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ABSTRACT. Let n > 2 be an integer and denote by 6, the real root in (0, 1)
of the trinomial Gp(X) = —1 + X + X™. The sequence of Perron numbers
(0;1),122 tends to 1. We prove that the Conjecture of Lehmer is true for {65! |
n > 2} by the direct method of Poincaré asymptotic expansions (divergent formal
series of functions) of the roots 6n, zj n, of Gn(X) lying in 2| < 1, as a function
of n, 7 only. This method, not yet applied to Lehmer’s problem up to the knowl-
edge of the author, is successfully introduced here. It first gives the asymptotic
expansion of the Mahler measures M(Gy,) = M(0,,) = M(6; 1) of the trinomials
G, as a function of n only, without invoking Smyth’s Theorem, and their unique
limit point above the smallest Pisot number. Comparison is made with Smyth’s,
Boyd’s and Flammang’s previous results. By this method we obtain a direct
proof that the conjecture of Schinzel-Zassenhaus is true for {6;, ! | n > 2}, with
a minoration of the house IG?L and a minoration of the Mahler measure M(Gy,)
better than Dobrowolski’s one. The angular regularity of the roots of G,, near the
unit circle, and limit equidistribution of the conjugates, for n tending to infinity
(in the sense of Bilu, Petsche, Pritsker), towards the Haar measure on the unit
circle, are described in the context of the Erdds-Turan- Amoroso-Mignotte theory,
with uniformly bounded discrepancy functions.
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1. Introduction

We consider the family (G, (X))n>2 of trinomials G,,(X) = X” + X — 1 and
their reciprocal polynomials G (X) = X"G,,(X71) = —(X" — X"~1 —1). Let
0, n > 2, be the unique real root in (0, 1) of the trinomial G, (X) = -1+ X+ X"
By Smyth’s Theorem (Dubickas [DsI]), since the trinomials G,,(X) are not
reciprocal, the Mahler measure of GG,, satisfies

M(6,) = M(G,) >©=13247..., n>2, (1.1)

where O = 67 !is the smallest Pisot number, dominant root of the Pisot poly-
nomial X3 — X —1=—G%(X)/(X? — X +1). Lehmer’s Conjecture [Le] (Smyth
[Sy3]) asserts that there exists a constant ¢ > 0 such that M(«a) > 1 + ¢
for every nonzero algebraic number « which is not a root of unity (Blansky
and Montgomery [ByM]|, Dobrowolsky [Do2], Stewart [St]). Since the sequence
of Perron numbers 6,1, n > 2, tends to 1 when n tends to infinity (Lemma
2.2), the inequalities (LT)) imply that Lehmer’s Conjecture is true for the family
{601 |n>2} withc=0 —1.

Lehmer’s problem has a long history (Smyth [Sy3]). The search of a proof
of Lehmer’s Conjecture has led many authors to develop various technics for
obtaining a minoration of the Mahler measure, or equivalently the Weil height
in the classical context, or in a generalized context: e.g., polynomials (Amoroso
[A1], Borwein, Dobrowolski and Mossinghoff [BDM], Flammang [E], Rhin and
Smyth [RS], Rhin and Wu [RW], Silverman [Sn|), multivariate polynomials
(Boyd [Bo2], Schinzel [Sc3|, Smyth [Sy2]), algebraic numbers (Louboutin [Li]),
in abelian extensions (Amoroso and Dvornicich [AD], Amoroso and Zannier
[AZ2], Baker [BK]), limit points (Bertin et al [B-S], Boyd and Mossinghoff [BM],
Flammand, Grandcolas and Rhin [FGR]), using auxiliary functions and inter-
polation determinants (Cantor and Strauss [CS], Laurent [La2], Stewart [Stl,
Waldschmidt [W2]), elliptic curves and elliptic Mahler measures (Galateau and
Mahé [GM], Hindry and Silverman [HS], Laurent [La], Masser [Mal], Ratazzi
[Rz]), abelian varieties (David and Hindry [DH|, Rémond [Rd]), p-adic Mahler
measures (Besser and Deninger [BD]).

The objective of this note is to give a direct proof of Lehmer’s Conjecture for
the family {6, | n > 2} by using the (Poincaré) asymptotic expansions of the
roots 0,,, zj.n, of G, > 2 (Borel [BI], Copson [C], Dingle [Di], Erdélyi [E]), as a
function of n, j only (cf Section B]). Once these asymptotic expansions obtained,
other conjectures can readily be investigated (Section [Bl): (i) we will consider
Smyth conjecture for the trinomials G,, (of height 1) of small Mahler measure,
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(ii) we will obtain an effective minoration of the Mahler measures M(G,,), and
(iii) we will give a proof of Schinzel-Zassenhaus conjecture for {67! | n > 2} with

an explicit value of the constant in the minoration of the house |0, '] = 6, !.

Namel it
amely, we write 0, = D(0,) + t1(6r),

Re(zjn) = D(Re(zj,n)) + tl(Re(zj,n)),

Im(z;.,) = D(Im(zjm)) + tl(Im(zjm,)),
where “D” stands for “development” (or “limited expansion”, or “lowest order
terms”) and “t1” for “tail” (or “remainder”, or “terminant” in [Di]), and consider
the products

Mg, :=D(M(G,)) =D(0,)"" x  [[ Dzl

Zjm in |Z|<1

instead of M(G,,), as approximant value of M(G,,). Ideally each quantity should
be represented by “D” as an infinite sum, of infinitely many terms, for an exact
matching, and then with a tail “t]” equal to zero; but, in the way they are
obtained here (cf. in the proofs of Proposition B] and Proposition B4, these
terms “D”, if they were infinite, as asymptotic expansions of the variables n and
J, were divergent expansions. Divergence would be a problem. But the terminants
are readily obtained by the method; to overcome the difficulty of divergence, the
objective is to show that the control of the terminants (Dingle Chap. XXI
and XXII, “Theory of Terminants”) at a sufficiently high order, but not too
high, makes sense.

Proving Lehmer’s Conjecture for {6, | n > 2} amounts to (i) show that the
limited expansions D(6,,), D(Re(z;,,)) and D(Im(z;,,,)) can be “given a push”
up till an order (i.e., can be represented as sums of a sufficiently high number
of lower order terms) for which the tails

thn = M(Gn) — HGW,

satisfy lim,,_, 4o tlg, = 0, (ii) give an uniform lower bound > 1 to the approxi-
mant values IIg, . We will show more, namely that the two limits

lim Ilg, and  lim M(G,)

n—-+o0o n—-+o0o
exist, are equal and greater than ©.

Roughly speaking the n roots of G, are considered as n “bodies” as in ce-
lestial mechanics (in the so-called “n-body problem”), not linked by differential
equations of mouvement but only by the polynomial equation G, (z) = 0; and
we mimick here the strategy of H. Poincaré [P] to describe them in a “n-body
problem” using a sort or “theory of perturbations”, by divergent asymptotic ex-
pansions. It seems that this strategy has never been introduced as such, though
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divergent formal series were already shown to play a major role into many prob-
lems [BI]: cf the remarkable book “Divergent Series” by G.H. Hardy for instance.

This method of Poincaré asymptotic expansions is a direct attack of the con-
jectures (Lehmer, Schinzel-Zassenhaus), which does not make use of Smyth’s
Theorem (Amoroso [A2]). It amounts to study the geometry of the set of values
of Mahler measures M(G,,) and its limit points (Amoroso [AT], Boyd and Moss-
inghoff [BM], Dixon and Dubickas [DDs], Langevin [Lg], Smyth [Sy3]) by “con-
trolled” approximants. Theorem[LT]is obtained by this method of asymptotic ex-
pansions (in Section L2) and shows that the first derived set of {M(G,,) | n > 2}
is reduced to one element, 1.38135. ..

To confirm the relevance of the present method of asymptotic expansions,
with a control of the tails of the expansions, we prove Theorem [[I] in two
ways: by this method (Section E2)) and by using a method initiated by Boyd
with bivariate Mahler measures (Section [1]). In both cases, we obtain the same
value of the limit, called the limit Mahler measure of the trinomials G,,.

THEOREM 1.1. Let x3 be the uniquely specified odd character of conductor 3
(x3(m) = 0,1 or —1 according to whether m = 0,1 or 2 (mod 3), equiva-
lently x3(m) = (%) the Jacobi symbol), and denote L(s,xs3) = D om>1 %

the Dirichlet L-series for the character xs. Then

3V3
lim M(G,) = UL,
Jm  M(Gn) eXp( Pt X3)>

/3

= exp (%1 /O Log (2 sin (g)) dx) = 1.38135... = A. (1.2)

Whether A is algebraic or transcendental is unkown (Boyd [Boll). Another
question of Boyd [Bo()] is whether A belongs to the second derived set of the set
{M(B)} of Mahler measures of algebraic numbers. The value Log A, as Clausen’s
integral, is obtained by the Bloch-Wigner dilogarithm [Ln]. In Section B
we obtain the following asymptotic expansions of M(G,,) in a neighbourhood
of the limit Mahler measure A = 1.38135. .. of Theorem [[1]

THEOREM 1.2. Let ng be an integer such that 3 > ZﬂL%O”O, and let n > ng.
Then

M(G) = (  Jim_ M(G,) (1 o) £ 0 (%)ﬁ (13)

with the constant 1/6 involved in the Big O, and with r(n) real, |r(n)| < 1/6.
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In the sequel, we take ng = 18. Whether the coefficients r(n),n > ng are
negative or positive they would allow to prove Smyth’s Conjecture for the trino-
mials G,,; we recall Smyth’s Conjecture below, for general trinomials of (naive)
height 1 (Flammang [E]). However the coefficients 7(n) do not seem to be easily
computed by this method. We report in Theorem [[.3] the distribution of the val-
ues M(G,,) in a neighbourhood of A provided by the original method introduced
by Smyth and Boyd in [Bo3], in which the signs of the coefficients s(n) of the
second-order terms are accessible and computed.

CONJECTURE (Smyth). For all integers n > 4, k > 1 such that
ged(n, k) =1, k<n/2,

° M(z" + 2k 4 1) < A if and only if 3 divides n + k,

° M(z" — 2k 4 1) < A with n odd if and only if 3 does not divide n + k,

° M(z" — 2k — 1) < A with n even if and only if 3 does not divide n + k.

Smyth’s conjecture was recently proved by Flammang [F] for large n, using
similar techniques; see also Borwein and Straub [BS]. Even though the Lerch
transcendent function (or other transcendental functions) is used in the proof
of Theorem [[3] the values M(G,,) are all Perron numbers (Adler and Marcus
[AM], Dubickas [Ds5l).

Theorem is obtained by a method dedicated to the trinomials G,, while

Theorem [[L2] obtained by a totally different type of proof, independently, can
be generalized to other families of polynomials than {G,,}.

THEOREM 1.3. Let n > 2 be an integer. Then

M(-1+X+X") = (mEIEDOM(Gm)> (1 + % + O(n—3)) (1.4)
with, for n odd:
s(n) = V371/18 = 40.3023 ... ifn=1or3 (mod 6),
—/371/6 = —0.9069 . .. ifn=>5 (mod 6),
for n even:
s(n) = —\/37/36 = —0.1511.. .. ifn=0 or4 (mod 6),
| +V3B71/12 = 404534 ... ifn=2 (mod 6).

In the search of smallest limit Mahler measures, Smyth obtained that the
set of Mahler measures {M(«) | @ # 0 nonreciprocal algebraic number} admits
O as isolated infimum. Comparatively, the distribution of values of Mahler’s
measure for polynomials having coefficients in Z of bounded Mahler measure
is in general spread over larger intervals than a neighbourhood of an unique
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limit point (Chern and Vaaler [CV], Dixon and Dubickas [DDs|, Sinclair [Si]).
Corollary [[4] obtained by Smyth and Boyd’s method i.e., as deduced from
Theorem [[L3] or by the method of asymptotic expansions, shows that the con-
stant of Lehmer ¢ = © — 1 is reached only once.

COROLLARY 1.4. M(Ga) =051 =155 =1618..., M(G,) >M(G5) =63 =©
for all n > 3, with equality if and only if n = 5.

COROLLARY 1.5. Smyth’s conjecture is true for {G,, | n > 4}.

The method of asymptotic expansions does not seem to be powerful enough
for solving Smyth’s conjecture (i.e., Flammang’s Theorem) for k = 1, neither
probably for the generic three cases “n, k” in its statement (covering all cases
of trinomials of height 1). Comparing (L3)) and (I4), these two methods surpris-
ingly give rise to very different speeds of convergence towards the limit, simply
meaning that (3] underestimates it.

However the method of asymptotic expansions gives a new insight into the
problem of the minoration of the Mahler measure M(G,,). In 1979 Dobrowolski

[Do2] proved that ,
Log Logd
M(a) > 1+ (1—¢) <507gdg) ,d>dy(e). (1.5)

for any nonzero algebraic number « of degree d. From Theorem we obtain
the following minoration of M(6,,1) which is better than (L3).

COROLLARY 1.6.

A 1
- - = >nyp =2 .
M@0, ") > A 5 (Logn) , n>np =2 (1.6)

The value of n; is effective: for the small values of n, a numerical comparison
between Theorem [[L3 and the inequality (L6]) gives n; = 2. In (L) the expo-
nent of the denominator “Logn” is now “1” instead of “3”, where n = deg !
if n 25 (mod 6), and n = degf,; ' +2if n =5 (mod 6). That n is closely
related to the degree, but different in some cases, is common: quoting Wald-
schmidt in [W2l p. 90], “we insist that n is only an upper bound for the degree
of 01, and not the actual degree”. Minorations of the Mahler measure obtained
by several authors (Waldschmidt [W2| §3.6]) are discussed in Section [5.2]

Assume that L is a totally real algebraic number field, or a CM field (a totally
complex quadratic extension of a totally real number field); then for any nonzero
algebraic integer o € L, of degree d, not being a root of unity, Schinzel [Sc2]

obtained the minoration a2

M(a) > 6; (1.7)
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Here, from Theorem [[L2] the following theorem of Zagier [Za] which claims
M()M(a — 1) > 6,42

for algebraic numbers «, of degree d, a # 0, a # 1, a # H'Qﬂ, and
the improvment of the minoration of the Zhang-Zagier height by Doche [Del,
we readily obtain the following minoration.

COROLLARY 1.7. Let u =0 except if n =5 mod 6 in which case u = —2. Then

0;(n+u)/2

1
“l_1) > — >
e (1 GLOgn), n>2, (1.8)

with k = 1.2817770214/4/05 " = 1.0076708 . ..

The method of asymptotic expansions also gives a direct proof of the conjec-
ture of Schinzel-Zassenhaus (Section B3 Dubickas [Dsl], Schinzel-Zassenhaus
[SZ]) for {67 | n > 2} as follows

THEOREM 1.8. For alln > 2,
oll=0-1>1+ 5, (1.9)
n
with ¢ = 2(951 —1)=1.2360... reached only for n =2, and,

(LOg n) (1 _ Log(}osn)
o =0-1 > 1+ toen

n
The proof (Section [5.3)) of Theorem is a consequence of the asymptotic
expansion of #,, and does not invoke Smyth’s Theorem [SyI], which claims

Log©
Bl > 1+ OS

for any nonreciprocal algebraic integer (3, of degree n. For n large enough, assum-
ing true Lind-Boyd’s conjecture and Boyd’s conjecture (recalled in Section (.3)),
we show that 6, ! is a nonextremal Perron number: the minimum my(n) of the
houses of the algebraic integers of degree n is certainly smaller than the lower
bound given by (LI0), and the inequality (I0) corresponds to the asymptotic
excess of 01 off extremality in some sense. Another way for obtaining a minora-
tion of (the house of) @71, more classical, consists in deducing it from the Mahler
measure (L) and the inequality M(6, 1) < (9’1)n; we obtain the following:

n

=015 (o) 3 no (111)

(1.10)

6 \Logn/ n
The inequality (ILIT)) is but less good than (L) and (TLIQ) in Theorem [
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In Section [6] we consider the angular distribution of the conjugates of the
Perron numbers 6., L. n > 2, and their limit distribution on the unit circle.

For any Salem number o < 1.3, of degree 2d, of conjugates o', having
positive imaginary part, M.-J. Bertin [Bn| showed

= '
1 Z arg(a(”) > 0.96, d > ds.
j=1

In Subsection [6.1] we show that the same type of slight angular dissymmetry may
occur for the conjugates Zin ! of 1 which lie in the first quadrant, but in fact
it disappears when n tendb to 1nﬁn1ty

THEOREM 1.9. =
™
n)=-—=0. R 1.12
n—)+oo Eﬁ arg(z;, 1 0.785 (1.12)
with
L ) J 2
7 27 (LogLogn

For limit distributions of conjugates, we show that the method of bivariate
Mahler measures, or equivalently the method of asymptotic expansions of the
roots of G, as a function of n, j, allows to determine the limsup of Mignotte’s
discrepancy functions for the trinomials G, in the Erd&s-Turdn-Amoroso-

Mignotte (ETAM) theory (Theorem [6)). On the other hand, from Theorem [IT]
and Theorem [[L2 we deduce the asymptotic expansion of the Weil height of

h6,') = = (3\—fL(2 X3)+O( ! )) (1.14)

n Logn

and therefore lim,, oo k(0 }) = 0. As a consequence the limit distribution of the
conjugates of 0,71 is given by Theorem B2 as an analogue of Bilu’s equidistri-
bution Theorem of small points on the 1-dimensional torus.

NotaTIONS. Let P(z) be a polynomial € Z[z], and n = deg(P). The recip-
rocal polynomial of P(z) is P*(z) = z"P(1). A polynomial P is a reciprocal
polynomial if P*(z) = P(z). The opposite of the reciprocal polynomial:
~G%, of G,, is the Parry polynomial of 6,! (Verger-Gaugry [VGI).
If P(X) =ao H?’Zl(X — «;j) is a polynomial of degree n > 1 with coefficients
in C, and roots o, the Mahler measure of P is

= Jao| J ] max{1,ayl}.

j=1

86



CONJECTURE OF LEHMER, ASYMPTOTIC EXPANSIONS OF THE MAHLER MEASURE

The Mahler measure of an algebraic number is the Mahler measure of its
minimal polynomial. Related to the Mahler measure of an algebraic integer « is
[al, the house of «, defined as the maximum modulus of its conjugates, including
« itself. A Perron number is either 1 or a real algebraic integer # > 1 such that
the Galois conjugates 0, i # 0, of 0(9) := 9 satisfy: ‘H(i)‘ < 6. A Pisot number
is a Perron number > 1 for which |0(i)| < 1 for all i # 0.

Let A be a countable subset of the line. The first derived set of A is by the
definition the set of the limit points of nonstationary infinite sequences of el-
ements of A. The second derived set of A is the first derived set of the first
derived of A. Recall that the smallest element in the first derived set of the set
of Pisot numbers is the golden mean ;' = (1 + 1/5)/2 (Bertin et al. [B=9]).
In particular, if A is the set of Mahler measures of algebraic numbers (in the
algebraic closure Q C C of Q), then Lehmer’s Conjecture implies that 1 does not
belong to the first derived set of A. For 2 > 0, Log T2 denotes max{0, Logz}.
Let F be an infinite subset of the set of nonzero algebraic numbers which are
not a root of unity; we say that the Conjecture of Lehmer is true for F if there
exists a constant cx > 0 such that

M(a) > 1+cr forall acF.

For instance, the Conjecture of Lehmer is true for the set of Pisot numbers,
and remains open for the set of Salem numbers. We use the same terminology,
i.e., “true for ...”, for the other conjectures: for the Conjecture of Schinzel-
-Zassenhaus, the Conjecture of Smyth, ...

2. Factorization of the trinomials —1 + X + X"

The factorization of G, (X) is more or less known since Selmer [Si]. For fixing
the notation and a simple, convenient, and coherent indexation of the roots, it is
needed under the form (215 in the sequel. The form (25 is justified below by
the Lemmas2.T0] 22l and the PropositionsZ3] Bl B4land Bl Summing in pairs
over complex conjugate imaginary roots, we write the factorization of G,,(X) as

L5
Gu(X) = (X =) [ [TX = 2) (X = Z50)| % aa(X), (2.15)

j=1
where 6, is the only (real) root of G,,(X) in the interval (0, 1),
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where
n—2
2
H (X = zjn)(X =Zjn)| X (X —22.,) ifniseven, with
J=1+1%
n(X) = zn , real < —1,
n—1
=
[[ -z -70) if n s odd,
J=1+1%]
where the index j = 1,2,... is such that z;, is a (nonreal) complex zero of

Gn(X), except if n is even and j = n/2, such that the argument arg(z; ) of z;
is roughly equal to 27 /n and that the family of arguments (arg(z;n)) 1<i<|n/2]
forms a strictly increasing sequence with j: -

0 <arg(z1,,) < arg(ze,n) < - <arg(z|z|,) <

For n > 2 all the roots of G, (X)) are simple, and the roots of G}, (X)), as inverses
of the roots of G, (X), are classified in the reversed order (see Figure [IJ).

1
oo oo
' ] ° ) ’ * ° L]
Py L ]
Py L]
L ]
W 05 .
s f ]
IS ]
[ ]
I 05 05 1o
4 { ]
¢ L ]
L ]
05 ‘
R [ ]
Q L ]
L ] . P
]
L ] . o ede . po L

FIGURE 1. The roots (black bullets) of G} (X) (represented here with
n = 51) are uniformly distributed near |z| = 1 according to the theory
of Erdés-Turdan-Amoroso-Mignotte. A slight bump appears in the half-
-plane R(z) > 1/2 in the neighbourhood of 1, at the origin of the dif-
ferent regimes of asymptotic expansions. The dominant root of G (X) is
the Perron number 6, 1 > 1.
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LEMMA 2.1. For alln > 2, all zeros zj , and 0,, of the polynomials G, (X) have
a modulus in the interval

2L 2Log2
ogn’ 14 og2|
n n

1—

(2.16)

Proof. Selmer [St, pp. 291-292]. O

The zeros of the trinomials G,,(X)lie at a distance of the unit circle |z|=1
which tends to zero with n tending to infinity due to the bounds @I6).
The lower bound is further improved in Proposition B and Proposition [3.4],
as a function of n and the index j of the root only, for those roots lying in the
unit disc. The coherency of the indexation of the roots of G,,(X) is made clearer
by Proposition B.7

LEMMA 2.2. (i) The trinomial G,,(X) admits an unique real root 6, in the
interval (0, 1). The sequence (6,,),>2 is strictly increasing, with

2
0y = =0.618..., and lim 6, =1.
2 1 + \/5 n—+oo
(ii) The root 6, is the unique root of smallest modulus among all the roots
of G, (X).

Proof. (i) For all n > 2, the derivative G/ (x) is strictly positive on [0, 1] and
the values G,,(0) = —1 and G, (1) = 1 are of opposite sign. Now 0,11 > 6,
since Gpi1(0y) = (0,)"*t + 60, —1 = —(0, — 1) < 0. The inequalities 0 <
0, < 0pt+1 < 1 imply that the sequence (6,,),>2 is increasing. By Lemma [2ZT]
using (ZTI4), we deduce that lim,,_, o 0, = 1.

(ii) Among the moduli of the roots of G,,(X) 6, is the smallest one: indeed,
for all n > 2 and all z such that |z| < 8, |Gn(2)| > 1—|2|—|2|" = =G, (|z]) > 0.
The uniqueness comes from Selmer [Stl pp 291-292]. O

As a consequence of Lemma 22 the dominant root of the reciprocal polyno-
mial G (X) of G,(X),n > 2,is 6;;! > 1: the other roots zj_}l,zj_}t of G (X)
satisfy |ZJ_71]| <0, for j € {1,2,...,[%]}. Therefore, 6! is a Perron number.

1

From Flatto, Lagarias and Poonen [FLP] the roots zy, and z;, are

the roots # 1 the closest to 1 and the alone second-largest roots of G (X).
Proposition extends Lemma (ii) and by providing a complete
classification of the roots of G,,, lying in |z| < 1, by strictly increasing modulus.

The Pisot number (golden mean) 65 ' = %5

number in the family (6,,1),>2.

= 1.618...is the largest Perron
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PROPOSITION 2.3. Letn > 2. If n 25 (mod 6), then G, (X) is irreducible.
Ifn=>5 (mod 6), then the polynomial G,,(X) admits X? — X + 1 as irreducible
factor in its factorization and Gn(X)/(X? — X + 1) is irreducible.

Proof. Selmer in [Srl Theorem 3 | shows that either G,,(X) is irreducible, or
is the product of two irreducible factors, whose one is necessarily of the type
X2 - X +1=(X—e"™3)(X — e /3). A modulus equal to 1 for the roots
of G,,(X) can occur only for z = e™7/3, Tt is easily seen that this is possible
only in the case n =5 (mod 6). O

3. Poincaré asymptotic expansions of the roots

In the calculation of the Mahler measure of the trinomial G,,, n > 2, only one
part of the roots of G,, is required, since M(G,,) = M(6,,!) = M(6,,) : those which
lie inside the closed unit disc, or equivalently, those which lie outside the closed
unit disc. We will consider those which lie inside the closed unit disc: they will be
characterized by a real part greater than 1/2 (PropositionB.7). The idea followed
here consists in expanding asymptotically 6,, and those roots z; , of G, (X) for
which R(z;,) is strictly greater than 1/2 as a function of n, and j, at an order
which is sufficiently high, in order to make precise calculations with approximant
values. The others roots z;, for which 0 < R(z;,) < 1/2 will also be consid-
ered, in particular for studying how {z;,} are dispatched in the neighbourhood
of /3,

The expressions of the asymptotic expansions given below come from the
iterative resolution of the equation G,(z) = 0, starting from the coefficient
vector (—1,1,0,0,...,1) of G, with common height equal to 1 (for all n > 2),
of length n + 1: cf Remark B3] for precise statements.

The terminology order in a given asymptotic expansion comes from the gen-
eral theory (Borel [BI], Copson [C], Dingle [Di], Erdélyi [E]); the approximant
solutions of G, (z) = 0 which arise naturally correspond to order 1. The solutions
corresponding to order 2 are obtained by inserting the order 1 approximant solu-
tions into the equation G,,(z) = 0, for getting order 2 approxzimant solutions, and
so on. The order is defined as the number of steps in this iterative convergence
process. Ideally, exact expressions of the roots of G,,, as (infinite) asymptotic
expansions of the variables n and j, can be obtained by iterating indefinitely this
process. However, it would be a formidable task to do so, and stopping at an
order sufficiently high is suitable for making calculations, increasing relevance
of this iteration over a few steps.
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The theory of terminants has a long history, refers to the use of divergent
series, at least since Euler, and Poincaré for the many-body problem in celestial
mechanics, and to asymptotic expansions of many various types (Borel [BI],
Dingle [Dil Chap. XXI]).

For the roots of G,, which lie in |z| < 1, we generically write their asymptotic
expansions under the following form:

0, = D(6,) + t1(0,,), (3.17)

Re(zjn) = D(Re(z;n)) + tl(Re(25,0)), (3.18)

Im(z;,,) = D(Im(2j,n)) + t1(Im(z;,)), (3.19)

where “D” and “t]” have the meaning given in the introduction. Instead of con-
sidering the “exact” product /6]

M(Gn) = 0,0 T lzinl 2

we consider the approximant products =1
[n/6]

Mg, = D(0,)"" x [] DUzl (3.20)
j=1

in which the Ds’ are expanded at a sufficiently high order, and where the in-
dex j allowing the enumeration of the roots, and its maximal value |n/6], is
justified by Proposition B7} We are bound to work with expressions of D(6,,),
D(Re(zj,)) and D(Im(z;,)), limited to sums of a few terms. Reaching an high
order in the expansions is somehow lengthy but allows to control better the
smallness of the tail He, = M(Gn) —Tlg,

in the asymptotic expansion of the Mahler measure.
Table[l] (the page[02)) reports the state of the art for the expressions “D” and “t1”.

The basic questions are the following:
(i) Whether the family (Ilg, )n>2 is such that there exists b > 1 such that
b<Ilg, forall n>2. (3.21)
(ii) Whether liminf IT¢, exists.
n—-4oo
(iii) Whether the limit lim,,— 1o t1(G},) is equal to zero.

The expansions of the roots given by Proposition Bl and Proposition [3.4]
allow to answer positively to these questions (in Section and Section [{]).

Expanding 0,,, n > 2, by the method of Poincaré (in Proposition B1]) leads
to asymptotic expansions of 6,, as divergent formal series of functions of only
one variable: which is “n”, the degree of G,,.
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TABLE 1. Expressions of D(6,), D(R(zj,»)) and D(S(z;,»)) in Selmer [St]
and Flatto, Lagarias and Poonen [FLP|. They are limited to first order
terms, with focus on 6, and the root z1,, the closest to 6,. The interest
for the other roots zj,,2 < j < [n/6], seems to have been negligible since
no result has been found by the author.

D tail
D(6,)=1- Lo—fn not given [St, p 292]
D(0,) = 1 — LeanLosloan) | 10 (Loglogn) | [FLPL Lemma 5.1 (i)

27?2
n Log?n

o

LogLogn

n Log3n

)

[FLP| Lemma 5.3 (ii)]

27

D(S(21,n)) = Z [FLP| Lemma 5.3 (ii)]

o)

PROPOSITION 3.1.
Let n > 2. The root 0,, can be expressed as: 0,, = D(0,,) + t1(0,,) with

D(Gn):l—LOgn _( n — Logn )
n nLogn 4+ n — Logn
LogL L Logny _,
X ogLogn —n og(l— - )— ogn (3.22)
and

1 LogLogn ° . ; .
1 n)=—— _— y 1 2 . 2
t1(6,,) - 0 (( Togn ) ) with the constant 1/2 involved in O (). (3.23)

Proof. Let us put 6, =1 — £ with 0 < ¢ < n. Then

t t\"

. (1 - _> |

n n
Let us show that ¢ < Logn. Let g(xz) = ze® be the increasing function of the

variable z on R. The equation (Z24) implies £ = (1 — )" < e & g(t) < n.
Since n < nLogn for n > 3 and g(Logn) nLogn, we deduce the claim.

(3.24)

Taking the logarithm of ([B:24]) we obtain

t
n Log (1 — —>
n

143

3n2

1¢2

2n

Logt — Logn
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The identity
t+ Logt + lﬁ + lﬁ
2n  3n?
has now to be inversed in order to obtain ¢ as a function of n. For doing this, we
put t = Logn + w. Equation (8.28) transforms into the following equation in w,

+--- = Logn (3.25)

1 (Logn + w)? . 1 (Logn + w)?

(Logn +w) + Log (Logn +w) + 5 - 3 — +--- = Logn.
We deduce
w 1L0g2n w o \2
Log (L L (1 ) - (1 )
w Log (Logn) + Log +Logn 2 n Logn
1 Log?® w \3
= 1 ) = 0.
+3 n? ( Logn
Since
L 1Log®n 1Log?
n Log 1—ﬂ + Logn = —= og n_ 2 Ogn_...
n 2 n 3 n?
and that
w w w? w?
Log 1+ = — 4 ...
& < Log n) Logn  2Log?n  3Log®n
we have
L
LogLogn — nLog <1— Ogn)—Logn
n
1 Logn Log?n Log®n
=w|—1— — — — — ...
Logn n n? n3
1 1 Logn 6Log’n
2
- — - = ... 3.26
T [2Log2n 2n n? 4 n3 + (3.26)

The coefficient coeff(w) of w is

o1 Logn <1+ Logn n (Logn)2+-“> _ —nLogn —n + Logn
Logn n n

" (Logn) (n — Logn)
We deduce
- (Logn) (n —Logn) (LogLogn —n Log (1 — L%2) — Logn) , (3.27)

—n Logn —n + Logn
which gives the expression of D(6,,).
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Let us write w in (327) as D(w) + u, where u denotes the remainding terms.
Putting w = D(w) + v in (326) we obtain, for large n,

0 = u coeff(w) + D(w)?

2Log*n
—Log Logn, we deduce

(=

Since, for large n, coeff(w) = —1 and D(w)

2
we O ((LogLogn) ) 7
Logn

with a constant 1/2 involved in O (). We deduce the tail t1(6,,) of 6,. O
LEMMA 3.2. Given the limited expansion D(6,,) of 6, as in [B22]), denote
n
Api=1—(1-D(0,))—.
’ ( ( )) Logn
Then
An = D(\) + tl(An),
with
LogLL 1 Log Lk
D(\,) = —e 081 — ), tl(\,) =0 280t (3.28)
Logn 1+ Togn n

with the constant 1 in the Big O.

Proof. Indeed, the identity D(6,) = 1 — %(1 — An), from B22)), readily
gives the result. O

In the sequel, for short, we write A, instead of D(),,), which amounts to the
same in the limited asymptotic expansions.

REMARK 3.3. Angular sectorization of the roots zj,, transition regions and
notations used in Proposition [33)

For the roots z; ,, lying in the first quadrant, the Poincaré asymptotic expan-
sions of z;, will be obtained below as divergent formal series of functions of the
couple of two variables which is:

j Logn
° (n, l), in the angular sector: g > argz > 21 & ,
n n

° (n, L), in the angular sector (“bump” sector)
Logn

L
27T—Ogn > argz > 0.
n
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Moreover expanding the roots at the fourth order has for consequence to dispatch
the roots z;, lying in the bump sector into the two subsectors:

v/ (Log n)(Log Log n
e 21 (Lg)%ng)>argz>0,
y/ (Log n)(Log Logn)

> argz > 27 .

n

Logn
n

e 21

As compared with the (full) sector & > argz > 0, the relative size of the
bump sector is negligible, as soon as n is large enough. By transition region,
we mean a small neighbourhood of the argument

arg z = 27TLOﬂ, or of 2w \/(Log n)(Log Logn) .
n n

Outside these two transition regions, one unique dominant asymptotic expan-
sion of z;,, exists. In a transition region an asymptotic expansion contains more
second- or third- or fourth- order terms, of the same order of magnitude, which
should be taken into account together. Let us define more precisely these neigh-
bourhoods. Let ¢ € (0,1). We introduce two strictly increasing sequences of real
numbers (uy,), (v,) which satisfy: for n > ny = 18,

[n/6] > v, > Logn, Logn > u, > +/(Logn)(Log Logn),
such that

L LogL
lim On lim \/( ogn)(LogLogn) = lim Un  _ lim Logn =0
n—oo N n—00 Uy, n—oo Logn n—oo U
and
Un, — un, = O ((Log nt)'+¢) (3.29)

with the constant 1 involved in the big O.
The roots z;, lying in the first transition region about 2m(Logn)/n are
such that

n 2L - Un
27Tv— > arg zj, > 271'%.
n

The roots z; , lying in the second transition region about

2m+/ (Log n)(Log Logn)/n

are such that

n 2+/(L Log L — Up,
or 1 s arg zj.n, > 27 V(Logn)(LogLogn) — u .
n n
In Proposition 3.4, for simplicity’s sake, these two transition regions are
schematically denoted by
(Logn) /(Logn)(Log Logn)

arg z < 2mr ————, respectively, argz <27 .
n n
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By complementarity, the other sectors are schematically written:

L LogL
2m \/( ogn)(Log Logn) >argz >0
n
instead of
24/ (L Log L — Up,
m \/( ogn)(Log Logn) —u >argz > 0,
n
respectively,
L L Log L
or —281 > arg 22m v (Logn)(Log Log )
n n
instead of oL
ZwM > argz > 27‘('%,
n
respectively,

L n
g > argz > 21 98T instead of g >argz > 2w Un.
n

The asymptotic expansions of the roots z;, lying in the transition region
arg z < 271'1‘0—5" are not reported in Proposition 3.4t they are left to the reader,
and can be easily obtained by superimposition of those of the two cases (i)
and (ii) in Proposition B4

In the following asymptotic expansions, the values of n which will be con-
sidered are greater than a critical value ng for which 27 Lof”, is small enough
compared to 7/3 for all n > ng. Arbitrarily we take ng = 18 in the sequel and
in Theorem (cf. Figure [T, on the page [8§ to visualize the geometry of the
roots of G;).

PROPOSITION 3.4. Let n > ng = 18 and 1 < j < L"T_lj The roots z;n
of G (X)) have the following asymptotic expansions, zj, = D(2jn) + tl(2)n),
in the following angular sectors:

%>argz>0:

v/ (Log n)(Log Log n) > argz >0 :

n

(i) “Bump” sector 21

o Subsector 2w

D(R(2n)) = 0n + 2—772( J )2(1 +2),),

n \Logn
2rwLogn J 1
D(%(Zj")) B n (Logn) [1 B Logn(1 + )\")}’

with

tl(%(’zj’")) - nLcl)gn (Loj;gn)QO((mfoizilyL)Q)’
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t1(S(zn) = nLign (Lojén)0<(Lofozof nf) ’

v/ (Logn)(LogLogn)

n

D(R) =00+ 5 () (1 5 (k) (1 04)

2rLogn J
D(3() = =2 (gogr)

x [1_L01gn(1 47; (Loj;gn)z(l_Lolgn(l_)\")))}’

) =0 (o). o6 = 2o ((m))

(Logn)(LogLogn)
" :

Log n

o Subsector 2m="52 > argz > 27

e Transition region arg z =< 27

2 . 2 2
D(R(z1) = 0t 2 (- (142045

5 (o) (19),

n \Logn
2nLogn / j 1
D(3(2jn)) = ( ) -
(\S(ZJ’ )) n Logn . Logn

<1 A 4%(Lojgn)z(l B Lolgn(1 a An)))} ’
with

0es) =20 (B2 o) 2o (L))

Logn Logn

(ii) Sector T > argz > 2rloan.

D(R(zjn)) = cos(27r%) + M’

n

A(R(zjm)) = 01(S(2j)) = ~ O ((M)Q) .

Logn
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Proof. Let us write the expression of the jth-root z;, as
Zim = Oy 2Tt on) (3.30)

where ¢;, a complex number which is assumed to be of small modulus. This
assumption on ¢; , will be confirmed in each case. Let us denote, for short, by #
the real part of ¢; ., resp. by , the imaginary part of ¢;,. The determination
of ¢, will be done in the sequel by giving expressions of D(R) and D(S) and
of their corresponding tails t1(R) and t1(S).

Since 0] = 1 — 0, the equation G (%;,) = 0 implies

0=1— 9n62m(%+§}%+¢%) —(1- gn)eﬂnﬂ'(éﬁ-l—i%).
Then
0=1-0,cos <27r(l + 8?)) e 2™ — (1 —6,) cos(2mnR)e= 2™, (3.31)
n
and

0= — 6,sin (%(% + §R)> e 2™ (1 —6,)sin(2mnR)e 2™, (3.32)

We will assume throughout the rest of the proof that ®=0(1) and S=0(1)
when n tends to infinity, whatever the value of j in {1,2,..., L%J},
hence sin(27R) = 27R and cos(27R) = 1 — 272R2 for large n. Then B32)

implies

0 2mj i R
sin(ﬂ) (1 — 27r23?2) +27mR cos(ﬂ) =— sin(27m8?)e*27f(n*1)\r.
1- on n n
(3.33)
“Bump” Sector 2w —LOS" > argz > 0:

In this case j/Logn = o(1), for all j with z;, in this sector, and then
nR = o(l) and nS = o(l). In fact, we will consider these two last condi-
tions as assumptions in making the expansions and will show that they are
checked at the end. For large n, sin(27rni) = 27rnR — %n%}%‘o’ and e 27 (n=1)Y ~
1-27(n—1)3+27%(n—1)%232. From ([B33) we deduce, up the third-order terms,

(U . (2T (U 2wy 9 0, . /27
7271_(1 — o) sm(7) = 8‘%[—1 N cos(7) —n|+R 7r1 N sm(7)
212 0, 277 272
+RS |27 (n—1) [+R3? | 2020 (n—1)% |+R3 I _bn cos(ﬂ)+in3 +e
3 1-6, 3
(3.34)
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In the rhs of ([334) only the first term is the dominant one. Then

sin(=< 2n)

"= 2 1-0
27 (cos( 2y + nT“)

+u, (3.35)

2 27j
where u represents the remaining terms. For large n, since sin( ’”) = 1 and

n(lD—(Ig (gn)) = Loé —, using ([3.22)), we obtain the following approximant expression

27T])

sin( —j
D[ - =D(R) = , (3.36)
- (COS(QTI'J) _’_nl;fn) nLogn
with
sin ( 2%1 s
N R

2w(COb(2wg)+nlgin) nLogn/\n
] Log LL 2
+—7 0(( 08 Og”)). (3.37)

n Log“n Logn

From (338]) we readily deduce that the approximation conditions R = o(1) and
nk = o(1) we have taken are valid.

Let us now turn to the imaginary part of ¢;, Multiplying @31) by e*™~
with the same assumptions as above: nt = o(1) and n¥ = o(1), we obtain
22, 47 s
0=(14+273+27°3* + 3%
21j 21g 473
=0 oos( 20 (1 2022 4 2n/3)R2) — sn( 220 (2 - 1)
n n 3
—(1-6 )(1 —2n?n?R? + g 45}%4)
22 470 33
x (1—2m(n— 13+ 21%(n — 1)?9% — T(n—l)% +-- (3.38)
Then
2mj . [(2m]
0=-20, cos(—) — 1) +R|270,, sm(—)
n n
27
+ R? [27r29n cos(—j) +2m%n2(1 -6 )}
n

3 [27r +27(n —1)(1 — 9,1)} + 2 [27r2 —272(n —1)*(1 - 6,)
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473 /27j
+ R3 [—TO,Z sm(7)} + R2G {—47r3(1 —0,)n*(n — 1)}

+ g* [4—7;3 + ?(1 —0n)(n — 1)3}
+ R [——0 co (T) - 2—fn4(1 - an)} T (3.39)

Among the first four terms in the rhs in (39), the 3rd and 4th terms are the
dominant ones for large n. Except these two dominant terms, all the other terms

of order > 2 are negligible for a first-order approximation. Then, replacing R as
obtained in ([3:33]), we deduce

g:_i (st(%])) (cos( )+n2 L f ) ro, (3.40)

A (cos(%]) —|—n1 O ) (1—1— nlg—f")

where v represents the remaining terms. For large n, using ([3:22]), we obtain the
following approximant expression

(Sm (% ) (COS 20 4 n? ﬂ) g
D _4i . ) ( 2) - —D(3) = —2L—, (341)
s (cos(%) + n%) (1_|_ n%) nLog“n
with
1 (bln2(2—:-l)) (COS(%Z)‘FTLQ 1 977.)
tl | —— .
1 (cos(252) + nign)” (14 n i)

9 . 2
- -1 0o ((LOgLOg”) ) . (342)
nLog“n n Log°n Logn

The expression (BA4I) implies that the approximation conditions & = o(1)
and nS = o(1) are valid, and (330) together with (34I) both imply the neg-
ligibility of above-mentioned higher-order terms in (334) and ([339). Thus the
approximations made are a posteriori justified. Let us now improve the limited
expansions D(R) and D(S) given by (B30) and B3.41) with higher-order terms,

namely with some (limited) expansions D(u) and D(v) of u and v.
In the rhs of ([B34), except the first one, the 3rd term and the 5th term are
the dominant terms among all the others. Replacing the expression (3.35) of #

in B34) gives
0 21y 4z? 53 45
0= - — ) - — - 0] . 3.43
u( 1-6, COS( n ) n>+ 3 Log3n+ Log®°n ( )
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Therefore,
4 2 3 1 . 5
uzi]ig(l— n (1—D(9n))>+—0 < J > L (3.44)
3 nLog°n Log“n n Logn
Denote D(tly) := #ojgn)\n the first term in the rhs of 337) and
4r? 3 1
D(u) = —— (1- 1= An)-

According to the range of values taken by j, the expressions D(u) and D(tly)
for large n are either of similar orders of magnitude, or one is completely domi-
nant over the other. The comparison between both is easy and, with D(6,,) given
by 22), readily implies the following expression of D(R).

(i) Subsector 27 ¥ (Logn)gogmgn) > argz > 0:

in this case, j//(Logn)(LogLogn) = o(1) for all j such that z;, belongs
to this subsector; D(tly) is dominant over D(u) and the new (limited)
expansion of ¥ = RN(¢; ) is .

D(R) = ——2— (1+\,)

_nLogn

am)=—2 0 (M)Q (3.45)
N nLog?n Logn ' '

(i) Subsector 27 X&" > argr > 27 (Logn)%ogmgn):

n

with

in this case, (\/(Logn)(LogLogn))/]’ = o(1), for all j such that z;,
belongs to this subsector; D(u) is dominant over D(tlg), and then

DR) = ——? (1—4772 7 (1 L (1—)\n))> (3.46)

" nLogn '3 LogZn\" Logn
with

aw = to((c2)). 4

(iif) Transition region j < /(Logn)(LogLogn) :

both expansions have to be considered and
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1 LogLogn 5/2
tIR) ==-0 || ——— .
) n << Logn )
In the rhs of (339) the 5th, 7th and 9th terms are the dominant remaining
terms among all the others. Replacing the expressions [3.30]) of R and (B.41)

of ¥ in (B39) gives

j4 271_4
0=2mv[1+4 (n—1)(1—-6,)]+ ——5— [—27r4 + 47t — —] +- (3.48)
nLog™n 3

with

Then ]
—273 44 n 1 ¥
— 2 (2-(1 =D, - . 4
! 3 nLog’n ( ( (@ '))Logn) + nO <<Logn) (3-49)

-2

Denote D(tlg) := n12(37;]2n)\n the first term in the rhs of (342) and
—27'('3 j4
D(v) := — 1+ ).
(v) 1 nL0g4n( )

We now compare the expressions D(v) and D(tlg) for large n to check which one
is dominant over the other. It readily implies the following expression of D(S).

(i) Subsector 27 ¥ (Logn)(Loglogn) ., argz > 0:

n

D(tlg) is dominant over D(v) and the new (limited) expansion of & =

s(géj,'n) iS -2
—j
D(Q) = 1+2)\,
®) nLoan( )
with
1s) = —_o (w) ,
n Log’n Logn

(Log n)(Log Logn)
n :

(i) Subsector 27 X&" > argz > 27

n

D(v) is dominant over D(tlg), and then

2 2 2
) 2% g
D) = — 1+ 14 A
() nLog?n < 3 Log?n ( )>

£1(S) = %0 ((Lo‘jgn)(j).

with
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(iif) Transition region: j < /(Logn)(Log Logn):

both expansions have to be considered and

2 2
mJ 212
D(J) = — 1420\, + — 14+ A\
) nLog?n { 3 Loan( )}
with
1 LogLogn Y
() = — —_— .
(3) nO <( Logn ) )

Sector Z > argz > 27

Logn .
5 :

In this case, (Logn)/j = o(1) for all j such that z;, belongs to this sector.
Taking the squares of (B3] and of (B32) and summing them up lead to the
removal of the terms sin(27n¥) and cos(2rnR). We obtain

(9n _ 1)267471%% — 936747‘—%
oS 2mj 27y
27y . _
— 20,e {cos(—n ) cos(2mR) bln( - ) sln(27r§R)] +1. (3.50)

Then, with the assumptions & = o(1) and & = o(1), [B50) becomes

drnSs 20 2mj
4ns -1 n 2 _ _ 2
e + 7(% — 1)2 [ 770( COb( - ))

+2ﬁabm(7~7) (1 cos( Zj))

Let us observe that lim, o 0,/(0, — 1)> = 400, and that the term within

brackets is positive and less than (say) 3 in modulus. Then, by taking the loga-
rithm of (B35, we deduce

T e Ry ORTE))

+Log 1—277\)“(75()))4—2#%(%) +--- (3.52)

cos( %4 1—cos(2”)

Let us give a first-order expansion of D(S) from (352) under the assumption

0, — 5( 272 i . .
700&(2 )) are = o(1) for all j. This assumption
1— Cos( '”7)

+-o (3.51)

that the quantities 27 (
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sin (27
will imply that the quantities 2R (%) also have the same property.
COSs

We will check below that these assumptions are valid. First, by (3.28), we have

Log (9777,) = Log0,, — 2Log (1 —6,,)

(0 — 1)
~ Logn Logn

LogLogn An 9 2.4
= (2L 1- - e .
(Logn) [1- ZEE 4 Sl I (059)
LogLogn LogLogn LogLogn >
= (2L 1- —
( ogn)[ Logn * (Logn)(l—i—Logn)} +o Logn
Log Logn .

with the constant 1 involved in the Big O. Expanding the last Logarithm at the
first-order in (B52]) implies that the solution of 52) is & = D(J) + t1(Y) with

D) = — [(Logn)(l — An) + Log <2 sin(%‘j)ﬂ (3.55)

27tn

Q) = +—o ((“’5072"5”)) , (3.56)

such that the constant involved in the Big O in (856 is equal to 1/47 (and does
not depend upon 7). Let us show that the assumption about

e

1-— COb(27Tj)

_1 (Logn) (1~ D(An)) + Log 2sin(”—j) _eii_mﬂ (3.57)
n n 1 — cos(221)

is valid. Indeed, the function F'(z) := (Log (2sinx))/(1—cos(2x)) takes negative
values on [r(Logn)/n, 7 /6] with positive derivative on this interval. Then check-
ing at x = m(Logn)/n is sufficient to obtain an upper bound of the quantity
BX10) in modulus. Taking for 7j/n the quantity 7(Logn)/n, assuming n large
enough, it is easy to check that 357 is equivalent to

- 1 LogLogn

272 (Logn)? (3:58)

uniformly in j, for all the roots z;, in this sector.
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By truncating the power series Log (1—\,) = =X\, —2A2 —2A3 —- - in (B53)
into the sum of a polynomial section in \,, and a remamder let us observe that,
whatever the degree of this polynomial section is, the resulting tail in (354 is
always the same, as a function of n, and the term Log 6,, in ([8.52]) asymptotically
negligible. This observation allows to restore ([3.52), using only the dominant
terms and [353) with the full series, as

= % [Log (ﬁ) +2Log (2 sm(%j)ﬂ +%O<(L°§()71;g”)2> . (3.59)

From (F35J) and from the expansion of the term within brackets [ | in (52,
we deduce that the following summation

Loghy — oms (B E ) |y (oER) (3.60)
og 6, — — n 7 — )
& b 1—cos(27”) " l—cos(Qm)

should be equal to zero, up to second-order terms. Then, from [B22)), (359) and

B60),
D(R) = —% [% Log (2 sin(%j))l (3.61)

am = +Lof(ten), 562

and with the constant tan(wj/n) in the Big O. An uniform upper bound of all
tan(wj/n) is tan(w/4) = 1.
Let us now check the validity of the assumption on

2mj 27
2R sin(ﬂ)/<l — os( ])> :
n n
using ([B58) in the summation [.60) set equal to 0, we readily obtain
2nj
sin(<£2) 1 LogLogn
TR ——— B | X
(1 - cos(2” ) ) 272 (Logn)?

for n large enough, uniformly in j, for all the roots z;,, in this sector.

To finish up the proof of Proposition 3.4 we have to provide the expansions
of the real and imaginary parts of the roots z;, as functions of # and . From
330), taking the expansions of R and I, we deduce

R(zjn) = cos(?) [On - 27TD(%):| - sm<2n )(2 D(R)) +--- (3.63)

and

with
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S(zj,n) = bln(zn )[9 —271D(¥ )} +c05(2n )(2 D(R)) +--- (3.64)

We now replace D(R) and D(S) by their respective expressions in (3.63) and
(3:64)). The expressions of D(R(z;,,)) and D(SJ(z;,»)) follow as functions of the
two variables n and j/n. O

PROPOSITION 3.5. The roots z;, of Gn(X), n > ng = 18, which belong to the

angular sector (with the convention taken in Remark[33) 5 > argz > 27 Log"
have a modulus whose asymptotic expansion is

zm| = 14+ 2 To 2sin(7T—j) 4 Lo ((LoslognY (3.65)
s n 08 n n Logn ’ '

where the constant involved in O( ) in the tail does not depend upon j.

Proof. For the roots z;, in this sector, since

|2j.n| = 0n —27D(I) + - - -
by B30) and that (Logn) [1 — An] = n(1 —D(6,)) we readily obtain ([B.63),
from (3.22), B.23), @B.55) and (3.56). O

Proposition will be used in particular to study the geometry of the roots
which lie in a small neighbourhood of €7/3.

COROLLARY 3.6. Let ¢, := arg(zjn) € (0,7/3) for 1 < j < |n/6]. Then, for
j/mn close to 1/6 and n large enough, 1;,, admits the following (two variables-)
asymptotic expansion

) N2
1 1 2
b= T (1o L) (Lo )2 (L
' 3 2n 6 n 3n 6 n
1 1 g ’ 1 Log Logn .

-O||l=-—= -0l —— . 3.66
+n <<6 n>>+n (( Logn (3.66)
Proof. By Proposition34(ii), more precisely using (330), (361, (3.62)), since

' 1 1 )2 15y
Log (2 sm(ﬂ) - —\/ﬁw(— - l) —27r2(— - i) +0 (— - i) . (3.67)
n 6 n 6 n 6 n
we readily obtain the asymptotic expansion of v;,, in the two variables “j/n”
and “ 7’

1 sin(X j 1 LogLogn\\ 2mj
FRRPS & R LG N 2sin(2))) + Lo ((Lezlesny) 2
’ n  2m™n cos(%) n n Logn n
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T _3e? (1§ 2+10 1y 1o ((Logkosn ] :
n\6 n 3n 6 n n 6 n n Logn
' (3.68)
Up to the error terms v;,, behaves as 22, From ([B.68) we deduce (368). O

n

PROPOSITION 3.7. Let n > 2. Then (i) the number p,, of roots of G,,(X) which
lie inside the open sector S = {z | |arg(z)| < 7/3} is equal to

1+2|2], (3.69)

(ii) the correlation between the geometry of the roots of G, (X) which lie
inside the unit disc and the upper half-plane and their indexation is given by

. n 1
je {1,2, . [EJ} = Rza) > 5 < lzal <1, (3.70)
and the Mahler measure M(G,,) of the trinomial G,,(X) is
[n/6]
M(Gn) = M(Gy) = 0,0 [T Izl (3.71)
j=1

Proof. The formula p, = 14 2| %] is true for n = 2 to 51 as it can be easily
checked. For larger n we now prove it recursively.

First let us observe that the open unit disc {z € C | |z — 1| < 1} centred at 1
contains all the roots of G,,(X) of modulus < 1 since

|2jn] <1< |zjn]" =1 —2zjn] <L (3.72)

Then it suffices to understand the geometry of the roots in a neighbourhood

of €™/3. The integer j is > 1 in the sequel. Let us show the following equivalences

1

arg(zjn) < /3 <= |2jn| <1 <= R(zjn) > 3

For proving [B.73) we make use of the expansions D(R(z;,)) and D(S3(2;.,))

for z; », in a neighbourhood of ¢™/3 belonging to the main sector “m/2 > argz >
2nLogn/n” (Proposition B (ii)): since

(3.73)

] Log (2 sin (X2
R(z5) = cos(222) 4 w N
(2 T T Log(2sin((%_%)+%)))
_C05<(T_§)+§)+ n 4.
_1 V3 2rj o
()
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we obtain the equivalence

arg(zjn) < /3 <= N(zjn) >

N —

when n 2 0 (mod 6), and it holds, in this case, if and only if 2% — 5 <0, that
is 7 < |n/6]. By Proposition B3]

|zjn| =1+ = Log <2 sin<7r—‘7)> + 20 <(M> ) .
K n n Logn

Since, for € [~1/2,41/2], Log (2|sin(rz)|) < 0 <= [z| < 1/6, we deduce
that the inequality |z;,| < 1 is approximately equivalent to ﬂ < g le,
approximately less than n/6. Obviously it is equivalent to j < [n/6] when
n # 0 (mod 6), and therefore (B.73)) holds if and only if 1 < j < [n/6] when
n # 0 (mod 6). Let us now prove that [B73) is equivalent to 1 < j < |n/6]

for all integers n > 2.

By Proposition 23] the trinomial G, (X) admits efim/3 = 1 + %2 ‘/_ as roots if
and only if n =5 (mod 6). Forn =5 (mod 6) the root e’”/3 is necebsarily one
of the roots z;,, for which j is close to n/6, by Proposition B4 (ii), whose real
part is
Log (2 sin(%j))

n

27y
D(R(zjn)) = COS(TJ) +
Therefore, if n = 6¢+5, with ¢ > 1, the corresponding value of j is ¢+ 1, so that
Zq+1,6g+5 = Zq+2,6g+11 = eim/3 for all ¢ > 0.

Let us assume that pegrs = 1+ 2L%J (with ¢ > 1) holds and let us prove that
the formula pger6 = 1 + 2[24%] also holds. From Proposition B4 (see (B368))
the distance between two successive roots of G, (X) in R(z) > 0is = 27/n+-- -,
and therefore, when j is fixed, the jth root z;, “rotates to the right towards
1 along the unit circle”, to become the jth root z;,41 of Gpi1(X). Thus the
number of roots of Gegys+1(X) within the sector S is the number of roots of
Gog+5(X) within S plus 2, and pggre = 1 + 2L%J =1+ QL%J + 2 is also
true.

Let us continue the recursion. For n = 6¢ + m and m = 6 to 11, when n is
increased by 1 to n+ 1, the collection of roots {z; ,, } which lie near e'™/3 slightly
rotates to the right to become the collection {z;,1}. Using the expressions of
D(R(zj,n)) in Proposition 34} for j close to n/6, we deduce
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R(2g+2,69+5)
< R(zg+2,60+6) < R(2g42,60+7) < R(2g+2,69+8) < R(2g+2,69+9)

1
< R(2g+2,60+10) < 5= R(2g+2,6¢+11) = R(2g+1,69+5) < R(24+1,64+6)

< R(zg41,60+7) < Rlzg41,60+8) < R(2g+1,69+9) < R(2g+1,69+10) -

Counting the complex conjugates, these inequalities show that

P6g+6 = P6g+7 = P6g+8 = P6q+9 = P6g+10 = P6g+11-

We deduce the general formula (3.69) for p,, and the equivalences (B10) and
B23), for all integers n > 2.

To obtain (BXI]) we first invoke the general fact that M(G}) = M(G,,) for
n > 2. Then the roots of G (X) which possess a real part > 1/2 are those which
lie outside the closed unit disc. These roots are the inverses of those of G,,(X)
which lie inside the unit disc, characterized by (B.170). The expression (B.71])
of M(Gy,) follows; it is valid for n odd or n even, whatever the form (ZI5) the
trinomial G,,(X) takes. O

PROPOSITION 3.8. Let n > 6. The roots of modulus < 1 of G,,(z) in the closed
upper half-plane have the following properties:
(1) 0n < |Zl,n|;
(ii) for any pair of successive indices j,j+ 1 in {1,2,...,|n/6]},
lzjml < |2jt1.nl-

Proof. (i)is proved in [FLP]. Let us prove (ii). Assume the contrary: |zj41,n| <
|zjn| for a certain j in {1,2,...,[n/6] —1}. Then

—1+zjnt2, = =1+ 25010+ 2741
We deduce
el _ 1142 (3.74)
il L '

The assumption |z;41.,| < |2;,»| implies that the ratio lz‘f;’—“ll‘ is < 1.
s s gyn

Now there are two cases: either (ii-a) j and j+1 together are such that z; ,, and
Zj+1.n belong to the “bump” sector (i.e., for which j/Logn = o(1)) or to the
“main sector” (i.e., for which (Logn)/j = o(1)), (the two cases (i) and (ii)
of Proposition B4)), or (ii-b) j and j + 1 are both such that z;, and zj;1,
in the transition region j < Logn.
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In the first case (ii-a), from Proposition 34 we deduce from the asymptotic
expansion of z;, that arg(z;,) is equal to Ql% + -+ Therefore arg(z], =
—arg(zj,n) = arg(z—;») and 27}, L |z, |7 e 2/ The enumeratlon of the
roots (z—;n); by the index —j is clockwise and, by Proposition B7 both real
parts R(|zj.,|" e 2/7) and R(|zj41.0|" e~ 2m0FTD/7) are > 1/2. Moreover,
the assumption |z 41| < |2jn| implies |zj”;11n| < |zj”;1| Therefore, assuming
|zj+1,n] < |zjn| implies that the distance |1—|—z"71| between —1 and z”fl is larger
than the distance |1 + sz ! | between —1 and sz n- Contradlctlon with B
since the ratio |1 + 27, |/|1—|—zj+1n| is < 1.

In the second case (11—b), using the notations of Remark[B.3] the two successive
roots z; , and z;41 , are such that j < Logn, i.e.,

20T Uy, 2im(v, + 1
< arg(zj,n) < arg(ZjJrl,n) < %
with
R(zjn) >1/2 and R(zjy1,n) > 1/2.
Therefore,
— 20Uy, - e —2im (v, + 1)
_— > arg( 1) > arg(zﬂl{n) > —

for which limy,—s o0 up,/n = lim,, 00 v, /n = 0. Hence
R(z] 1) >1/2 and R(z j+1n)>1/2

We can now conclude as in (ii-a). Assuming |zj41,,| < |2j»| implies that the
distance |1+ 2] ~1| between —1 and Zin !is larger than the distance |1 + ZJ_H "

between —1 and ZJ_H n- Therefore we would have |1 + 27 ML+ L1y Ll> 1,
which is a contradiction with B74). O

4. Limit Mahler measure : proof of Theorem [1.1]

4.1. Using bivariate Mahler measures

The Mahler measure of a polynomial f(X,Y) in two variables is defined by

1,1
M(f(X,Y)) =exp (/0/0 Log | f(e*™, e*™ )| ds dt) .

Boyd [Bo3], [Lw] ([Boll p 130]; [Bo2, in Lemma 1]) prove that the Mahler mea-
sure of a polynomial in two variables f(X,Y") is the limit of the Mahler measures
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of polynomials in one variable obtained by replacing the second variable by a
power of the first one

= i X, X™).
M(f(X,Y)) = lim M(7(X, X))
Since

1 2m
M(Gn)—eXp(2 / L0g|_1+€7t+emt| dt)

it is
ngrEOOLog(M( (277)/ /Log|e + e —1] dt.

From Theorem 2 in Smyth and by Jensen’s formula

34—\/_L(2 x3) = LogM(—1+ X +Y) = Log M (max{| — 1+ X|,1})

1 /3
= —/ Log T| — 1+ €| dt = —/ Log (2 sin(¢/2)) dt
T Jo

= Log (1.38135...).
This value is given by the Bloch-Wigner dilogarithm [BM] [Ln].

2. Using asymptotic expansions

In the case where G, is not irreducible, i.e., for n = 5 mod 6, the Mahler
measure M(G,,) of Gy, (X) is equal to the Mahler measure

M(G, (X)/(X2 ~ X + 1))

by Proposition We will consider the two cases “G,, irreducible” and “G,,
reducible” simultaneously, not taking care of reducibility. Indeed, the roots
of X2 — X + 1 lie on the unit circle, and the indexation of the roots of G,
which is chosen, with j, in PropositionB is such that the maximal value [n/6]
of the index j involves both cases.

First let us observe that the Riemann-Stieljes sum
[n/6] 1 T 1 [n/6]
St = 2 5" Los (2em(T)) = 3 ey ey st
=23 og (25m(%2)) (@ — -/ @)

o4
Jj=1

with z; = 2% and f(z) := Log (2 sin(%)) converges to the limit
J n 2
_ /3

lim S(f,n)=— f(z)dx = Log A = Log (1.38135...).

n— 00 ™ Jo
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From Proposition [3.7] we have

ln/6]
LogM(G,) = —Log (6,,) — 2 Z Log |2j.nl- (4.75)

Since lim,,__ 0,, = 1, by Proposition B, then lim,,_ Log6, = 0. Therefore we
will just show that

[n/6]
nl;rréo S(f,n) = nl;rréo LogM(G,,) = —2 Jgr;o 2:1 Log|zjnl- (4.76)
j=

by a suitable decomposition of the summation in ([75). In this summation the
asymptotic expansion of Log |z; ,,| takes different forms, by Proposition 34 and
PropositionB.5] according to the angular sector to which z; ,, belongs, i.e., to the
asymptotic behaviour of j/n or j/Logn (cf Remark B3)).

For n > ny = 18, the decomposition into angular sectors between 7/3 and 0
follows from Remark [3.3] as:

T s gpln s g 2ho8n =t oty 2/(Logn)(Loglogn) —un
3 n n n n
The corresponding decomposition of the summation ZJLZ{GJ in (10) is
|21/(Tog 7) (Log Log m)—tn Lot
S SEE >
J=1 [24/(Log n)(Log Log n)—u, |
|2Log n—wvy, | [vn ] [n/6]
+ >+ D>+ Y (4.77)
J=lun] [2Log n—uvy] i=lvn]

We now show that, in ([@T71), the last summation Z]Li/( ?)J : is asymptotically
the dominant one and that the other summations tend to zero when n goes
to infinity.

Main sector, dominant contribution: 7/3 > argz > 27TL°g” :

From (Z.63]) we have

& RS T 1 Log Logn\2
Z Log |zjn|= Z Log 1—|— Log (2 bm( ]))4-—0((7)) ]
j=[vn] j=[vn] n n Logn
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By the remainder Theorem of alternating series let us recall that, for x a real
2
number, |z| < 1, the inequality |Log (1 + z) — x| < % holds. Then

[n/6] Ln/6l i ln/6l Log Logn \2
| - in( 2L < - =S =T
Z Log |z n| Z - Log <2 sm( - )> < Z - O (( Togn ))‘

Jj= f?)nﬂ Jj= f?)nﬂ Ji= f?)nﬂ

Ln/6] 2\1?
1 1 Log Logn
— — |L 2 ( ) —_— . 4.
+2'§r:wn2log( sin n>—|—0<( Togn ))1 (4.78)
J=vn

For 1<j <|[n/6], the inequalities 0 < 2sin(mj/n) <1 and Log (2sin(mj/n)) <0
hold. Then |Log (2sin(mj/n))| < |Log(2sin(m/n))| = O(Logn). On the other
hand, by Proposition B8] the two O( )s in the rhs of the inequality ({18 involve
a constant which does not depend upon j. Therefore the rhs of (@78 is

LogLogn \ Log? LogLogn \
0 og Logn co(kes™m) _ g og Logn .
Logn n Logn
From ([@T8), using (3:29), we deduce
[n/6] [n/6]

Z Log|zjn| — Z lLog <2 sin(ﬂ-—nj»
J=[vn]
Lunj . i
Log (2 sm( )) —1—2 Log< sm(—j)>
n
J=lun W
_0 <Log2n) Lo <L0g2+en> Lo <(LogLogn>2> _0 <(LogLogn>2> .
n n Logn Logn

<Z

Moreover, let us observe that: lim,, 4 27” | 5] = /3. Hence
[n/6]
lim S(f,n) = lim (~=2) ) Log |zl
Jj= ’—7)71]
“Bump sector”, the other contributions in [E1T) :
Instead of considering the four other summations of (£T77) independently,

it will be sufficient to gather the roots involved into these summations into the
following two subcollections indexed by j, as:

e 1<j<|uyl, and
o [u,] <j<|vn]

\_vnj
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Case (i): for all j satisfying 1 < j < |uy], by taking the first terms in the
asymptotic expansions of the roots z; , Proposition 4] shows that

D(S(z) = 2 4+ 1o ( U ) ,

n n Logn

with a j-independent constant involved in O(). From Proposition the as-
ymptotic expansions of the moduli |z; | are given by

|2jn| = 0 — 27D (S(25,0)) + - -
By the remainder Theorem of alternating series and Proposition[3.Jlwe deduce

Log|zjn| = (6 — 1) — 27rD(S(zj,n))

n % 0 (ngn> ) <((9n ~1)— 27D (%(zj,n))f)

_Logn 47?5 Lo <L0gLogn>

n n n

2
o) <o ((t2n)).
n Logn n

Hence,
[un ] 2
lun] Logn — [un](lun]) 2w
> Loglzjn| = — - - -
Jj=1
] (Log L Log?
+O(Lu J (Log ogn)>zo< og n)
n n
Therefore,

[un ]
J, ) Log gl =0
j:

Case (ii) : for all j satisfying “[u,| < j < |v,]”, Proposition B4 does not provide
an unique limited expansion of z; , but the inequalities 1 — |z; | < 2(Logn)/n
hold by Lemma 211 We deduce

\_v'nj

> Loglzjnl| < (vn — un)

j=[un]
0 (Lg 2+6n> :
n

2Logn

Logzn
n2

+0 ((vn — Up)
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and the limit
L“nJ
nl;rréo | ; ] Log|zjn| = 0.
5= lun

To finish up the proof of Theorem [[LT] we take the exponential of ([Z76]).

5. Asymptotics of the Mahler measure

5.1. Second-order terms for the moduli of the roots

The second-order terms in the asymptotic expansions of the moduli |z; | of
the roots z;, of G, are required for obtaining the asymptotic speed of conver-
gence of the Mahler measure M(G,,) towards the limit Mahler measure A. From
Subsection it is sufficient to obtain them for the roots lying in the main
sector: /3 > argz > 27w Lofn, the other roots lying in the “bump” sector con-

tributing negligibly to the Mahler measure. The expansions used for obtaining
(B65) have to be improved; the first step is to expand further [F53) by taking

2
into account the term \2 = (%) (1 - %gn), from (328). Then (3353)
and (B350 are replaced by

D(S)= —- [(Logn)(l P <M>2+Log <2 sm(%j)ﬂ (5.79)

2mn 2 Logn
with
1 ((LogLogn)?
1 R = —_ _— .
t1(3) +n0 ( (Togn)? (5.80)

with the constant 1/(27) involved in the Big O, independently of j. Then,
for 7/3 > arg zj ,, > 277%, B59) is expanded further as
|2jn| = D(|zjn]) + t1(]2j.n)
with
1 . (T 1 [ LogLogn .
D.n:1—L2(—)—7 81
(i) =1+ & Lo (25in(20)) 4 o (oE (5.81)

and

(LogLogn)2> 7 (5.82)

tl(|2zj.nl) = %O (W

where the constant involved in O( ) is 1 (does not depend upon j).
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5.2. Minoration of the Mahler measure and proof of Theorem

In 1933, in the search of big prime numbers, Lehmer [Le] asked the following
problem: if € is a positive quantity, to find a polynomial of the form

flx)=2"4+az"  +---+a,

where the a’s are integers, such that the absolute value of the product of those
roots of f which lie outside the unit circle, lies between 1 and 1+ €... Whether
or not the problem has a solution for e < 0.176 we do not know.

Lehmer’s Conjecture was initially addressed to nonzero algebraic integers
which are not roots of unity. Today (2015), the smallest known Mahler measure
of nonzero algebraic numbers which are not roots of unity is the one discovered
by Lehmer [Le], a Salem number (Lehmer’s number)

M(X0 4+ X9 - X7 X6 - X5 - X* — X34+ X +1) =1.1762....

Exhaustive search [Sy3] for the smallest Mahler measures was carried out by
Boyd, Poulet, Mossinghoff, Lisonek, Flammang, Grandcolas, Rhin, Sac-Epée.
The list of Mossinghoff gives primitive, irreducible, noncyclotomic integer
polynomials with degree at most 180 having Mahler measure less than 1.3, and
this list is complete through degree 44 (Mossinghoff, Rhin and Wu [MRW]).

For a an algebraic integer of degree d > 1, not a root of unity, Blansky and
Montgomery showed, with multivariate Fourier series,

1 1

m(a) >1+ ﬁm

By a different approach, using an auxiliary function and a proof of transcendence
(Thue’s method), Stewart [St] obtained in 1977 the same minoration but with
a constant ¢ # 1/52 instead of 1/52 (Waldschmidt [W0Q]). In 1979, Dobrowolski
[Do2], using an auxiliary function, obtained the asymptotic minoration

Log Log d \’
M(a)>1+(1—e)<%), d> ds,

with the constant 1 — e replaced by 1/1200 for any d > 2, for an effective
version of the minoration. For sufficiently large degree d, Waldschmidt [W2],
Theorem 3.17, showed that the constant 1 — e could be replaced by 1/250 with a
transcendence proof which uses an interpolation determinant. If « is a nonzero
algebraic number of degree d > 2, Voutier [V] obtained the effective minorations:

1 (LogLogd
M 1+- | ————
(a) >1+ ( Togd

3
1 > and M(a) > 1+

(Log (3d))*"
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For algebraic integers «, of degree d, of norm N(«), which are totally real,
Schinzel’s minoration (7)) was improved by Bertin [Bn| as

M(a) > max {02_’1/2, \ /|N(a)|92_2w<a>\1/d } .

Further, following Bertin [Bnl, if a v-Salem is by definition an algebraic integer «
having v conjugates outside the closed unit disc and at least one conjugate
of modulus 1, then the measure M(«) of such an algebraic integer, of degree
2v + 2k, totally real (i.e., for which the conjugates of modulus > 1 are all real),
satisfies v
M(a) > 60, 2" .

Zaimi [Zi] also obtained minorations for the Mahler measures of algebraic inte-
gers named K-Pisot numbers.

Lehmer’s Conjecture is solved in some cases. If « is an algebraic number of
degree d such that there exists a prime number p < d Log d that is not ramified in
the field Q(«), then Mignotte [Mt0] showed: M(a)) > 1.2. For any noncyclotomic
irreducible polynomial P with all odd coefficients, Borwein, Dobrowolski and
Mossinghoft [BDM] showed

M(P) > 5Y/4 =1.4953 ...

In terms of the Weil height, Amoroso and David |[ADd2| proved that there exists
a constant ¢ > 0 such that, for all nonzero algebraic number «, of degree d,
not being a root of unity, under the assumption that the extensionQ(«)/Q is
Galois, then

h(a) >

ISHe

If L/Q is an abelian extension of number fields, Amoroso and Dvornicich [AD]
proved .
0g o
@) = =3

for any nonzero a € I which is not a root of unity. Later, given an abelian
extension IL/Q of number fileds and a nonzero algebraic number a which is not
a root of unity, with D := [L(«) : L], Amoroso and Zannier [AZI] proved the
relative result, which makes use of Dobrowolski’s minoration and the previous
minoration

h(a) > ¢(K) (LogLOg5D>137

D Log2D

where ¢(K) > 0. Amoroso and Delsinne [ADn] computed a lower bound, de-
pending upon the degree and the discriminant of the number field K, for the
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constant ¢(K). In 2010, given K/Q an extension of algebraic number fields,
of degree d, Amoroso and Zannier [AZ2] showed

h(Oé) > 37d272d76

for any nonzero algebraic number o which is not a root of unity such that K(«)/K
is abelian. As a corollary they obtained

h(a) > 3714

for any dihedral extension L/Q and any nonzero o € L which is not a root
of unity. For cyclotomic extensions, they obtained sharper results:

(i) If Kis a number field of degree d, there exists an absolute constant ¢y > 0
such that, with L denoting the number field generated by K and any given
root of unity, then

Log Log 5d)3
h(a)ic_z( og Log 5d) 7
d (Log2d)*

for any nonzero a € I which is not a root of unity.

(ii) if K'is a number field of degree d, and « any nonzero algebraic number, not
a root of unity, such that o™ € K for some integer n under the assumption
that K(a)/K is an abelian extension, then

2
h(a) > c3 (Log Log 5d) ’
d (Log2d)*
for some constant ¢z > 0.

Proof of Theorem We now extend the asymptotic expansions of Sec-
tion with the second-order terms obtained in Section Bl inserting them
in (L75).

First, with the new expansions of the moduli of the roots z;,, we have

/6] [n/6]

1 .
Z Log |zjn| = Z Log <1 + - Log <2 bm(ﬂ—:))

j:[Un—‘ j:’an—l
1 (LogLogn\ 1 _((LogLogn)?
4L (LogLogny 1, ((LogLogn)®
2n Logn n (Logn)3
with the constant 1 involved in the Big O. Let us apply the remainder Theorem
of alternating series: for x real, |z| < 1 the following inequality holds
2
x

|Log (1 + ) — x| < 5
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Then
[n/6] [n/6] . [n/6] 2
1 . (T 1 [ LogLogn
3 oelesl = 30 wio(2m(2)) - Y oo (R
J=lval J=lvnl J=lvn]
[n/6] 9
1 (Log Logn)
< E -0 | ————=* 5.83
- : 1n ( (Logn)3 ( )
J=1Un

[n/6] . 2 an]?
1 1 . (T 1 [(LogLogn (LogLogn)
- ~ lLog(2s —) i R 1 \O8 OB T )|
+2,;]n2 [ og< bm(n >+2< Logn 0 (Logn)?
J=1VUn
Similarly as the upper bound in (Z78]), we deduce that the upper bound in (583))
9 0 ( (Log Logn)? ) .

Logn)3
Therefore, (Logn)

/e S Tj Log Logn \’
J=1Vn J=|vn

with the constant 1/6 involved in the Big O. Since Log6,, = O (LO—E") and

[vn ] 2+€ [un ] 2
Logn Logn
> Loglsl =0 (FELL) S Loglsy -0 (L),
j=1

n
Jj= [un]

we deduce

Log M(G,,) —Log A+ | L A+LW§JEL 2 si (ﬂ) -0 Mz
0og n 0og 0g " og Sin - = Togn

j:’—vn]
(5.84)
with the constant 1/6 involved in the Big O.
In (&84) the summation ZJL:/%J can be replaced by Z}Zﬁjog o+ Indeed,
using Remark B3]
[vn] . 2
2 L Te
Z — Log (2 sin(w—j)> =0 (M) .
n n n
j=[Logn]

Let us now estimate and give an upper bound of
: ln/6] .
-1 [T/ -2 j
— /L (2' 2)d - “ZLog(2si (—) . 5.85
- /0 og (2sin(z/2) ) dz j_rLzo:gM - og< sin " ( )
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In (&85) the sums are truncated Riemann-Stieltjes sums of Log A, the integral
being Log A. Referring to Stoer and Bulirsch ([SB], pp 126-128) we now replace
Log A by an approximate value obtained by integration of an interpolation poly-
nomial by the methods of Newton-Cotes; we just need to know this approximate

value up to )
<( Log Logn ) )
Ol ——— .
Logn

0 (( Log Log n)2> ,
Logn

we will show that: (i) an upper bound of (583 is m, and (ii) the approxi-
mate value of Log A is independent of the integer m (i.e., step length) used in the
Newton-Cotes formulas, assuming the weights (cg)g=0,1,....m associated with m
all positive. Indeed, if m is arbitrarily large, the estimate of the integral should
be very good by these methods, ideally exact at the limit (m*“ =" + oc0).

Up to

(i) We consider the decomposition of the integration interval as

(03] = (o2 () 221 2000 25 )

j=[Logn]
and proceed by calcutating the estimations of

_71 /:Hl) <Log (2 sin(x/2))> dx — %QLOg (2 bln(%))’ (5.86)

on the intervals £; := [2£L, w], j = [Logn], [Logn] +1,...,|[n/6] — 1.
On each such £;, the function f(x) is approximated by its interpolation
polynomial P,,(x), where m > 1 is the number of subintervals forming an uni-
form partition of £; given by
2mj 2m 1
R

) qzoalv"'7m7
n nm

of step length h := nQ—fn, and P, the interpolating polynomial of degree m or

less with
Po(yq) = flyq), for ¢q=0,1,...,m.
The Newton-Cotes formulas
P, (z)dx = hz oqf(Yq)
q=0

27yj
n

120



CONJECTURE OF LEHMER, ASYMPTOTIC EXPANSIONS OF THE MAHLER MEASURE

27 (j+1)
provide approximate values of [,.,” f(z)dz, where the oy are the weights

obtained by integrating the Lagran’;ge’s interpolation polynomials. Steffensen [Sfi]
([SBI, p 127) showed that the approximation error may be expressed as follows

2m(j+1) 27 (j+1)
n n

P, (x) dx—/ f(z)de = pPH . K . fPHD(g), £ Gﬁoj,

27j 27yj
n

where p > 2 is an integer related to m, and K a constant.
Using [SBI, p. 128, and m = 1, the method being the “Trapezoidal rule”,
we have:
p=2, K=1/12, ay=a1=1/2.

Then (B.80)) is estimated by
%2% [_71 Log <2 sin(%j» + _71 Log <2 sin(w))]

—_72 Log (2 bln(%)>|
L Log (2 bln(%)) — Log (2 sm(@))‘

n

2

n2

for some & Eﬁoj, for large n. (5.87)

cos(£/2) - 1 1
2sin(§/2)’ ~ n Logn

The (Steffensen’s) approximation error “h% - (1/12) - f)(€)” is
1(277)31’ ~1 ’<1 1
TA\n 12 |4sin?(£/2)| — 6n (Logn)?’

Summing up the contributions of all the intervals £;, we obtain the following

upper bound of (B8]

1 (2rLogn)/n
— / Log (2 sin(x/2)) dx
0

™

1
6Logn’

+ (5.88)

with global (Steffensen’s) approximation error
1 1 L Log Logn .
— —— which —_— .
36 (Logn)? which isan O (( Togn )
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By integrating by parts the integral in (L.88), for large n, it is easy to show that
2
this integral is = O (@) We deduce the claim.

(ii) Let us show that the upper bound 1/(6Logn) is independent of the integer
m used, once assumed the positivity of the weights (g)g=0.1,...m- For m > 1
fixed, this is merely a consequence of the relation between the weights in the
Newton-Cotes formulas. Indeed, we have ZZ"‘ZO ag = m, and therefore

2m(j+1) m
. ' Py (z)dz — hmf(yo)| = h Z Qq (f(yq) - f(yo))‘
o q=0

<h <Z|aq|> sup | /(¢)]
q=0 i

Since hm = 2 and that the inequality supee, [f'(§)] < |f'((2nLogn)/n)| holds
uniformly for all j, we deduce the same upper bound as in (587) for the Trape-
zoidal rule. Summing up the contributions over all the intervals £;, we obtain
the same upper bound (B.88) of (5:8H]) as before.

As for the (Steffensen’s) approximation errors, they make use of the successive
derivatives of the function f(x) = Log (2sin(z/2)). We have:

cos(z/2) 1 _ cos(z/2)

fl(x) = fw) = T Lsin2(z)2)’ @) = 4sin®(z/2)

~ 2sin(x/2)’
Recursively, it is easy to show that the ¢-th derivative of f(x), ¢ > 1, is a rational
function of the two quantities cos(z/2) and sin(x/2) with bounded numerator
on the interval (0,7/3], and a denominator which is sin?(x/2). For the needs
of majoration in the Newton-Cotes formulas over each interval of the collection
(L;), this denominator takes its smallest value at { = (2r[Logn])/n. Therefore,

b2

for large n, the (Steffensen’s) approximation error “h?*' . K . f(P)(£)” on one

interval £; is
27\ P+l nP 1
© ((%) K (wLogn)P) =0 (n(Logn)P)'

By summing up over the intervals L£;, we obtain the global (Steffensen’s)
approximation error (p > 2)

2
0] _t which is an O LogLogn .
(Logn)r Logn
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5.3. Minoration of the house |0, '| = 0, !, Schinzel-Zassenhaus Conjec-
ture and proof of Theorem [1.§

Denote by my,(n) the minimum of the houses of the algebraic integers of degree
n which are not a root of unity (to avoid ambiguity with the logarithmic Mahler
measure, usually denoted by m, we use my, with the subscript h for “houses”).
An algebraic integer «, of degree n, is said extremal if [ad = myp,(n). An extremal
algebraic integer is not necessarily a Perron number.

In 1965 Schinzel and Zassenhaus [SZ] conjectured that
C1
mp(n) > 1+ o (5.89)

for a constant ¢; > 0 (i.e.; independent of n). The first result in this direction
they obtained is: when « # 0 is an algebraic integer of degree n > 2 which is
not a root of unity, then [@ > 1 + 4=+2) where 2s is the number of nonreal
conjugates of a.

For a nonreciprocal algebraic integer « of degree n, Cassels [Ca] obtained the
inequality
@>1+ 2, with e =0.1; (5.90)
n

Breusch [Bi], independently and previously, showed that ¢co = Log (1.179) =
0.165... could be taken; Schinzel [ScI] noticed that the constant co = 0.2 could
also be taken. Finally, from Smyth’s Theorem which claims that M(a) > ©,
Smyth improved the minoration in 1971, with: ¢o = Log® = 0.2811... On the
other hand, Boyd [Bod] has shown that c; cannot exceed 2Log® = 0.4217 ...
In 1997 Dubickas [Ds3] showed that c; = w — € with w = 0.3096.. .. the smallest
root of an equation in the interval (Log©, +00), with € > 0, ng(e) an effective
constant, and for all n > ng(e).

In 1857, for nonzero algebraic integers «, Kronecker showed that [a1 = 1 if and
only if « is a root of unity. The sufficient condition was weakened by Blansky
and Montgomery who showed that «, with dega = n, is a root of unity
provided

<l+—7——F—.
ar= 1+ 30n2Log (6n)

Dobrowolsky [Dol] sharpened this condition by: if

Logn
<1+ —
A + 6n?

then « is a root of unity.
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For algebraic integers «, of degree n, Dobrowolski showed the inequal-
ity (3] in 1979. Since M(«) < @™, (LH) implies
Log Logn)3 1

-, n > ng(e). (5.91)

n

@>1+(1—6)( Togn

The constant coefficient 1 —e¢ in (5.97]) has been improved successively by Cantor
and Strauss [CS], and Rausch [Ra], to 2 — €, Louboutin [Li], and Meyer [Me],
to 2 — €, Voutier [V] to 1, Dubickas [Ds] to %3 — . Waldschmidt [W2] showed
that this constant 1—e could be replaced by 1/250, with a proof of transcendence
using an interpolation determinant.

Dobrowolski’s result is effective [Do2]: he showed that the inequality (E.9T)
is valid for all n > 3 with 1 — € replaced by 1/1200. In 1991, Matveev [Mv]
obtained a minoration which revealed to be better for the small degrees: if « is
an algebraic integer, not a root of unity, with deg(a) = n > 2, then

Log (n + %)

[l > exp 5 . (5.92)

n
In 2007, Rhin and Wu [RW] verified the conjecture of Schinzel-Zassenhaus
up to n = 28 and improved Matveev’s inequality (5.92) to the following: if « is
an algebraic integer, not a root of unity, with deg(«) = n, then for 4 <n < 12,

3Log (%
= oxp o2 (5), (5.93)
and, for n > 13,
3Log (%
[a] = exp %(2). (5.94)
n
The lower bound ([.92) is better than Voutier’s bound
1/n
1 (LogLogn ’
>1+- | ———— . 5.95
mh(n)_<—|—4( Logn ) ( )
for n < 1434, and ([94) is better than (598) for n < 6380. The two numerical
values 1434 and 6380 can be improved if Dubickas’s constant 54 _ereplaces

s

1/4 in Voutier’s bound (Z.95)).
For reciprocal nonzero algebraic integers «, of degree n > 2, which are not

roots of unity, the lower bounds of [@ deduced from the Mahler measure M(«)

have a factor 2 in the coefficient since M(ar) < [@™/? holds, instead of the general

inequality: M(«) < [@". Namely, Dobrowolski’s lower bound becomes

Log Logn

° 1
) -, n>ng(e), (5.96)

|E|>1+(2—e)( -

Logn
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the constant 2 — € could be replaced by % — ¢ from Louboutin [Li], or better
by Dubickas’s constant. Actually, the constant % — e obtained by Dubickas [Ds]]
is indifferently valid for reciprocal and nonreciprocal algebraic integers.

For totally real algebraic integers «, of degree n, either the house [al lies
in (1,2], in which case there exists a root of unity w such that o = w + 1/w
from a theorem of Kronecker (1857) [Sy3], or, for [l > 2 and « # 2 cos(nr)
for some r € Q, the following lower bound were obtained by Dubickas [Ds2]
LogLogn)3\ 1
where the constant 3.8 can be replaced by 4.6 (Dubickas [Ds3]).

In Boyd [Bod4] the following conjectures are formulated:

IE\>2+3.8(

CoNJECTURE (Lind - Boyd). The smallest Perron number of degree n > 2 has
manimal polynomial:
X" -X -1 if n # 3,5mod6,
(X2 - X1 -1)/(X?2 =X +1) if n =  3mod6,
(X2 - X2 -1)/(X?2 =X +1) if n =  5mod6.

CONJECTURE (Boyd).
i) If « is extremal, then it is always nonreciprocal.
(i) y p
(ii) If n = 3k, then the extremal o has minimal polynomial
X3k 4 x2%% 1 or X% X% _1,

(iii) The extremal o of degree n has asymptotically a number of conjugates o?)

outside the closed unit disc equal to
2

-n n — 00.
3 )

PROPOSITION 5.1. Assuming Lind-Boyd’s conjecture and Boyd’s conjecture
true, the Perron number 0,1, n > 2, is not extremal, except if n = 2,3.

(=

Proof. First, by Proposition B (i), the number of conjugates of 6,7, n > 2,
lying outside the closed unit disc, is equal to 1 + 2|n/6|. Asymptotically it is
equal to n/3 and not to 2n/3 as expected from Boyd’s conjecture. Second, for
the small values of n, the minimal polynomials of 8,71, n > 2 are X" — X"~ 1 -1
if n %5 mod 6, and (X" — X"~1 —1)/(X? - X +1) if n = 5 mod 6 (Section [2).
Then, from Lind-Boyd’s conjecture, the only cases of extremality are reached
for n =2, 3. U

Let n # 2,3. How far is 0, from extremality ?
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Proof of Theorem Let n > 2. From Proposition [3.1] and Lemma [3.2]
the Perron number 6! can be expressed as: 0,1 = D(0;1) + tl(0,!) with
t1(0;1) = t1(6,,), and

L L Log L 1
D(0;") = 1+ 201 = A) =1+ Ogn(“ E Ogn( )>
n n 1+

1
LOg n Logn

so that, for sufficiently large n,

Logn(1 — %)

0,0 > 1+
n

From this strict inequality we deduce ([I0); the Schinzel-Zassenhaus lower
bound (Z9) is obtained by computing the values of

n(@, —1) for 2<n <200. O

5.4. Proofs of Theorem [I.3], Corollary [I.4] and Corollary

Proof of Theorem We will use the method introduced by Smyth and
Boyd in [Bo3], Appendix 2, to deduce the expansions ([4)). The case “n odd” is
merely a consequence of Appendix 2 in [Bo3|, since

M(G) =M(=1+ X +X")=M(-1—-X - X") =M1+ X +X"),

in this case. Let us now assume that n is even. Let z = €% for —7 < t < 7.
then

&) n m
Log(1+2) - ¥ & (#2) if [t < 2=,
Log(l1+4z—2")= m=l
Log (—2z") — 21 L(Le=y" if |t| > 2F.

We have
LogM(—1+ 2+ 2") = LogM(1 — 2 — 2") = Log M(1 + z — z")

1 /7 A A
:—/ Log |1 4 e — ™| dt
T Jo

1 (7 . .
— —/ R (Log (1 +€" — ™)) dt
T Jo
and, by Jensen’s formula and in Boyd [Bo3, Appendix 1],

LogM(1 + 21 — 2z2) = Log M (max{|1 + z1|,1})

1 T ) 1 27 /3 )

:—/ Log+|1—|—e“’|dt=—/ Log |1 + €| dt
T™Jo T™Jo

1 271'/3 .
=— / R (Log (1 +¢")) dt.
0

™
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Then the difference A := Log M(1 4 z — 2™) — Log M(1 4 21 — z3) is

—1 |
A = — R [ Z:l E(cl(m) + cz(m))l
with
27 /3 ) ] T , 4
cl(m) :/ (1 +€zt>—mezn,mt dt, Cg(m) :/ (1 _|_ezt)me—znmt dt.
0 27 /3

Let w = ¢™/3. Using 1 + w? = w, we now integrate by parts three times. Then

wm(2n—1) _9—m w—m(1—2n)+1 —9-m—1 1
ci(m) = inm + in(nm+ 1) (n3m)
and
m(1—2n) m(1—2n)+1 1
w w
ca(m) = inm + in(nm — 1) + O(n?’m)'
We deduce
1 _ 1
R(c1(m) + c2(m)) = %3‘% [(—i)w2cos(m(1 — 2n)m/3)] + O(W)
and -
A= —ﬂ_—\{i 2 % cos(m(1 = 2n)m/3) + O(n™").

Since exp(A) =1 — 3 Sy L5 cos(m(1 = 2n)7/3) + O(n=?), the coefficient
s(n) is

s(n) = —? Z L cos(m(1 — 2n)m/3).

Obviously, s(n + 6) = s(n) for all (even) integer n > 2, and s(4) = s(6).
Denote by

m

oo
zsa E
m—|—a

m=0

the Lerch transcendent function [Al] [Ln, and by ¢(2) = 32,5, m > = /6
the value of the Riemann zeta function at z = 2. Let us compute s (4) and s (8).
For n =4,

% Z mi s(mm/3)
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The sum Y7_, -1 cos(mm/3) is equal to

Sor-Y 3| L owmt Y m| 3| Tt a
—~ m2 ~ m?2 2 ~ m?2 — m?
me6z m662+3 meGZ+1 mEBZ+5 mEGZ+4 MEBZ+2

1 1\ 1
=% (((2)—(1) (1,2, 5>+§

i) o)
[ 023)e 3]

Zm —W2/6—Zm —|—Zm

m>1

The decomposition

m m=
m even m odd

implies ®(1,2, 3) = 3¢(2) = 7?/2. Then the decomposition

2 oo (o] oo (o]

us 1 1 1 1

==Y 5= Tt d 5t D s

8 Lmm? = (2q+1)2 L (2q+1)° 0 L (2g+1)°
dd qE3Z+1 qE3Z qE3Z+2

implies
1

@(1,2, 6) + @(1,2, g) — 36 (%2 - %@(1,2, %)) ey

Finally, the decomposition

__Z Z3q+32+z 3q+22+z 3q—|—1

m>1 q= 9=

implies )

1 2 T 1 472
o 1,2,—) @(1,2,—):9(——— 2)=—.
( 3 + 3 6 9<( ) 3
Summing up the contributions, we obtain s(4) = —/371/36.
For n =8,

V3 on 1 VBl & 2 -
3(8)2—7zmcos(m7r):—7 ZmQ— Zmz
m=1 Tn"me=vlen ";n zéd
\/3 1 \/§7r
B _E(C@)_@(M’E)) 12 0
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Proof of Corollary [[L4 The expansion of M(G,,) in Theorem [[3 is such
that the coefficient s(n) is bounded by 1 in modulus for all integers n > 2,
that is uniformly in n. We deduce the existence of some integer ng such that
M(G,,) > 1.35 for all n > ng (take ng = 51 for instance, which corresponds to
Figure[l)) since lim,—, yoo M(G,) = 1.38 - - > 1.35. The claim of the uniqueness,
for n = 5, comes from the checking of the values M(G,,), for all the integers n
between 3 and ng, by hand and on the computer. The similar claim can also be
obtained using (3] with a larger value of ny (which underestimates the speed
of convergence in some sense). O

Proof of Corollary From Theorem [[3] the function s(n) takes a neg-
ative sign in the two cases:

(i) » > 2 odd and n = 5 (mod 6); in this case, 3 divides n + 1 and
M(—=1+z+2") = M(1+ z+ 2") < A as soon as n is large enough,

(ii) n > 2 even and n = 0 or 4 (mod 6); in this case, 3 does not divide n + 1
and M(—14 z+2") = M(—1 — z + 2") < A as soon as n is large enough.

The conditions are necessary and sufficient since the coefficients s(n) take posi-
tive signs in the other respective cases. In the statement of Smyth’s conjecture
the trinomials G,, only refer to the cases k = 1 of the first and third items.
To finish up the proof of Corollary we observe that the coefficient s(n) is
uniformly bounded by 1 in modulus for all integers n > 4. We deduce the
existence of some integer ng such that M(G,) > 1.35 for all n > ng (take
ng = 51 for instance, as in Figure[[lon theB8)), and compute the values of M(G,,)
for 4 < n < 51 for comparison with A. U

6. Erdés-Turan-Amoroso-Mignotte Theory and
distribution of conjugates

The purpose of the Erd8s-Turdn-Amoroso-Mignotte (ETAM) theory is to
study the angular regularity of the geometry of the roots of a given polynomial,
in sectors all centered at the origin, by establishing best discrepancy functions
(Erdés-Turdn [ET], Ganelius [G], Amoroso and Mignotte [AM], Mignotte
[Mt2]). The ETAM theory is one of the basic ingredient of recent limit equidis-
tribution theorems of conjugates on the unit circle: in Bilu [Bul, Petsche [Pe]
and Pritsker [P1].
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6.1. Proof of Theorem
Letn>ng=18and 1 < j < L”T_lj
(i) First, let us prove (LI2). Let us decompose the summation in (LI2) as
L™z Lvn ] L)

Z arg(zjn) Z arg(zjn) Z arg(2jn)-
j=1

=[vn]
Using (330), B6I) and [B62), the roots z;, of G, lying in the main Sector

“Z > argz > 2m=En Log”” have the following arguments:

j 1 |1—cos(% . (T
arg(zjn) = 2W(ﬁ + §R) with R =——— lwgu)) Log ( 2 sm(;)

2mn

- Lo ((LesLoany
tl(arg(zjn)) = +n0 (( Logn ) )

with the constant 27 involved in the Big O. Second, using (345, [B46]) and
B40), the roots which lie in the “Bump Sector”, in the first quadrant, are such
that

with

Lon ) or(1 — —L) Lon] Logn)?*¢
Zargzjn = nLlng" Z]+ zo<&>.

n2
7j=1
Then
1 —1
L n— L 7L4

. 2w .o
limy, 4 oo n 1 E arg(z;,) = lim T E j= 1
J= j=[Logn]

(ii) Now, to prove (LI3), let us observe that the Riemann-Stieljes sum
L[(n—-1)/4]

S(a,n) = — ; %tan(ﬂ )Log <2bln<7;j)>

_ Ln=ny/al
=3r > (a5 —xj1)alzy)
j=1

with z; = 2%] and a(z) := tan(%)Log (2sin(%)) converges to the limit

—1 /2
lim S(a,n) = — / a(zr)dr = 0.07994...

n—ro00 2
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To estimate the second-order terms, we proceed as in Subsection to give an
upper bound of

_1 [m/2 " [(n—1)/4] 1 i
o /0 tan(z)Log <2 sm( )) dx —J g:ogn]7 tan( )Log( &n(z)) .
(6.97)

with Newton-Cotes methods applied to the integral. We apply the Trapezoidal
rule with the error terms in the tail tl(z arg(zj,n)) controlled by Steffensen’s

N 2
approximation error and %O((%w) ) Let us prove that these terms are

here negligible. The derivative

1 Log (2sin(z/2)) .
(2) = 5 (14 =BT ) Gatisfies ; '(y)| < Logn.
a'(x) 5 ( + cos(2/2) satisfies . sup la’(y)] < Logn

2nLog n S
n 2

Hence an upper bound of (697) is

1x

n (2wrLogn)/ -
19 Logn + %/0 tan(z/2)Log (2sin(x/2)) da

which is negligible, as for (88) (by integration by parts for the integral).
Therefore, =y

T 1 LogLogn2
W - =0 = (25
(= 1J Z arg(z;, 1 (n( Logn )

with the constant 27 in the Big O. We deduce the claim.

6.2. An upper bound for Mignotte’s discrepancy functions

Let x := 80 2272):1)2 =0.916. .. be the constant of Catalan. Denote

2w 2T
‘ dt\ d
c::/ </ Log* et + ei — 1|—> =22 0.42627 ...
0 0 27

Mignotte and Amoroso and Mignotte have improved the
discrepancy function previously given by Erdds and Turédn in [ET]. Let us recall
Mignotte’s discrepancy function for a polynomial R in Z[X| [Mt2]: the “radial”
operator defined as (") : Z[X] — R[X],

eefin o < wn-fi(e- ),

j=1
transforms the polynomlal R(X) given in its factored form (m > 1 being its
degree, ap # 0 its leading coefficient and («;) its roots in C) to another
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polynomial R(")(X), which is monic, of the same degree, and has all its roots
on |z| = 1. Mignotte’s discrepancy function of the polynomial R is defined by

1 2 )
h(R) = > /0 Log™|R™ (¢')| d0 (6.98)

and satisfies the inequality, for all 0 < a < b < 2,
2

1y Yoo _boap 2 KER) (6.99)

o, a<arg(a;)<b

THEOREM 6.1.
limsup h(G,) < C. (6.100)

n— oo

Proof. On one hand, from Erd&s-Turdn p 112, Schur’s remark], we de-
duce the following inequality for the moduli:

‘G;T)(ewﬂ < ‘Gn(ew)‘ forall n>2 on [0,27]. (6.101)

On the other hand,

I — 0 L[ it it
%/0 Log™ |Gn(e )|d0:%/0 Log™|e™ + ¢ — 1] dt.

But Lemma 1 in Boyd implies that the following limit holds

1 2 ) ) 2 2w ] ) dt ds
1. - L —+ 1 int it 1 dt — / / L —+ is it 1] —=
’n—1>r"lr‘100 271— /0 Og |€ + ¢ | 0 0 Og |e + ¢ | 271— 27T

(6.102)

using bivariate Mahler measures. We deduce (6I00) from the formulas (G.98),
EI01) and (E102). O

As a consequence, we deduce from ([6.99) the following inequalities relative to
the trinomials G,,: for all € > 0, for all 0 < a < b < 27, there exists ng such that

2
Z 1 _b—a §27T(C+€)Xl
2 K n

1
- X for all n > ng.
n

a;root of G, a<arg(a,)<b
(6.103)
The proof of Theorem [G.I] relies upon the limit properties of bivariate Mahler
measures in the method developped by Smyth and Boyd [Bo2]. Comparatively,
the method of asymptotic expansions of the roots 0, 2;,, of G, can also be
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applied directly to obtain the analogue of ([GI00) with a constant C’ > C' in-
stead of C" it suffices to deduce the asymptotic expansions of the complex num-
bers z; /|%;n| of modulus 1 from those of z; ,,, resp.|z; »|, i.e.; from Proposition

B4 and Proposition B8] and insert them into the discrepancy functions E(Gn)
of Mignotte (6.9]). Though this method works, the upper bound of the limsup
in ([GI00) is less good. We leave the details of the calculations to the reader.

6.3. Limit equidistribution of conjugates on the unit circle

Let h : Q — [0,+00) denote the logarithmic Weil height (the notation h is
traditional and presents no ambiguity with Mignotte’s discrepancy function E)
We denote by C*, resp. Q*, the multiplicative group of nonzero elements of C,
resp. Q. The unit Dirac measure supported at w € C is denoted by 4, and pur
denotes the Haar measure (unit Borel measure), invariant by rotation, that is
supported on the unit circle T = {z € C | |z| = 1}, compact subgroup of C*.

Given a point a € @X, of degree d = [Q(«) : Q], we define the unit Borel measure

(probability)
1
Mo = E E 5(7((1)

on C*, the sum being taken over all d embeddings o : Q(a) — C. A sequence
{a} of points in @X is said to be strict if any proper algebraic subgroup of @X
contains «y, for only finitely many values of k. Theorem [6.2] below is stated as a

theorem, but is merely a corollary of Theorem 1.1 in Bilu [Bul], or Theorem 1.2
in Petsche [Pe].

THEOREM 6.2. Let {0;' | n = 2,3,4,...} be the infinite sequence of Perron
numbers in C* which are the dominant roots of the trinomials G},. Then

Ho-t — pir, N — +00, weakly, (6.104)
or equivalently,

o, — pr, N — 400, weakly, (6.105)

i.e., for all bounded, continuous functions f : C* — C,
/fd/l9;1 — /fdmp, n — +o0. (6.106)

Proof. The roots of the trinomials G,,,n > ng = 18, all belong to a fixed
compact which contains the unit circle, which is the compact annulus

{zE(C|1— 2Log2}.

no

2L
M§|z|§1+
no
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The supports of fi,-1 all tend to the unit circle if n tends to infinity, by Lemma
2T Let us show that the sequence is strict: by Proposition2.3] the degree deg(6,,)
is respectively equal to n if n £ 5 mod 6, and to n — 2 if n = 5 mod 6. Hence,
lim deg(6,,) = +o0. The Weil heights are respectively h(6,) = + x Log M(G,,) if
n # 5 mod 6, and h(6,) = —15 x LogM(Gn(X)/(X? — X +1)) if n = 5 mod 6,
and can be written ([L.I4]) asymptotically. We have lim h(6,,) = 0. By Theorem
[G.I1 Mignotte’s discrepancy functions are uniformly bounded. These conditions
ensure that Bilu’s Theorem [Bu] can be applied. O
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