 0 such that

mi(Bi1 + B2,1) +ma(Bi2 + B2,3) + ms(Bi,3+ B2,2) =0. (19)

Proof. We may suppose that m = 0 in (I8]) by the remark at the beginning of
this section, and acting id, o, 02, 1,70, no? in order, we have

mi,181,1 +mi281,2 +mi 3813 +m21821 + Mo B2 +ma3zPbaz =0,
m1361,1 +my1B12 +mi2B1,3 +ma3fa1 +ma 1822+ ma2fez =0,
mi,281,1 +mi1361,2 +mi1B1,3 +ma2B821 + ma3faa+me 1Pz =0,
mao,181,1 +ma3fi2 +ma2B13+mi1821 + mi3f22 +mi2823 =0,
ma,361,1 +ma2B12 +ma 1613 +mi 3621 +my 2822 +mi 1623 =0,

mao2B81,1 +m21P1,2 + M2 3813+ mi2B821 +mi1822 +mi 3823 =0.

Equations @)+ Z3), €+, €2+ are
mi+ma1 mig+ma3z miz+mae2\[Bi1+ B2

0
miz+mes mi1+mee mia+mer || Bia+B23| =10]. (26)
mi2+mas Mmiz+mae1 mi1+mes/\Bis+ B2 0
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If entries in each row of the coefficient matrix in (26]) are the same, that is

mi + Mo = mi2+ma3 =my3+maa = a (say),
mi13+M23=mi1+mMa2=mi2+ma1:=D0,
mi2+ Moo =mi3+ Mg =m11+M23:=C¢
then we have
Moz =a—mi2=b—mi3=c—mi,
ma2 =a—1M13= b— mii1=C¢—mi2,
Mo =a—my1=b—mio=c—my3,
hence
miz=mi1+b—c=mi1+a—-b=mi1—a+c
which imply
b—c=a—-b=—-a+c, hence a=b=c.
Therefore, we get mi1 = mi2 = mi3 and ma1 = Mma2 = ma3. The non-
triviality of (20]) implies mq 1 # mg 1, hence comparing it with trivial relation
YoiBii 20 B =tr(f), wesee ), f1,; € Q. By lemmalll f is of type 2.
If there are distinct entries in some row of the coefficient matrix in (26]),
then putting entries of the row by mi, ms, m3, we have
m1(Bi1 + B2,1) +ma(Br,2 + B2,3) + m3(B1,3 + Ba2,2) = 0.

If tr (f) # 0, then taking the trace, we have (my + mgo + mg)tr (f) = 0, which
implies my + ma + mg = 0. If tr(f) = 0, then we have only to replace m;
by m; — (m1 -+ mo + mg)/3

Thus we have, by (I9)

mi1(Bi1 + B2 — Biz — Ba2) + ma(Bia+ P23 — Br,3 — Pa,2) =0,
where m1 = my = 0 does not hold.

We divide the proof to several cases:

(I) Case of m; = 0 and my # 0: We have 312 + 23 — Bi1,3 — 2,2 = 0, and
B3+ B2 — P11 — B2,z = 0, acting o. Therefore we find that 811 — 821 =
B1,3— P2,3 = P1,2 — P2,2, which is o-invariant, hence by Lemmalll f is of type 3.
(II) Case of mq 7é 0 and mo = 0: We have 0'(51’1 + ﬁ271 — ﬁ173 — ﬁ272) = 51’2 +
B2,2—P1,1—P2,3 =0, and B3 3+ B1,3—B2,1—P1,2 = 0, acting n. Hence, we find that
0(B12—B2,3)°—(B1,2—B2,3)% = (B1,3—B2,1+B1,2—B2,3) (B1,3—B2,1—P1,2+B23) =0
and so by Lemma[ll f is of type 3.

(IIT) Case of mimso # 0: Dividing by ms, we may suppose mo = 1, that is

mi(Bi1+ 21— B1,3 — Po2) + (Br2+ Besz — P13 — P22) =0 (27)
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Suppose that m; = 1: Adding 3(51,3 + f2,2) to the above, we have tr (f) =
3(B1,3+ B2,2). Acting o, we have 31 34 22 = f1,1+ 2,3 = 1,2+ 2,1 = tr (f)/3.
Therefore, f = (x — B13)(x — f2,2) - (x — fr,1)(x — Ba,3) - (x — Br2)(x — P2,1) is

a polynomial in 2 — tr (f)/3 - , that is decomposable.
Finally, we assume that m; # 1. Substituting £1,2 + 2,3 = —(81,1 + B2,1 +
B1,3 + P2,2) +tr (f) to 1), we get

(m1 —1)(B1,1 + B2,1) — (m1 +2)(Br,3 + Pa2) = —tr (f).
By denoting a cubic subfield fixed by n by Ms, it means

(m1 — Dtrgag, (Bi,1) — (ma + 2)trg g, (B1,3) = —tr (f),
which completes the proof, putting

c=—(m1+2)/(m1—1), a=p1, o =73z 0

In [3], there are examples of a polynomial of type 2,3, but at that time the
author did not recognize any Ss-type polynomial satisfying the last condition in
Proposition Bl In the next section, we give examples.

Let us give a basis of linear relations of an irreducible abelian polynomial of
degree 6 without proof to describe a set D(f, o).

PROPOSITION 6. Let f be an irreducible polynomial of degree 6 with a root
a1 and suppose that Q(aq)/Q is an abelian extension of Q and let o be an
automorphism satisfying o(a;) =11 (a;=0ay for i=j mod 6) for roots a; of f.
Then a basis of linear relations among roots are:

(a) In case that f is indecomposable and neither of type 2 nor of type 3.

6

(b) in case that f is indecomposable and of type 2,
a1+ ag+as=as+ oy +ag =tr(f)/2.
(¢) In case that f is indecomposable and of type 3,
Zozi =tr(f), a1 +as— (u+as) =0, as + az — (a5 + ag) = 0.

(d) In case that f(z) = g(h(z)) is possible for a cubic polynomial g, but im-
possible for a quadratic polynomial g,

a1+ ayq4 = e + aj :a3+a6:tr(f)/3.
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(e) In case that f(x) = g(h(x)) is possible for a quadratic polynomial g, but
impossible for a cubic polynomial g,

a1+ az+ a5 =as +ag+ ag =tr(f)/2.

(f) In case that f is decomposable and f(z) = g(h(z)) is possible for both
degg = 2,3,

artag=ay+as=az+as=tr(f)/3, a1 —as +az =tr(f)/6.

Except this abelian case, even the classification of non-trivial relations is
incomplete.

2. Expectation 2 for a polynomial of degree 6

We have no data to deny Expectation 2 for an irreducible and indecomposable
polynomial f in the case of degree < 5, but it fails in the case of degree 6. The
two conditions irreducibility and indecomposability are equivalent to having no
non-trivial linear relations among roots in the case of degree < 5 as in the
previous section. Data in [2] are less accurate in the case of degree 6, that is X
in (IIl) was too small to guess the precise limit. We improve a method to guess
the limit from approximate values.

Suppose that the limit in (II)) exists and every Pr(f,L,{R;}) is rational:
Then for the common denominator b, we see that

Z Pr (f7 L7 {Rz}) b= b7 ng (ng (PI‘ (f7 L7 {Rz}) ’ b)7 b) =1
{R:} (R}
Supposing that b is less than 30000 and taking the above into account, let us
consider integers d with 1 < d < 30000, which satisfies

> r(Prx(f, L.{Ri}) - d) = d, ged (gcd (T(Prx(f, L,{R;})- d)),d) =1, (28)
{R:) e

where 7(x) is an integer closest to . Because, they must be satisfied if d is the
common denominator of Pr (f, L, { R;}) and an approximation by Prx (f, L, {R;})
is sufficiently well. We consider the following four measures, abbreviating
PrX(f: [3]L7 {Rz}> to PrX,Ri:

PrX,Ri -d— T(PI‘X’Ri . d)

)
%

ery 1= E

{R:}

€71 = max

R;}
2
PrX,Ri -d— T(PI‘X’Ri . d)

)
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ers 1= n}%ax Prx g, — r(Prx.g, - d)/d

i

€ery = E

{R:}

If Prx(f,L,{R;}) approximates a rational number a/b well, they are close to
0 for d = b. So, we can find the conjectural denominator b of Pr(f, L,{R;})
by checking that there is a large number X satisfying that there is an integer d
with 1 < d < 30000 which gives the common minimum for four measures above.
The first two d-adic measures ery, ers seem to be more appropriate.

We put

)

2
PrX,Ri — T(PI‘)(,Ri . d)/d

=25 + 22° + 42 + 23 + 222 — 3z + 1,
fo = 2% 4+ 425 + 162% + 2223 + 3922 + 162 + 29,
2% + 5x° + 11z* 4+ 1323 + 2322 + 3lx + 43,

28 + 8% + 432* + 13422 + 37222 + 596z + 953.

They are irreducible and indecomposable and define the same cyclotomic field
Q(¢r), and the type of fi, f2 is 2 and that of f3, fy is 3.
Let L = 2. A 6-tuple (Ry,...,Rg) with 0 < R; < L — 1 corresponds to an

integer r with 1 < r < L% by .

r=1+Y RL7.

i=1

(I) The case that there is no non-trivial linear relation among roots:

For a polynomial f = 2% + 52° + 1 in [2], data were insufficient. Wrong val-
ues 7/512 = 0.0136...,9/512 = 0.0175... on p.87 in [2] are close to the con-
jectural values 13/960 = 0.0135...,17/960 = 0.0177... on p.84 respectively.
The common denominator for four measures above is 960 for X = 1.36 - 10*2
and the density matches with the conjecture (I2). The density in (I2) for L = 2
is given explicitly by

13/960 if tr(f)+ > R; =0mod 2,

17/960 if tr(f)+>. R, =1 mod 2. (29)

Pr (f7 27 {Rz}) = {

(IT) Case that f is irreducible and indecomposable, and the type number is 2.
For f = f1, f2, the common denominator of Prx(f,2,{R;}) for four measures
is 2304, which is attained for X = 2 - 10'!. The following table of densities
is arranged in the order of r above. For example, (Ri,...,Rs) = (0,...,0)
corresponds to r = 1, and hence the density Pr(fl, 2,(0,..., 0)) is the first entry
36/2304.
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Pr(f1,2, {R:})=[36, 4,15,43,43,42,23,62,29, 30, 35, 48, 36, 38, 49, 43,
57,29, 36,38, 37, 40, 29, 42, 49, 54, 43, 30, 23, 29, 36, 4,
68,36, 43,49, 42, 29, 18, 23, 30, 43, 32, 35, 34, 36, 43, 15,
29,23,34, 36, 24, 37, 42, 43, 10, 49, 30, 29, 29, 57, 68, 36 ] /2304,

Pr(f2, 2, {R:})=[36, 68,57, 29,29, 30,49, 10, 43, 42, 37, 24, 36, 34, 23, 29,
15,43, 36, 34, 35, 32, 43, 30, 23, 18, 29, 42, 49, 43, 36, 68,
4,36,29, 23,30, 43, 54, 49, 42, 29, 40, 37, 38, 36, 29, 57,

43,49, 38,36, 48, 35, 30, 29, 62, 23, 42, 43,43, 15, 4,36] /2304

Frrors are
er1(f1) = 0.019615, ery(f2) = 0.026945.

The density of another polynomial f of type 2 for L = 2 seems to be given
by the above according to tr (f) mod 4. (tr (f) is an even integer in this case.)
Let f(x) be of type 2; then a polynomial f(x — 1) is also of type 2 and

tr(f(z—1)) =tr(f(z)) +2mod 4 is easy.

If ri,...,7¢ are local roots with r; = R; mod 2, then 7} :=r1+1,...,75 :=re+1
are also local roots of f(x — 1) with r, = R; + 1 mod 2. It is the reason why
the densities Pr (f1,2, {R;}), Pr (f2,2,{R;}) are anti-symmetric. Some properties
of f = fi1, fa are for R = (Ry,...,R¢), R = (R},..., Ry),

(1) if R; + R, = 1 for 1 < Vi < 6, then Pr(f,2,{R;}) + Pr(f,2,{R!}) =

72/2304 = 1/32,
(2) ZZ R;=0 mod 2 Pr (f’ 2’ {Rz}) = ZZ R;=1 mod 2 Pr (f7 27 {Rl}> = 1/27
(3) if R; =1 — R, _, for 1 <7i <6, then Pr(f,2,{R;}) = Pr(f,2,{R.}).

The third property is explained as follows: If we have f(z) = [[(z — ;) mod p,
then f(—z) = [[(z — 7}) mod p with r, = p — r7_; is easy to see. Hence the
condition r; = R; mod 2 implies 7, = 1 — R7_; mod 2 for an odd prime p.
The author does not know how to give densities directly from {R;}.

A basis of linear relations of f = f1, fo with an appropriate numbering is

a1+ az+ a5 =as +ag + ag =tr(f)/2.

(IIT) The case that f is irreducible and indecomposable, and the type number is 3.
For f = fs, f1, the common denominator of Prx(f,2,{R;}) for four measures
is 15120, which is attained for X = 2-10!!. The following table of densities is
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arranged in the order of r as above.

Pr(fs,2,{R;})=1[525,189, 63,414, 63,229,176,159, 63,224,288,172,
544,125,204, 414, 63,153,394, 125, 288, 320, 300, 229,
176,401, 300, 224,204, 153, 189, 189, 189, 189, 153, 204,
224,300,401, 176, 229, 300, 320, 288, 125, 394, 153, 63,
414,204, 125,544,172,288,224, 63,159,176, 229, 63,
414, 63,189, 525] /15120,

Pr(f4,2,{R;})=1[420, 288,180, 279,162,157, 140, 336, 162, 110, 174, 229,
343,176,273,279,180, 84,247,176,174, 485,405, 157,
140,602, 405,110,273, 84, 42,288,288, 42, 84,273,
110,405, 602, 140, 157,405, 485, 174, 176,247, 84,180,
279,273,176, 343,229,174, 110, 162, 336, 140, 157, 162,
279, 180, 288,420] /15120.

E
ITOTS are er1(fs) = 0.16450, er1 (f1) = 0.16892.

We note that tr (f3) is odd and tr (fy) is even, and the density of another polyno-
mial of type 3 for L = 2 seems to be given by the above according to tr (f) mod 2.

A basis of linear relations of f = f3, fy is
Zai :tr(f), a1+ o = ayq + as, g + asz = oy + ag.

(IV) The case that K = Q(«;) is an Ss-extension and there are a rational
number ¢, two distinct roots a,a’ of f, and a cubic subfield M3 such that
tric /(@) + ¢ - tr (@) € Q. Let us give two examples::

The first example is f = 25 + 3. Putting y := /—3 with y3 = /=3, roots are
ﬁl,l =Y, ﬁ1,2:(_1+ \/—3)/2y7 51,3:_<1+ V_3>/2y7
Bor1=—y, Pro2=(1-v=3)/2-y, Bag= (1+v-3)/2-y.

Automorphisms 7, ¢ in the proof of Proposition [ are given by y — —y, y —
(=14+/—3)/2 -y, respectively. A basis of linear relations is four equations

Br2= P11+ P23, Pi13=—P23, [o1=—P11, Po2=/L11— P23

The inclusion trg/pz, () +c-trg/a, (@) € Qis obvious for av = g, ¢ = 0. Densities
Pr(f,2,{R;}) for [Ry,..., Rg] are given by:

1/16 for [17171707070]7 [170707 17170]7 [0717071707 1]7 [07071707171]7
3/16 for [171707 17070]7 [17071707170]7 [0717170707 1]7 [070707 17171]7

0 otherwise.
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Since —r is also a root for a local root 7, a relation r; = p —r7_; should hold for

1=1,2,3, hence R; + R7_; = 1 mod 2, i.e., R; + R7y_; = 1. This elucidates
cases of density 0.

the

The second example is f = 2% + 100z* — 16823 + 520022 4+ 16800z + 26256,

and let B be a root. Then we see that roots aq,...,ag of f are in order
—1/2122960 times —21229600,

—17573% +27583% —1897563% +6991884% —111177928 — 9582496,
—14633° + 1828* —15800483° 415929232 — 89022083 —22357664,
1258° + 7108* + 135008% +1315005% + 24584008 + 6844000,
10884° —23123* 411750432 —5537928% + 789588873 + 1825664,
20073° —1338B% 2167563 —4361885% 41178867283 +23270496.
The polynomial f is irreducible, indecomposable and not of type 2, 3, and we
a1+ o+ 3(az +a5) =0
and
(o1 + ag)® = 756 = 28 - 33
and
(1 + a5)® = —224 = —28 - 2°.
Hence a1 + ag is a trace to a cubic subfield defined by z® — 756 = 0, hence
tri /(@) + ¢ trg (@) €Q for a=a1, ¢=3, o =as.
A basis of linear relations is three equations
Zai =0,a01+as+3(ae+as5) =0, a3 +as —2(as+ag) =0.
And we ;ee (a3 + ag)® = —28. The speed of convergence is slow,
er1(f) > 0.3 evenfor X =4-10'3,

The author checked the following : Let us consider following 16 polynomials

2% — 9zt — 42 + 922 + 32 — 1, 2% — 22% + 922 + 62 + 2,

2% — 72% — 622 — 9z — 3, 2% —102* — 423 + 1022 — 1,
28 —92* — 82 + 622+ 62 +1, 2% —102* — 723 + 1022 — 1,
28 — 72t + 822 — 10z + 1, 28 — 2t — 223 + 72% + 2 + 10,
28 —8z* — 102 — 322 + 224+ 6, 2% — 5zt — 7a® — 322 — 1z + 3,
2% —102* — 102% — 1022 + 1, 2% — 9z — 102 — 222 — 1,

see
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2% —10z* — 1023 — 1022 — 7, 2% —102* — 823 — 422 + 8z — 2,
2% —102* — 1023 4+ 522 — 224+ 9, 2% —102* — 102% — 1022 — 10z — 10

which exhaust all types of Galois closure, checked by pari/gp. Take a root «
of one of them and a polynomial f whose root is

6
Zciai_l with —1<¢ <1.
i=1
We consider irreducible and indecomposable ones of degree 6 only. We checked
densities Prx(f,2,{R;}) approximate well densities of special polynomials
f1s f2, f3, fa or (29), where we say that for a rational number a/b and a real
number z, z approximates well a/b if the nearest integer r(bx) to bx is a,
ie., r(bx) = a.
For a polynomial f = 2% — 32° + 62* + 323 — 922 — 18z + 36 of type 3 and
tr (f) = 1 mod 2, which is given in [2, (5) on p.87], Prx(f,2,{R;}) (X < 10')
approximates well densities given above and the densities on p.87 in [2] should
be corrected by the above.
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