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ABSTRACT. For a set A of positive integers a1 < az < ---, let d(A),d(A)

denote its lower and upper asymptotic densities. The gap density is defined as
An41
_ an

with d(A) = a, d(A) = 8 and A\(A) =~ for given o, B,y with 0 < a < B <1<xy

oo xa(n)
n=1 omn

A(A) = limsup,,_, o . The paper investigates the class G(a, 8, 7) of all sets A

and ay < 3. Using the classical dyadic mapping o(A) = , where xa

is the characteristic function of A, the main result of the paper states that the

o-image set 0G(«, 8,7) has the Hausdorff dimension
1
dim 0G(a, 8,7) = min{6(a),8(8), = max_5(0)},
Y o€lay,B]
where § is the entropy function
0(z) = —zloggx — (1 — z)logy (1 — ).

Communicated by Viadimir Baldz

1. Introduction

Let P and P, respectively, be the classes of all sets of positive integers and
of all infinite sets of positive integers. Each A € P, can be mapped onto a real
number p(A) € (0,1] via the map

o) = 3 X4l

2Tl
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x A being the characteristic function of A. The mapping is a bijection of P, onto
(0, 1]. Having a class A C Ps, we will denote by

eA={o(A) | Aec A}

the set of all images of elements of A.

By log we will always mean the binary logarithm. Recall that the entropy
function (of one variable) is the function defined on the interval [0, 1] by

d(z) = —zlogz — (1 — x)log(l — z) 0<x<1)

and 0(0) = 6(1) = 0, rendering the function continuous. It should be noted that
1

the function ¢ is monotonically increasing from 0 to 1 in the interval [0, 5] and
that §(1 — x) = 6(z) for all z € [0, 1].

For any set A € P and any n € N={1,2,...} we let

A" =ANn{l,...,n},
calling A™ the nth initial subset of A. Furthermore, we use the notation
A(n) = card A"
and
A(x) = A(|x]) for real x > 1. (1)

By |x] we mean the integer part of z.

We denote the lower and upper asymptotic density, respectively, by

d(A) = lim inf Aln) and d(A) = limsup Aln) .

n—>00 n n—00 n

Now we recall the concept of Hausdorff dimension of sets of real numbers.
Let A C R. For s > 0 and ¢ > 0 denote

H:(A) = inf{Z(bn —a,)® | AC U (an,by) and b, — a, < e for all n € N}.
n=1 n=1

Note that HZ(A) is decreasing with respect to ¢ which yields that the limit
HY(A) = lim HE(A)
exists and is called the s-dimensional Hausdorff measure of A. It is an exercise
(see, e.g., [1]) to show that there is a unique real number D € [0, 1] such that
H*(A)=occforall s <D and H?*(A)=0foralls>D.
The number D is called Hausdorff dimension of A and is denoted by dim A.
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In [3], Theorem 52, it is proved, among other results, that given any a and 3,
0<a<p<I1, the set

G(a, ) = {A € P | d(4) = o, d(A) = 8}
has an image set oG (v, 3) with Hausdorff dimension
dim oG (a, ) = min{5(a), 3(8)} (2)
In this paper we investigate the sets G(«, ) in more detail by introducing

the gap density A(A) as an additional parameter. As defined in [2], given any
set A={a1 <az <...} € Ps, we let

A(A) = lim sup (ntl ,

n—oo an

noting that A(A) may be infinite. Obviously, the gap density is related to the
lower and upper asymptotic densities by the inequality

Y

(A
(

For all o, 8,y with0<a<f<land 1<~ < g (with % = o0) we define
the class

~—

1 <A(A4) < for all A € P.

12
~—

G(a, B,7) = {A € P | d(A) = ,d(A) = B, MA) =~}

The aim of the present paper is to determine the Hausdorff dimension of the

2. Homogeneous and saturated classes

2.1. Notation

The following definitions and notation will be needed in our paper.

2.1.1.
For any class S C P we let
St={A" | Aec S} (n=1,2,...),

noting that S™ is a class of finite sets.
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2.1.2.

For any class S C P and any pair m,n with m < n, if T C 8™ is given,
we define the class

STy = J{Ses"|sm=1"}.
TeT

Hence S (T) is the class of all sets S € 8™ for which there exists a set T € T
having the same mth initial subset. We will call these sets S the descendants
of T in §™. We will write S)},(T) instead of S ({T'}).

2.1.3.

We define, for every nonempty class S C P,
1 ds”
(S) = lim inf wsralto

n—oo

Clearly, we always have 0 < ¢(S) < 1.

2.1.4.

As usual, we consider the basic dyadic intervals of order n,

k k+1
(2—n, +] (k=0,...,2" 1),

27’L
denoting the set of these 2" intervals by B™ and letting

B=|]JB"
n=1
stand for the set of all basic dyadic intervals.

2.1.5.
For T € P,, and n € N denote by

BT™) = {o(U) | U € P and U" = T} = (Z wl) §~xald) | 1
i=1 i=1

the element of B™ containing o(T'), being uniquely determined by the first
n binary digits of T'. Similarly, for any S C P, and n € N we let

B(s") = |J B(1™).

TeS
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Consequently, for every S C Py, and n € N; the relation oS C B(S™) holds.

Thus we have 00
oS () B(S™).

n=1
The classes S for which also the opposite inclusion holds will be of special
interest.

2.1.6.
For a class R = {R; | i € Z} with R; C R for every i € T we will write, as
usually, U R =U R,.
ieT
We will say that a class R covers a set A C R if

AcJr.
2.1.7.

We will call a class S C Poo saturated if oS = (,—, B(S™).

It will turn out that, for saturated classes G, it is relatively simple to determine
dim pG. But unfortunately, our classes G(«, [3,7) are not saturated. Indeed, since
the asymptotic densities (lower, upper and gap density) of a set A do not depend
on its initial subsets, each set oG (a, 3,7) is everywhere dense in [0, 1]. Therefore,
we always have

B(S") =(0,1] if S=G(a,p,7).
2.1.8.

A class § C Po will be called homogeneous if there exist a positive integer ng,
a constant x > 1 and a nondecreasing function

©: (0,00) = (0,00)

log ¢(n) = o(n) (3)

and for all m,n € N with ng < m < n < km, the inequality

such that

card S, (S) < ¢(m) card S, (T) (4)

holds for any choice of the sets S, T € S™.

Roughly speaking, this means the following: Considering any two subintervals,
I and J, of [0,1], the number of basic intervals of order n containing elements
from pS within both of them, increases, as n tends to infinity, with comparable
speed. (For explicit details see (I2) below.)
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ExAMPLE 1. Consider the system

if‘4(n0)

S:{AGPOO
no

1
> 3 for some ng, then n € A for all n > no}.

This system is not homogeneous.

2.2. Lemmas

The first lemma of this section is well-known and its simple proof follows from
Stirling’s formula.

LEMMA 1. For any « € [0, 1],

<L n J) _ 9@+ 4oy 0.
an

We will also need a simple modification of the previous lemma.

LEMMA 2. For any «, 8 € [0, 1] with o < 8 we have

[Bn] n

i=lan)
where w = MaX,¢(q,5 0(0)-
Proof. Inthe case a < % < B the result follows from Lemma[Iland inequalities

LAn]

9(3(3)+o(1))n :<LnT/L2J> <Yy (?) <o,

j=lan]
In the case a < 8 < % the result follows from Lemma [Il and inequalities

]
o(6(8)+o(L)n _ <Lﬁnnj> <y (") < 5n<w”nJ> _ 5(6(B)+o(1)n_

j=lan]

The case % < a < (B is analogous. O

LEMMA 3. Let ¢: (0,00) — (0,00) be a non-decreasing function such
that @) holds, and let r,s with 0 < r < s be real numbers. Then there exists
a real number ¢ > 0 and an ng € N such that

k—1
(1+q) " no(s = (1+q)r) > > logp((1+q)'ng) +k+3 (5)
=0

holds for all k € Ng. The number q can be chosen arbitrarily small and the
number ng can be chosen arbitrarily large.
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Proof. Choose ¢ > 0 such that ¢ = s — (1 + ¢)r > 0, and ng € N such that

3 i 10g<P(Vk:)+1<

ng > — an qc, (6)
C Vi

where v, = (14 q)*ng for every k € Ny. In this notation, denoting the left-hand
and right-hand sides of () by L(k) and R(k), respectively, we have to prove

that
k—1

L(k) = cvy, > Zloggp(w) +k+3=R(k).
i=0
Evidently,
L(0) = cny >3 = R(0) by (@).

Furthermore, for k € Ny, we have

AL(k) = L(k+ 1) —L(k) = c(Vg41 — V&) = cqug

and
AR(k) = R(k+1)—R(k) = 1+ log ¢(v) .

The second relation in (@) implies AR(k) < AL(k) for all k& € Ny, which
proves (B by induction. O

3. Computation of dimensions

LEMMA 4. For each nonempty S C P,
dim oS < «(S).

Proof. Tt is sufficient to show that for any r > «(S) and n > 0 there exists
a covering J of oS, consisting of countably many intervals J with length |J| < 7,

and furthermore,
> <1.

JeJg
To see this, first choose n € N such that, in the sense of 1.1
n>—logn and cardS™ < 2™, (7)

Let J ={B(T™) | T € 8}. Then J covers oS, |J| = 27" < n for every J € J
and using (), we obtain

SIr<2meT =1,

JeJ
which proves the lemma. O
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Our next goal is to show that under some additional conditions the opposite
inequality dim oS > «(S) also holds.

THEOREM 1. Let a nonempty class S C Po be saturated and homogeneous.

Then
dim oS = «(S) .

Proof. 1. Let us define the set

a

of all dyadic rational points in [0,1]. By Lemma [ it suffices to prove the in-
equality

beN,a=0,...,2b}

dim oS > «(S).

For technical reasons we are going to establish this at first for dim(pS U X)
instead of dim pS.

2. If «(S) > 0, let r < «(S) be an arbitrary positive real number. To prove
Theorem [ it is sufficient to find an > 0 such that no family J = (J,)
of intervals with |J,,| < 7 for every n € N and

Dl <1 (8)
covers oS U X. =t

Choose s € (r, L(S)). Let ¢>0 and ng € N be numbers guaranteed by Lemma[3]
with 14+¢ < k (k being the number from [ZT.8) and with ngy large enough
such that

card 8™ > 2°" (9)
for every n > nyg.

Now let a family J, satisfying (8) with n = 270, be fixed, and suppose
that its elements Jy, Jo,... are numbered so that |Ji| > |Ja] > --- We use the
notation

ne=|(1+9)"no|  (k=0,1,2,...).
For each k we define the symbols

jr=max{j eN|[J;| =27} and Jp={J,J2,..., ;. }.

Then Jk
L> Y Tf" = 2,
i=1
and thus we have, for each k € N,
card Ji = ji < 2"k, (10)
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ON HAUSDORFF DIMENSIONS RELATED TO DENSITIES

3. We are going to prove that J cannot be an n-covering of the set oS U X.
To do so we use the following procedure. For each index k we show that there is a
nonempty closed subset Vi of oSU X which is disjoint from all elements of Jj, , ,
and satisfies V, C Vi_1. Therefore, the intersection ﬂzozl Vj is nonempty and
disjoint from (J J.

In order to accomplish this we construct the sequence of systems of intervals,

Ty ={B(S)|SesS™} (k=0,1,2,...),

where B(S) denotes the closure of the interval B(S). Since there is a one-to-one
correspondence between the elements of S and the elements of Z;,, we have

card I, = card S"*. (11)
Define the sequence of systems of intervals,
U, = {M € T(Up—1) | M is disjoint from all elements of Jk+1}

(k =0,1,2,...). Here we let Zo(U-1) = Zp and denote the system of those
descendants (see 2I.2)) of Uy_1 which are contained in Z; by

T (Up—1) = {M Sy | there exists U € Uj_1 such that M C U}.

4. One can easily prove that the condition [{l) implies, for any 7 C 8™,
inequality

1 cardT
(ny) card S™x

card §;*+(T) > card 8"+ 1. (12)

Now we prove by induction that

card Uy, > cardZy, . (13)

k—1
28 T (na)
i=0

Since every element of Zy has length 27 and every element of J; has length
less than = 270 it follows that every element of J; can overlap with at most
two elements of Zy. Inasmuch as inequality (B with & = 0 implies the relation

(sng—1) — (rny +1) > sng —rnog(1+q) —2 >0,
it follows from (@) and (I0) that

1 1
cardUy > card Zo — 2 card J; > 3 card Zy 4 2570~ — grmtl 5 3 cardZy ,
which proves ([I3)) for k£ = 0.
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Assume (I3)) for some fixed k € Ny. Relations ([II]), (I2) and (3] imply

1 cardU,

dZ, > —
card Tyt (Uy) = o(ny) card Zy,

card Zy 41 > card Zy 41 .

k

2840 [T p(na)

=0

Since every element of 7y has length 27"#+1 and every element of Ji42\ Jk+1
has length less than 27"#+1 it follows that every element of Jy1o can overlap
with at most two elements of Zy1(Uy). Thus (@) and ([I0) imply

cardUyy1 > card T 11 (Ux) — 2 card Jyr2

1
> ———— card Ty — 22!

21 T (n4)
1=0

1 1
+1
> I CaI‘dIk+1 —+ k—QSnk-H — QT2

2k+2 H 90(”1‘) 2k+2 H @(nz‘)
i=0 =0

k
1 sngt1—k—2=3" logp(ni)
=— cardZy 41 + 2 =0 _ 9rnksa+tl

2k+2 H 90(”1‘)
i=0

1
> cardZy4q -

2k+2 H 90(”1‘)
i=0

For the last inequality we have used (Bl for k41 if k is the index under consid-
eration. Indeed,

k
<Snk+1 —k-2- Zlog <P(nz)> — (rnkge +1)
i=0

e R R R i E(CRR N

k
> (14 ¢)ngs —s — (14 ¢)*2nor — Zlogcp((l +q)'ng) —k —3
i=0
k
=(1+q) " no(s—(1+q)r) Zlognp (1+q)'no) — (k+1)—3+(1—3s)
=0

>1—5>0.
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This finishes the inductive proof of (I3]).
5. The system S being saturated by assumption, we have

N U BS) =0S.
n=1 Sesn

This and (I3]) imply that the sets
Vi=JUk coSUX  (k=1,2,...) (14)

form a decreasing sequence of nonempty closed sets in the compact [0, 1]. Hence
V =(Ng—; Vi is nonempty. In view of the definition of the classes U}, and the re-
lation (I4]) we have

D£V C(eSUX)\|JJT.
Thus
dim(pS U X) >r for every r < i(S)
and hence, since the set X is countable,
dim ¢S = dim(oS U X) > «(S),

which finishes the proof of Theorem [I1 O

EXAMPLE 2. Let A € Po.. We will show that the system
S={BeP|BcCA}

is homogeneous and saturated. The homogeneity follows immediately from the
fact that for any m < n and for every pair S,T € S™ we have

card 8" (S) = card S, (T) = 2crd(AN{m+1,m+2,...n})

To prove that S is saturated, choose any = ¢ ()2, B(S"). Then there is
n € N such that z ¢ B(S™). But this means that p~!(z) is not a subset of A,
consequently = ¢ oS.

Now the application of Theorem [I] implies that

1 ds”
dim ¢S = liminf M = lim inf
n—00 n n—r00 n

This result was first proved in [4].
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4. Main result

The main theorem of this paper is the following. (For definitions see the
introduction.)

THEOREM 2. Let o, 3,7 with 0 < a < <1< v and ay < B be given. Then
1
dim oG (e 8,7) = min{(a), 3(8), = max (o)}
Y o€lay,p]
The result can be stated more explicitely in the following way.
. § .
mln{é(a),@} ifay << %,
dim oG (e, 8,7) = { min{d(@),8(6), >} if ay <5 < B,
min{d(8), 2d(av)} if 5 < ay < B
Before proving the main theorem we construct a system of auxiliary sets
inductively. First we note that, using (2 and the fact that G(«, 5,7v) C G(«, §),

it follows immediately that the theorem holds if either « = 0 or § = 1. Thus we
assume 0 < a and 8 < 1 in the sequel, so having 1 < v < .

We will use the special classes Z(«, 3,7,0) C P defined as follows.
Let «, 8,7,0 be real numbers with 0 < a < ay < 0 < < 1. Construct
the sequences

(le]., b1:27 CIZL’Ylea d1:261,
am = (m~+1dm—1, bp=m+1)am, cm=I[Ym], dn=m+1cp,

(m=2,3,...). Let Z(«,3,7,0) denote the class of all sets A € P, such that,
for every m € N,

card(AN (dpm—1 + (k — 1)m,dpm—1 + km]) = [am], k=1,...,dmn_1,
card (A N (am + (k — 1)m, am + km]) = [om], k=1,...,0m,
AN (b, em] =10
and
card(A N (¢m + (k — 1)m, ¢ + km]) = |fm], E=1,...,¢m.
We call W the set of all endpoints of intervals mentioned in these equations.

LEMMA 5. All classes Z(«, 3,7,0) are homogeneous and saturated; moreover,

dim oZ (o, 3,7,0) = min{é(a),d(ﬁ), @} .
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Proof. 1. We consider «,f,7,0 to be fixed, writing Z(«,3,v,0) = Z.
The cardinality of the class Z%m-1 satisfies

1 < card Z9m-1 < 9dm-1
hence we have, as m — oo,
card Z%m-1 = 20(am)

Lemma [ implies that

dm—1
card 29 — card Z9m-1 . < m ) — 90(am)+(8(a)+o(1))mdm 1

lam]
and
. logcard Zm ) o(am) mdy, 1
lim —2——=— = lim (=" 4 (5 1)) mdn=1 _ 54y,
mgnoo A mgnoo( G +( (Cl{)+0( )) am > (a)
Similarly,
b a M\ olbm)+(5(0)+o(1)
card Z°™ = card Z9™ - — 90(bm o)+o(1))mam
lom]
and
. logcard Zbm o(by) mam\
A%Tn}@m< T (6(0) + o(1) G ) = 8(0)

One easily obtains the relation

. logcard Zem . logcard Zb d(o)
lim —=——— = lim =
m—o0 Cm m—o0 L’ybmJ ~y
Finally, we have
. log card Zdm
i == ——=9(8).
Let
Fn) = log card Z™ .

n

If restricted to the elements n of W, the function F(n) is monotone in each
of the intervals [dm—1,am], [@m,bm], [bm,cm] and [cp,dp] (m = 2,3,...).
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Therefore, it suffices to consider the points a,,, by, ¢m, dy, in order to determine
the liminf,, o F(n). We obtain

(2) = liminf w - min{a(a), 5(0), @ 5(5)}
_ min{d(a),é(ﬂ), @} |

2. Now we prove that the class Z is homogeneous. Choose positive sufficiently
large integers m,n such that m < n < 2m. Then there is a uniquely determined
integer k such that n € (di_1, dx]. The construction of the sequence (dj) implies
n > (k!)2, and consequently,

1
k< §logn < logm.

Now look at the construction of the class Z. Each of the intervals (dg_1, ax],
(ak,b] and (cg,dy] consists of many small blocks of k elements. The number
card ZP increases in each such block by a factor (LTkk J)’ where 7 is one of the
real numbers «, o, 8. Choose S,T € Z™ arbitrarily. Then, letting an inte-
ger p increase from m to n, both numbers card Z2,(S) and card ZF,(T) increase
by the same factor in each small block, except the first one (containing m).
Their increase may differ at most by the factor 2¥. Thus

card 21 (S) < card 21 (T) 2% < card 27 (T) 2'°8™ = card 27 (T) m .
Consequently, the class Z satisfies the definition of being homogeneous with

a suitable ng, K = 2 and ¢(m) = m.

3. We finish the proof of the lemma by showing that the class Z is saturated.
To do so, it is sufficient to show that for each £ € (0, 1]\ o2 there exists a positive
integer n such that £ ¢ B(Z™). Choose an arbitrary S € Z. Then a set T € Py
belongs to Z if and only if

cardT™ = card S™ holds for all n € W.

Choose a real number £ € (0,1]\ 02 and let Y = o7 (€). Then there exists
an integer n € W so that card Y™ # card S™. Consequently & ¢ B(Z™) and thus
Z is saturated. 0

Proof of Theorem 2. First we use Lemma [ to establish a lower bound
for dim oG(«, 3,7). For every o € [ay, 5] and A € Z(«, 3,7, 0) we have

d(A) =a, d(A)=p and IA)=7.
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Therefore, Z(«, 8,7,0) C G(a, B,7) and

dim oG(a, B,7) > dim pZ(av, 8,7,0) = min{é(a), 5(8), @} :

This holds for every o € [a, (], hence

dim oG(a, B,7) > min{5<a>, ()2 mox 6<a>} - (15)

Now we prove the opposite inequality to (IH). Since the relation

dim oG (e, 3,7) < min{d(a),5(B)}
follows from (2)), it is sufficient to show that, if 0 < o < ay < 8 < 1, then

1
dim pG(e, 8,7) < — max 0(o) = p. (16)
7 o€lev,f]

Properties of the function J, the assertion (2)) and the relation

G(a, 8,7) € G(a, B)

imply that this clearly holds in the case v = 1. Thus we assume v > 1 in the
rest of the proof.

To establish (@) it is sufficient to prove that, for each r € (u, 1), there exists
a positive constant C(r) such that, for every n > 0, there exists a sequence (J,,)
of intervals such that |.J,,| < n for every n € N, satisfying

0G(a, B,7) C U Jp, and Z |Jn|" < C(r).
n=1 n=1
So let 7 € (u, 1) be given. Choose the real numbers
se(p,r), o €(0,a), B €(B,1), ~e(l,y) and ¢>0

such that 1+ ¢ </,

q
4 1
T+ 4 r+s<0 (17)
and
max §(o) <A's. (18)

A
o[y 8+ 1]

The possibility of this choice is guaranteed by the definition of x4 and the conti-
nuity of the function 0.

Now letting o
C(r) = Z 22+(¢’q—r+s)(1+q)’“’
k=1
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we see by ([I7) that C(r) < oco. Let n > 0 be given. Take ng > —logn.
For each A € G(a, 8,7) denote by na > ng the least integer n such that

AN(n,y'n]=0 and o'y < @ <p. (19)

For each k € N we let v, = ng(1 + ¢)* and
Gr={A€G(a,8,7) | ¥na € e—1,vk)} .
Note that G(a, 8,7) = Up—; k. By definition there exists, for each set A € Gy,

an integer y y
m=nyu € { Ml —’“) (20)

’7, ’,y/
such that
a'y'm < A(m) < f'm.

Consequently, in the sense of (),

; 1 Vk—1

“7 o Sa’y’m<A(m)=A<—,> SA(m)‘F(%—m) <ﬁ'm+$—m.

Vi

Dividing by or we obtain

I VEe—1 v v, Vik—1
e _a"y’<A(,Y_’5)<B.Y_)7 ,Y/Q_ﬁ,+ q
Vi 1 Vi Vi - 1 ’
~ +4q 5 g +4q

Hence

1A
Vi ary / q
Al— | =0 for some o4 € B+ — .
<7,> Ak Ak <1+q B 1+q>

This yields, using (I8) and Lemma [2]

card gﬁ” < 27/3% = 25k (21)
First relation in (T9) with ([20) imply that for every A € G, we have

AN <V—’f,yk_1] =0.
Then (2I) implies that !

card gkka < olvel=lve—1] card gt:_m < QUe—Vk—1tl gsvk ol (sl vk

Thus we can cover the set oGy by at most 21+ (T intervals of length 2~ v
forming a family [J. Hence we have
S < ol (stig vk 9—rlve] < 92+ (vhg —r+s)no(1+a)",

JeTk
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The family J = J,—; Tk covers oG (o, 3,7) and satisfies the inequality

S < 222+(¢'(7—r+s)no(1+q)k <C(r).

JeJ

This implies (I0) and together with (1) finishes the proof. O
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