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ON HAUSDORFF DIMENSIONS RELATED TO SETS

WITH GIVEN ASYMPTOTIC AND GAP DENSITIES
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Dedicated to the memory of Professor Pierre Liardet

ABSTRACT. For a set A of positive integers a1 < a2 < · · · , let d(A), d(A)

denote its lower and upper asymptotic densities. The gap density is defined as

λ(A) = lim supn→∞
an+1

an
. The paper investigates the class G(α, β, γ) of all sets A

with d(A) = α, d(A) = β and λ(A) = γ for given α, β, γ with 0 ≤ α ≤ β ≤ 1 ≤ γ

and αγ ≤ β. Using the classical dyadic mapping �(A) =
∑∞

n=1
χA(n)

2n
, where χA

is the characteristic function of A, the main result of the paper states that the

�-image set �G(α, β, γ) has the Hausdorff dimension

dim �G(α, β, γ) = min
{
δ(α), δ(β),

1

γ
max

σ∈[αγ,β]
δ(σ)

}
,

where δ is the entropy function

δ(x) = −x log2 x− (1− x) log2(1− x) .

Communicated by Vladimı́r Baláž

1. Introduction

Let P and P∞, respectively, be the classes of all sets of positive integers and
of all infinite sets of positive integers. Each A ∈ P∞ can be mapped onto a real
number �(A) ∈ (0, 1] via the map

�(A) =

∞∑
n=1

χA(n)

2n
,
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χA being the characteristic function of A. The mapping is a bijection of P∞ onto
(0, 1]. Having a class A ⊂ P∞, we will denote by

�A = {�(A) | A ∈ A}

the set of all images of elements of A.

By log we will always mean the binary logarithm. Recall that the entropy
function (of one variable) is the function defined on the interval [0, 1] by

δ(x) = −x logx− (1− x) log(1− x) (0 < x < 1)

and δ(0) = δ(1) = 0, rendering the function continuous. It should be noted that
the function δ is monotonically increasing from 0 to 1 in the interval

[
0, 1

2

]
and

that δ(1− x) = δ(x) for all x ∈ [0, 1].

For any set A ∈ P and any n ∈ N = {1, 2, . . .} we let

An = A ∩ {1, . . . , n} ,

calling An the nth initial subset of A. Furthermore, we use the notation

A(n) = cardAn

and

A(x) = A(�x�) for real x ≥ 1. (1)

By �x� we mean the integer part of x.

We denote the lower and upper asymptotic density, respectively, by

d(A) = lim inf
n→∞

A(n)

n
and d(A) = lim sup

n→∞

A(n)

n
.

Now we recall the concept of Hausdorff dimension of sets of real numbers.
Let A ⊂ R. For s ≥ 0 and ε > 0 denote

Hs
ε (A) = inf

{ ∞∑
n=1

(bn − an)
s

∣∣∣∣ A ⊂
∞⋃

n=1

(an, bn) and bn − an < ε for all n ∈ N

}
.

Note that Hs
ε (A) is decreasing with respect to ε which yields that the limit

Hs(A) = lim
ε→0+

Hs
ε (A)

exists and is called the s-dimensional Hausdorff measure of A. It is an exercise
(see, e.g., [1]) to show that there is a unique real number D ∈ [0, 1] such that

Hs(A) = ∞ for all s < D and Hs(A) = 0 for all s > D .

The number D is called Hausdorff dimension of A and is denoted by dimA.
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In [3], Theorem 52, it is proved, among other results, that given any α and β,
0 ≤ α ≤ β ≤ 1, the set

G(α, β) =
{
A ∈ P

∣∣ d(A) = α, d(A) = β
}

has an image set �G(α, β) with Hausdorff dimension

dim �G(α, β) = min{δ(α), δ(β)} . (2)

In this paper we investigate the sets G(α, β) in more detail by introducing
the gap density λ(A) as an additional parameter. As defined in [2], given any
set A = {a1 < a2 < . . . } ∈ P∞, we let

λ(A) = lim sup
n→∞

an+1

an
,

noting that λ(A) may be infinite. Obviously, the gap density is related to the
lower and upper asymptotic densities by the inequality

1 ≤ λ(A) ≤ d(A)

d(A)
for all A ∈ P∞.

For all α, β, γ with 0 ≤ α ≤ β ≤ 1 and 1 ≤ γ ≤ β
α (with β

0 = ∞) we define
the class

G(α, β, γ) =
{
A ∈ P∞

∣∣ d(A) = α, d(A) = β, λ(A) = γ
}
.

The aim of the present paper is to determine the Hausdorff dimension of the
set �G(α, β, γ).

2. Homogeneous and saturated classes

2.1. Notation

The following definitions and notation will be needed in our paper.

2.1.1.

For any class S ⊂ P we let

Sn = {An | A ∈ S} (n = 1, 2, . . . ) ,

noting that Sn is a class of finite sets.
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2.1.2.

For any class S ⊂ P and any pair m,n with m < n, if T ⊂ Sm is given,
we define the class

Sn
m(T ) =

⋃
T∈T

{S ∈ Sn | Sm = Tm} .

Hence Sn
m(T ) is the class of all sets S ∈ Sn for which there exists a set T ∈ T

having the same mth initial subset. We will call these sets S the descendants
of T in Sn. We will write Sn

m(T ) instead of Sn
m({T}).

2.1.3.

We define, for every nonempty class S ⊂ P ,

ι(S) = lim inf
n→∞

log cardSn

n
.

Clearly, we always have 0 ≤ ι(S) ≤ 1.

2.1.4.

As usual, we consider the basic dyadic intervals of order n,(
k

2n
,
k + 1

2n

]
(k = 0, . . . , 2n − 1) ,

denoting the set of these 2n intervals by Bn and letting

B =

∞⋃
n=1

Bn

stand for the set of all basic dyadic intervals.

2.1.5.

For T ∈ P∞ and n ∈ N denote by

B(Tn) =
{
�(U )

∣∣ U ∈ P∞ and Un = Tn
}
=

(
n∑

i=1

χT (i)

2i
,

n∑
i=1

χT (i)

2i
+

1

2n

]

the element of Bn containing �(T ), being uniquely determined by the first
n binary digits of T . Similarly, for any S ⊂ P∞ and n ∈ N we let

B(Sn) =
⋃
T∈S

B(Tn) .
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Consequently, for every S ⊂ P∞ and n ∈ N, the relation �S ⊂ B(Sn) holds.
Thus we have

�S ⊂
∞⋂

n=1

B(Sn) .

The classes S for which also the opposite inclusion holds will be of special
interest.

2.1.6.

For a class R = {Ri | i ∈ I} with Ri ⊂ R for every i ∈ I we will write, as
usually, ⋃

R =
⋃
i∈I

Ri .

We will say that a class R covers a set A ⊂ R if

A ⊂
⋃

R .

2.1.7.

We will call a class S ⊂ P∞ saturated if �S =
⋂∞

n=1B(Sn).

It will turn out that, for saturated classes G, it is relatively simple to determine
dim �G. But unfortunately, our classes G(α, β, γ) are not saturated. Indeed, since
the asymptotic densities (lower, upper and gap density) of a set A do not depend
on its initial subsets, each set �G(α, β, γ) is everywhere dense in [0, 1]. Therefore,
we always have

B(Sn) = (0, 1] if S = G(α, β, γ).
2.1.8.

A class S ⊂ P∞ will be called homogeneous if there exist a positive integer n0,
a constant κ > 1 and a nondecreasing function

ϕ : (0,∞) → (0,∞)

such that
logϕ(n) = o(n) (3)

and for all m,n ∈ N with n0 ≤ m < n ≤ κm, the inequality

cardSn
m(S) ≤ ϕ(m) cardSn

m(T ) (4)

holds for any choice of the sets S, T ∈ Sm.

Roughly speaking, this means the following: Considering any two subintervals,
I and J , of [0, 1], the number of basic intervals of order n containing elements
from �S within both of them, increases, as n tends to infinity, with comparable
speed. (For explicit details see (12) below.)
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������� 1� Consider the system

S =

{
A ∈ P∞

∣∣∣∣ if A(n0)

n0
>

1

2
for some n0, then n ∈ A for all n > n0

}
.

This system is not homogeneous.

2.2. Lemmas

The first lemma of this section is well-known and its simple proof follows from
Stirling’s formula.

	���� 1� For any α ∈ [0, 1],(
n

�αn�

)
= 2(δ(α)+o(1))n as n → ∞.

We will also need a simple modification of the previous lemma.

	���� 2� For any α, β ∈ [0, 1] with α ≤ β we have

�βn�∑
j=�αn�

(
n

j

)
= 2(ω+o(1))n as n → ∞,

where ω = maxσ∈[α,β] δ(σ).

P r o o f. In the case α ≤ 1
2 ≤ β the result follows from Lemma 1 and inequalities

2(δ(
1
2 )+o(1))n =

(
n

�n/2�

)
≤

�βn�∑
j=�αn�

(
n

j

)
≤ 2n .

In the case α ≤ β < 1
2 the result follows from Lemma 1 and inequalities

2(δ(β)+o(1))n =

(
n

�βn�

)
≤

�βn�∑
j=�αn�

(
n

j

)
≤ βn

(
n

�βn�

)
= 2(δ(β)+o(1))n .

The case 1
2 < α ≤ β is analogous. �

	���� 3� Let ϕ : (0,∞) → (0,∞) be a non-decreasing function such
that (3) holds, and let r, s with 0 < r < s be real numbers. Then there exists
a real number q > 0 and an n0 ∈ N such that

(1 + q)kn0

(
s− (1 + q)r

)
>

k−1∑
i=0

logϕ
(
(1 + q)in0

)
+ k + 3 (5)

holds for all k ∈ N0. The number q can be chosen arbitrarily small and the
number n0 can be chosen arbitrarily large.
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P r o o f. Choose q > 0 such that c = s− (1 + q)r > 0, and n0 ∈ N such that

n0 >
3

c
and

logϕ(νk) + 1

νk
< qc , (6)

where νk = (1+ q)kn0 for every k ∈ N0. In this notation, denoting the left-hand
and right-hand sides of (5) by L(k) and R(k), respectively, we have to prove
that

L(k) = cνk >

k−1∑
i=0

logϕ(νi) + k + 3 = R(k) .

Evidently,

L(0) = cn0 > 3 = R(0) by (6).

Furthermore, for k ∈ N0, we have

ΔL(k) = L(k + 1)−L(k) = c(νk+1 − νk) = cqνk

and

ΔR(k) = R(k + 1)−R(k) = 1 + logϕ(νk) .

The second relation in (6) implies ΔR(k) < ΔL(k) for all k ∈ N0, which
proves (5) by induction. �

3. Computation of dimensions

	���� 4� For each nonempty S ⊂ P∞,

dim �S ≤ ι(S) .

P r o o f. It is sufficient to show that for any r > ι(S) and η > 0 there exists
a covering J of �S , consisting of countably many intervals J with length |J | < η,
and furthermore, ∑

J∈J
|J |r < 1 .

To see this, first choose n ∈ N such that, in the sense of 2.1.1,

n > − log η and cardSn < 2rn. (7)

Let J = {B(Tn) | T ∈ S}. Then J covers �S , |J | = 2−n < η for every J ∈ J
and using (7), we obtain ∑

J∈J
|J |r < 2rn2−rn = 1 ,

which proves the lemma. �
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Our next goal is to show that under some additional conditions the opposite
inequality dim �S ≥ ι(S) also holds.


���
�� 1� Let a nonempty class S ⊂ P∞ be saturated and homogeneous.
Then

dim �S = ι(S) .
P r o o f. 1. Let us define the set

X =

{
a

2b

∣∣∣∣ b ∈ N, a = 0, . . . , 2b
}

of all dyadic rational points in [0, 1]. By Lemma 4 it suffices to prove the in-
equality

dim �S ≥ ι(S) .

For technical reasons we are going to establish this at first for dim(�S ∪ X)
instead of dim �S .

2. If ι(S) > 0, let r < ι(S) be an arbitrary positive real number. To prove
Theorem 1 it is sufficient to find an η > 0 such that no family J = (Jn)
of intervals with |Jn| < η for every n ∈ N and

∞∑
i=1

|Ji|r < 1 (8)

covers �S ∪X.

Choose s∈
(
r, ι(S)

)
. Let q>0 and n0 ∈ N be numbers guaranteed by Lemma 3

with 1+ q < κ (κ being the number from 2.1.8) and with n0 large enough
such that

cardSn > 2sn (9)

for every n ≥ n0.

Now let a family J , satisfying (8) with η = 2−n0 , be fixed, and suppose
that its elements J1, J2, . . . are numbered so that |J1| ≥ |J2| ≥ · · · We use the
notation

nk =
⌊
(1 + q)kn0

⌋
(k = 0, 1, 2, . . . ).

For each k we define the symbols

jk = max
{
j ∈ N

∣∣ |Jj | ≥ 2−nk
}

and Jk =
{
J1, J2, . . . , Jjk

}
.

Then

1 >

jk∑
i=1

|Ji|r ≥ jk2
−rnk ,

and thus we have, for each k ∈ N,

cardJk = jk < 2rnk . (10)

148



ON HAUSDORFF DIMENSIONS RELATED TO DENSITIES

3. We are going to prove that J cannot be an η-covering of the set �S ∪X.
To do so we use the following procedure. For each index k we show that there is a
nonempty closed subset Vk of �S ∪X which is disjoint from all elements of Jjk+1

and satisfies Vk ⊂ Vk−1. Therefore, the intersection
⋂∞

k=1 Vk is nonempty and
disjoint from

⋃
J .

In order to accomplish this we construct the sequence of systems of intervals,

Ik = {B(S) | S ∈ Snk} (k = 0, 1, 2, . . . ),

where B(S) denotes the closure of the interval B(S). Since there is a one-to-one
correspondence between the elements of Snk and the elements of Ik, we have

cardIk = cardSnk . (11)

Define the sequence of systems of intervals,

Uk =
{
M ∈ Ik(Uk−1)

∣∣ M is disjoint from all elements of Jk+1

}
(k = 0, 1, 2, . . . ). Here we let I0(U−1) = I0 and denote the system of those
descendants (see 2.1.2) of Uk−1 which are contained in Ik by

Ik(Uk−1) =
{
M ∈ Ik

∣∣ there exists U ∈ Uk−1 such that M ⊂ U
}
.

4. One can easily prove that the condition (4) implies, for any T ⊂ Snk ,
inequality

cardSnk+1
nk

(T ) ≥ 1

ϕ(nk)

card T
cardSnk

cardSnk+1 . (12)

Now we prove by induction that

cardUk >
1

2k+1
k−1∏
i=0

ϕ(ni)

cardIk . (13)

Since every element of I0 has length 2−n0 and every element of J1 has length
less than η = 2−n0 , it follows that every element of J1 can overlap with at most
two elements of I0. Inasmuch as inequality (5) with k = 0 implies the relation

(sn0 − 1)− (rn1 + 1) ≥ sn0 − rn0(1 + q)− 2 > 0 ,

it follows from (9) and (10) that

cardU0 ≥ cardI0 − 2 cardJ1 >
1

2
card I0 + 2sn0−1 − 2rn1+1 >

1

2
card I0 ,

which proves (13) for k = 0.
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Assume (13) for some fixed k ∈ N0. Relations (11), (12) and (13) imply

cardIk+1(Uk) ≥
1

ϕ(nk)

cardUk

cardIk
card Ik+1 >

1

2k+1
k∏

i=0

ϕ(ni)

cardIk+1 .

Since every element of Ik+1 has length 2−nk+1 and every element of Jk+2 \Jk+1

has length less than 2−nk+1 , it follows that every element of Jk+2 can overlap
with at most two elements of Ik+1(Uk). Thus (9) and (10) imply

cardUk+1 ≥ cardIk+1(Uk)− 2 cardJk+2

>
1

2k+1
k∏

i=0
ϕ(ni)

cardIk+1 − 2rnk+2+1

>
1

2k+2
k∏

i=0

ϕ(ni)

cardIk+1 +
1

2k+2
k∏

i=0

ϕ(ni)

2snk+1 − 2rnk+2+1

=
1

2k+2
k∏

i=0

ϕ(ni)

cardIk+1 + 2
snk+1−k−2−

k∑

i=0
logϕ(ni)

− 2rnk+2+1

>
1

2k+2
k∏

i=0

ϕ(ni)

cardIk+1 .

For the last inequality we have used (5) for k+1 if k is the index under consid-
eration. Indeed,(

snk+1 − k − 2−
k∑

i=0

logϕ(ni)

)
−
(
rnk+2 + 1

)

=
⌊
(1 + q)k+1n0

⌋
s−

⌊
(1 + q)k+2n0

⌋
r −

k∑
i=0

logϕ
(⌊
(1 + q)in0

⌋)
− k − 3

> (1 + q)k+1n0s− s− (1 + q)k+2n0r −
k∑

i=0

logϕ
(
(1 + q)in0

)
− k − 3

= (1+ q)k+1n0

(
s− (1+ q)r

)
−

k∑
i=0

logϕ
(
(1+ q)in0

)
− (k+1)−3+(1− s)

> 1− s > 0 .
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This finishes the inductive proof of (13).

5. The system S being saturated by assumption, we have

∞⋂
n=1

⋃
S∈Sn

B(S) = �S .

This and (13) imply that the sets

Vk =
⋃

Uk ⊂ �S ∪X (k = 1, 2, . . . ) (14)

form a decreasing sequence of nonempty closed sets in the compact [0, 1]. Hence
V =

⋂∞
k=1 Vk is nonempty. In view of the definition of the classes Uk and the re-

lation (14) we have

∅ 
= V ⊂ (�S ∪X) \
⋃

J .

Thus

dim(�S ∪X) ≥ r for every r < ι(S)

and hence, since the set X is countable,

dim �S = dim(�S ∪X) ≥ ι(S) ,

which finishes the proof of Theorem 1. �

������� 2� Let A ∈ P∞. We will show that the system

S = {B ∈ P∞ | B ⊂ A}

is homogeneous and saturated. The homogeneity follows immediately from the
fact that for any m < n and for every pair S, T ∈ Sm we have

cardSn
m(S) = cardSn

m(T ) = 2card(A∩{m+1,m+2,...,n}).

To prove that S is saturated, choose any x /∈
⋂∞

n=1B(Sn). Then there is
n ∈ N such that x /∈ B(Sn). But this means that �−1(x) is not a subset of A,
consequently x /∈ �S .

Now the application of Theorem 1 implies that

dim �S = lim inf
n→∞

log cardSn

n
= lim inf

n→∞

log 2A(n)

n
= d(A) .

This result was first proved in [4].
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4. Main result

The main theorem of this paper is the following. (For definitions see the
introduction.)


���
�� 2� Let α, β, γ with 0 ≤ α ≤ β ≤ 1 ≤ γ and αγ ≤ β be given. Then

dim �G(α, β, γ) = min
{
δ(α), δ(β),

1

γ
max

σ∈[αγ,β]
δ(σ)

}
.

The result can be stated more explicitely in the following way.

dim �G(α, β, γ) =

⎧⎪⎪⎨
⎪⎪⎩
min

{
δ(α), δ(β)γ

}
if αγ ≤ β ≤ 1

2 ,

min
{
δ(α), δ(β), 1

γ

}
if αγ ≤ 1

2 ≤ β,

min
{
δ(β), 1

γ δ(αγ)
}

if 1
2 ≤ αγ ≤ β.

Before proving the main theorem we construct a system of auxiliary sets
inductively. First we note that, using (2) and the fact that G(α, β, γ) ⊂ G(α, β),
it follows immediately that the theorem holds if either α = 0 or β = 1. Thus we
assume 0 < α and β < 1 in the sequel, so having 1 ≤ γ < ∞.

We will use the special classes Z(α, β, γ, σ) ⊂ P∞ defined as follows.
Let α, β, γ, σ be real numbers with 0 < α ≤ αγ ≤ σ ≤ β < 1. Construct
the sequences

a1 = 1 , b1 = 2 , c1 = �γb1� , d1 = 2c1 ,

am = (m+ 1)dm−1 , bm = (m+ 1)am , cm = �γbm� , dm = (m+ 1)cm

(m = 2, 3, . . . ). Let Z(α, β, γ, σ) denote the class of all sets A ∈ P∞ such that,
for every m ∈ N,

card
(
A ∩ (dm−1 + (k − 1)m, dm−1 + km]

)
= �αm� , k = 1, . . . , dm−1 ,

card
(
A ∩ (am + (k − 1)m, am + km]

)
= �σm� , k = 1, . . . , am ,

A ∩ (bm, cm] = ∅
and

card
(
A ∩ (cm + (k − 1)m, cm + km]

)
= �βm� , k = 1, . . . , cm .

We call W the set of all endpoints of intervals mentioned in these equations.

	���� 5� All classes Z(α, β, γ, σ) are homogeneous and saturated; moreover,

dim �Z(α, β, γ, σ) = min

{
δ(α), δ(β),

δ(σ)

γ

}
.
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P r o o f. 1. We consider α, β, γ, σ to be fixed, writing Z(α, β, γ, σ) = Z.
The cardinality of the class Zdm−1 satisfies

1 ≤ cardZdm−1 ≤ 2dm−1 ,

hence we have, as m → ∞,

cardZdm−1 = 2o(am) .

Lemma 1 implies that

cardZam = cardZdm−1 ·
(

m

�αm�

)dm−1

= 2o(am)+(δ(α)+o(1))mdm−1

and

lim
m→∞

log cardZam

am
= lim

m→∞

(
o(am)

am
+ (δ(α) + o(1))

mdm−1

am

)
= δ(α) .

Similarly,

cardZbm = cardZam ·
(

m

�σm�

)am

= 2o(bm)+(δ(σ)+o(1))mam

and

lim
m→∞

log cardZbm

bm
lim

m→∞

(
o(bm)

bm
+ (δ(σ) + o(1))

mam
bm

)
= δ(σ) .

One easily obtains the relation

lim
m→∞

log cardZcm

cm
= lim

m→∞

log cardZbm

�γbm� =
δ(σ)

γ
.

Finally, we have

lim
m→∞

log cardZdm

dm
= δ(β) .

Let

F (n) =
log cardZn

n
.

If restricted to the elements n of W, the function F (n) is monotone in each
of the intervals [dm−1, am], [am, bm], [bm, cm] and [cm, dm] (m = 2, 3, . . . ).
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Therefore, it suffices to consider the points am, bm, cm, dm in order to determine
the lim infn→∞ F (n). We obtain

ι(Z) = lim inf
n→∞

log cardZn

n
= min

{
δ(α), δ(σ),

δ(σ)

γ
, δ(β)

}

= min

{
δ(α), δ(β),

δ(σ)

γ

}
.

2. Now we prove that the class Z is homogeneous. Choose positive sufficiently
large integers m,n such that m < n < 2m. Then there is a uniquely determined
integer k such that n ∈ (dk−1, dk]. The construction of the sequence (dk) implies
n ≥ (k!)3, and consequently,

k ≤ 1

3
logn < logm .

Now look at the construction of the class Z. Each of the intervals (dk−1, ak],
(ak, bk] and (ck, dk] consists of many small blocks of k elements. The number

cardZp increases in each such block by a factor
(

k
�τk�

)
, where τ is one of the

real numbers α, σ, β. Choose S, T ∈ Zm arbitrarily. Then, letting an inte-
ger p increase from m to n, both numbers cardZp

m(S) and cardZp
m(T ) increase

by the same factor in each small block, except the first one (containing m).
Their increase may differ at most by the factor 2k. Thus

cardZn
m(S) ≤ cardZn

m(T ) 2k ≤ cardZn
m(T ) 2logm = cardZn

m(T )m .

Consequently, the class Z satisfies the definition of being homogeneous with
a suitable n0, κ = 2 and ϕ(m) = m.

3. We finish the proof of the lemma by showing that the class Z is saturated.
To do so, it is sufficient to show that for each ξ ∈ (0, 1]\�Z there exists a positive
integer n such that ξ /∈ B(Zn). Choose an arbitrary S ∈ Z. Then a set T ∈ P∞
belongs to Z if and only if

cardTn = cardSn holds for all n ∈ W.

Choose a real number ξ ∈ (0, 1] \ �Z and let Y = �−1(ξ). Then there exists
an integer n ∈ W so that cardY n 
= cardSn. Consequently ξ /∈ B(Zn) and thus
Z is saturated. �

P r o o f o f T h e o r e m 2. First we use Lemma 5 to establish a lower bound
for dim �G(α, β, γ). For every σ ∈ [αγ, β] and A ∈ Z(α, β, γ, σ) we have

d(A) = α , d(A) = β and λ(A) = γ .
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Therefore, Z(α, β, γ, σ) ⊂ G(α, β, γ) and

dim �G(α, β, γ) ≥ dim �Z(α, β, γ, σ) = min

{
δ(α), δ(β),

δ(σ)

γ

}
.

This holds for every σ ∈ [αγ, β], hence

dim �G(α, β, γ) ≥ min

{
δ(α), δ(β),

1

γ
max

σ∈[αγ,β]
δ(σ)

}
. (15)

Now we prove the opposite inequality to (15). Since the relation

dim �G(α, β, γ) ≤ min
{
δ(α), δ(β)

}
follows from (2), it is sufficient to show that, if 0 < α ≤ αγ ≤ β < 1, then

dim �G(α, β, γ) ≤ 1

γ
max

σ∈[αγ,β]
δ(σ) = μ . (16)

Properties of the function δ, the assertion (2) and the relation

G(α, β, γ) ⊂ G(α, β)

imply that this clearly holds in the case γ = 1. Thus we assume γ > 1 in the
rest of the proof.

To establish (16) it is sufficient to prove that, for each r ∈ (μ, 1), there exists
a positive constant C(r) such that, for every η > 0, there exists a sequence (Jn)
of intervals such that |Jn| < η for every n ∈ N, satisfying

�G(α, β, γ) ⊂
∞⋃

n=1

Jn and

∞∑
n=1

|Jn|r < C(r) .

So let r ∈ (μ, 1) be given. Choose the real numbers

s ∈ (μ, r), α′ ∈ (0, α), β′ ∈ (β, 1), γ′ ∈ (1, γ) and q > 0

such that 1 + q < γ′, q

1 + q
− r + s < 0 (17)

and
max

σ∈[α
′γ′

1+q ,β′+ q
1+q ]

δ(σ) < γ′s . (18)

The possibility of this choice is guaranteed by the definition of μ and the conti-
nuity of the function δ.

Now letting

C(r) =

∞∑
k=1

22+( q
1+q−r+s)(1+q)k ,
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we see by (17) that C(r) < ∞. Let η > 0 be given. Take n0 > − log η.
For each A ∈ G(α, β, γ) denote by nA ≥ n0 the least integer n such that

A ∩ (n, γ′n] = ∅ and α′γ′ <
A(n)

n
< β′ . (19)

For each k ∈ N we let νk = n0(1 + q)k and

Gk =
{
A ∈ G(α, β, γ)

∣∣ γ′nA ∈ [νk−1, νk)
}
.

Note that G(α, β, γ) =
⋃∞

k=1 Gk. By definition there exists, for each set A ∈ Gk,
an integer

m = nA ∈
[
νk−1

γ′ ,
νk
γ′

)
(20)

such that

α′γ′m < A(m) < β′m .

Consequently, in the sense of (1),

α′γ′ νk−1

γ′ ≤ α′γ′m < A(m) = A

(
νk
γ′

)
≤ A(m) +

(
νk
γ′ −m

)
< β′m+

νk
γ′ −m .

Dividing by νk

γ′ we obtain

α′γ′ νk−1

γ′
νk

γ′
=

α′γ′

1 + q
<

A
(
νk

γ′
)

νk

γ′
<

β′ νk

γ′ +
νk−1

γ′ q
νk

γ′
= β′ +

q

1 + q
.

Hence

A

(
νk
γ′

)
= σA,k for some σA,k ∈

(
α′γ′

1 + q
, β′ +

q

1 + q

)
.

This yields, using (18) and Lemma 2,

cardG
� νk

γ′ �
k ≤ 2

γ′s νk
γ′ = 2sνk . (21)

First relation in (19) with (20) imply that for every A ∈ Gk we have

A ∩
(
νk
γ′ , νk−1

]
= ∅ .

Then (21) implies that

cardG�νk�
k ≤ 2�νk�−�νk−1� cardG

� νk
γ′ �

k ≤ 2νk−νk−1+1 2sνk = 21+(s+ q
1+q )νk .

Thus we can cover the set �Gk by at most 21+(s+ q
1+q )νk intervals of length 2−�νk�

forming a family Jk. Hence we have∑
J∈Jk

|J |r ≤ 21+(s+ q
1+q )νk 2−r�νk� ≤ 22+( q

1+q−r+s)n0(1+q)k.
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The family J =
⋃∞

k=1 Jk covers �G(α, β, γ) and satisfies the inequality

∑
J∈J

|J |r ≤
∞∑
k=1

22+( q
1+q−r+s)n0(1+q)k < C(r) .

This implies (16) and together with (15) finishes the proof. �
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