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DISCREPANCY OF GENERALIZED LS-SEQUENCES

MARIA RiTA IACO — VOLKER ZIEGLER

ABSTRACT. The LS-sequences are a parametric family of sequences of points
in the unit interval. They were introduced by Carbone [4], who also proved that
under an appropriate choice of the parameters L and S, such sequences are low-
discrepancy. The aim of the present paper is to provide explicit constants in the
bounds of the discrepancy of LS-sequences. Further, we generalize the construc-
tion of Carbone [4] and construct a new class of sequences of points in the unit
interval, the generalized LS-sequences.

Communicated by Oto Strauch

1. Introduction

A sequence (z,,)nen of points in [0, 1) is called uniformly distributed modulo 1
(u.d. mod 1) if N
fi - > Lia(ea) = Aar)

Ngnoo N nzl [a,b) \En ’
for all intervals [a,b) C [0,1). A further characterization of u.d. is given by the
following well-known result of Wey1 [14]: a sequence (z,)nen of points in [0, 1)
is u.d. mod 1 if and only if for every continuous function f on [0,1) the relation

fim_ > ) = [l

N—oo N
[0,1)
holds.
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An important quantity called discrepancy is introduced when dealing with
u.d. sequences. It measures the maximal deviation between the empirical distri-
bution of a sequence and the uniform distribution. Let wy = {z1,...,zn} be a
finite set of real numbers in [0, 1]. The quantity

N
1
Dy(wy)= sup |— l.n(zn) —(b—a
~(wn) o NnE:1 (a,0)(@n) — (b—a)

is called the discrepancy of the given set wpy. This definition naturally extends
to infinite sequences (z,)nen by associating to it the sequence of positive real
numbers Dy ({x1,%2,...,2x5}). We denote by Dy(x,) the discrepancy of the
initial segment {x1,zo,...,zx} of the infinite sequence.

Sometimes it is also useful to restrict the family of intervals considered in the
definition of discrepancy to intervals of the form [0,a) with 0 < @ < 1. This
leads to the following definition of star-discrepancy

N
1
Dy(wy) = sup |— ligo(zn) —al .
Vow) = s |5 o)

It is a well known result that a sequence (x,,)nen of points in [0,1) is u.d. if and
only if
lim Dy (x,)=0.
N —o0

Sequences whose discrepancy is of order O(N~!log N) are called low-discrep-
ancy sequences. These sequences are of particular interest in the theory of numer-
ical integration and are used in the Quasi-Monte Carlo (QMC) integration. For
more information on discrepancy theory, low-discrepancy sequences and QMC
integration see |71, [1T].

We now recall the splitting procedure that is closely related to the construc-
tion of the generalized LS-sequences as sequences of points in the unit interval.

DEFINITION 1 (Kakutani splitting procedure). If « € (0,1) and 7 = {[t;—1, ;) :
1 < i <k} is any partition of [0,1), then am denotes its so-called a-refinement,
which is obtained by subdividing all intervals of = having maximal length into
two parts, proportional to o and 1 — «, respectively. The so-called Kakutani’s
sequence of partitions (a"w)pen is obtained as the successive a-refinement of
the trivial partition w = {[0,1)}.

The notion of a-refinements can be generalized in a natural way to so-called
p-refinements.
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DEFINITION 2 (p-refinement). Let p denote a non-trivial finite partition of [0, 1).
Then the p-refinement of a partition 7 of [0,1), denoted by pm, is given by
subdividing all intervals of maximal length positively homothetically to p. Note
that the a-refinement is a special case with p = {[0, a), [, 1) }.

By a classical result due to Kakutani [I0], for any a the sequence of
partitions (a"w),en is uniformly distributed, which means that for every interval
[a, 6] € [0,1],

1
lim — Z 1[a,b](t?) =b—a,

n—o00 k(n) ~

where k(n) denotes the number of intervals in o"w = {[t}_;,t7"), 1 <i < k(n)}.
The same result holds for any sequence of p-refinements of w, due to a result
of Voléic [13] (see also [1L0]).
The generalized LS-sequence of partitions, already introduced in [6], represent
a special case of a p-refinement.

DEFINITION 3 (Generalized LS-sequence of partitions). Let L1, ..., Ly be non-
negative integers, with L; Ly # 0. We define the generalized LS-sequence of par-
titions (pf, . 1,w)nen as the successive p-refinement of the trivial partition w,
where pr, ... 1, consists of L1 + Lo+ - -+ Ly, intervals such that L; has length 3,
Lo has length 5% and so on up to Lj having length 3*.

Note that necessarily Li 3+ - -+ L /3* = 1 holds, and consequently for each k-
tuple (L1, ..., L) of parameters satisfying the assumptions made in Definition[3]
there exists exactly one positive real number 3 satisfying L1 3 + - - - + L 8* = 1.

If £ = 2, then we obtain the definition of the classical LS-sequence of par-
titions introduced by Carbone [4]. Given a sequence of partitions we can
assign a sequence of points by ordering the left endpoints of the intervals in the
partition. Of course, changing the ordering of the points may lead to other dis-
crepancy bounds. In particular, the discrepancy of the sequence might get rather
large if we do not pay attention. One issue of this paper is to find an ordering
that yields good upper bounds for the discrepancy of the sequence. In the case
that kK = 2 the corresponding LS-sequences of points, denoted by (ff,s)nem
have been introduced by Carbone [4] who proved that whenever L > S there
exists a positive constant k; such that

log N

Dn(ér,5:€0,50- -+ €0s) < ha N (1)

One purpose of the present paper is to give an estimate for k;. This prob-
lem still open in [4] can be solved by the numeration approach presented by
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Aistleitner et.al. [2]. However the main focus of the present paper is to gen-
eralize the construction of classical LS-sequences of points by Carbone [4]
in the following sense: we introduce a numeration system for the integers which
is the generalization of the numeration system introduced by Aistleitner
et.al. [2] and, by a radical inverse construction, similar as the construction of
the van der Corput sequence, we study the obtained sequence of points. In par-
ticular, the choice of this numeration system yields a point sequence whose first
t, points are exactly the points of the nth step of the Kakutani splitting proce-
dure, already ordered as in [4], and not by increasing magnitude. This definition
by a numeration system allows us to prove several auxiliary results on the distri-
bution of generalized LS-sequences which were proved in the case that k£ = 2 by
Carbone [4] and Aistleitner et.al. [2]. Moreover, let us point out that a
generalization of the LS-sequences of partitions is already contained in [6], but
with our approach we can directly obtain the LS-sequences of points without
relating them to the sequences of partitions. All this is the content of the next
section. In Section B] we explicitly compute the constant k; in () and obtain
explicit upper bounds for the discrepancy of the classical LS-sequences (see The-
orem [I). The computation of the discrepancy in the classical case, i.e., the case
that k£ = 2 will pave the way to compute explicit bounds for the discrepancy of
generalized LS-sequences, which we compute in the final section of this paper.

2. Generalized LS-sequences

Let us consider the generalized LS-sequence of partitions. Then the parti-
tion pj7  ; w consists of intervals having lengths 8", ... , B"TE=1 and this fact
makes the analysis of the generalized LS-sequences more complicated, compared
to the analysis of the classical ones, where only two lengths are considered.
We denote by ¢, the total number of intervals of p7 ~ ; w, and correspond-
ingly by ln.1,..., s the number of intervals of the nth partition having length
B", ..., " TE=1 respectively.

From a general point of view the only canonical restrictions to the k-tuple
(L1,..., L) are that the L; are non-negative integers for all i = 1,...,k such
that L L # 0. However, we are interested in low-discrepancy sequences and we
will see (Remark [2]) that we obtain low discrepancy sequences if and only if all
roots but one (counted with multiplicity) of the polynomial Ly X*+4---+L; X —1
have absolute value smaller than one. Therefore we will assume from now on
that the polynomial L, X"* +---+ L; X — 1 has no double zeros and that there is
exactly one root 0 < 8 < 1 and all other roots have absolute value less than 1.
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Let us remark that excluding multiple zeros is mainly to avoid technical issues
and similar results would be obtained if we only assume that the unique root
0 < B < 1 is simple.

Furthermore, let us note that, if we assume that

Ly >Ly>--->Ly >0, (2)

then LpX* +---+ L1 X — 1 is irreducible and is the minimal polynomial of the
reciprocal of a Pisot-number (see [3]), i.e., a k-tuple (L1, ..., Li) which satisfies
() also meets our assumptions made above.

Let us write 51 = B and let f,..., 5, be the other roots of Ly X* 4+ --- +
L1 X — 1. When the coefficients of the polynomial fullfill the condition (), then
the Ba,..., Bk are the Galois conjugates of 8 in some order. Note that since 1/
is a Pisot-number by our assumptions we have that |5;| > 1 for i = 2,... k.

In the first step we consider the quantities ¢,, and {,, ; forn>0and i=1,..., k.
First we observe that in the nth partition step the longest [, _1 1 intervals are
divided into Ly + --- + Ly intervals, where L; intervals have the length 57,
Lo intervals have the length 87! and so on. Hence we have that

tn=lp—1a(Li 4+ -+ Lg)+lp12+ - +ln1k
= typ-1+lp—11(L1 4+ Ly —1),

lpg= lp—12+ Lilp_11,

)

lpg—1= lp—1p+Lp—1ln_11,

k= Liln_1 for all n > 0.
Of course, the interval [0,1) yields the initial conditions ¢y = lp; = 1 and
log = -+ = lor = 0 and therefore we can recursively compute the quantities
tnyln1, ..., lnk for all n > 0. Since from the recursion point of view the sequence

(tn)n>0 is closely related to the sequences (I, ;)n>0, we define I, o = t,, in order
to state several of our results in a compact way. Moreover, we put l,, ; = 0if j > k
or n < 0. For our purposes we desire an explicit formula for the quantities [, ;:

LEMMA 1. The sequences (Ly,i)n>0, with i =0, ...,k satisfy the recursion
lni=Liln—1;+ -+ Lilp—g,i, n>k.

In particular, there exist explicit computable constants \j; for 0 <i <k and
1 <5 <k such that

k
bni =Y i " (4)
j=1
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Proof. First, we observe that by inserting the last line of [B]) into the second
to last line we obtain
lpk—1=Lrlp—o1+ Lr_1ln_11.

Now inserting this identity into the third to last line of (@) and going on we end
ith
up wi lpg=Lilp11+ 4+ Lilp—g 1,
hence we proved the first part of the lemma for ¢ = 1. Since the characteristic
polynomial of this recursion is
D'GEE D Gt

there exist constants A; 1, with j =1,...,k such that

k
lng = Z AjaBi".
j=1

Note that the 1/5; for j =1,..., k are the roots of the characteristic polynomial.

Since lnﬂ' = ln+171 — Liln,l we obtain (m), with )\jﬂ' = (ﬁj_l — Li))\jJ for
i=2,...,kand j=1,...,k. And since t, = l, 0 = lp1 + -+l r We see that
(@) also holds for i = 0, with A\j o = Aj 1 +---+Aj, for j =1,... k. On the other
hand every sequence of the form () fulfills a recursion of the required form and
the proof of the lemma is complete. O

Let us note that the explicit computation of the \’s is easy for a given k-tuple

(L1,...,Lg). Indeed one can compute the values of I, ; for all i = 0,1,...,k
and n = 0,1,...,k — 1 by using the recursion (B]). Therefore (@) gives for each
i = 0,1,...,k a linear inhomogeneous system with unknowns A; ;. Solving for
the A’s by Cramer’s rule we obtain
B B e B A
B o B b By oo By
-k ' 1-k 1-k ' -k
cor B0 lk_rs B
N = 1 ~ ]O 1 O,z é+1 kO . (5)
b Bi j i1 - By
-1 —1 =1 —1 -1
e e P b Bixi - B
1—k ' I—k  pl-k ok . 1—k
1 e BiI0 B Bivi - B
Let us also state another property of the sequences (I, ;)n>0 fori =1,...,k,

which we need at several places in the construction of generalized LS-sequences:

LEmMMA 2. We have l,q + -+ lpm > ln—11 4+ + ln—1,m41 for allm > 1.
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Proof. If m > k this is clear since the sequences [, ,, are all strictly mono-
tone increasing with n for m = 1,...,k and I, ,, = 0 if m > k. In case that
m=1,...,k—1 we have

licia+ -+ licimm

=li—11+ (Lig— Lilicia) + -+ (liyjm — Linli—1,1)

<liai+- 4 lim. u

Our next step is to introduce the numeration system which will be the basis
for our construction of the generalized LS-sequence. Let N > 0 be a fixed integer
and choose n such that ¢, < N < t,11. We construct finite sequences

<5m)0§m§na (ﬁm)ogmgn, (Nm)Ogmgn and (Tm>0§m§na
recursively, in the following way:
e First we put N, =N, T, =t,, €, =1l and n, = [(N —T},)/ln1].

Assume that we have computed the quantities IV;, T}, ¢; and 7; for all indices
n>1>m>0.
e We denote by j the unique integer such that €,,11 = -+ = €,4; = 0 and
€m+j+1 7 0, in particular, if €,,41 # 0, we put j = 0.

e Now we compute N, and T},:

Np, = m+1 — 6'rn—i—lfI"rn—i-l - 77m+llm+1,1 ,
T = lm,l + o+ lm,j+2-

o If N, < T, we put €,, = 0y, = 0. Otherwise we put ¢,, = 1 and
Nm = L(Nm - Tm)/lm,lJ'

Thus we have after the n — mth step

n

N= > (aTi+nidi1) + N .
i=m-+1
Since Ty = lp,1 = 1 in the nth step either Ng =0 or ¢ = 1 and 19 = Ny — 1.
In any case we obtain by the definition of our numeration system a representation
for N of the form

N = Z(EiTi +mili1)- (6)
=0

Obviously, ¢; € {0,1} for all ¢ = 0,1,...,n. Let us note that we also have
0<m <Li+---+Ly—2foralli=0,1,...,n. Indeed assume to the contrary
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that 7, > L1 +---+ Ly — 1 and that €y,41 = -+ = €45 = 0 but €y, 541 # 0.
Then we would obtain in case that j > 0,
Tos1 > Npps1 > T+ (L1 4+ -+ L — 1)l 1
=lma+ b2+ +lmpjpz+ (L4 + Ly = 1)lmp
> (Lilma +lm2) + -+ (Ljt1lm,1 + lm,j+2)
=lmt11+ +Hlmyrjr1 = Tt
a contradiction. In case that j = 0 we similarly have
Trt1 2 bnv11 +lny12 > Uy 1
> Ny > T+ (L1 4+ Ly — V)l 1
=lma+lm2+ - +lmpjpz+ Lo+ + Ly = 1)lmp
> (Lilma +lm2) + -+ (Ljp1lm,1 + lm,j+2)
=lmy11+ - F g1 = Ty,
again a contradiction.

The following lemma gives a bijection between the integers and digit-expan-
sions of the form given above. Note that the following lemma is a generalization of
aresult due to Aistleitner et.al for the classical LS-sequences [2, Lemma 3].

LEMMA 3. There is a bijection between positive integers and finite sequences of

the form
f D= (<5na77n)>""<60’770))

such thate; € {0,1}, €, =1,0<n < L1+ +Lpy—2forall0<i<n,e =0
implies n; = 0 and for all1 <m < k —1 we have thatn; > L1+ -+ L, — 1
implies €;4m = 0.

This bijection is given by

n

¥(D) = Z(Q‘Ti +mili1)
i=0

@(N) = (<5nann>> SRR (507770))a

where the T;, €; and n; are computed by the algorithm described above.

and its inverse

Proof. In order to prove bijectivity we have to show that for every integer NV
and every finite sequence D we have U (®(N)) = N and ®(¥(D)) = D. The first
equation is evident from the presented algorithm, i.e., ® is injective. Thus we
are left to prove that @(\II(D)) =D, i.e., ® is surjective. The proof is technical
and we proceed in several steps:
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Step I: We show that

(I)(N) = ((Gn, 77n)7 SRR (607 770))
such that the ¢; and n; for all ¢ > 0 satisfy the conditions of the lemma. Thus
we prove that ®(NV) is well defined.

Note that from the algorithm it is evident that ¢; € {0,1}, €, = 1 and that
¢; = 0 implies 7; = 0. Moreover, in the discussion after (@) we have shown that
0<mn <Li+---+ L —2for all 0 < ¢ < n. Therefore we have to show that
1n; > L1+ -+ Ly, — 1 implies €4, = 0.

We proceed by induction on m. We start with the induction basis m =1, i.e.,
we assume that n; > L1 — 1. Let us assume for the moment that €;.1 # 0. Then
we get that

N, >eTi+nilin > lia+lia+ (L —Dlig=liz10> N,
a contradiction and therefore we conclude that ¢;4+1 = 0, i.e., we have proved
the induction basis.

Now, let us assume that n; > Ly + -+ + L,,—1 — 1 implies €;41m—1 = 0 for
all 1 <m < M — 1 and assume that 1; > L1 + ---+ Ly — 1. We aim to show
that €;4 s # 0 yields a contradiction. By the induction basis, see the paragraph
above, we may assume that M > 2. Moreover, by induction we may assume that
€i+m = 0 for all 1 <m < M. Assuming €;4 s # 0 implies

Ti=lix+-+limyr and Tipg=livia+- +livime
Therefore we deduce
Tit1 > Nig1 =Ny > Ty +niliq
>+l + L+ + Ly — 1)l
= (Lilin +li2) + -+ (Lmlin + liarg1)
=liv1a+-+livim=Tit1
a contradiction, i.e., ;43 = 0.
Step II: It is enough to show that there are exactly ¢,, —1 sequences of length < n
satisfying the conditions of the Lemma.

Indeed, we have already seen that @ is injective. Therefore we have to show
that ® is surjective. In particular, it is enough to prove that ® induces a surjective
map between the positive integers < t, and sequences of length < n, which

satisfy the restrictions of the Lemma. Therefore we have to prove the following
claim:

CrLAmM 1. There are exactly ¢, — 1 sequences of length < n satisfying the condi-
tions of the Lemma. Moreover, there are exactly l,,_1,1 such sequences of length
n of the form D = ((1,0),...).
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We will prove that claim be induction.

Step III: The induction basis is evident, since there are exactly
tl—].:Ll—l—"-—i—Lk—l

sequences of length 1. Moreover there is only one sequence of length 1 starting
with the pair (1,0).

Step I'V: Suppose the claim is true for all integers M < n + 1. We show that it
is also true for M =n + 1.

First, let us show that there are exactly [,, 1 sequences of length n 41 starting
with (1,0). Let 1 < m < k, then there are exactly

(L1 +--+ Ly — Dl

sequences of the form

((1,0),(0,0),...,(0,0),(1,7m),...)

by induction hypothesis and the assumptions of the lemma. Similarly there are
exactly t,_ sequences of the form

at least k times
—_——
((1,0),(0,0),...,(0,0), (1,7),...).
Therefore the number of sequences of length n + 1 starting with (1,0) is

(L1 = Dlp—1a0+ (L1 + Lo —1)ly—21 +-

+(Li+ A+ Ly = Dlppg + g =
(Ly = Dlp—1q0+ (L1 + Ly — 1)ly—21 + -
+ L+ Lo = D11 Flnpyr =
(L1 = Dlp—1g+ (L1 + Lo — 1)ly—01 + -
+(Li+ 4Ly = Dlp—ppr1 + i1+l -

Now note that

(Ll + -+ Lm—l - 1)ln,1 + ln,l + -+ ln,m
- (Llln,l + ln,Z) +---+ (Lm—lln,l + ln,m)
= lpy11+ - +lpyima
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applying this identity to the equation above we obtain that there are
(L1 = Vlp—11+ (L1 + Lo = D21 + -+

+ L+ A+ Loy = D1y Flppp11+ - F kg1 =
(L1 — 1)L, 11+(L1+L2*1)ln—271+...
+(

+ L1+ 4+ L2 — Dlyp—p11 okt + -+ ln—pgo k-1 =

(Li = Dlp—1g+ i+l =Lilp—11+ 12 =1n1
sequences of length n + 1 starting with (0, 1). Therefore there are
(Li+ -4+ Ly — 1)l

sequences of lenght n + 1 starting with (1,7) and 0 <n < Ly +---+ Ly — 2 and

by induction there are t,, — 1 sequences of length < n + 1. Therefore all togetter

there are
(Ly+ -+ L —Dlp1 +ty — 1 =typ1 — 1

sequences of length < n + 1, satisfying the conditions of the lemma. O

The numeration system (@) allows us to define the generalized LS-sequences
of points in a direct way, as clarified in the following definition

DEFINITION 4. Let N be an integer with representation given in (). Then

n
& pe=y_ (BT min{Ly, e + i}

+ B ?(max{e; + n; — L1,0} —max{e; + n; — L1 — L2, 0})
+ B3 (max{e; +n; — L1 — L,0} —max{e; +n; — L1 — Ly — L3, 0})

+ B (max{e; +nm; — Ly — --- — Ly_o,0}

—max{e; +n; — Ly — - — Lg_1,0})
+ B (max{e; + 7 — Ly — - — Ly_1,0})) .

By the construction of our sequence &Y I.....L, it is not hard to see that &N LyoLn
is the left endpoint of an interval of the generahzed LS-sequence of partltlons
(PrLll,‘.‘,Lkw)neN with ¢, < N < t,y1. Indeed, the quantitiy €y + 79 tells us in
which interval I° of pr,, . 1, the point &7, lies. Assume that Iy is a longest
interval in the ith splitting step, then the quantity €; + n; tells us in which
interval of Ippr, ... 1, the point fﬁw”Lk lies. By construction of the €; we know
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that in this case ¢, = 0 for all 0 < £ < 7. Proceeding in this manner we deduce
that (§7, 1, )nen is indeed the left endpoint of an interval of p7  ; w. Let us
point out once more that the order of the points EJLV“__7L
inverse construction of our numeration system ().

is given by the radical

k

The easiest example of a generalized LS-sequence is obtained by considering
only three possible lengths for the intervals determining the partition. We call
such sequences LM S-sequences.

ExAMPLE 1. Consider the LM S-sequence of partitions (p7 5, sw)nen defined
by the equation 83 + 32 + 23 — 1 = 0. In the following we describe the sequence
of partitions and the associated sequence of points obtained by the procedure
introduced above.

0 B 28 26 +p% 1

} f f f — f f — f {

0o p? B2 232 Tﬂ B+p2 B+ 252 Vﬁ 268+ p2% 1
26 + 57 B+28%+8°

The sequence of partitions is obtained by splitting at each step the longest
interval into 2 long intervals followed by an interval of medium length and by a
short interval. So at the first partition we split the unit interval into two intervals
of length 3, followed by one of length 32 and one of length 3. At the second step
we split only the first two intervals proportionally into two intervals of length 32,
one of lenght 42 and one of length 3%, respectively. The procedure goes on in
this way as for the classical LS-sequences.

The associated sequence of points is the sequence of left endpoints of the
intervals determining the sequence of partitions, where the order is determined
by Definition @l

Let us list the digit expansion of the first 10 positive integers and the corre-
sponding points of the sequence.
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(1) = ((1,0)) — 5

(2) = ((1,1)) - 2B

23) = ((1,2) — 26+ 6%
®(4) = ((1,0),(0,0)) - B

®(5) = ((1,0),(1,0)) - B+ 5%

<I)<6) = ((13 1)7 (030)) - 2ﬁ2§

o(7) = ((1,1),(1,0)) - B+28%
®(8) = ((1,2),(0,0)) - 267+ 5%
<I)<9) = ((132)7(130)) - ﬁ+252+ﬁ35
@(10) = ((1,0), (0,0), (0,0)) — 53.

REMARK 1. Let us point out the connection of the generalized LS-sequences to
the classical LS-sequences and van der Corput sequences:

The case k = 1: In the case k = 1 we have § = 1/L; and the numeration
introduced above is the usual Li-adic numeration. Indeed, let us note that
lp, =t, =T, = L} and in particular we obtain

N = Z(Q’Ti +nili1) = ZdiUi,
i=0 i=0
where d; = ¢; +n; € {0,1,...,L; —1}. A close look on Definition [ reveals

that in this case the generalized LS-sequence coincides with the van der
Corput sequence.

The case k = 2: In this case the generalized LS-sequence coincides with the
classical LS-sequence. Let us note that in the case k = 2 we have that
Tn = ln,l + ln72 = tn, i.e.,

n

N =) (aTi+nilin) =Y (eiti +nilia)

i=0 i=0
which corresponds to the numeration system introduced by Aistleitner
et.al. [2].

In order to give an estimate for the discrepancy, it is necessary to introduce
the notion of elementary intervals. An interval is called elementary if it is an
element of p7 | w for some n. Equivalently we can define elementary intervals

as all intervals of the form 1™ = €%, 1., .1, TB™) for some m, where

‘1)(.%' + lm_1,1) = ((1, 77m—1)7 ceey (607 770))

with 7,1 < Li. In particular, there exists an integer y < t,, such that
£, p, T B" =&, 1, Obviously, we may choose y = + lim—1,1 < t.
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The next step consists in finding a method to decide whether a point £ JLVI L
is contained in some given elementary interval or not.

k

LEMMA 4. Let N be a positive integer represented as in (6l) and let
L™ =167, 1€, n +6™)

be an elementary interval. Then
m—1

& o, €I if and only if x =Y (eT; +nilin)
i=0
is the truncated representation of N.
In addition let Aim)(N) = {l : I <N, §thn_7Lk IS Ig(cm)} and assume that

N=x+ Z(Esz + T]ili71).

Then

n—

m
Al™(N) = Z (€itmTi + Nitmlin) + 1,
i=0
where Ti_m =li—m,1 + -+ li_m,; such that j is the integer such that
€itl = = €45 = 0 and €itj+1 35 0.
Proof. Let N be of the form (@) and let =z = Z;’;Bl €T; + milin and
No =30 " €ivmTy + Nitmli1. Then by Definition @ we have that
N N
§L1,...,Lk = ffq,...,Lk + ﬁméLf,...,Lk ‘

Since the generalized LS-sequences of points only take value in the unit interval
and since two distinct points of a generalized LS-sequence with index strictly

less than [,,, ; differ at least by 8™, this implies the first statement of the lemma.
More precisely, it implies that

N=uz+ Z(Q’Ti +nilin)
has the same first m digits as ®(x), i.e., x is such that
<1>(x + lm—l,l) = ((17 nm—l)v ERR (607 770))

with n,,—1 < L; — 1. Finally, due to the restrictions on the digits ¢; and n; in
Lemma [3 we have that

N2 = Z <€i+mTi + ni+mli,1)
1=0
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with Ti_m = li—m1 + -+ li_m, ; such that j is the integer such that ¢; {1 =
- = €4+; = 0 and €441 # 0, counts all points fithk in the interval I\™
with <4 < N. Since &7, 1is the first point that hits the interval Ig(cm), the

last statement of the lemma is established O
. . Al (N)
Next we are interested in an accurate formula for —=5—=, where

E‘J[}’l,...,Lk € I.T(Em)

LEMMA 5. Let us assume that N has a representation of the form (@), and
assume that éijl,m,Lk c L(Um). Then we have

AM(N) . R
v Tt @)
where
k
R<1+ Aol + (28, + A0
j=2
and
¢
DY Lot Lo — 2|\
A= e IS Pl o B2l
=2,k 1— |57t

Remind that we assume that the polynomial LpX* + ... 4+ L; X — 1 has no
double roots and has only one positive root 5 < 1.

Proof. Using our assumptions and Lemma [l we can calculate the exact values
of A (N) and N. In fact, we have

n

N =x+ Z(Gzﬂ + T]iliJ) and A:(Cm) (N) = Z(eiﬂ_m + nili—m,l) + 1,

i=m i=m

In particular, if we write

k
T = ZBJ‘_iAj,iv
j=1

then we have

where Aj; = Xj1 + -+ Aj, for some integer 2 < ¢; < k depending on i.
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This yields
A (N) O (&Tim A Nilimma) + 1

N S (6T +milia) +x

=m
_ o (€M +nide 1) BT 4 Z§:2 Rj+1
B S (€M + mid )BT + 2?22 R;B™
where n
R; = (€l + 7h‘>\j,1)5j_i+m <A; for j=2,... k.
i=m

Further, note that
ﬁ m Z ezAl K + 777,)\1 z) —z+m + ZR]B

Therefore we obtain =™ i=2
m k » i+m m
A(x )(N) — ﬁ?’n + Z j =2 R Zz rn(E’LAl A + 771/\1 1)5 + Nﬁ
N N N
E 5 ,
—gm 4 2= Ry Z (€A1 F il )BT
N N N
S (€A A )BT+ 2522 Rj (;%) +zpf™
B N
—gm oy LR (1-(F) ) e
= ¥ .

Finally, we want to estimate 23" Since we assume that
\11_1(.’1,' + lm_171) = ((1, 77»,”_1), Ce ey (60, 1’]0)), with NMm—1 < Ll —1
we obviously have that

T <tmo1+ln-11(L1—1) <tp,
m

< Z|/\JO|

and therefore,

2™ < Aol + Z s, 0|

If we put all our results together and note that \1 — (B/B;)™| < 2 for each

positive integer m, we obtain the statement of the Lemma.

REMARK 2. We note that the only place, where we used the fact that the
polynomial Ly X"* +--- 4+ L1 X — 1 has no double zeros and all roots but one
have absolute value smaller than 1 is in the proof of Lemma Bl Let us note that
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dropping the assumption that there exists no double zeros would not change the
result. But, it would result in a slightly worse estimate for R and more technical
difficulties in the course of the proof. For the sake of simplicity we stick with the
case of simple zeros.

Further, let us note that assuming that all roots but one have an absolute
value < 1 would result in an estimate of the form

IR| < (log N)*CL,...1es

where A is the number of roots with absolute value = 1 counted with multi-

plicities and Cr, .. 1, is some constant depending on the k-tuple (L,..., Lg).
Plugging this bound into the proof of Theorem [2] we would obtain
(10g N)A-i-l
DN(gil,m,Lkv5%1,.‘.,Lk7 ce 752\]1,‘.‘,&@) < CLlp-'yLK T

In case that Ly X* +---+ L1 X — 1 has more than one root with an absolute
value > 1 the bound of the discrepancy would be only of the order N2 for some
B < 1. Let us note that similar observations have been made by Carbone [4]
in the case that k = 2.

In the next section we compute the discrepancy of classical LS-sequences.
To do so we need the following Lemma proved in [2, Lemma 6] which is more
precise than Lemma Bl

LEMMA 6. Assume that N has a representation of the form (@), and assume
that EJLV’S e I™ . Then we have

ATV(N) . RO (=88)™) +1—ap™
N "+ N ) (8)
where .
R=> (e +mih)(-8B) ™
with o

—L—-25+VIL*+4S N _ —L+VIL*+48
WIZ+45 W s

Moreover, R can be estimated by

™ =
1—(S n—m+1
|R| < max{|m|, |1 +(L+ S — 2)/\1\}%

if SB# 1 and
|R| < max{|m|, |1 + (L + S —2)A1|} max{n —m + 1,0}

if S =1.
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3. Discrepancy bounds for classical LS-sequences

This section is devoted to the explicit computation of the discrepancy of
classical LS-sequences with the aim proving

THEOREM 1. Let (fz,s)nel\f be a classical LS-sequence of points with L > S.

Then
log N R B
DN(gi,Svgi,Sw-wfﬁs)SW(2L+S—2) (m+1> +N (9)
with
R =max{|n|,|r + (L+ S — 2)A[}
and

B:(2L+S2)<1_RSB+1>+2.

Proof. Let &} ¢,&7 g,...,&L g be the first N points of the sequence (£} g)nen
and take n such that t,, < N < t,4+1. Consider an arbitrary subinterval [z,y)
in [0,1[. We want to estimate the number of points among &} ¢,¢% g,---,&0 g
which lie in the interval. To do so we approximate the interval [z, y) from above
by elementary intervals of length at least 37" and apply (B) to each interval.
The points x and y belong to some interval determined by the nth partition,
respectively. In particular, let us assume that x lies in an elementary interval
[z”,2") and y lies in an elementary interval [y, y”) of length ", respectively.

We approximate the interval [z, y) from above, i.e., we try to cover the interval
[#',y") C [z,y) by as few as possible, disjoint elementary intervals of length at
least B"*1. Starting from the point 2’ we move to the right in order to reach
the point 3" with steps of variable length. By the definition of our LS-sequence
there is an integer 0 < ¢ < L — 1 such that 2} = 2’ + 8™ + Sp"*! is the left
endpoint of an elementary interval of length at least 4™t > B"~!. In case that
y' < x| we have found our covering. On the other hand there exists an integer
0 < ¢ < L -1 such that y; =y’ — ¢f" is the right endpoint of an elementary
interval of length at least 37~ !. Hence we are left by the problem to cover the
interval [z, v}) by as few as possible, disjoint elementary intervals of length at
least ™. It is now easy to see by induction on n that [2/,y") is covered by at
most 2L + S — 2 disjoint elementary intervals of length 32, ..., 3", respectively
and at most S intervals of length 87! and L intervals of length j3.
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Let Ay y(N)=4{l : I<N, flL’S € [x,y)}. Since by construction there are no
&5 € 2',x)Uly,y') with I < N we obtain by Lemma [f]

Ap (N . / / AN
(y—x)—% §|$—x\+\y—y|+(y_x)_$’
n+1 m (10)
<26+ (2L+85-2) ) R(l—(—;ﬁ) J+1|
m=0

where we used the inequality

121 28" >1—1,8"=1-X— M (=SBH)™ >1—-Xg— A1 =0,

where

L+VI?+48
2VIZ+4S
In order to establish Theorem [I] we are left to estimate the sum in (I0)). Since
|R| < RGO e find

lm = lm71 = Aoﬂm + Al(*Sﬂ)m and )\0 =

1-(SB)
n+1 n+1 —
m - (1-(=58)™@A - (Sp)"—™*)
R(1—- (=S <R
> IR0 (50| SRS e
n+1
= (14 (SB)™ @A = (S~
R
S - (59)
< (n+ Z)R
= 1-398
Since 87" < t, < N, we get n < 22 and we obtain Theorem [II O
B , we g 3

As an example we can compute the discrepancy of a particular LS-sequence
obtained by taking L = S = 1. This sequence, also called Kakutani-Fibonacci
sequence, has been also analysed in detail in [, 9] in the frame of ergodic theory
where it has been shown that it can be obtained as the orbit of an ergodic
transformation.

Take L = S = 1, then by Theorem [Il we have that

logN  3.139
DN(&%,I)&%D"')&?KI) < 2.366 N +T
In the case that L = 10 and S = 1 we obtain
logN  22.02
Dn(&1o,15&0,15 -+ > &10,1) < 8.66 +—

N N

In particular we obtain
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COROLLARY 1. Let S be fized and assume that L is large. Then we obtain

NDN(&] 5---5€Dg) 2L

11m ~
N—o0 log N log L

as L — oo.
Proof. By the formula given for R in Lemma [ and since g = =Ltv/L2+4S 352“5
we obtain that R ~ S3 ~ S/L hence

2L R

+S R T1) ~ 2L

[logB| \1—-58 log L

as L — oo and S is fixed. O

REMARK 3. One can rather easily improve our bound for the discrepancy by a
factor 1/2. This can be done by balancing our choice of the intervals that cover
[z,y). Let us assume that x’ is the right endpoint of an interval of length g™
and let us assume that z’ lies nearer to the right endpoint z) than to the left
end point. We go from z’ to the right instead to the left and proceed in this
manner. We need fewer intervals (roughly 1/2-times fewer) to cover the interval
[, y"). We did not work out the details for this improvement, since the paper is
already rather technical and this approach would further increase the technical
difficulties.

REMARK 4. Faure [§] (see also [12], page 25]) obtains the upper bound

NDy (&,--:€2) L
N—oo log N 4log L

if L is large, where &, denotes the van der Corput sequence for base L. This
shows that our approach gives up to a factor 8 (respectively 4 considering the
remark above) a similar main term for the discrepancy as one obtains for the
van der Corput sequence.

At the end of this section we want to compare our approach to obtain ex-
plicit bounds for the discrepancy of LS-sequences to the approach due to Car-
bo ne []. Therefore we give explicit bounds for the star-discrepancy of the
Kakutani-Fibonacci sequence of partitions Dj (pt ;) and of points D3 (£1 ),
where

t
1 & )
DX (p},) = su —g 1 1) —bl.
n(Pl,l) ogb1§)1 i — [O,b)(él,l)
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Following [4], in order to find upper and lower bounds for Dy, (p7 ;), we need to
estimate tn

_Z [Ob)gll 7

where b € (0,1). Let [p{"™", bén_l)) be the interval of p}'7" containing b. Since
the number of points of p’fil contained in [bgn_l),bgn_l)) is 1 if this interval is
a short one, and it is 2 if it is a long one, we have

t’ll tn

1 n—1
—Z 0.6)(&1) — St— Lo s (511)*19( )
n =1
1 & 2
n—1
<D ey E) 0TV =
and
1 tn 1 tn
; n—1
i Z 1[0,b)(§1,1) —b= t [0 b{m )y (f1 1) bé :
=1 ™ oi=1
1 & 2
n 1
n i=1 n

We will estimate Dy, (pf ;) evaluating

tn

% n—1
Zl[O,bfj_l)@l,l) - bfg ) for k=1,2,

i=1

using () and ([I2)). For this purpose, it will be convenient to represent [0, b,(cn_l))
(denoted by [0,5"~1)) from now on) as union of consecutive intervals of the
partitions PZ1],1 for p < n — 1. Consider [0,b) as a union of intervals defining the
pth partitions p‘il, for p < n — 1. Therefore let us count how many consecutive
intervals I{,1;,...1}, of pj, are contained in [0,b). Now, we count how many

consecutive intervals 112,122,. .I2,, of pi, are contained in [0,b) \ J;2 I} and

so on. Of course, it may happen that mj; = 0 for some k. Going on with this

procedure we get
U—If-l omU(U )
i=1

=1

Thus

Q (U ) . (13)
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In particular, we need to compute m,. Since L = S = 1, we have that if I} =

L®) = 1P then I'UIY = 17~ for some i, and if I’ = IY = L<P> then IV =

S(p 1

We denote by L(p) respectively S() some long respectively some short 1nterval
in the pth partition step. In particular, this shows that m, = 1. Thus there are
no consecutive intervals of the same partition. Recall [4, Equation 5-6], that is

for n > p,
o t B
= Z L, (€10) = AlLy) = F=5 = B = == (=8B)"((=$8)"
d

an . t .

= Z L, (€1,1) = A(Sp) = =2 = 871 = == (=58)"((=98) "~

where
_8p-sp oo V-1
“aase MM P

Thus, we can write:

t

1 = 1 n—
. D g pemeny (&) = b
=1

1 & .
= t_ 1u;”=—11[p<§§,1 )‘( v 1]}0)
=1
n—1 1 tn
=S (F X e )
p=1 " i=1
n—1 tn
< Zlum (&) — (L(p))>
p=1
ﬁP
tn—p
_1B =B N _gyr_ g
=1 E A AT -]

B8, BB - 1-pn
‘t e e R e

,ﬁp%

t— Bp-i—l) )

( ) n non n
g (P (A = B4 (<8814 B) - (-)"),
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By considering separately the case that n is even and the case that n is odd,
one gets the following upper and lower bounds:

n=2h,h>1
1 (-1
on (14 52)

(5 5 _ 52h+2 _ ﬁ2h)

ton

Zl[o pean—1) (&1 1) = bV

1 (8-1)
tan, (1 + 2)

| /\

IN

(6276+B4h+ﬂ4h+1)~
n=2h+1,h>1

1 (B=1) /0 4 sahi2  pan+s
tont1 (1+ 52) (6 P=F B )

1 top41
1 ( _ b(Zh)
T topt 1221 [O,b(2h))(§171)
1 (B-1)

2 2n+3 | a2kl
_t2h+1(1+52)(ﬁ P+h +h )

Now, from () and ([I2)), we have

B (B-=1) o _ p2h+42 _ 2R
2+(1+52)(5 -B-=p B*")
tan
< toy, Li%p1;1[0b (&) —
(B-1) _ 4ah 4h+1
§2+(HBZ)(6 B+ 8+ g,
and
o B=1) s o canye pants
2+(1+ﬂ2)(6 -B-p g
ton4+1
< topt1 021;21 ; 1[O,b)(€i,1) - b]
(B-1) o 2h+3 2h+1
§2+<1+52)(5 B+ B3 4 g2y
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Since § < 1, the following limits exist:
i 2 5 a2h42 a2k
Jim_ (B#—-B-p ")
— lim (52 o B o ﬁ4h+2 o B4h+3) _ 62 o 57
h—o0

and

lim (52 76+ﬂ4h +ﬁ4h+1)

h—o00

— lim (ﬁQ _ 5 _ ﬁ2h+3 +ﬁ2h+l) _ 52 _ ﬁ’

h—o0

so that the sequences of upper and lower bounds are bounded. Therefore, we
conclude that

Q
[\

C1 %

n

~+

n

with
c1 = —1.9348 and ¢y = 2.0652.

Now, let (,62 g)nen be the sequence of long intervals [,, of T s- Then it is possible
to bound its discrepancy (see [4, Proposition 3.4]) and obtain for S < L+ 1 and
every n € N

— < Dn(pfs) < 7, (14)

where ¢; and ¢y are constants independent of n. Furthermore, it can be shown
(see [4, page 843]) that if S < L+ 1, then

* N CQ+(L+S*2)62
Dy (&,s,n-afL,s) <2 NTlog 5| logN + (L + S —2),

where c; is the constant in the upper bound of D, (p} ) (see [4, Equation 29]).
Finally, plugging in L = S = 1, we can give an estimate for the discrepancy
of the sequence (&7 1)nen-
ca logN _ 2.0652 log N N 8.5833M .
|log 8| N [log 8| N N

Dy (&) <2
Let us point out that this result is in accordance with the following relation
Dy (zn) < Dn(zn) < 2Dy (240) ,

which holds true for every point set x1,...,znN.
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4. The Discrepancy of generalized LS-sequences

The aim of the present section is to provide bounds for the generalized-L.S-
sequences:

THEOREM 2. Let (521,'.‘,%)”61\1 be a generalized-LS-sequence of points. Then

DN(gil,m,Lkv “ee 752\]1,‘.‘,Lk) <
log(N + 1) — log | A1.08"| . (15)
: 2L L oo+ L —2)R
Niogg]  Co bttt hem Bk
where ~ k
R=1+Mol+> (205 + |0
=2
and ,
L il (L Ly — 2)
Aj = max [ 2051 Al + (Ly + -+ + L = 2)[ A
25 115,

provided N is large enough.

Proof. The proof of Theorem [2] runs along the same lines as the proof of
Theorem 1

As above we put n such that ¢, < N < t,41 and we consider an arbitrary
subinterval [z, y) C [0, 1) and approximate it from above by elementary intervals.
As in the LS-case we assume that = € [2”,2') and y € [y, y”) lie in elementary
intervals of length 8", respectively.

Let x| be the next left endpoint of an elementary interval of length at least
A"~ from 2’. We need at most Li + - -- + L;, — 1 intervals of variable length to
cover the interval [z, 2] ). Similarly we proceed for the interval [y],y’), where v}
is the nearest right endpoint of an elementary interval of length at least 571
lying left of y’. Obviously, we need at most L; — 1 elementary intervals of length
B™ to cover [y},y’). Similarly as in the proof of Theorem [I] we conclude that we
need at most 2L1 4 Lo + - - - + Ly, — 2 elementary intervals of each length 3 with
¢=1,...,n+k to cover [z, 1).

Using similar notations as in the proof of Theorem [[] and by Lemma [5 we ob-

tain
(y—z)— Lﬂ’}!\;]\])’ <lz—a|+]y -]+ ‘(y’ —1') - 7Am/,}!\}(N) (16)
<2B8"+(2L1+ -+ Ly —2)(n+ k)R,
where k
R=1+ Aol + > (28, +[Nol)
j=2
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and

Y4
Ao ma 122 gl (B + -+ L = 2) [N
T =2k 1— B,
Since [A1,0]8™" — 1 < t, < N, provided N is large enough, we get
< Log(N +1) —log |19

- |log 3]
and we obtain Theorem [21 O

Let us compute the discrepancy for a concrete example.

EXAMPLE 2. Let us consider the case of the LM S-sequence considered above
(see Example [Il), with L = 2 and M = S = 1. To ease the notations we write
lpn =lp1,mp = lp2 and s, = l,, 3. First we note that the roots or the polynomial
X3+ X? 42X — 1 are B ~ 0.393, f23 ~ —0.696 & i1.436. Moreover, we can
apply Cramer’s rule as in (B]) to compute the \;;’s, for 1 < j <3 and 0 <1i < 3.
Then by Theorem 2] we have that

log(N +1) | 1225173

D (68118 11+ E011) < 5145625 5

Finally, let us state the following remark.

REMARK 5. Let us note that the proof of Theorem [2 leaves a lot of room for
improvement. First, as already explained in Remark Bl by more carefully choosing
the intervals which cover [/, y’) we might replace the factor 2L1+Lo+- - -+ Lj—2
by something like Ly + Ly + - - - + Lj. Moreover, the estimates for A; and R in
Lemma [B] are rather rough and can be certainly improved in concrete cases.
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