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STATISTICAL DISTRIBUTION OF ROOTS
MODULO PRIMES OF AN IRREDUCIBLE AND
DECOMPOSABLE POLYNOMIAL OF DEGREE 4

Y OSHIYUKI KITAOKA

Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. For an irreducible polynomial f(z) = (22 + ax)? + b(z? + ax) + ¢
of degree 4 and a natural number L, we propose a conjecture of distribution
of roots r1,ra,7r3,74 of f modulo a prime p satisfying r;, = 0mod L and
0<r; <pL-—1.

Communicated by Shigeki Akiyama

1. Introduction

Let
fx)=2" +apn_12" ' + -+ a1z + ap € Z[z]
be an irreducible monic polynomial with integer coefficients, and let L be a nat-
ural number. Put

Spl(f) ={p| f(x) mod p is completely decomposable},

where a letter p denotes prime numbers larger than L. This is an infinite set,
and the natural density is given by Chebotarev’s density theorem. For a prime
p € Spl(f), we can take n integers r1,...,r, € Z such that

f(r;) = 0 mod p,
r; =0 mod L, (i=1,...,n) (1)
0<r; <pL—-1,

2010 Mathematics Subject Classification: 11K.
Keywords: polynomial, roots modulo prime, distribution.
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by Chinese Remainder Theorem. Then we have a,—; + Y .7 = 0mod p,
hence there exists an integer C)(f) such that

An-1 +Z7‘i =Cp(fp- (2)

We note that —a,,_1 is the global trace of a root a of f(z) = 0 and ) r; is the sum
of local traces in Q(a) ® Q, modulo p, hence C,,(f) involves the difference of the
global trace and the sum of local traces. The condition

1< Gy(f) <nL (3)

holds with finitely many exceptional primes p, and we studied the distribution
of Cp(f) for an irreducible and indecomposable! polynomial f in the previous

paper [5] Putting #{ e Spl (f) ‘ C (f) k‘}
_ #1{p € Splx r\J) =
Prx(f,L)[k] = #Splx (f) ’

where Splx (f) = {p € Spl(f) | p < X}, we are concerned with the limit
Pr(f,L)[k] == lim Prx(f,L)[k].
X —o00

Numerical data suggest that the limit exists, and we gave several observations
([1] in the case related to the decimal expansion of a rational number, [2], [3], [4]
in the case of L = 1, and [5] in the case of L > 1 and an irreducible and
indecomposable polynomial). By a remark on C,(f) above, Pr(f,L)[k] = 0
ifk<O0ork>nL.

In the subsection 2.2.1 of [5], we gave conjectures for an irreducible and
decomposable( = reduced there) polynomial of degree 4, but they were observa-
tions based on insufficient data. In fact, one of them is false. Here we correct it
and give a definite result in the easiest case and conjectures based on more data
in the next section. In the third section, we give a proof of the easiest case and
theoretical partial evidences of conjectures.

2. Conjectures

First, let us recall some necessary results in [5]. Let
fl@)=a" +an 12" "+ a1z + ag

be an irreducible polynomial with integer coefficients. Hereafter, Q(f) denotes

L A polynomial f is called indecomposable unless f(z) = g(h(x)) holds for polynomials g, h
with 1 < degg < deg f. In [5], it was called non-reduced.
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the Galois extension of the rational number field Q generated by all roots
of f(z) =0 and (r is a primitive T'th root of unity.

The following is Proposition 1 in [5]:
PROPOSIONION 1. Let f be a polynomial above, and let L, j be natural numbers,

and put N = (ap—1,L) and T = L/N. We denote Euler’s function by . If T =1,
i. €., a,—1 = 0 mod L, then we have

lim > Prx(f,L)[k] =

X —o00
k=j mod L

If T > 1, then we have

{1 if 7 =0 mod L,

0 otherwise.

[Q(f) NQ(¢r) : Q]
o(T)

Jim Y Pry(f,L)K =
k=j mod L

or 0,

where the limit is not zero if and only if (1) (j,L) = N and (ii) mappings

(r — C;"_l/N and (p — Q%/N induce the same automorphism on the subfield

Q(f) NQ¢r) of Q(¢r).

Although the existence of the limit of each factor Prx (f, L)[k] is a conjec-
ture, the limit of the sum >, _, 4, Prx(f,L)[k] exists. Hereafter as in the
proposition, we put

N :=(an_1,L), T = L/N, (4)
hence (a,—1/N,T) = 1. The proposition says that the non-vanishing condition
Pr(f,L)[k] # 0 implies (k, L) = N, hence we introduce the shrunk density

SPr(f,L)[k] == Pr(f,L)[kN] (1 <k<nT).

Under the basic conjecture of the existence of the limit Pr(f, L), the condi-

tion SPrlk] # 0 implies that (i) 1 < k < nT and (ii) (k,7) = 1, and (iii)

k and a,_1/N induce the same automorphism on the field Q(f) N Q({r), and
furthermore [Q(f) NQ(¢r) : Q]

SPr[j| = : 5

> sprdj i )

for any integer k satisfying the three conditions above.

j=kmod T
From now on, we specialize a polynomial f to an irreducible and decomposable
polynomial of degree 4, i.e.,
f(z) = (2* + az)® + b(2* + az) + ¢ (a,b,c € Z), (6)
whence n =4, a,_1 = 2a and (2a/N,T) = 1.
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The case of T =1, i.e., L|2a is as follows:
THEOREM 1. Ifa =0 mod L, then
SPr(f,L)[2] =1, SPr(f,L)[1]=SPr(f,L)[3]=0.
CONJECTURE 1. If2a =0 mod L,a # 0 mod L, then
SPr(f,L)[2] =1/2, SPr(f,L)[1] = SPr(f,L)[3] =1/4.

The proof and the comment are given in the next section.
Next, suppose that 7' > 1 and put

fo(x) = —22% +8Tx — 6T%,  fs(z) = folx) + 2.

Fixing T', we introduce basic vectors v;[k] for k =1,...,T — 1:

v1[k] == (0,0,0,0),

valk] == (K?, fo(T + k), (2T — k)*,0),
v3lk] == (0, (T + k)2, fo(2T — k), (T — k)?),
valk] == (K%, f3(T + k), f3(2T — k), (T — k)?).
We expect that for 1 < k < T, a vector

VI[k] := (SPr[k], SPr[T + k], SPr[2T + k], SPr[3T + k)

is proportional to one of vectors v;[k]. Since the sum of entries of the second,
the third and the last is equal to 472, 472 and 8T?, respectively, the equation
(5) suggests that V[k] is equal to one of

v k],  2qruelk],  2qruslk],  qrvalk],

where _[0(Hn0r) : Q)
e ST2p(T)

The data suggest that the proportional constant is independent of k, hence v,
does mnot appear together with wvo,v3 at the same time. We note that
vo[k] + v3[k] = v4[k] and entries in v;[k] are positive if “0” is not put.

Let F' be an abelian extension of Q and let C'r be the conductor of F', that
is the least positive integer Cr such that Q({c, ) contains F. If an integer k
is relatively prime to Cp, we denote by [[k]] an automorphism of F' induced
by (op = (&

Now we can state conjectures in case of T' > 1. Note that the order of the Ga-
lois group Gal(Q(f)/Q) is 4,8 and Proposition 1 implies that V[k] # (0,0,0,0)
if and only if (k,T) = 1 and [[k]] = [[2a/N]] on Q(f) N Q(¢r).

Hereafter integers k are supposed to satisfy

1<k<T-1,(kT)=1 and [k]=[2a/N]] on Q(f)NQ(Cr). (7)
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If one of the above is not satisfied, we have V[k] = (0,0,0,0) by Proposition 1.

(I) The case of T = 1mod 2 2:
V[k] = qrvalk] does not occur, and

volk] if kK =2a/N mod 2,

VIk] = 2qr x { vslk]  if k % 2a/N mod 2.

(IT) The case of T'= 0 mod 2:
Let F be the maximal abelian subfield of Q(f), which is quartic.
(IT.a) The case of [FNQ(Car) : FNQ(¢r)] = 2:

vk if [[K]] = [[2a/N]] on F'NQ(Car),
vg[k] if [[K]] # [[2a/N]} on F N Q(Car)-

(IL.b) The case of [F N Q(Car) : FNQ((r)] # 2:
V[k] = qrva[k] holds for every k.

The (conjectural) density depends not on the field Q(f) but on the maximal
abelian subfield F.

Our checking method by pari/gp? is to watch that numerical data Prx(f, L)
multiplied by 872¢(T) approach the conjectural densities multiplied by the same
8T2¢(T), which are integers. Let us give numerical data of ratios Prx (f, L)[k]
to the conjectural density Pr[k] in case of a = 4,0 =13, c =41, N = 8,21 <
T <30,L = NT, X = 10 : By Q(f) = Q({;), the maximal abelian sub-
field F is Q(f) itself and F N Q(¢r) = Q(((5,7)). Hence, in the case of 5 | T,
the condition [[k]] = [[2a/N]] is k = 2a/N mod 5. We define er by

er = max |Prx(f,L)[k]/Pr[k]—1].

1<k<4L—1
Prk]#£0

V[k] = 2qr x {

In the following table, T' is on the upper row, 1/gr is on the middle line and er
is on the lower row, where the value er is rounded off to the third decimal place.

T 21 22 23 24 25
1/qr | 42336 | 38720 | 93104 | 36864 | 25000
er 0.011 | 0.048 | 0.022 | 0.009 | 0.004

T 26 27 28 29 30
1/qr | 64896 | 104976 | 75264 | 188384 | 14400
er 0.027 | 0.034 0.017 | 0.026 0.003

2In [5], the case of 2a/N = 1 mod 2 was missing.
3The PARI Group, PARI/GP version 2.7.0 Bordeaux, 2014, http: //pari.math.u-bordeaux.fr/
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We note that in case of T'= 0 mod 2,

[F'NQ(Cer) - Fﬂ@( T)] =
<:>{2|CF7FQQ(<2T)7£Q if [FNQ ( r): Q= 1,
Cr=2(Cr,T) if [FNQ(¢r): Q] =2.

Proof. Suppose first, [F N Q(Cer) : FNQ(¢r)] = 2. I FNQ(¢r) = Q, then
two equations

F(Gr) : Q) = [F: FAQGN]QGr) : FNQ(Gr)] -2
— 2. p(27)/2 -2 = p(4T)

and
[F(Cr) : Q] = [F(Ger) : F(¢r)][F : QI[Q(¢r) : Q]
= [F(Cor) : F'(Cr)] - 4p(T) = [F(Car) : F(Cr)lp(4T)
imply
[F(Cer) : F(Cr)] =1, e, F(Gr)=F(r),
hence

Q(CC’F ) C2T) = Q(CCF7 CT)
Thus CF should be even, since T is even. If F N Q(¢r) # Q, then F N Q({r)
is quadratic and F N Q((ar) is quartic, that is F N Q({ar) = F, hence

F¢Q(r) and F CQ(Cr),

which imply
Cr =2(Cp,T).

Conversely, suppose that 2|Cp, F N Q(Cr) # Q,[F N Q[r) : Q] = 1;
we have only to show F' ¢ Q(Car). If F C Q((2r), then we have
[F(¢r) : Q] = [F: Q[Q(¢r) : Q] = 4(T),
hence
©(2T) = [Q(Cr) : Q] = [F(Car) : Q] = [F(Cor) : F(Cr))] - 4¢(T),

which is a contradiction. Last, assume Cp = 2(Cp,T),[F N Q({r) : Q] = 2;
the odd part of Cr divides T and the 2-factor of C'r is twice the 2-factor of T,
i.e.,, Cp|2T. Thus F' C Q((cy) C Q(Car), that is F N Q(¢ar) = F. O
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3. Proof of Theorem 1 and comments

We recall that an irreducible polynomial f is given by (6) and note that the
equation 22 + ax = (—z — a)? + a(—x — a) implies the equivalence of

f(r)=0modp and f(—r—a)=0mod p.
A basic lemma is

LEMMA 1. Let an integer r be a root of f(x) = 0 mod p with (1); then we can
take an integer § so that for R:=pd —r —a

f(R)=0modp, 0 < R<pL, R=0mod L, (8)
R # r mod p,
0<d<2L,

with finitely many exceptional primes p.

Proof. The existence of an integer d satisfying (8) for a prime p (> L) follows
from Chinese Remainder Theorem. Suppose R = r mod p for an odd prime p;
then we have 2r = —a mod p, therefore for an irreducible polynomial F(x) :=
24 f(z/2) with integer coefficients, we have F(—a) = F(2r) = 2*f(r) = 0 mod p.
Thus, such a prime p is a divisor of non-zero integer F'(—a), hence the possibility
of p is finite. Next, the condition 0 < R < pL implies (6 — L)p—a <r < pd —a.
By the assumption 0 < r < pL, we have (0 — 2L)p < a < pd, which implies
a/p<d<alp+2L,ie,0<4<2L with finitely many exceptional primes p.
Suppose d = 0 for infinitely many primes p; then 0< R=—r —a,i.e., 0<r<-—a
follows for infinitely many primes. Thus there is an integer M (= r) between 0
and —a such that f(M) = 0 mod p for infinitely many primes, which implies
a contradiction f(M) = 0. Last, suppose § = 2L for infinitely many primes p;
then R =2Lp —r —a < pL,i.e., —a <r —pL < 0 follows for infinitely many
primes. Thus there is an integer M (= r—pL) such that f(M) = f(r) = 0 mod p
for infinitely many primes, which implies a contradiction f(M) = 0. O

PROPOSIONION 2. For a prime p € Spl(f), let r1,...,r4 be roots of f(x) =
0 mod p with (1), and using the previous lemma, we may suppose that they

satisfy
4713 =01p—a,ro+rs=0p—a(0<d <5 <2L). (9)

Then we have 61 = d3 = Cp(f)/2 or 01 = (Cp(f) — L)/2, 62 = (Cp(f) + L)/2,
where Cp(f) is defined by (2).
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Proof. Since the assumption r; = Omod L (i = 1,...,4) implies d1p — a =
dop — a = 0 mod L, we have §; = d, mod L, assuming p > L. Thus d; = d or
02 = 61 + L follows from 0 < §; < 6 < 2L, and by (01 + d2)p = 2a + > r; =
Cy(f)p, we get the statement of the proposition. O

(1) and (2) imply a fundamental relation Cp(f)p = 2a mod L, hence for some
natural number &
Co(f)=kN, and (k,T)=1, kp=2a/N modT. (10)
Moreover, we have
COROLLARY 1. Continuing the previous proposition, we have, for C,(f) = kN
b
avove kp = 2a/N mod 2T if &y = 41,
(k—T)p=2a/Nmod2T if dé2=0 + L.
If either Cp(f) < L or Cy(f) > 3L, then only the case 02 = 01 holds.
Proof. By (1) and (9), we have §1p = a mod L, hence
EN/2-p=amod L if 09 =41,
(kN—L)/2-p=amod L if 6y=209,+ L.

Since L = NT, and 2a is divisible by N, the statement follows easily.
If the condition d5 = 01 + L happens, then the previous proposition implies

(Cp(f)—L)/2>0 and (Cp(f)+L)/2<2L, ie., L<Cy(f)<3L,
which completes the proof. O
The corollary says that if either C,(f) < L or C,(f) > 3L, we have a stronger

condition kN/2-p = a mod L than (10), which elucidates the entry “0” in vectors
V9, V3 as stated later.

Proof of Thoerem 1. By the assumption a = 0 mod L, 1,02 in (9) are
divisible by L, hence are equal to L. Thus we have C,(f) = 2L, hence

SPr(f,L)[2] = Pr(f,L)[2N] = Pr(f,L)[2L] =1
and
SPr(f,L)[1] = SPr(f,L)[3] =0.

Next, let us study the meaning of Conjecturel, i.e.,
SPr(f,L)=(1/4,1/2,1/4) if 2a=0mod L. but a # 0 mod L.
We use notations in Proposition 2. By the equation (2), we see Cp(f) = 0 mod L,
which implies Cp(f) = L,2L or 3L by (3). We see that §; = d2 = L/2 holds in

8
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the case of Cp,(f) = L, second 61 = L/2,0o = 3L/2 in the case of C,(f) = 2L
since §; = d = L with (9) implies a contradiction ¢ = 0 mod L, and last
91 = 92 = 3L/2 holds in the case of C),(f) = 3L. Thus we have

1 if 01 =06,=1LJ2,
20+ ri=LpxQ 2 if & =L/26 =3L/2

3 if 0 =3, =3L/2.
Here let us see that 6o = L/2 (resp. o = 3L/2) is equivalent to 75,74 € [0, Lp/2]
(resp. 19,74 € [Lp/2, Lp| ) except finitely many primes p. Suppose 6o = L/2;
then ro, ry < ro+ry = Lp/2—a implies ro, 74 € [0, Lp/2—a]. By using the pigeon
hole principle as in the proof of Lemma 1, we see 15,74 € [0, Lp/2] except finitely
many primes p. The equivalence of the conditions 6; = L/2 and 1,73 € [0, Lp/2]
is similar. If 6o = 3L/2, then the condition ro < pL implies

ry =3Lp/2 —a—1re > Lp/2—a and similarly ro > Lp/2 — a,
hence we have ro,r4 € [Lp/2, Lp] except finitely many primes p, similarly.
Thus, if pairs r1,r3 and 7o, 74 distribute uniformly on [0, Lp/2] and [Lp/2, Lp],
we have SPr(f,L) = (1/4,1/2,1/4).
Let us assume T > 1 hereafter, and we show that cases of the density zero

in the conjecture are affirmative.

We are still assuming 1 < k < T — 1.
The case of T'=1 mod 2 : We have to show
SPri3l+kl=0 if k=2a/N mod 2, (11)
SPrik] =0  if k% 2a/N mod 2. (12)
By Corollary 1, we have 3 = ¢ for C,(f) = kN, (3T + k)N. Thus the condition
SPr(3T + k| = Pr(f,L)[(3T + k)N] # 0 implies (37 + k)p = 2a/N mod 2T,
which implies 1 4+ k£ = 2a/N mod 2. This concludes (11).

Suppose that SPr[k] = Pr(f,L)[kN] # 0; then we have kp = 2a/N mod 2T,
which implies & = 2a/N mod 2, and (12) has been proved.

Let us assume that T'= 0 mod 2. Keeping notations in the previous section, we
must show that in case of [FNQ(Car) : FNQ(¢r)] = 2,
SPri3T + k] =0 if [[k]] = [[2a/N]] on F N Q({ar), (13)
SPik] =0 if [[K] # [2a/N]] on FNQ(Gar): (14)
We are assuming that an integer k is relatively prime to 7" and 7' is even, thus
[[£]] is well-defined on F' N Q((ar) (C Q(Car))-

On (13): Suppose SPr[3T + k| = Pr[(3T + k)N] # 0; we have d2 = 01,
hence (T' + k)p = 2a/N mod 2T for a prime p with C,(f) = (3T + k)N,

9
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hence Cg;/N = —g‘% = —0(Cr)¥, where o is a Frobenius automorphism of p

at Q(f)(Car). The condition p € Spl(f) implies that o is the identity mapping
on F'(C Q(f)). Since K := FNQ(Cr) # FNQ(¢r), there is an element o € K,
which is not expressed by a linear combination of powers {(r with rational co-
efficients, therefore all*/Nll £ ()] = ollFl that is [[2a/N]] # [[k]] on K.

On (14): Suppose SPrlk] = Pr[kN] # 0; then we have kp = 2a/N mod 2T.
Thus we have [[k]] = [[2a/N]] by the fact that p decompose at F(C Q(f))
completely. This completes the proof of (14).
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TRACTABILITY OF MONTE CARLO INTEGRATION
IN HERMITE SPACES

CHRISTIAN IRRGEHER

Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. We consider multivariate integration in the randomized setting.
The function spaces which we study are defined on R*® with respect to the Gauss-
ian measure and the functions are characterized by the decay of their Hermite
coefficients. We study tractability of Monte Carlo integration and give necessary
and sufficient conditions to achieve tractability.

Communicated by Henryk WozZniakowski

1. Introduction

Study tractability of multivariate problems, like integration, in reproduc-
ing kernel Hilbert spaces goes back to the works of Hickernell [4] and Sloan
and Wozniakowski [12]. Since then different notions of tractability were studied
for multivariate problems in various function spaces. However, there are only
a few results about tractability of multivariate integration of functions defined
on unbounded domains, see e.g., [7, 8, 15]. In this paper we want to con-
sider tractability of integration in spaces of functions defined on R?®. For that,
we consider the problem of approximating integrals of the form

10)= [ r@e @y, 1)

where ¢, denotes the density of the s-dimensional standard Gaussian measure,
x)=———exp|—,
Ps (271')5/2 p B

2010 Mathematics Subject Classification: 65Y20, 65C05.
Keywords: Monte Carlo integration, Tractability, Hermite space.
The author is supported by the Austrian Science Fund (FWF): Project F5509-N26, which is a
part of the Special Research Program “Quasi-Monte Carlo Methods: Theory and Applications”.
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where “” denotes the standard inner product on R®. Moreover, we consider
integrands f which belong to a reproducing kernel Hilbert space H(K) with
norm || - || k.

In [5] reproducing kernel Hilbert spaces, so-called Hermite spaces, are intro-
duced for which the problems (1) are well-defined. These function spaces are
defined on the R*® with respect to the Gaussian measure and they are based
on Hermite polynomials. For Hermite spaces of functions with polynomially and
exponentially decaying Hermite coefficients tractability of multivariate integra-
tion was already studied in the worst case setting, see [5] and [6].

In this paper we are interested in approximations of (1) obtained by Monte
Carlo (MC) integration rules which are randomized linear algorithms with equal
weights and randomly chosen integration nodes. That is, we study tractability
in the randomized setting, for more details see Chapter 7 in [10]. We will proceed
as in [13] and [3] where tractability of MC integration is studied for the Korobov
space and for the Walsh space, respectively.

The rest of the paper is structured as follows: In Section 2 we introduce
the general concept of Hermite spaces. Moreover, we present two interesting
classes of Hermite spaces: Hermite spaces of functions with polynomially
decaying Hermite coefficients and Hermite spaces of functions with exponentially
decaying Hermite coefficients. Section 3 deals with tractability of MC integra-
tion in Hermite spaces and we give necessary and sufficient conditions to achieve
different notions of tractability.

2. The Hermite spaces

We start by introducing some basic facts on Hermite polynomials. For more
details on Hermite polynomials we refer to [2, 11, 14]. For k € Ny the kth Hermite
polynomial is given by

_1\k k
Hi(0) = S exnla?/2) o oxpl—22)2),

where we follow the definition given in [2]. We remark that there are slightly
different ways to introduce Hermite polynomials, see, e.g., [14]. For

s>2, k=(ki,....,ks) €N;, and x=(zq1,...,25) €R®

we define s-dimensional Hermite polynomials by

Hk(a:) = H Hk:_,v (l‘j)

12



TRACTABILITY OF MONTE CARLO INTEGRATION IN HERMITE SPACES

It is well-known, see [2], that the Hermite polynomials {Hg(x)}rens form
an orthonormal basis of the space L?(R%, p,) of function which are square-
integrable with respect to the Gaussian measure.

Now we are going to define function spaces based on Hermite polynomials.
These kind of function spaces were first introduced in [5]. Let 7 : N§ — RT be
a summable function, i.e., 3 e, 7(k) < 00. Define a kernel function

K.(w,y) = > r(k)He(x)He(y) for x,yeR’
keEN

and an inner product

b

eNg

where f(k) = [p [(@)Hi(x)ps(x)de is the kth Hermite coefficient of f.
Since K, is symmetric and positive semi-definite, we indeed have that K. is
a reproducing kernel, see, e.g. [3, Chapter 2.3|. Let us denote by H(K,) the re-
producing kernel Hilbert space corresponding to K,.. The function space H(K,)
is called a Hermite space and the norm in H(K,) is defined in the natural way
by || fH%(T = (f, [)k,. More details on reproducing kernel Hilbert spaces can be
found in [1].

Note that a Hermite space H (K, ) is fully specified by the function  which reg-
ulates the decay of the Hermite coefficients of the functions belonging to H(K,.).
Roughly speaking, the faster r decreases as k grows, the faster the Hermite
coefficients of the elements of H(K,) decrease.

In this paper we deal with two important classes of Hermite spaces, namely
Hermite spaces of functions with polynomially decaying Hermite coefficients and
Hermite spaces of functions with exponentially decaying Hermite coefficients.
Moreover, we introduce weights to the norm of these function spaces to control
the influence of each coordinate.

2.1. Hermite spaces of finite smoothness

To define our function r, we first choose a weight sequence of positive real
numbers, v = {7;}jen with v; > 0, where we assume that

1>y >z > (2)

13
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Furthermore, we fix a parameter « € (1,00). For k € Ny we consider

1 if k=0,
Ta,y; <k> = { o ik
V4 if £ #0.

For a vector k = (k1,...,ks) € Nj we consider

T57a77(k) = H Tav')/j (k])
j=1

Clearly, it holds that rs o~ is summable. From now on, we use the following
notation for the kernel function,

Keon(T,y) = D 750k Hi(@)Hy(y),
keNg

to stress that the reproducing kernel depends on « as well as on the weight
sequence . The corresponding reproducing kernel Hilbert space is then given
by H(Ks,q,~)- This choice of r now decreases polynomially fast as k grows, which
influences the smoothness of the elements in H (K «,~). In [5] it is shown that the
smoothness parameter « is related to the differentiability of the functions which
makes it reasonable to call H (K ) a Hermite space of finite smoothness.

2.2. Hermite spaces of analytic functions

Let a = {a;}jeny and b = {b;};en be two weight sequences of real numbers,
where we assume that ag := inf; a; > 0 and by := inf; b; > 1. Moreover, we fix
an w € (0,1) and for k € N we define

Pewap(k) = wkles = Xim1 @ik Hwai’“ g (3)

We denote the reproducing kernel function by

Ks,w,a,b(way> = Z wlk‘a'ka<x>Hk(y)
keNg

to indicate again the dependence on the weights. The corresponding Hermite
space is then given by H(K; . a,p). With the choice of 7, 4, it follows that
the functions in H (K w.ab) have exponentially decaying Hermite coefficients.
Furthermore, this exponential decay guarantees that the functions are extremely
smooth, in fact analytic, see [6].

14
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3. Tractability of Monte Carlo integration

Now we study Monte Carlo integration in a Hermite space H (K, ). For that
we consider MC integration rules which are randomized linear algorithms of the
form

Mcn,s(wh' . ,$n,f) = %Zf(a%%
i=1

with independent and standard normal distributed random variables x4, ..., x,.
In this setting we are interested in the randomized error of a MC algorithm which
is given by

1
eMC(n, s) = sup E(\Is(f)fMCn7s(:B1,...,:1:n;f)\2>2 ,
FEHE ) f Ik, <1
where the expectation is taken with respect to independent and identically
distributed random variables x1,...,x,. Furthermore, we consider the mini-
mal number of function evaluations which is needed to reduce the initial error
by a factor of € € (0,1), i.e.,

nMC (e, s) = min{n : MC(n,s) < e}.

Note that the initial error is 1. We want to know how nMC(e, s) depends on e~}

and s. For that we study the tractability of MC algorithms where we follow the
notions given in [10]. We say that we have:

(1) Weak MC-tractability if

1 MC
L log(nMO(e, )
st+e—1—o00 s + g1

(2) Polynomial MC-tractability if there exist ¢, p,q € RT such that
nMC(e,5) < csle™? forall seN, ee(0,1).

=0.

(3) Strong polynomial MC-tractability if there exist ¢,p € Rt such that
nMC(e,s) < ce™? forall seN, ee(0,1).

The infimum of p for which strong polynomial MC-tractability holds is
called e-exponent.

With weak MC-tractability we rule out that the smallest number of function
evaluations needed to achieve an s-approximation depends exponentially on ¢~*
and s. Polynomial MC-tractability means that n™ (e, s) is bounded polynomi-
ally in e~! and s. In the case of strong polynomial MC-tractability the upper
bound is a polynomial in e~! and independent of the dimension s.
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First we derive a formula for the randomized error where we see that the error
depends on the number of integration nodes by a factor of 1/4/n. This coincides
with the convergence rate of MC algorithms of O(n'/?).

THEOREM 1. For the randomized error of MC integration in the Hermite space
H(K,) it holds that
1 3
MC
e’ (n,s) = — max r(k)| .
() vn (kENS\}EO} ( )>

Proof. We know for the randomized error that

1 1
MC 2 2\3
e (n,s) = —= sup L(f7) = L(f)°)"
VI el il <1 (x )
see, e.g., [9, Theorem 1.1]. Moreover, by Parseval’s identity,

L) = [ fePedalde = 3 fy

keN;

1) = | @)z = f0)

and

Hence,

IS(f2) - IS(f)z = Z f(k)z

kEN3\{0}
= > (k) (k) r(k)

keN;\{0}

<%, max r(k). (4)

" keN;\{0}

Now we set k™ = arg MaXpens\ {0y7(k) and we consider the special integrand
f(x) = Hg~(x). Then we get for the k-th Hermite coefficient of f,

. ifk=k"
F(k) = {1 |

0 otherwise.

Thus, we have that (4) is fulfilled with equality for this choice of f. Hence,
it follows that

1 2
MC
= — k .
e (ms) ﬁ(ke%%a@{%}’“( )>
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3.1. Tractability in Hermite spaces of finite smoothness

Now we consider MC-tractability of multivariate integration in Hermite spaces
H(Ks,q,~) of functions of finite smoothness. Since

max r k) = max H ;
bty o) = o TT

we get from Theorem 1 that the randomized error of MC integration is given by

1

k 2
1
7 kﬂ%?‘isjl:[l’)/j . (5)

We remark that this result is similar to the result in [13] and therefore we proceed
in the same way to study MC-tractability for the integration problem.

eMC(n, s) =

From (5) we see that MC integration is strongly polynomially MC-tractable
if and only if sup,ey H;Zl v; < o0o. Assume there exists a j with v, < 1,
then we have that v; < 1 for all ¢ > j. Now let jo the smallest index such
that ~v;, < 1. Then sup,cy H;Zl v; < oo is equivalent to ﬁ‘):_ll v < 00.
On the other hand, if v; > 1 for all j € N, we have that sup,ey [[5-; 7 < oo
iff H;‘;l vj < 0o. Altogether, we have that sup,cy H;:1 v; < oo is equivalent to
H;‘i1 max(7;,1) < oo which, in turn, is equivalent to Zjoil max(log(v;),0) < oo.

Furthermore, we see from (5) that we have polynomial MC-tractability if and
only if there exist C,q > 0 such that maxzp—1, H§:1 v < Cs?. As above,
we get that this is equivalent to supyey > ;_, max(log(v;),0))/log(s) < oo.

Finally, we again conclude from (5) that integration is weakly MC-tratable if
and only if maxp—1, s 25:1 log(yj)/s approaches zero as s goes to oo.
Again this is equivalent to lim,_, >~ max(log(v;),0)/s = 0. Now we sum-
marize our results in the next theorem.

THEOREM 2. MC integration in the weighted Hermite space H(Ks o ~) is
(1) strongly polynomially MC-tractable iff -7 max(log(v;),0)) < oo,

(2) polynomially MC-tractable iff A :=limsup,_, ., 25:1 %&),0) < 00,

(3) weakly MC-tractable iff limg_, o0 25:1 max(log(7;),0) _ (.

S

Let us give some remarks on Theorem 2. We see that the conditions are
necessary and sufficient. Moreover, these conditions are fulfilled, if the weight
sequence contains weights which are smaller or equal to 1. Especially, in the case
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of the unweighted Hermite space, i.e., 7; = 1 for all j € N, we can achieve these
three notions of MC-tractability using randomized linear algorithm.

Note that, if we have strong polynomial MC-tractability, then the e-exponent
is 2. Furthermore, the minimal number n™€ (g, s) of function evaluations which
is needed to guarantee that the randomized error is smaller than ¢ is

supnMC (e, s) = Ce2
seN

with C' = sup szl v; < oo. If we have polynomial MC-tractability, then
nMC(g, s) < sAtoMe2 as s —» 00

with A as in Theorem 2. Furthermore, we remark that the conditions on MC-
-tractability of multivariate integration in Hermite spaces of finite smoothness
are the same as for Monte Carlo integration in Korobov spaces, see [13], and
in Walsh spaces, see [3].

3.2. Tractability in Hermite spaces of analytic functions

For the Hermite space H (K, q.b) of analytic functions we have that
d

max 75, ab(k) = max w
keN\{0} k:EN(S)\{O}j:1

b.
aki7 = ¥ < oo,

ao

because ag = inf; a; > 0 and b; > 1 for all j € N. From Theorem 1 we get that
6MC( w

n,s) = T (6)
and it is easy to see that we can achieve MC-tractability independent of the
choice of the weight sequences a and b.

THEOREM 3. MC integration in the weighted Hermite space H(Ks o ap) 1S
strongly polynomaially MC-tractable, polynomially MC-tractable and weakly MC-
-tractable for all @ and b.

In the worst case setting it is natural to expect exponential convergence
for studying multivariate integration in the Hermite space of analytic func-
tions, see [6]. From Theorem 1 it follows that we can not achieve exponen-
tial convergence for the error in the randomized setting by using standard
Monte Carlo integration, but maybe it could be done by more sophisticated
randomized algorithms.

Furthermore, in [6] notions of tractability are considered to study the depen-
dence of nM€ on s and loge™!. If

log(nM(e, 5))
ste-looo &+ loge!

=0 (7)
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with log 0 = 0 taken by convention, it is ruled out that the minimal number nM®
of function evaluations to achieve an e-approximation to the initial error de-
pends exponentially on s and loge~!. However, (7) cannot hold for Monte Carlo
integration, because

nMC (e, ) = [e 2wl .

We remark that it is possible in the worst case setting to achieve better conver-
gence rates and related notions of tractability, if we restrict ourself to function
spaces of analytic functions, see [6]. However, this is not possible in the random-
ized setting using Monte Carlo integration as we have seen in this section.
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WITH SMALL WEIGHTED STAR DISCREPANCY
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ABSTRACT. The weighted star discrepancy of point sets appears in the weighted
Koksma-Hlawka inequality and thus is a measure for the quality of point sets with
respect to their performance in quasi-Monte Carlo algorithms. A specific selection
of point sets are lattice point sets whose generating vector can be obtained one
component at a time such that the resulting lattice point set has a small weighted
star discrepancy.

In this paper we consider a reduced fast component-by-component algorithm
which significantly reduces the construction cost for such generating vectors pro-
vided that the weights decrease fast enough.

Communicated by Josef Dick

1. Introduction

Given an N-element multiset of points {xq,...,xy_1} C [0,1)% we may ap-
proximate integrals over the s-dimensional unit cube by a quasi-Monte Carlo

(QMC) rule, i.e., L N
[ seaxs 5 3 px)
[0,1] n—0
For detailed information on QMC-integration see [4, 11, 12, 14].
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In 1998 Sloan and Wozniakowski [23] introduced the concept of weighted
function spaces where each group of coordinates is equipped with some weight
according to its importance. Denote the set {1,...,s} by [s] and let v = (v, )ucs
be a weight sequence of non-negative real numbers, which model the importance
of the projection of the integrands f in the weighted function space onto the
variables z; for j € u. A small weight v, means that the projection onto the
variables in u contributes little to the integration problem. In the present work
we consider a special choice of weights, so-called product weights (v;);>1, where
Yo = HjEu v; and vy := 1, and in particular, the weight v; is associated with
the variable x;.

In this paper we assume that v = (7;);>1 is a non-increasing sequence of pos-

itive weights with v; < 1 and (v, )uc[s are the corresponding product weights.
Such weights are useful when considering functions whose dependence on suc-
cessive variables is decreasing.
A particularly important kind of point sets for QMC-integration are so-called
lattice point sets, see [12, 14, 22]. They originated independently from Hlawka [8]
and Korobov [10]. A lattice point set Py (z) = {xXq, ..., Xn—1} can be constructed
with the aid of a generating vector z. For a positive integer N > 2 and a vector
z € {1,...,N —1}* the corresponding lattice point set is of the form

ot = {{paf o0}

Here, for real numbers x > 0 we write {x} = x — |z| for the fractional part of x.
For vectors x we apply {.} componentwise.

We want to measure the quality of lattice point sets Py(z) with respect
to their performance in a QMC rule. To this end we define the weighted star
discrepancy.

DEFINITION 1. Let v = (7v,)uc[s) be a weight sequence and let
Pn ={x0,...,xn-1} € [0,1]° be an N-element point set.
The local discrepancy of the point set Py at x = (z1,...,25) € [0,1]° is

defined as _ 1 -
discr(x, Py) := N Z X[ox) (P) — H T
pEPN Jj=1

where x[0,x) denotes the characteristic function of [0,x) := [0, z1) x - -+ x [0, z).
The weighted star discrepancy of Py is then defined as

Dy (Py):= su max discr((xy, 1), Py)|,
Moy lPy) xe(og]s@¢ug[s]7”| (G 1), Pv)|

where (x,,1) is the vector (Z1,...,%s) withZ; =z;if j cuand z; =1if j ¢ u.
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We denote the weighted star discrepancy of a lattice point set corresponding to
some generating vector z by Dy, (), as Pn(z) is completely determined by z.
To see why the weighted star discrepancy is a measure for the quality of our
point sets we consider the following identity of Hlawka [7] and Zaremba [24]

(see also [4, 12]), given by
) ol

Qn.s(f) = L(f)=D_ (1), / discr ((xu, 1), P (2)) 73" 5 —f (%, 1) dx,
07uCls] 0,171 *u

where

1 N-—1
Qu.a(f) =5 D Flxn)
n=0

denotes the QMC-rule and I(f) = f[o 15s f(x) dx the integral operator.
Applying Hoélder’s inequality as in [4, 23] for integrals and sums we obtain

1Qn.s(f) = Ls(F)] < Dy (2)[[ £+ (1.1)

where |||/ is some norm dependent on « but independent of the point set Py (z).

If f is sufficiently smooth, || f|l, coincides with the weighted variation of f in the
sense of Hardy and Krause. The first factor in (1.1) is the weighted star discrep-
ancy of the point set Py (z), which depends only on Py (z) and the weights. Thus
we see that the smaller the weighted star discrepancy DY . (z), the better the
quality of the lattice point set Py(z). Hence we want to find lattice point sets
Pn(z) with small weighted star discrepancy.

As no explicit constructions for good lattice point sets are known for di-
mensions s > 2, one usually employs computer search algorithms to find good
generating vectors. There exist many papers on the construction of generating
vectors for lattice point sets with a small weighted star discrepancy: Joe [9] has
given a component-by-component construction for generating vectors of lattice
point sets with a prime number N of points, which have a weighted star discrep-
ancy of order N~'*? for any § > 0. Their generating vector has a construction
cost of order sN log N, where an approach of Nuyens and Cools [19] can be used
to reduce the construction cost.

In [20] Joe and Sinescu have achieved the same results for a composite number
of lattice points and product weights. Finally in [21] they considered general
weights and a prime number of points.

Dick et al. [2] have given a reduced fast algorithm for the construction
of generating vectors of lattice point sets with N a prime power. They var-
ied the size of the search space for each coordinate according to its importance
and considered the worst-case error of integration in a Korobov space to measure
the quality of their lattice point sets.
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Let b be an arbitrary prime number and m a positive integer. In the present
work we consider lattice point sets with N = 0™ elements and study their
weighted star discrepancy. As mentioned before, the generating vector z =
(#1,...,2s) of such lattice point sets can be obtained one component at a time.
When using the standard component-by-component construction, in the follow-
ing frequently abbreviated by CBC construction, each component is chosen from
{ze{1,2,...,0™ — 1} : ged (2,b™) = 1}. As done in [2] for the worst-case error,
we speed up the construction of such generating vectors by reducing the search
space for each component, while still achieving a small weighted star discrep-
ancy of the corresponding lattice rule. To this end we define non-decreasing
0<w; <wy<---&N and set

- {ze{1,2,...,0m ™ -1} :ged (2,0™) =1} if w; <m,
" {1} if w; > m.

Note that these sets have cardinality 6™~ %i~!(b — 1), for w; < m. In what
follows we denote by Zf\,’W the Cartesian product b"' Zn 4, X -+ X b Zn 4, ,
where b"7 Zy ,,, means that every element of Zy ., is multiplied by v*7. We
denote by z € 2§, a vector z = (b1 21,...,b"" 2,), with z; € 2y, for j € [s].
We study the weighted star discrepancy of lattice point sets Py (z) with gen-
erating vectors z € Z3 . Dick et al. [2] have considered the worst-case error
for approximating the integral of functions in suitable spaces by a QMC rule
based on lattice point sets. Here, in contrast, we study the weighted star dis-
crepancy of these lattice point sets which is another important quality measure.
We will see that for sufficiently fast decreasing weights we can construct lattice
point sets with small weighted star discrepancy, while significantly reducing the
construction cost in comparison to the standard CBC construction.
It follows from [14, Theorem 3.10 and Theorem 5.6] that

Jul
Dyy(2)< Y (1 - <1 — %) ) + %Rﬁvﬂ(z), (1.2)

where ug[s]
R?V;y(Z) = Z YwRN (Za u) (1.3)
and uCls]
1 ¥l o2mihkb™i z; /N
Ry(z,u) = > [I|®+ > — | 1. (1.4)
k=0 jeu —%<h§%
h#£0

Using this estimate for the weighted star discrepancy we derive the results in
Sections 2, 3 and 4.
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Finally, we introduce the concept of tractability [15, 16, 17]. To this end we
define the information complexity (often refered to as inverse of the weighted
star discrepancy) as

N*(e,s) = min{N € No : Dy ,(z) < ¢},

which means that N*(e, s) is the minimal number of points required to achieve
a weighted star discrepancy of at most €. Of course we want the information
complexity to be as small as possible. Therefore we are interested in how fast it
increases when e~! and s grow. We define the following notions of tractability.
We speak of

e polynomial tractability, if there exist constants C,7; > 0 and 75 > 0 such
that

N*(e,s) < Ce™™s™ forall € (0,1) andall s€ N and of

e strong polynomial tractability, if there exist positive constants C, T such
that

N*(e,s) < Ce™™ forall €€ (0,1) andall se&N.

Roughly speaking, a problem is considered tractable if its information complex-
ity’s dependence on e~! and s is not exponential. We will show that the above
mentioned reduced fast component-by-component construction finds a generat-
ing vector z of a lattice point set that achieves strong polynomial tractability if

00
Z ’)/jbwj < 00
=1

with a construction cost of

min{s,t}
O(N log N + min{s,t}N + N Y (m — wd)b—wd>
d=1

operations, where t = max{j € N : w; < m}.

The structure of this paper is as follows. In the next section we derive an upper
bound for the arithmetic mean of the weighted star discrepancy over all possible
lattice point sets constructed by a generating vector z € Z3, . In Sections 3 and
4 we present a reduced fast CBC construction for generatfng vectors of lattice
point sets with small weighted star discrepancy. Finally, in Section 5 we study
conditions on the weights ~; and w; for achieving strong polynomial tractability.
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2. The arithmetic mean over all z € Z§

First of all we estimate the arithmetic mean of the weighted star discrepancy

over all possible generating vectors

z=(b""21,...,0"2) € Z} w,

proceeding similarly to [14] and [20]. This yields the existence of a lattice point
set with small weighted star discrepancy. The upper bound which we obtain for
the arithmetic mean is not the same as for the reduced CBC construction in the
next section. Nonetheless, we need large parts of the calculation of the present

section to obtain the estimate in Section 3.

THEOREM 2.1. Let N = b™, (w;);>1 and Z5 , be as above and let m > 5.

Then there exists a generating vector
z=(0""21,...,0"z) € 2}
whose corresponding lattice rule has weighted star discrepancy

Dy, <Y (1 _ (1 - %j)

uCls]

m—1 s s s
+ % Z e () H (Bj +7;SN) H B; —Hﬁj )
p=0 j=1 7j=1 j=1

wj>m—p w; <m-—p

with B; =1+ y; for all j € N and

1
SN = NZ m
—J<n<f
h#0

(2.1)

REMARK 1. Provided that the v;b"7’s are summable, the bound in Theorem 2.1
is of order N log N for arbitrary § € (0,1) with an implied constant independent
of N and s. Furthermore, note that if all weights w; = 0, then we obtain the

result in [20, Theorem 1 and Corollary 1].
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Proof. As the first sum in (1.2) is independent of z, it is obviously enough

My oy = Z Ry (2) (2.2)

7W ZEZY

to consider the mean

of the second sum.
We have from [9, p. 186, eq. 9]

, P Nzl s 02mihkb i z; /N
Ry (2)= 1 Bt D Hﬁa
k=0 j=1 -~y en<k
h#0
1 4 1 N-1 s 27rlhk:b iz; /N S
:ﬁ (ﬁj—’_rYJ SN)""W B + 5 Hﬁj
Jj=1 k=1 j=1 <h<X
h#0
Thus (2:3)
S
My s NH(ﬁJ +7;5N)
j=1
N—-1 s ; w s
1 1 o2mihkb™ i z; /N
tx Xz X e S | IDs
— 12N NP L o
k=1 j=1 zJGZN,w]. —H<h<k j=1
h#0
1 S
=N (Bj +7iSN)
j=1

N-1 s o2mihkb™ i z; /N

1 S
N Z bi IZN . Z > | ~1I#
k=1 7 Zj€2ZNw; —H <h<d j=1

h;é()

To avoid lengthy formulas we use the following abbreviations:
eZ‘frihkwa' z; /N

o= Y 3 S 2.4)
Zi€ENw; —H<h<i
h#£0

and
N s
Lo = ;H@ ’ ZNWTM?(]“))' (2:3)
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Then we have

11 i
My s~ = N H (Bj +7iSN) + Lns~ — H Bj- (2.6)

j=1 j=1

We study Tnw, (k) distinguishing the two cases w; > m and w; < m.

Case 1: w; > m. This yields Zy,,,, = {1} and thus

e27rihk:bw-7 /N e27rihk:bw-7”” 1
TN,w_,v (k) = Z T = Z T = Z m: SN. (27)
—F<n<f ¥ <h<F —F<n<d
h#0 h#0 h#£0

Case 2: w; < m. Then 2y, = {z€{1,2,...,0m™" — 1} :gcd(z,N) = 1}.
According to (2.5) we have to calculate Ty, (k) only for k € {1,...,b™ —1}.
We display these k as &k = ¢b™ % 4+ r with ¢ € {0,...,0% — 1},
re{0,...,0"m % —1} and (¢,7) # (0,0). Then

TN,wj (k) = Z i Z eZwih(qu*“ﬁ'+r)bw.1zj/N

||
_%<h§% ZjGZNywj
h#0
o 1 2mihqz; 2mwihrz; /b™ Vi
= P e Je J
Nl (2.8)
_7<h§7 ZjGZNywj
h+£0
_ § i § : e27rihrz_,v/bm7w-7.
—5<h<y 2] €ZN,w;
h#0

If r =0, i.e., kK a multiple of 6"~ " this yields

1
T, (k) = D, r 20 1=12nulSy. (2.9)
_%<h§% ZjGZNywj

h#0

Next we investigate r € {1,...,0™ % —1}. For any z; € {1,...,b™ % —1}
we find ged (z;, N) = ged (25, 6™~ *7) € {1,b,6%,...,b™ i1} and hence

> oua =Y u(d>:{1 iffged (5, N) = ged (23,4 ) = 1,

0 otherwise
d| ged (z;5,NN) d]ged (z;,b™ ") ’

where 1 denotes the Mobius function.
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For any z; € {1,...,0™~" —1} this implies z; € 2y, iff > wu(d) = 1.
d| ged (z5,b™ 7 9)
Inserting this fact into (2.8) we have

pmTwi
Do) = ¥ Y e Y )
—S<h<h zj=1 d]ged (z;,b™ ")
h#£0

Studying the two inner sums we find

bWl 1 pm—ws 1
Z o2mihrz; /b7 Z p(d) = Z p(d) Z e2mihrz; [
%=1 dlged (26" 00)  dp™ v Zé}?
’ (2.11)
Z Z 2wihrad/b™ i
where the latter equality holds since a € {1, cee bm o } yields

ad € {d,2d,....b" "} ={1 <z <b™ " —1:dlz;} U {7}

and

> uld) =0,
. d‘bm_wj
smee w; < m.

Changing the order of summation we obtain with (2.11)

bm,fwj—l ) s bm w] d
TS SR S Gy et
zj=1 d| ged (z;,b™ "9 djp™ i =1

bm—’w]‘

= d .

> an()
dppm i
d|hr

With (2.10) this leads to

- kT (55 o(5) Xk

—%<h§N d|bm wj djb™ i —J<h<i
h#0 d|hr h#0
d|hr
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Using that d|hr is equivalent to od ( 77 |h we display T ., (k) as

b 1
Tnw, (k) = Y du< y ) > Ik (2.12)

djpm™ i —S<n<d
h#0

d
ged (d,r) h

To further investigate T ., (k), we first study sums of the same type as the
inner sum in (2.12). For any positive integer a we have

1 1 1 1 1
3 o o= = - > o= S, (2.13)
N o

N p< N N cap< X a‘p‘ N~ <£ ‘ ‘
2 =72 =72 2a 2a
h#0 p#0 p#0
alh

where Sy is defined analogously to (2.1). Combining (2.13) and (2.12) and the
property of p that p(1) =1, u(b) = —1 and u(b*) =0 for i € N,i > 2 we obtain

b ged (d,r)
TN7”LU]( M( d > SNgcd(dT)

b
,LL( d > ng d T)S% ged (d,r)

d‘bm w

m— w, pm
= ( b7f )gcd b T)Sbm ng(b’ )

ng (bm wj, T)Sbwj ged (57 1) —ged (b —1’ T)Sbwjﬂ ged (b™ i "L y)

= bV(Sbwj+V - Sbw_7v+u+1)’

with v € {0,...,m —w; — 1} (2.14)
Summarizing, we have for k € {1,...,b™ — 1}
SN if w; >m,
Ty, (k) = |ZN,w, |SN if w; <m and k=0 (modb™ "),

bY (Sywj+v — Syuwj+v+1)
with b¥=ged (™", r) if w; <m and k # 0 (mod b™~"7).
(2.15)
Let us choose t € Ny such that w; < m for all j < t and w1 > m.
(If t = 0, then w; > m for all j € N. In that case we obtain the generating
vector z = (b"1,...,b").) With this fact we are able to write Ly s~
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from formula (2.5) as
N—1min{t,s}
(+1

Lo = Z 11
N—1min{t,s}
~x ey 1

j=t+1

S

T W) T (3 + mmw))

j=t+1

,”LU]'|

7\TN i (k)>' (2.16)

N,w;

TN w,
Next we aim at finding bounds for IETJ(\ for w; < m.
W

If k is a multiple of 0™~/ we see immediately from (2.15) that

TNw, (k) |ZNw,|SN
= = SN'

|ZN7w.1 ‘ |ZN7w.1 ‘
If k is not a multiple of ™ "i  we use a formula from Niederreiter [13] for S
with arbitrary n € N, given by
Sp = 2logn + 2y —log4d + &(n), (2.17)
where v denotes the Euler-Mascheroni constant
l
. 1
v = lliglo (Z P logl> ~ 0.577216. ..
k=1
and 4 P
-3 <é&(n) <0, if n is even, (2.18)
-3 <e(n) < 2, ifnisodd. '
From (2.15) we know
(2.19)

TN w, (k) = 0" (Syuj+v — Sywj+v+1) <O.

Withm25weﬁnd—2<Tlg+j(_k)<0forwj<mandk:notamul—

tiple of 0™~ %i as follows. The upper bound follows immediately from (2.19)
It remains to show the lower bound. First we consider Ty ., (k) using (2.17).

We have
Now, (k) = b (Syuj+v — Syujvs1)
= b (—2logh + (bW tY) — e(b¥itr L))
= —2b"logb + b” (E(bw_7+u) . E(bwj+u+1)) .

With (2.18) we obtain

’by( b’w]-i-l/) o (bw]+y+1>)| < ’by( bw]+V )’ 4 ’by( b”LU]-‘rl/-i-l))’

1
—2’[1}_7‘ -V
< 4b (1 + b2>
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Thus

TN w(k) bw_,v—m—i-l pwWi —m~+1 . 1
— — 20" logh — ————4b~*"i7V | 1
Zyyl © b-1 YT T )

Recall from (2.15) that v = log;, (ged (6™~ *7,7)) € {0,1,...,m —w; — 1}. Thus

TN w,; (k) _ _, logb _ 1 1
Wi > _2bw]—m+1+m—w]—l _ 4b—w]—m+1—1/ 1 -
E b1 o1\ e

logb 1 1
> 4p—mtl 1+ —= ).
=Ty b1(+62>

Now, with the assumption m > 5,
TN w,; (k) logb 1 1
»Wji > _9 o 4b—5+1_ 1 -
E o1\

log 2 541 1
—2 —4.27°T (14 = —2
21 ( +22>> ’

and hence

TN,wj <k>
|ZN,’LU_7'|

For any integer p € {0,...,m—1} with b | k and b*! { k the condition b™ % { k

is equivalent to m —w; > p or w; < m — p, respectively. Thus we can display
(2.16) as

<0 for wj<m and """ {k.

1 s
LN,s,‘y = N H (B] +’7jSN)

j=t+1
m—1 N—1 min{¢,s} min{t,s}
vi
IS H j+ T, 0) TT (Bi+ 75Ty (0)
w“ - |ZNw'|
p=0 k=1 N,w; j=1 YW
b2 |k ijm—p w; <m—p
Pk
1 s m—1 N—1 min{t,s} min{t¢,s}
<~ LI (6+75n) IT B +vsy) I 8
j=t+1 p=0 k=1 J=1 Jj=1
WPk wj;>m—p w; <m—p
Ptk
where the latter estimate holds since
TN w, (k
B; > 1, —2<M<0 and ~; < 1.
|ZN,’LU_7'|
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From
{k € {1,...,N—=1}:0" |k and W' {E}|
={ke{l,... 0™ =1} [k} — [{ke{l,...,0™ =1} : 0P*" |k}
=pmP —1— (P 1)

=p" P b —1) (2.20)
we get
1 s m—1 min{t,s} min{t¢,s}
m—p—1
Lns~ < N H (Bj +7;Sn) Z P (b - 1) H (Bj +7j5N) H Bj-
j=t+1 p=0 = =
wj=>m—p w; <m—p

Inserting this into (2.6) we obtain for the arithmetic mean

13
MN,s,‘y = N H (B] +7]SN)

j=1
i s m—1 min{t,s} min{t,s}
+ N_H (Bj +7;Sn) Z () H (Bj +7;Sn) H B;
Jj=t+1 p=0 j=1 j=1
s wj>m—p w; <m-—p
_ H B;.
st (2.21)

This proves, with (1.2), the existence of a vector z € Z§; |, such that the weighted
star discrepancy DY . (z) fulfils

| s
z«ﬁ(ql%) )3 (0 s

uCls] Jj=1
min{t¢,s} min{t,s}
H Bj +’YJSN)Z TP b_l)H Bj +7;5n) H Bi— Hﬁj
J =t+1 w7>m , wj<m_p
(2.22)
I\ 11
SZ’yu 1_(1_N> —|—§ NH(ﬁj-F’ijN)
uCl[s] Jj=1
m—1 s
L me - T s [16-T10) - @29)
Jj=1 Jj=1 J=1
w;>m—p w; <m-—p
(]
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3. The reduced CBC construction

In this section we give a component-by-component construction for the gen-
erating vector and an upper bound for the weighted star discrepancy of the
corresponding lattice rule.

ALGORITHM 1. Let N =" and (w;);>1 be as above and construct

z=(b"21,...,0%2) € 23, as follows:
(1) Set z; = 1.
(2) For d € [s — 1] assume z1,...,24 to be already found. Choose z441 €
ZN,wa., such that
R (b 21, .., b 2, b1 2)

is minimized as a function of z.

(3) Increase d by 1 and repeat the second step until z = (b z1,...,b0" 2,) is
found.

In the algorithm above the search space is reduced for each coordinate of z
according to its importance. This results in a considerable reduction of the
construction cost as we will see in Section 4. This is why we call this algorithm
a reduced CBC-algorithm.

The following theorem gives an upper bound for the figure of merit Rﬁl\m
of lattice point sets with generating vectors obtained from the algorithm above.
THEOREM 3.1.Let z= (b"z1,...,b"=z4) be constructed according to Algorithm 1.
Then for every d € [s],

d
R (5™ 21, B zy) ! I1 (5]« n (1 4 gpmin {wwm}) %—SN). (3.1)

< —
SV
Jj=1

COROLLARY 3.2. Let N = b™ and (wj);>1 be as above and let
z=(0""21,...,0"z) € 2} &

be constructed using Algorithm 1. Then the corresponding lattice point set has
a weighted star discrepancy

Ju s
Dy 4(z) < Z’Yu (1 — (1 — %) ) + % H (ﬁj + (1 + Qbmin{wwm}> ,ijN>.
uCls] j=1

Proof. Combining (1.2), (2.1) and Theorem 3.1 we immediately obtain the
result. O

To prove Theorem 3.1 we use the the following
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A REDUCED FAST CBC CONSTRUCTION OF LATTICE POINT SETS

LEMMA 3.3. Let N = b™, (w;)j>1 and 2N, be defined as above and recall
from (2.4) the notation

e27rihkbwf zj/N
Ty ) = 3 3 =
2 €ZNw; — N <h< X
Then N 170
—1
TN w. (k ;
Z M < gpmin {wj,m}SN_ (32)

1 |ZN,1UJ'|

Proof. As before, we distinguish the two cases w; > m and w; < m.
Case 1: w; > m. Then (2.15) yields

TN w |
Z| N 7 ZSN_ —1)SNSQNSN:2bmm{wj7m}SN'

Nw7

Case 2: w; < m. We use (2.15) and (2.8) to find

N-1 N-1 N-1
ZITN,w]-(k)I -y T, () 3 TN w; ()|

=1 |ZN,1UJ'| =1 |ZN,1U]'| =1 |ZN,1UJ'|
pmTwi 1
= (" —1)Sy +b" Z T, (] :
r=1 ‘ZN’wf‘

For any r € {1,...,b™ " — 1} the condition ged (r,b™ ") = b” is equivalent
to v” | r and v*T! t r simultaneously. Using this we investigate the last sum
in the above equation :

[ | m—w;—1p"m""i 1

TN w, <T)‘
Z ‘ZN’wj| |ZN w7 Z Z |TN w,

r=1 v=0 r=
b"|'r
b”+1h’

Once more with the aid of (2.15) this yields

p"m T —1 m—w;—1pm "W —

TN, ()]
Z ‘;N’wj‘ - ‘ZN wj Z Z bijr’/ - Sbw_7+u+1)|

r=1 v=0 r=1
b |r
bu+1)(7‘

m—w;—1pm""j 1

E E bw]-+1/+1 — Sbwj+u).

|ZN w] =0

b”h
Bty
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Analogously to (2.20) we find
{re{t,... .0 =1} 0" [rand 0T 47} =™V (b — 1)

and hence
pmT Wi 1 s —1
T, (1) !
Z # N Z (Syuwj+vir = Syuyev) = SN — Sy
r=1 sWj =0

Altogether we have

N_

Ty o (k
3 % — (" —1)Sy + b (Sx — Syes )
=1 | N:wj‘

IN

Wi Sy = 2bmin {wj,m}SN
and the proof is complete. O

With the aid of Lemma 3.3 we are able to prove Theorem 3.1 using induction
on d.

Proof. According to Algorithm 1 we set z; =1 in Step 1. We have to show that

R, (") < % (B1+ (14 20mntmd) 9y 5y ).

With (2.3) we have

y 1 M= e2mihkb™1 /N
RN.,,bl :ﬁz B1+m Z T -5
k=0 —J<n<f

h#0
N—1 ihlb™
1 e27rlhk:b 1/N
Yo ¥ S
k=0  _N<p<k
h#0

Again, we consider the two cases w; > m and w; < m separately.

Case 1: w; > m. Then

e27rihkbw1_m 1 1
R}V,q(bwl) = NZ Y1 Z T:N’leSN < N(l + 7+ 2N71SN)
N<h<ki
® a0

1 . 1 .
_ N (61 + 2bmm{w1’m}’}/151\7> < N (Bl+(1 + 2bm1n{w1,m}) 'YlSN)a

which is the desired result.
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Case 2: w; < m. After interchanging the two sums, once more, we split up the
inner sum as follows:

N-1
1 wiy _ J1 1 2mihk /b1
Ry, ") =+ > ﬁﬂ-i Q?Tilk/
k=0

N
—J<n<f
h#0
] Nl ] N1
_n L ezwihk/bm—w1+ﬂ 1 p2mihk /6™
N N N | | k=0 N N N | | k=0
—Nop<X = N <n<¥ =
h#£0 h+#0

Now we are able to compute the inner sums. The first one sums to /N, whereas the
second one equals zero which can immediately be seen by applying the formula
for finite geometric series. Thus

1
Bya®™)=m 3
Y <h<¥
h#0
b R

We use (2.13) to find

Rl (57) = = " S

bm—'wl pm—wi

M jw 1 w
< —b" < — 261
SN Sy < N (51 + 71SN)

1 .
< N <51 + (1 + Qbmm{wl’m}) 7151\7)7

as it is claimed.

Let d € [s — 1] and assume that we have some z € Z§, , such that

d
1 e
R (b 21, ... b 2g) < N | | (ﬁj + (1 + 2pmin{ws, }) 7j5N>,

Jj=1

We have to prove the existence of a 2411 € ZN,w,,, With

d+1
R0 2 bz ) < T (8 (142000 )
j=1
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Using again (2.3) we have for any z441 € 2N w,,, that

d+1
RN":,Y (0 21, 02, DY 24 1)
1 N-1 d o2mihkb" i z; /N
H T Z T
Ni= j=1 —F<n<d
h#0
e2mihkb d+1zg 1 /N d
X | Bar1r +yar1 D 7] — Bas1 | [ 8
—f<n< Jj=1
h#0

N—1 d : wi . w
Vi1 e2mihkb™i z; /N @2mihkb A+ 244 /N
+ N H B] +’7] E : |h| E : |h|
k=0 <1 ynsy yensy
h#0 h#0

N
=1
Va1 N-1 e2mihkb d+ 1z, 1 /N o2mihkb™i z; /N
DD e 1| DR s
k=1 N <p<X Jj=1 —Nop<X
h+#£0 )
(3.3)
Next we consider the arithmetic mean of
Ry (b 21,0, b0 2, b1 2)  over all 2z € 2Ny, -

As only the third summand in (3.3) depends on the (d + 1)-st coordinate it
suffices to investigate the mean of this summand. Clearly, if we have some upper
bound for the mean over all

2 € ZNwg,,, thereexists 2411 € ZNwyy,

which satisfies this bound.
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Thus we study

N-1 -
1 Vi1 eQﬂlhkb d+1z/N
Z Z N Z Z h
| N,’wd+1| ZEZN,wd+1 k=1 —%<h§% | |
h#0
e2mihkb™i z; /N
x H ﬁj + Vi T
Jj=1 —f<n<
h#0

N—-1 i w g
1 Y41 e27rlhk:b +1z/N
Z Z N Z Z h
‘ N,wd+1‘ GZN,wd+1 k=1 —%<h§% | |
h+#£0
d e2mihkb i z; /N
X H Bi+ 7]
Jj=1 Y <h<&
h#£0
N—-1 i wg
Y41 1 e27rlhk:b +1z/N
TN A 2Nl 2 2 1]
2

|e27rihkbwf z; /N |

I

X Bty D

| = N N
Jj=1 —J<n<¥
h#0

Yd+1 — \TN d
wd+1
D H (8; +;Sw)

‘ZN wd+1‘

d

Yd+1 o7 min{w 1,m
< TQb {wat }SNl_[l(Bj +’7jSN),
Jj=

where the last estimate stems from an application of Lemma 3.3. Combining
this with (3.3) we have shown the existence of a 2441 € Zn,u,,, such that
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d+1
RN (0" 21, 020, 04 2g41)

< Bd-l—lR?V'y(bwl 21y bded)

d
S
7d+1 NH ﬁj-l-VJSN

+ —V?\Jfrl gpmintwarimt gy H (Bj +7;SN)-
j=1

We use the induction hypothesis to find
RGA(0" 21, b2, 0 241

d
< B?\-/l:l H <Bj+(1+2bmin{wj,m}) ’YjSN>

Jj=1

’Yd+1S

Y

H,’:]g

(ﬁjﬂjsN) (1 2pmintussmt)
< (5d+1 + ( + Qbmm{wd“’m}) %l+1SN>
1 .
<511 ( (1 2bmm{wwm}) ijN>
= icii[]l B; + (1 +2bmi“{wwm}) S
_ Nﬂ( J ),

which completes the proof. O

4. The reduced fast CBC construction

By now we have seen how we can construct a generating vector of a lattice
point set with low weighted star discrepancy with a reduced CBC construction
as in the previous section. Now we study the construction cost of this algorithm.
In fact the CBC algorithm given in Section 3 can be made faster to construct
generating vectors for relatively large N and s. To show this we follow closely

[2] and [12].
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Let d € [s — 1] and assume that we have already found (b**zq,...

Then we have (cf. (2.3))

N—-1

d
1
'abwdzd):ﬁ H BJ+
k=0 j=1

R(]{/ﬁ<bw1 Z1

Define r(h) = max {1, |h|}. Then

e2mihkb™i z; /N

,bwdzd).

Z o2mihkb i z; /N ﬁ
—S<n<d j=1
h#0

o2mihkb™i z; /N

B+ =B+ 1
’ ’ —J<h< |h| ’ ’ N p< N T<h)
2];,;&0_ 2 2 — 2
e2mihkb™i z; /N
—J<n<d

Hence we have

; Nl d 2mihkb®s z; /N d
Ry (0" 21, ..., 0" 2g) NZH 147 0 —Hﬁj
k=0 j=1 —J<n<d j=1
| V-1 d
=N na(k) — H Bi, (4.1)
k=0 j=1
where we have defined
d
kEbYi z;
n4m=I1G+qm( NJ»
j=1
and
2mihx
QZ)(-T) = Y T(h) N
—f<n<k

However, this is exactly the situation as dealt with in [12, Section 4.2].

Thus we know that ¢ (&]\;Z’) takes on at most IV different values, namely
1 -1
0 e
000 (5 ) -0 (T3

which can be computed in O(N log N) operations and stored in a memory space

of size O(N), as demonstrated in [12, Section 4.2].
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Next we investigate one actual step of the CBC construction. Assuming that
we have already found (b"' 2y, ...,b""24) € Z ,, we have to minimize

R (b 21, .., b 2, b1 2)

as a function of z € Zn y,,, to find 2411 € ZN wy,, - For wapr > m we just set
zg4+1 = 1 and we are done. Therefore let wqi1 < m. Considering (4.1) we have

RGA(0" 21, b 2, 0 241
| Nl d+1
=N Na+1(k H Bj
k=0
N-1 d+1
1 kbWi+1z,
=N na(k) (1 + Ya19 <7+1>> H B;
k=0
N—1 d+1
1 kbWi+1 2,4
S (e ) -1
k=0

It is obviously enough to minimize Z,]j:_ol na(k)o ({ M]\;Z‘“l }) To do this we

proceed analogously to [2]. We define the matrix

(o) ,

2€ZN, gy KEL0,.. ., N—1}

the vector
Mg = (0a(0),na(1),...,na(N = 1))
and N—1
kbwa+1
9= X mtke ({5 )
Then

Ang =Ty(z) = (Td(z))zezN,wd+1 :
We can display the matrix A as

A= (Q(m_derl)’ ceey Q(m—wd+1)) ,

- (- ()

with

zezb,,o,ke{o,‘.‘,bl—l}
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Again analogously to [2] we obtain the following reduced fast CBC algorithm.

ALGORITHM 2.
a) Compute ¢ (%) forallr=0,...,N — 1.

b) Set (k) =1+ 71 ({%}) for k=0,...,N —1.

c) Set z; = 1. Set d = 2 and recall that we have defined ¢ = max{j : w; < m}.
While d < min{s,t},
1. partition n,;_; into b"? vectors ngl_)l, . ,nd 1 ) of length b~ %4 and let

n' = 77511)1 +o+ n;b_wf ) denote their sum,

2. let Ty(z) = Q(m Wiy,

3. let zg = argmin, Ty(z),

4.1t na(k) = na-1 (k) (14700 ({252 }) ) for k=0, N =1,
5. increase d by 1.

If s > ¢, then set 2,41 = = z; = 1. Then we have

Ny (021, DY 2g) = Zné Hﬂj_
j=1

Using [2, 12, 18, 19] we find that Algorithm 2 has a construction cost of

min{s,t}
O | NlogN + min{s,t}N + N > (m — wg)b "
d=1

operations, in comparison to O(sN log N) operations for the standard CBC al-
gorithm used for example in [20].

5. Conditions for strong polynomial tractability

Let z=(b"1z1,...,b" 25) € Z} |, be constructed with Algorithm 1 or 2 and
consider the corresponding lattice rule. We are interested in conditions for
tractability of the weighted star discrepancy of such lattice point sets.
From (1.2) and (1.3) we know

]
Di,(2) < > (1 - (1 - %) ) + %R;"Vn(z)-

uCls]
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For now, let us assume that the v;6"7’s are summable, i.e.,

oo
Z ;0" < o0.
j=1

Similar to Joe and Sinescu in [9] and [20], we see that in this case

. maX{I,F}eXp(Ei1Vj) 1
DN,'y(z) S N J + §RN,'7(Z)7
where S
S ST
= 1+,

In particular, considering our assumption that the v;0“7’s are summable, the
constant

oo
max{1,T'} exp Z ¥4
is indeed finite. j=1
Theorem 3.1 ylelds

e < 213+ (o))

and hence we have -

1+ max{1,T o ) s |
Dy (2) < e };Xp (ZJ : %> H (@‘ + (1 + 2p™in {wj’m}> %—Szv)

with ¢, = 14+ max{1,T"} exp (Z;‘;l fyj) independent of s. We study the right-
hand side of (5.1)
(  + (1 + 2bmin{wwm}) ijN>
. N

< X min {w;,m} ) v
_NI:[< (1+2b )%2<log{2J+l>>

had min {w;,m}
< Nl:[( (1+2b ) 4logN>

_‘Y . min {w;,m}

= 1;[ <1+% <1+4(1+2b )logN>>, (5.2)
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where we have used

r—
w2

J
1 1 N
Sv= Y mgQ E§2logL5J+2§410gN-

N
—J<n<d h
h#0

The second to last inequality is a well-known estimate for partial sums of the
harmonic series.

Now we have

% H (ﬁj + (1 + 2pmin {’“wm}) ijN>

ﬁ’y (1+’yj<1+4(1+2bw-7)logN)>

;:]m H;:]m

\ /\

N’Y (14 137,09 log N).

Il
A

J
Define
oq:=13 Z ;0% for d > 0.
j=d+1

From [4, p. 222] or [6, Lemma 3] we know that

[T @+ 1376 log N) < (1 +07")" NlcotDoa

j=1
For 0 < 0 < 1 choose d large enough such that o4 < —~. Then

S
[T 2+ 13407 log N) < &,5N?,
j=1
where ¢, s is independent of s and N. Thus we have
R}q\,ﬁ(z) < c%(;N‘;_l,
with ¢y 5 = ¢y - &5 independent of s and N. We obtain cy sN°~! < ¢ and thus
Dy (2) <e if N> (cy5e )70,

Hence, if the v;b"“7’s are summable, we always achieve strong polynomial tract-
ability.

REMARK 2. Whether the conditions on the v;’s and w;’s can be mitigated while
at least polynomial tractability still holds remains an unresolved problem.
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COMPONENT-BY-COMPONENT CONSTRUCTION
OF SHIFTED HALTON SEQUENCES

PETER KRITZER—FRIEDRICH PILLICHSHAMMER

Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. We study quasi-Monte Carlo integration in a weighted anchored
Sobolev space. As the underlying integration nodes we consider Halton sequences
in prime bases p = (p1,...,ps) which are shifted with a p-adic shift based on p-
-adic arithmetic. The error is studied in the worst-case setting. In a recent paper,
Hellekalek together with the authors of this article proved optimal error bounds
in the root mean square sense, where the mean was extended over the uncountable
set of all possible p-adic shifts. Here we show that candidates for good shifts can
in fact be chosen from a finite set and can be found by a component-by-component
algorithm.

Communicated by Arne Winterhof

1. Introduction

We study the problem of approximating the value of the integral Is(f) :=
f[o,1]s f(x)dax of functions f belonging to a reproducing kernel Hilbert space
H(K) of functions f : [0,1]* — R. One way of numerically approximating I,(f)
is to employ a quasi-Monte Carlo (QMC) rule,

1
Qu.a(f) =5 D Flan),
n=0
where Py s = {®xo,x1,...,zny_1} is a set of N deterministically chosen points

in [0,1)%. Tt is well known (see, e.g., [3, 4, 10, 12, 15]) that point sets which are

2010 Mathematics Subject Classification: 65D30, 65C05, 11K38, 11K45.
Keywords: Quasi-Monte Carlo integration, shifted Halton sequences, worst-case error.
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and F5509-N26 (Pillichshammer), respectively, which are part of the Special Research Program
“Quasi-Monte Carlo Methods: Theory and Applications”.
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in some way evenly distributed in the unit cube yield a low integration error
when applying the corresponding QMC rules for approximating I4(f).

We study the error of QMC rules in the worst-case setting. The worst-case
error of an algorithm @)y s based on nodes Py  is defined as the worst integration
error over the unit ball of H(K), i.e.,

ens(Pns: K) = sup |L(f) — Qn,s(f)]-

FEH(K)
Ifll <1

An essential question in the theory of QMC methods is how the sample nodes
Py s of a QMC rule @y, s should be chosen.

Shifted Halton sequences. In this paper we focus on a special kind of point
sequences underlying a QMC rule, namely Halton sequences (cf. [5]) whose
definition is based on the radical inverse function. Let p > 2 be an integer,
N={1,2,3,...}, and Ny = NU {0}. For n € Ny, let n = ng + n1p + ngp? + - -
be the base p expansion of n (which is of course finite) with digits n; € {0,1, ...

..,p — 1} for ¢ > 0. The radical inverse function ¢, : Ny — [0,1) in base p is
defined by

o0
n’l”
¢p(n) = Z pr+1'
r=0
Halton sequences can be defined for any dimension s € N. Let py,...,ps > 2
be s integers, and let p = (p1,...,ps). Then the s-dimensional Halton sequence

H,, in bases pi,...,ps is defined to be the sequence Hp = (,)n>0 C [0,1)%
where

Ln = (¢p1 <n>> ¢p2 (n)v s >¢ps (n)), for n € Ng.

It is well known (see, e.g., [3, 12]) that Halton sequences have good distribu-
tion properties if and only if the bases p1,...,ps are mutually relatively prime,
and for the sake of simplicity we assume throughout the rest of the paper that
p = (p1,...,ps) consists of s mutually different prime numbers.

We also introduce a method of randomizing the elements of the Halton se-
quence which is referred to as a p-adic shift. This special case of randomization
is based on arithmetic over the p-adic numbers and is perfectly suited for Halton
sequences Hp,.

Let p be a prime number. We define the set of p-adic numbers as the set
of formal sums

Ly = {z:erp’" c 2z, €{0,1,...,p—1} forallrENg}.
r=0
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Clearly Ny C Z,,. For two nonnegative integers y, z € Ng C Zj,, the sum y+z € Z,
is defined as the usual sum of integers. The addition can be extended to all p-adic
numbers. The set Z,, with this addition, which we denote by +z,, then forms an
abelian group.

As an extension of the radical inverse function defined above, we define the

so-called Monna map -

Gp:Zp—[0,1) by dp(z):= pf_’;l (mod 1)

r=0

whose restriction to Ny is exactly the radical inverse function in base p. In order
to keep the used notation at a minimum we denote both, the Monna map and
the radical inverse function, by ¢,. We also define the inverse

(o]

Ty = .
o :[0,1) > Z, by ¢f (} jpm) =Y ap,
r=0

r=0

where we always use the finite p-adic representation for p-adic rationals in [0, 1).
By a p-adic rational, we understand a number in [0, 1) that can be represented
by a finite p-adic expansion.

For a prime number p and for x € [0, 1) we consider the following p-adic shifts:

e p-adic shift: for o € [0,1), we define x &, o € [0,1) to be
T Dpo = ¢p(¢;(x) +z, ¢;(U))~
e simplified p-adic shift: for m € N and o € [0,1), we write x &30P

p,m
o to be the truncation of z ©, o to the m most significant digits, i.e.,

if ¢f () 4z, oo = >, yrp" € Ly, then

m—1
T @R 0= ¢y (Z yrp’"> .
r=0

e mid-simplified p-adic shift: for m € N and o € [0,1), we write

mid m
xr @pam 0= (.’IJ @;JTIZ J) + 2pm :

If the choice of m is clear from the context, we may often omit m in the notation
&P and @IS and write @5P and @Y instead.

p,m
In the s-variate case, for given bases p = (pi1,...,ps), a given point
z = (21,...,25) € [0,1)%, and given ¢ = (01,...,05) € [0,1)° and
m = (my,...,ms) € N* the above shifts are defined component-wise and we

write € ©p o € [0,1)°, x B35 o and x BN, o, respectively.
For a point set Y ={y,, : n=0,...,N — 1} we write

Yoo :={y,®0 : n=0,...,N—1} where & is either ©,, ®},, or EBI“,"igl.
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A weighted Sobolev space. In this paper, we are going to consider the
problem of numerical integration of functions f that belong to a weighted an-
chored Sobolev space. Before we give the definition we introduce some notation
which we require for the following: assume that v = (v;)52; is a non-increasing
sequence of positive weights, where 1 > v, > ~5 > ... These weights are
used in order to model the influence of the different variables of the integrands,
an idea which was introduced by Sloan and Wozniakowski [17]. For s € N let
[s] :={1,...,s}. Foru C [s], z, denotes the projection of = € [0, 1]* onto [0, 1]/
consisting of the components whose indices are contained in u. Furthermore we
write (xy,1) € [0,1]® for the point where those components of & whose indices
are not in u are replaced by 1.

We consider a weighted anchored Sobolev space H(Kj.~) with anchor
1=(1,1,...,1) consisting of functions on [0, 1]* whose first mixed partial deriva-
tives are square integrable. This space is a reproducing kernel Hilbert space with

kernel function
S

Ks~(z,y) = H(l +y;min(l — z;,1—y;)) for @,y €[0,1]°, (1)
j=1
where © = (21, x2,...,2s) and y = (y1,¥2, . .., Ys). The inner product is given by
a\ul ol
il
g xy,1)—g(x,,1)dx,.
f Koy uCZ[s] /0 1]l 81’11 )81’119( ! ) !

Here v, =[] jeu Vs In particular vy = 1. Furthermore, we denote by —h the
derivative of a function h with respect to the x; with j € u. The norm in ’H( K ~)
is given by ||, = +/(f,[) k.- The Sobolev space H(K ) has been studied
frequently in the literature (see, among many references, e.g., [1, 2, 7, 9, 11, 13,
17, 18]).

It is well known that the squared worst-case integration error in a reproduc-
ing kernel Hilbert space can be expressed in terms of the kernel function. In the
particular case of the kernel K -, it is easily derived with the help of [3, Proposi-
tion 2.11] that for Py s = {xo,...,zy_1} in [0,1)%, where ©,, = (Zy,1,...,Tn,s)
forn=0,1,..., N — 1, we have

’Y
e?V,s(PN,SvKSfY) = H ( 3)

=1 nOzl

N—-1 s

(e2u-s)

1 N— s

_2 Z H + 7; min(1 $n,i,1—$h,i))~ (2)
n,h=01=1
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Hence the worst-case error can be computed at a cost of O(sN?) arithmetic
operations.

In [7] the authors studied the root mean square worst-case error in H (K ~)
of the p-adically shifted Halton sequence extended over all p-adic shifts, i.e.,

en,s(Hp, Ks ) 1= \/Ea[eif,s<Hp ©p o, K 4)].

We remark that there are some relations of €y s to other figures of merit like the
weighted Lo-discrepancy or the worst-case error in a certain reproducing kernel
Hilbert space which is based on the so-called p-adic function system (see [7]
for more information). The latter one is a generalization of the p-adic diaphony
which was introduced by Hellekalek [6] (see also [14]).

The following result is the main result of [7].
THEOREM 1 ([7, Theorem 1]). Let N > 2. We have
[/e\N,S(HIH Ksn)}z

1 S
< N2 H <1+%(

j=1

)0+ 22

2
In particular, if Z;‘;l ijg#j < 00, then for any § > 0 we have

en,s(Hp, Ks ~) <s.p 1o

where the implied constant is independent of the dimension s.

The bound (3) is, up to log-factors, optimal. For a further discussion of the
result, especially with respect to the dependence on the dimension s we refer
to [7]. Theorem 1 can also be interpreted in the “deterministic” sense that for
every fixed N > 2 there exists a p-adic shift o € [0,1)® such that the squared
worst-case error of the initial N elements of the corresponding p-adically shifted
Halton sequence satisfies the bound (3). The problem with this interpretation
is that the p-adic shift has to be chosen from an uncountable set, namely the
s-dimensional unit cube. This is a big drawback if one wants to effectively find
good p-adic shifts.

It is the aim of this short paper to show that it suffices to choose the p-adic
shifts, which yield an upper bound of the form (3), from a finite set. This set
of possible candidates has size N*® which is of course huge already for moderately
large s or N. However we also show that in principle good shifts can be found
by a component-by-component (CBC) algorithm. This idea is borrowed from
the construction of good lattice point sets which goes back to Korobov [8] and
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to Sloan and Reztsov [16], and which is nowadays used in a multitude of papers.
With this “adaptive search” the search space is only of a size of order O(sN).

The rest of the paper is structured as follows: In Section 2 we prove some
auxiliary results. The CBC construction of p-adic shifts as well as the statement
and proof of the main results of this paper are presented in Section 3.

2. Auxiliary results

We use the following notation: for p € N and m € Ny let
Q™) :={ap™ : a=0,1,...,p" —1}.
We now show the following lemma.
LEMMA 1. Let Hy, n be the point set consisting of the first N elements of H,

and let m € N be minimal such that N < p™. Furthermore, let o, € Q(p™).
Then it is true that

—m

eif,l(Hp,N @an Om, Klm) < pm/ e%v,l(Hp,N Dyp (om + 6), Klm) do.
0

Proof. Let H, v = {ho,h1,...,An_1}. From (2) we obtain

—m

p
P S (o @y (004 0), K1) d
0

SR F [ (R0 o))

1

+ Ni " /0 p_m(l +71 (1= (hn @p (o + 5)))) ds

N-1 —m
1 p
+m }: pm/ (1+71min{17(hn@p (0m+5)),
n,k=0 0
n#k

1= (b @y (o + ) }) 0.
For given n € {0,1,..., N — 1}, let us now analyze the quantity
hi @p (O + 6) = ¢p (b5 (hn) +z, ¢ (Om +9)).
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m R

The base p expansion of h,, is of the form h, = >~ = since N < p™.
Furthermore, the base p expansions of o, and §, respectively, are of the form

m-l () 5
Tm = ZW and 0= Zprw
r=0 r=m
due to the assumptions on o, and §. Consequently,
m—1
¢;(hn) - h(r) r
r=0
and .
¢;(0m +0) = ¢;(0m) +z, ¢;(5) o pr +z, Z 5y
r=0
Let
by (hn) +z,, ¢ ( Zyrp
with y,. € {0,1,...,p — 1}. Then we obtaln
m—1
¢;(hn) +Zp ¢;<0m + 5) = Z yrpr +Zp ympm +Zp d);(a)
r=0

Note that 37" y.p" is the truncation of the p-adic sum ¢ (hn) +z, ¢} (0m)
to the first m digits. Hence

m—1
(Sur) o
r=0

For short we write
f(hnvam) = ¢p(ym+1pm)-

Note that ¢, (&(hn,0m)) = Ym+1p™. Hence we can write

b ®p (0 +06) = ¢p (& (hn) +2, & (0m +6)) = (hn &P 0) + (E (M, 0 B 6) -

From this we obtain
p
pm/ 14 2 (1= (o @y (0 +))°) db
0

. m p" 71 smp 2
_ p/o 1+3(1(<hn@p am>+(£(hn,om)@p6))>d6~
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We now use [7, Lemma 3], which states that for any f € L5([0,1]) and
any y € [0,1), we have
1 1
/ f(x) dx:/ flx ®py)da. (4)
0 0
This yields

p m
pm/ 1+ 2 (1 — (hn @p (om + 5))2) dé
0 2

p—m
_ pm/ 1+ 2 (1 (b &3 o) +6) ) 0
0
Y1 sm 2 1 7 S
— 1+7(1—(hn59p P o) )—p—mg(hn@p

Furthermore, in a similar fashion,

p™" /Op_ml +m (1 — (hy ®p (om + 5))) do
= p" /Op l+m (1 — ((hn & 01m) + (§(hny o) By 6))) ds

P
= pm/ 14+ (1 — ((hn O o) + 5)) do
0

1
= _%p_m + 147 = 71(hn S o).

Finally, let us deal with the expression

—m

pm/o‘” 14y min {1 = (hy @, (0m +0)),1— (hi By (om +0))} d5 (5)

with k # n. Note that, as k # n, we cannot have h,, &, (0., +6) = hy&p (o +9).
Suppose that
hy, @p (O +0) < hy ®p (0 + 0). (6)

Using the notation introduced above, we can rewrite (6) as
(hny @57 0m) + (§(hn, om) @y 0) < (hi & o) + (§(hk, o) Sy 9).
Again, since k # n, we cannot have
(hn SZAR om) = (hk STR Om),

as this would also imply &(hy, 00) = £(hk, 0 ), and so would yield a contradic-
tion to (6). Furthermore, it cannot be the case that

(hy @™ o) > (hi, & om),
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since &(hp, om), E(hg, om) € [0,p7™), and so we would also end up with a con-
tradiction to (6). Therefore, we see that (6) automatically implies

(hy @5 om) < (hi & o). (7)

Suppose now, on the other hand, that (7) holds. Then, since &(hy,,o,,) and
&(hg,om) are in [0,p~™), also (6) must hold. We have thus shown that
(6) and (7) are equivalent.

Suppose now in the analysis of (5) that (6) holds, i.e.,

p*’lﬂ
pm/ 1+m min{l — (hn ®p (Om + 5)), 1-— (hk ®p (Om + 5))} dé
0

—
pm/ IL+m (1 — (h ®p (om + 5))) do
0

= pm/op_TJr " (1 - ((hk B o) + (E(hks om) Bp 6))> dé.

Using the equivalence between (6) and (7), and again (4), we see that the latter
expression equals

o
pm/ (1+’yl(min {17 (hn, EB;mpam), 1- (thB;mpam)} - (f(hk, Om) Bp 6))) dé
0

m

-
= pm/ 1+ (min {1 — (hn ey om), 1 — (hg ey Jm)} - 6) do
0

1 . m m
= 7%29—7% +1+m mln{l = (hn @™ o), 1 — (hy P Jm)}.

A similar argument holds if the converse of (6) holds.
Putting all of these observations together, we obtain

P
pm/ eﬁv,l(Hp,N ®p (Om + 5),K1m) dé = (1 + ﬂ)
0

3
N—-1
2 71 2 71 1 m
N (142 0= g on)) = B i ogr on) - 2 2
—1
1 1
TNz (%—m+1+7171(hn@2mponL)>
n=0 p
1 N-1 ~ 1
1 . m m
+m Z < 7p_m+1+’ylmln{1i(hn@z po—m)vli(hk@z pJnL)})
k=0
nn;ék
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2 — 1 . 1
S X (1 T O o) - B e o on) - )
=0

- 2 2pm 2 4p2m
L (e (1 (o s 1))
N2 —~ n~p mol 9nm
N-1
+ N2 Z <1+’Y1min{1— (h @;ﬂlp0m+2—m> )
nﬁl;:O .
1= (meeg o+ o))
2 = 71 i 2
(-2 Z(ug(l_(hn@;m%) ))
T = 4 _
+ 3 > <1 + 7 min{l — (hn @ o), 1= (hy &5 am)}>
n,k=0

2 mid
= eN,l(Hp,N Dy Oms K14, )

The result follows. (]

For two point sets
X ={xo,...,eny_1} in [0,1) and Y ={yg,....,ynx_1}1in [0,1)°?
we write (X,Y) to denote the point set consisting of the concatenated points
(s Yp) = (Th1s oy Thosy s Ykily - -+ > Yksy) € [0,1)51F7%2 for k=0,1,...,N — 1.
Using this notation, we have the following result.

LEMMA 2. Let P, n be a point set of N points in [0,1)°. Let H, n be as
in Lemma 1 and let m € N be minimal such that N < p™. Furthermore,
let 0, € Q(p™). Then it is true that

e?\f,s—i-l ((PS7N’ prN @;nid Um)7 Ks-i-l,'y)

—m

P
S pm /O e?\],s—i—l ((Ps,Na Hp,N EBp (Um + 5))>Ks+1,’y> dé.

Proof. The proof is similar to that of Lemma 1. (]
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3. The CBC construction

In this section, we analyze the following CBC construction of a mid-simplified
p-adic shift to obtain p-adically shifted Halton sequences with a low integration
€error.

Throughout this section, let s, N € N be given and let p = (p1,...,ps) with
pairwise distinct prime components p;. For j € [s] let m; € N be minimal such
that N < p?-’. Let Hp n be the point set consisting of the first NV elements
of Hp. To stress the dependence of the worst-case error on the p-adic shift we
write in the following

en,s(o) :==ens(Hp N @ﬁid 0,K,~) for ocQ(pi™) x - xQ(pi=).
We propose the following algorithm.

ALGORITHM 1.

(1) Choose g1 €Q(py™) to minimize e}, (o) as a function of o.

(2) For 1 <d < s—1, assume that o1, ..., 04 have already been found. Choose

Od+1 € Q(P?ﬁfl)
to minimize

e?\f,d—l-l((alv"'vadvo—)) (8)
as a function of o.

(3) If d < s — 1 increase d by 1 and go to Step 2, otherwise stop.

REMARK 1. We remark that Algorithm 1 makes the main result in [7] much
more explicit, as the algorithm only needs to check a countable number of pos-
sible candidates for the p-adic shift. A slight drawback of our method is that
the effective CBC construction of good p-adic shifts has a cost of O(s?N?3) op-
erations, which is still large. Using a probabilistic version of Algorithm 1 leads
to a reduction of a factor N in the construction cost, see Algorithm 2. Further
improvements with respect to the construction cost are a demanding problem
for future research.

The following theorem states that Algorithm 1 yields p-adically shifted Halton

sequences with a low integration error. Note that the error bound is of the same
order as the one in Theorem 1.
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THEOREM 2. Let the notation be as above, and let d € [s]. Assume that
os=(01,...,0%)
has been constructed according to Algorithm 1. Then

1/2
2

) d
lozg)JpJ) —I—H( +75) 1:[ ( %py) ’

d

ena(od) < % 11 (1 + 29

Jj=1

where o4 := (01,...,04).

Proof. We show the result by induction on d. For d = 1 we have

1
/0 6?V,1(HP17N Dp, 0, Klﬂl) do

1 (4+1)/Pml /¢
= — Z ml/ (thN Sp, (W +5> ’K17’71> dé
7n1 1

Py
pl _1
1 l
> e <—> :
p'inl ez:; N,1 p'inl

where we applied Lemma 1. Hence there exists a o] € Q(p]"*) such that

1
Fal) < [ oty By, oK) do
0

2 Y1P1
< <1+271(10gN)—p+(1+71) (1+ ))

1
N2 6

where we used [7, Theorem 1] for the second inequality. Since oy is chosen by

Algorithm 1 to minimize e, (o), it follows that the result holds for d = 1.

Suppose the result has already been shown for some fixed d € [s — 1]. Assume
that o4 = (01,...,04) has been obtained by the CBC algorithm. Since o441 is
chosen in order to minimize the squared error (8), we have (where we write with
some abuse of notation (o4,04+1) := (01,...,04,04+1))

md
1 pdﬂﬂ_l v
2 2
€N,d+1(<‘7da0d+1)) < p—md+1 E eN,d+1 Od, p—md+1 .

d+1 v=0 d+1
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Using Lemma 2, we now see that, for any v € {0,... ,p?j{rl -1},

1 9 v
“matr1 CN,d+1 Od; ~marr
payr T P
id
< /e?\l,d-i-l ((de,N 69?)]1 o-d7de+17N 69puz+1 (pmd+1 +6>> de-H,‘Y) d67
d+1

d+1

where the integral is between 0 and p;ﬁ and where p; := (p1,...,pq). Hence

1
eNar1((0d,0411)) < /O en.ar1 (Hp, v ®p' Y oa, Hpyo ) N ®pysy 0), Kay1,4) do.

We denote the points of Hy, n EBglid o4 by p, = (Tp1,...,2n.4), and the points
of Hy,,, n by hy,. Due to (2), we obtain
1 4 d+1
/0 e§v7d+1((de’N @gﬂd g4, de+1,N Ppat1 U)v KCH‘L‘Y) do (1 + 3 )
j=1
o N-1[ d 1 ~
d+1
3 2 L+ Fa-an)| [ (450 (e o) ao
n=0 |j=1 0
N—1

d
[T+~ min{1l — 2, 5,1 — 24 5})
j=1

1
N2 Z
1, k=0
X / (1 + vg41 min{l — (hy, ®p,,, 0),1— (hy Bp,,, 0)}) do.
0

Let now

1
gt
I ;:/0 (1 + dz“ (1= (hn ®poy 0)2)) do,

and
1
I = / (1 +var1min{l — (hy, Dp,,, 0),1 = (hi Dp,, J)}) do.
0

Using (4), we obtain
1
L :/ (1422201 - ) do =14 2L,
0 2 3

Let us now deal with I5. Applying Proposition 2 in [7] yields that

oo

I = Z Tpati,vast (@Bf(hn)ﬁf(hk))

£=0
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where for { = Ea_lpg;% + -+ lipgr1 + Lo with £,_1 # 0 we have

{1 + Tk if £ =0,
Tpatri,vat1 = § yats 1 _1 ]
2p§,, \sin?(la—17/pat+1) 3 if £ # 0.

Altogether, we obtain

€?v,d+1((0'd70d+1))

d+1 - N-1][ 4 .,
< 1 —]) ( RERG ) (1 d+1>
- H( N z 1;[ ) )| (1F
| N-1 [ 7
+m H(1+'7j min{l — z,, j,1 —xy ;})
n,k=0 | j=1 ]
x Z( )Be(hn) Be(h)
7 d ~ N-1 d y
— d+1 7 i 2
= (I (+%) -5 > I+ 0-aiy)
j=1 n=0 j=1
| N-1od
+7 Z H (147 min{l = 5,1 = a;})
k :
| N-1 [
N2 H(l—l—vj min{l —z,, j,1 —xy;})
n,k=0 \j=1

x Z Tpat1,vas1 (Z)Bé(hn)m

/=1
- (1 + W?) eNaloa) + T,
where
1 N-—1 d
= (14 min{l — 2,1 — 24, })
n,k=0 \Jj=1

X Z Tpaga i ()Be(hn) Be(hi)-
=1

Since min{1 — z,, ;,1 — xj;} <1 we obviously have

d oo N—-1
1
H(l + 'Yj) Z Tpat1,vat1 (6) N Z B@(h
j=1 (=1 n=0

2
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From the proof of [7, Theorem 1], it can easily be derived that

oo | Nl 2
Z Tpd+17’7d+1(€) N Z B@(hn)
=1 n=0

for arbitrarily chosen g € Ny. By choosing g = |2log,, ., N| and inserting into
(10), we arrive at

1 Ya+1995
<— +19Pq+1 + ’ng+1 <1+ ’Yd+1>7
N 2 6Py 1 2

T < N_I;[ + ) (<7d+1(logN)10§pJ;1+1> +'Yd+lé7d+1 (1+7d2+1)>
Dat1 d p?
< N2 ( Ya+1(log N) 1ngd+l> 1;[1 <1+27j(10gN)logpj>
Yd+1Pd+1 an d %p]
+TJHI P I+ |- ()

On the other hand, we have, using the induction assumption,

(1 + ’7d+1) e?v,d<0'd)

og pj

3
%l+1> 1
< I
< (1+ )
d d d ~ip
H<1+2%( > H +7;) H(1+ 1)
1 Pa+a 2
< — (1 log N)—%“- 1+ 2v;(log N
- ON? < T a1 (log logpd+1>H< 2 (los )1 )

d+1

H +VJ ( %pf) : (12)

Combining equations (11) and (12), and inserting into (9), we obtain

’:]&

eN.ar1((0d,0441))

1 d+1 d+1 d+1 ~ip
= H<1+2%( >+H 1+7;) H(1+ JGJ)
j=1

Taking the square root we obtain the result for d+ 1, and the theorem is shown.

O
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We also propose the following randomized algorithm.

ALGORITHM 2. Let ¢ € N such that ¢ < p!** for all i € [s].

(1) Randomly choose ¢ shifts &i,...,0. € Q(p{"*), where oy,...,0.
are uniformly i.i.d. Set o1 = 7, where u € {1,2,..., ¢} is the value of w
which minimizes €%, (7,) over w € {1,2,...,c}.

(2) For 1 < d < s — 1, assume that oy,...,04 have already been found.
Randomly choose ¢ shifts oy,...,0. € Q(p;'ffl), where oy,...,0.
are uniformly ii.d. Set o411 = 7y, where v € {1,2,...,¢c} is the value

of w which minimizes

e?\f,d-l-l((o—l’ <. 0d, 510))
over w € {1,2,...,c}.
(3) If d < s — 1 increase d by 1 and go to Step 2, otherwise stop.

REMARK 2. We remark that Algorithm 2 has a reduced construction cost
of O(cs?N?) operations. This means, if ¢ is fixed and small compared to N
we save a factor of N in the construction cost compared to Algorithm 1. This
reduction is penalized by a slightly worse error estimate which now only holds
with a certain probability. This is the essence of the following theorem.

THEOREM 3. Let t > 1. The probability that the vector o5 = (01,...,05)
constructed by Algorithm 2 satisfies

1/2
t d 2 d d ’y i
iPj
6N7d(0'd)§N H 1+ 27;( Hl—l—’yj H( )
j:l : j:l
for all d € [s], where o4 := (01,...,04), s at least

I s
l- ) 21— 5
Proof. Ford € [s] let

d 2 d d
Lin = ]__[<1+27J > H +4) H<1+’y]p])

According to the proof of Theorem 2 we have

pitt—1

1 ) ¢ 1
mr DL ha (W) = qeliw

£=0 1
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Using Markov’s inequality we obtain that for all ¢ > 1 we have

Hen

1
Ty e —L >1—-
{reaur : du@ s gowf|z1-1

V251
which can be re-written as
t _1/2 1
S T eni(o) < —=L >1——.
e [{o o o) < g3 214
ce the probability that at least one of 51, ...,0,. satisfies

eni1(Gw) < — LW

is at least 1 — t—2¢

Furthermore it was shown in the proof of Theorem 2 that under the assump-

tion 1
ei,d(ad) Nz ~—5LanN
we have
1 Pasl 1 v 1
w vz:;) Nar1 | | o w < 32 ~5Ld+1,n-

Using Markov’s inequality again we obtain for ¢ > 1

1 m t 172 1
“Mar1 {0' [ Q(pd—ﬁ;—l) : 6N,d+1((0d70)) S ﬁLdiLN Z 1-— t_2
D1
Hence the probability that at least one of 7y, ..., 0. satisfies
en,a+1((0a,0w)) < NLdérl,N
is at least 1 — t~2¢. Hence the result follows. O
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ON THE DISTRIBUTION
OF POWERS OF REAL NUMBERS MODULO 1

SIMON BAKER

Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. Given a strictly increasing sequence of positive real numbers tend-
ing to infinity (gn)22;, and an arbitrary sequence of real numbers ()52 ;.
We study the set of a € (1,00) for which limy, s [|[@% — rn| = 0. In [3]
Dubickas showed that whenever limy o0 (gnt1 — gn) = o0, there always exists
a transcendental « for which lim, _, ||@9" — ry|| = 0. Adapting the approach
of Bugeaud and Moshchevitin [2], we improve upon this result and show that
whenever limy,—00(gn4+1 — qn) = 00, then for any interval I C (1,00) the set
of a € I satisfying limy oo [Ja9™ — 7| = 0 is of Hausdorff dimension 1.

Communicated by Arturas Dubickas

1. Introduction

It is a well known result of Koksma that for almost every a € (1,00) the
sequence ({a"})5%; is uniformly distributed modulo 1 [7]. Here and throughout
almost every is meant with respect to the Lebesgue measure, and {-} denotes
the fractional part of a real number. It is a long standing problem to determine
the set of a € (1, 00) for which lim,,_,+ ||@™|| = 0, where ||-|| denotes the distance
to the nearest integer. The only known examples of numbers satisfying this
property are Pisot numbers, that is algebraic integers whose Galois conjugates
all have modulus strictly less than 1. It was shown independently by Hardy [5]
and Pisot [9], that if «v is an algebraic number and lim,,_,~ ||@"|| = 0, then a is a
Pisot number. Moreover, Pisot in [8] showed that there are only countably many
a € (1, 00) satisfying lim,,_, ||@™|| = 0. This naturally leads to the question:

Is there a transcendental o € (1, 00) satisfying lim |[o"|| =07
n—o0

2010 Mathematics Subject Classification: 11K06, 11K31.
Keywords: Powers of a real number, Uniform distribution.
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This question is highly non trivial and currently out of our reach.

In this paper, instead of studying the distribution of the sequence {a}, {a?},
{a3},..., we consider the distribution of the sequence {a},{a*},{a’},...,
or more generally {a?}, {a®}, {a%},... where (¢,)02, is a strictly increasing
sequence of positive real numbers tending to infinity. We emphasise that the ¢,
are not necessarily natural numbers. We remark that if lim inf,,_, o (¢n+1—¢5)>0,
then for almost every a € (1,00) the sequence ({a?"})>°, is uniformly dis-
tributed modulo 1. The proof of this statement is a simple adaptation of the
proof of Theorem 1.10 in [1]. All of the sequences we will be considering shall

satisfy liminf,, o0 (¢n+1 — gn) > 0.

We are interested in the set of a € (1,00) for which ({a9})52, is not uni-
formly distributed modulo 1. In particular, the set of a € (1,00) for which

lim,, o0 ||@®|| = 0, or more generally the set of @ € (1,00) which satisfy
lim,, o0 [[@® —7,|| = 0, where ()52, is an arbitrary sequence of real numbers.
Let
E(qn,rn) == {a € (l,00): lim [[a® —r,| = 0}.
n—oo
In [3], Dubickas showed that whenever lim, o (¢n+1 — gn) = o0, then it is

possible to construct a transcendental « contained in E(qgy,r,). Note that the
« he constructs is always larger than 2. Our main result is the following.

THEOREM 1.1. Let ()22, be a strictly increasing sequence of positive real
numbers satisfying lim, o (gnt1 — qn) = 00, and let (r,)32, be an arbitrary
sequence of real numbers. Then for any interval I C (1,00) the set of a € T
satisfying lim, o || — r, || = 0 is of Hausdorff dimension 1.

The proof we give of Theorem 1.1 is based upon the approach of Bugeaud and
Moshchevitin [2], which in turn is based upon the approach of Vijayaraghavan
[10]. They show that for any ¢ > 0 and (r,)52; a sequence of real numbers,
there exists a set of Hausdorff dimension 1 for which [|a"™ — 7, | < € for all n > 1.
The set of a € (1, 00) which satisfy [[a™ — 7, || < € for all n sufficiently large is
studied further in [6].

Given ({a4" 122, is uniformly distributed modulo 1 for almost every av€(1, 00),
Theorem 1.1 is somewhat surprising in that it states that there exists a set, which
in some sense is as large as we could hope for, which exhibits completely the
opposite behaviour of uniform distribution. Indeed, taking (r,)s2; to be the
constant sequence 1, = & for some x € (0,1), then for any interval I C (1,00)
the set of « € I satisfying lim,,_,oo{a? } = & is of Hausdorff dimension 1.
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2. Proof of Theorem 1.1

We prove Theorem 1.1 via a Cantor set construction. To help our exposi-
tion we briefly recall some of the theory from [4] on this type of construction.
Let E1 C R be an arbitrary closed interval and F; D Ey D E3 D --- be
a decreasing sequence of sets, where each F,, is a finite union of disjoint closed
intervals, where each element of F,, contains at least two elements of F,, 11, and
the maximum length of the intervals in E,, tends to 0 as n — co. Then the set

E = ﬁEn (1)

is the Cantor set associated to the sequence (E,,)5 . The following proposition
appears at Example 4.6 in [4].

PROPOSITION 2.1. Suppose in the construction of E above each interval in E, 1
contains at least m,, intervals of E, which are separated by gaps of at least vy,
where 0 < Y41 < Ypn, for each n. Then

1 T,
dimg (F) > lim inf S L
n—oe —logmuyn

We are now is a position to prove Theorem 1.1.

Proof of Theorem 1.1. We begin by fixing A € (1,00), 6 > 0 some small
positive constant, and let (r,)52; be our sequence of real numbers. Without loss
of generality we may assume that r, € [—1/2,1/2) for all n € N. To prove our
result it is sufficient to prove that [X\, A\+0]NE(¢y, 14, ) is of Hausdorff dimension 1.

(1) Replacing (g,,)22; with (§,)72,. Let ¢ > 0 be some small positive con-
stant. We now replace our sequence (¢,)52; with (¢,)52;, and our sequence
(rn)sey with (7,)02,. We will pick our (¢,)p2, and (7,)5%, in such a way
that E(Gn,Tn) C E(Gn,Tn). We then use Proposition 2.1 to determine a lower
bound for dimg (E(Gn,7n) N [\, A + d]), which in turn provides a lower bound
for dimg (E(gn, ) N [\, A + 0]). The feature of the sequence (§,)52, that we
will exploit in our proof, is that this new sequence does not grow too fast, yet
importantly we still have lim,,_, o (Gn+1 — Gn) = 00. The sequence (g,)22; and
the rate at which we control the growth of (g,)5%, shall depend on e. For ease
of exposition we drop the dependence of (¢,)22; on € from our notation.
We begin our construction by asking whether

Gnt+1 < (1 + €)Qn (2)
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is satisfied for all n € N. If it is, we set (¢n)021 = (Gn)5%q, (Tn)5y = (Fn)p2y
and stop. Suppose our sequence (g,)5>; does not satisfy (2) for all n € N.
Let N € N be the first n € N for which (2) fails. We now introduce additional
terms in our sequence (g, )5, situated between ¢y and gn41 at

€N
2

Here m is the smallest natural number for which gy + m () € [gy41 —

€qn, qn+1]. To each ¢} we associate an arbitrary real number 7, € [—1/2,1/2),

these terms are then placed within the sequence (7,)2%; between ry and 7y4;.

Importantly the elements gy and gnxy1 are still placed in the positions corre-

sponding to rx and ryt1.

qgv::qN—l—j( ) for j=1,...,m.

The following inequalities are straightforward consequences of our construc-
tion i
Gy < (1+€)gn

(j&+1§(1+e)§?§ for j=1,....,m—1, (3)
qn+1 < (L+€)dy-

In other words, all of the new terms in our sequences satisfy (2). The new terms
in our sequence also satisfy

iy —qv =&
N N 2
. . 6
qgv“—qgvz% for j=1,...,m—1, (4)
~ €qN
qzv+1—q71\727~

So if N was large the gaps between successive terms in our sequences would be
large. This property is what allows us to ensure lim,, o0 (Gn+1 — Gn) = 0.

We now take our new sequence and ask if it satisfies (2) for all n € N. If it
does, then our construction is complete, and we set (G,)52; and (7,)52; to be
our new sequences. If not, we find the smallest n for which it fails and repeat
the above steps. Repeating this process indefinitely if necessary, we construct
sequences (§n)o2, and (7). for which

q~n+1 < (1 + €)qn7 (5)
holds for all n € N, we retain the property

m (d1 — ) = oo, (©)
and
E((jnﬂ:n) C E(qnarn)~ (7)
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The fact that (6) holds is a consequence of (4). The final property (7) holds
because the original terms in our sequence (g, )52 ; keep their corresponding r,,,
and at each step in our construction we only ever introduced finitely many terms
between a g, and a ¢, 1. So if « satisfies |ad» — 7, || — 0 then it also satisfies
||t —r,|| = 0, i.e., (7) holds.

(2) Construction of our Cantor set. We now construct our Cantor set E.
Our set E will be contained in [A\, A + 6] N E(Gy, 7,) and we will be able to use
Proposition 2.1 to obtain estimates on dimgy (F). We let

1
2(Gnr1 —n)’
by (6) we have €, — 0. Let us fix n € (0,1) some parameter that we will
eventually let tend to 1. Let N be sufficiently large that

€n 1=

~ ~ qn+1_(jn - -
Qe NIn+1 0 — A [AM@n+1=G)] 42 for all n > N. (8)
dn+1 — 4n

We may also assume that this N is sufficiently large that
(A+0)IN — AN >4 and €, <1/2 forall n> N.

We let

a, =7, — ¢, and b, =7, +¢, forall neN.
By our assumptions on 7, and €,, we may assume that a,,b, € (—1,1) for all
n > N.

Since (A + §)¥ — XIN¥ > 4, there exists an integer jy for which jy,jn +
1,...,jn +m+ 1 are contained in [A9¥, (X + §)9V], where m is some natural
number greater than or equal to 2. We ignore the first and the last of these
integers and focus on jy + 1,...j5 + m. To each of these integers h = jn +
1,...jn + m we associate the interval

Ing = [(h+an) VO (h+ by) /W],

By our construction each Iy is contained in [A, A + 4], and each @ € Inp
satisfies ||a?¥ — 7|l < en. Let Ey be the set of all intervals Iy . For each h
we have
~ ~ - - AN+1—4N
(h o by) ™3 — (o an) /0 = (B by) = (b +an)) (h+ay) o
> QGN)\QNH—QN (9)
> [)\U(QN+1—§N)‘| + 2.
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Where the last inequality is by (8). Therefore there exists an integer jyi1
such that jyi1, 841+ 1, ..., iN+1 + D\"(q"“_qn)] + 1 are all contained in

[(h + aN)[jnﬁ»l/qn’ (h + bN)Q71+1/Q71].
Toeach h=jni1+1,..., N1 + [)\77(‘?"“_‘7")] we assoclate the interval
Inyip = [(h+ anp) Y (B + bygq ) IV+1].

Importantly each interval In41 5 is contained in an element of En, and this
element contains precisely my := [A74N+1797)7 of these intervals. We let En 1
denote the set of In41,,. Any o € Iny1 g is contained in [A\, A + 6] and satisfies

HO{‘;N *7~'NH < ey and |‘Cl{(jN+1 *7~’N+1H < EN41-

We may show that (9) holds with an,bn,dn, Gve1 replaced by ani1,bn+1,
4dN+1, GN+2, and we may therefore repeat the above steps accordingly. Moreover,
we may repeat the procedure described above for every subsequent n. To each
n > N we let I, denote the set of interval I, j, produced in our construction.
The following properties follow from our construction:

o Let I, € Fy, then for each a € I, j, we have

|ad — 7| <€, for i=N,N+1,... ,n.
e b, CFE, 1C---CFEpn.
o B, C [N+

If we let
E =

DL

En,

n=N

it is clear that any x € E is contained in [\, A + 8], and satisfies |29 — 7, || < €,
for allm > N, so

E CMNA+6NE(Gn, ).

It is a consequence of our construction that each element of FE, contains

exactly _ _
my, = D\n(qn+1—qn)'| (10)

elements of F,.;. It may also be shown that the distance between any two
intervals in F,, is always at least

c
In :

e .

where ¢ is some positive constant that is independent of n.
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Applying Proposition 2.1, combined with (10) and (11), we obtain the follow-
ing bounds on the Hausdorff dimension of E:

1 . g,
dimy (E) > lim inf —20 N 7 Tn—1

nreo —logmun
CI@ns1—an)T . [A(En—dn—1)
= nk . f)m(l +17|—d/\)] -|
n—oo c n n
_logW
> lim inf 1Un — @) 108 A + log 2
oo o eATIntl i)
8 TG Fo)an—1
Gn — Gn ) log A + log 2
> lim inf 1(gn — gn)log A + log

n—oo —log[A1(@n+1=@n)] —log ¢+ (¢ — 1)log(A + &) + log Gy,
n(Gn — Gn) log A+ log 2

> lim inf

~ no00 —n(Gn+1 — Gn)log A —log e+ (G, — 1) log(A + 0) + log gn
nlog A

~ nelog A+ log(A +9)

Since 1 was arbitrary we may let it converge to 1 so

- log A
~ elog\+log(A+4)°

dimg (A, A+ 6] N E(Gn, 7))

Therefore, by (7)

log A
di MA+INE(qn, ) > )
lmH([ A+ 9] (g, )) elog A + log(\ + 4)

but since € is arbitrary we may conclude that

. log A
>
dlmH([)\,)\Jr(ﬂ ﬂE(qn,rn)) Z TogA 1 0)

The argument we have presented also works for any ¢’ € (0, d) this implies

dimp (A, A+ 01N E(qn, 7)) = log A/ log(A + ).
Moreover
MA+TNE(gn, ) CANA+]NE(gn, ),

SO

. . log A
> ! >
dlmH([)\,)\ + 9] ﬂE(qn,rn)) > dlmH([)\,)\+ o' N E(qn,rn)) Z 1o20h + )

Letting &’ tend to zero we deduce that dimg ([A\, A + 8] N E(gn, 7)) = 1. O
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We conclude with a few remarks on our proof and the speed at which
aln — r, || converges to zero. In our proof of Theorem 1.1 we set
g

€n = 1/2<(in+1 - (jn)
This choice of €, is somewhat arbitrary, our proof still works with any se-
quence €, which tends to zero, as long as for any n € (0,1) we have
2€n)\§n+1—§n > |'/\77(§n+1—§n)‘| )

for all n sufficiently large.

If ()22, satisfies limy,— 00 gnt1/¢n = 1, then it is not necessary to introduce
the sequences (g, )52, and (7,)52; in the proof of Theorem 1.1. This means we
can say something about the speed of convergence. If €,, decays to zero sufficiently
slowly that for any n € (0,1) and A € (1, 00), we have

2e, \Int1 0 > |—A77(QTL+1_qu)—| +2,

for all n sufficiently large. Then the argument given in the proof of Theorem 1.1
yields a set of Hausdorff dimension 1 within any interval satisfying

la® = 7rpll = O(en).

As an example, for any k € N there exists a set of Hausdorff dimension 1 within
any interval satisfying

la™ || = O(n~").
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ABSTRACT. Stability is an important aspect of a number sequence. It is known
that Fibonacci sequence is stable modulo 2 and 5. The objective of the paper is
to study the stability of the balancing sequence modulo primes.

Communicated by Andrds Sdrkézy

1. Introduction

As introduced by Behera and Panda [1], balancing numbers x and balancers
r are solutions of the Diophantine equation

1+243+ - +@-1)=@+1)+@+2)+ -+ (x+r). (11)

As a consequence of (1.1), if x is a balancing number then 2% = Wﬂ is

a triangular number or equivalently, 822 + 1 is a perfect square and /822 + 1
is called a Lucas-balancing number [8]. Writing 822 + 1 = 3%, we are lead
to the Pell’s equation y? — 822 = 1 satisfied by the Lucas-balancing and bal-
ancing numbers. The n*" balancing and Lucas-balancing number are denoted
by B, and C), respectively. The balancing numbers satisfy the recurrence re-
lation By = 0,B; = 1 and B, 41 = 6B, — B,,—1 for n > 2. The sequence
of balancing numbers modulo m is periodic and the period modulo m is de-
noted by w(m) [9]. By definition, 7(m) is the smallest natural number to satisfy
Brm) = 0, Br(m)+1 = 1 (mod m)). The computation of 7(m) depends on the
factorization of m, but for arbitrary primes p, there is no exact formula for
m(p), though certain divisibility relations for 7(p) are known [9]. The rank of
apparition or simply rank of balancing sequence modulo m is the least positive

2010 Mathematics Subject Classification: 11A06, 11A07.
Keywords: balancing number, uniform distribution modulo m, stability, prime.
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integer r such that B, =0 (mod m) and let it be denoted by a(m). Thus, a(m)
is the index of the first non-zero balancing number B,, which is divisible by m.
Niven [7] introduced the notion of uniform distribution of a sequence of integer
as follows. A sequence of integers A = {a,, : n = 0,1,...} is called uniformly
distributed modulo m > 2 if

1 B 1
A}gnooﬁ#{n<N.an:b(modm)}—E

for any b € {0,1,...,m —1}.

For a fixed modulus m and feasible residue r, we denote the number of oc-
currences of r in a period of the balancing sequence by vg(m,r). This function
is the frequency distribution function of balancing sequence modulo m. In the
early 1970’s, interest in the distribution functions of binary recurrence sequences
centered on the characterization of those sequences that have constant frequency
distribution function, i.e., sequences that are uniformly distributed. Denoting by

Qp(m) = {vg(m,r) :r € {0,1,...,m —1}}\ {0}, (1.2)

the set of all frequencies of the feasible residues modulo m in a period, the bal-
ancing sequence is uniformly distributed whenever #{Qp(m)} = 1. Stability
of the balancing sequence comes into picture when #{Qpz(m)} is not constant
and this generalize the concept of uniform distribution and also the notion of f-
uniform distribution modulo prime powers [11]. The concrete and precise defi-
nition of stability was due to Carlip and Jacobson [3]. We prefer to state this
definition for the balancing sequence, though it can be stated for any arbitrary
sequence.

DEFINITION 1.1. The balancing sequence is said to be stable modulo a prime
p if there is a positive integer N such that Qp(p*) = Qp(p") for all k > N.

For better understanding of the above concept, the following examples will
be helpful.

ExAMPLE 1.2. Consider the balancing sequence modulo 3,9, 27. It is easy to see
that
vp(3,0) =2, vp(3,1) =1 =v5(3,2),
VB(970) = VB(973) = VB(976) =2, VB(97 1) = VB(978) =3,
vp(27,1) = vp(27,26) = 6,vp(27,8) = vp(27,19) = 3,
vp(27,i) =2 for i = 0,43, +6,+9,+12 (mod 27).
Therefore

QOp(3) ={1,2}, Qp(3%) ={2,3}, Q5(3%) ={2,3,6). (1.3)
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From (1.3), we observe that the elements in the set Qp(3%) increases as k
increases.

ExAMPLE 1.3.
vp(5,0) =2=vp(5,1) =vg(5,4),
vp(25,i) =2 fori = 0,41, +4,+5,+6,+10, £14, £16 (mod 25).
Hence
Qp(5) = {2} = Qp(5%). (1.4)

Equation (1.3) is an indication that the balancing sequence may not be stable
modulo 3, while (1.4) shows the possible stability of the sequence modulo 5.

Bundschuh [2] studied the stability of Lucas sequence modulo 2 and 5 and
found that the sequence is not stable for these two primes. Somer and
Carlip [10] demonstrated several classes of binary recurrences which are not
p-stable and established sufficient criteria for such recurrences to be p-stable.
We will show that the balancing sequence is stable for two particular classes
of primes. In this paper, we will completely describe the function vg(p*,-).
We will show that v5(2¥,-) = {1} and hence Qp(2%) = {1}, v5(p*, ) = {1} when
p = —1(mod 8) and vp(p*,:) = {2} when p = —3(mod 8). These results
would confirm the stability of the balancing sequence modulo p when p = —1,
—3(mod 8). Finally we have shown that balancing sequence is not stable modulo
primes p = 3(mod 8). However, for some primes p = 1(mod 8) the balancing
sequence is stable.

2. Preliminaries

In this section, we present some results which will be needed in the sequel.
Throughout the remaining part of this paper, p represents an odd prime. For any
non-zero integer a, ord,a = m if p™ | a but p™*! { a. Important properties
of ord, are ord,(ab) = ord,(a)+ ord,(b), ord,(a+b) > min(ord,(a),ord, (b)) [5].
Thus a = b(mod p*) is equivalent to ord,(a — b) > k.

We also need the following results relating to periods of balancing numbers.

THEOREM 2.1. ([9]) For any natural number n > 1, w(n) = n if and only if
n = 2% for any k € N.

THEOREM 2.2. ([9]) For any odd prime p, 7(p) divides p—1 if p = +1(mod 8)
and 7(p) divides p+ 1 if p = £3(mod 8). Thus, if p is an odd prime, then 7(p)
divides p* — 1.
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LeMMA 2.3. If the integers m and n are of the same parity, then
Proof. It is well known that B,+, = B,C, + C; B, [8]. Thus B,1, — By, =
2B,Cy; and taking « +y = m,z —y = n, we get B, — By, = 2Bm—nCmin.

Similarly by virtue of the formula C,+, = C,Cy, £+ 8B,B,, [§] Cm2— Cn2 =

LEMMA 2.4. If B,, = 0(mod p), then By, = 0(mod p) and Ba,+1 = 1(mod p).

Proof. Since B, = 0(mod p), Bs, = 2B,C,, = 0(mod p) and By,+1 =
B, -Bpio—Bn_1-Bni1 = —(B%2—1)=1(mod p) since B, 1B, 1 = B2 — 1,
(see [8]). O

LEMMA 2.5. For any prime p, n(p) = a(p) or w(p) = 2a(p).

Proof. Since B,y = 0(mod p) by Lemma 2.4 we get Byy,) = 0(mod p) and
Bsap)+1 = 1(mod p). Thus, 7(p)|2a(p) and hence

w(p) = a(p) or =(p)=2a(p). O
LEMMA 2.6. If a(p?) # a(p) then a(p') = p'~ta(p). Further, if k is the largest
integer such that o(p k) =a(p) and | > k, then a(p') = p'~Fa(p)

Proof. The congruence B, i) =0 (mod p') gives By = kp! for some natural
number k. By De-Moivre’s Theorem for balancing numbers ([8])

P
Cpap) + V8Byagt) = (Cagpt) + V8Bag)".

Hence, for [ > 1

_ 3 -3 31 p-1 l
Frate) _k<1>cp<p o+ 8k <3>C§<pz>p ok 8RR

l-l-l).

(2.3)

=0 (mod p
It is clear from above equation that a(p't!) divides pa(p'). Since a(p')
divides a(p'*t1), it follows that a(p'*!) = a(p!) or a(p'™!) = pa ( H. Forl =1,
the conclusion is that a(p?) = a(p) or a(p?) = pa(p); so if a(p?) # ( ), then
a(p?) = pa(p). Continuing in this process we will arrive at a(p') = p'~la(p).
Further, if k is the largest integer such that a(p*) = a(p), then a(pF*t*) =
pa(ptt=1) = ... = pla(p¥) = pta(p) for each natural number . O

The following lemma, which relates the order of B,, with order of n, will play
a crucial role.
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LEMMA 2.7. If n € N and p is any arbitrary prime then a(p) | n if and only if
p | By,. Furthermore, if a(p) | n, then

ord,B,, > 1 + ordyn. (2.4)

Proof. The proof of first part follows directly from the definition of «(p).
Let ord,B,, =t and ord,n = s. Then n = kp® where ged(k,p) = 1, and a(p) | n
implies a(p) | kp®. Since a(p) | p*> — 1, by Theorem 2.2, ged(a(p),p) = 1.
Thus a(p)|k which gives k = aa(p) for some integer a. Putting the value
of k in n, we get n = aa(p)p®. By definition, p'||B,, if and only if a(p)|n.
If a(p) # a(p?) then by Lemma 2.6, p'~La(p)||n. Putting the value of n, we get
pLa(p)||ac(p)p® which implies pt~1|a - p*. Since ged(k,p) =1 and k = aa(p),
we have ged(a,p) = 1. Therefore t — 1 = s. If m > 1 is the largest integer such
that a(p™) = a(p), then p'~"a(p)|n and proceeding as above we will reach
at t —m = s. Hence combining both the cases we conclude that t > 1+s. [

Similar results also hold for the Lucas balancing sequence. The proof of the
following lemma is similar to that of Lemma 2.7 and is omitted.

LEMMA 2.8. Let n € N and for any prime p = 3 (mod 8) define
B(p) = min{r: C,, =0 (mod p)}.

Bp)|nep|C, and B(p)|n= ord,C, =1+ ord,n. (2.5)

Then

3. Stability of balancing sequence modulo 2

The Fibonacci sequence is stable modulo 2 and 5 [4]. In this section, we will
show that the balancing sequence is also stable modulo 2.

THEOREM 3.1. vg(2F,b) =1 for every residue b modulo 2% and for any k € N.

Proof. By virtue of Theorem 2.1, for n > 1, 7(n) = n if and only if n = 2¥ for
any k € N. Using this result, we will show that each residue b € {0,1,---,2F—1}
occurs only once in a period modulo 2. Since B,, is even or odd according as n
is even or odd, it follows that the least residue of B,,0 < n < 2¥ —1 modulo 2*
is also even or odd according as n is even or odd. To complete the proof, we have
to show that no two least residue of B,,,0 < n < 2F—1 are congruent modulo 2k
Since Bgyni1 and Bs, are incongruent modulo 2 it is sufficient to show that

Bomi1 # Bong1 (mod 2F) for 0 < 2m+1 < 2n+1 < 2k (3.1)

d
o Bayi % Bs; (mod 2%) for 0< 2i < 2j < 2% (3.2)
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Since 7(2%) = 2%, it follows that 2% | B, if and only if 2¥ | n. Let us assume the
contrary of (3.1), i.e.,
Bomi1 = Bopy1 (mod 2%) for 0<2m+1<2n+1< 2"

hence 2F divides Ba,y1 — Bomy1. Using (2.1), 28 | 2B, _,,Cpiny1 implies
2F=1 | B, _,, as gcd(2,C,) = 1 for any natural number z. It easily follows
from induction on k that if 28=! | B,,_,,, then 2=! | n — m which is a con-
tradiction since n —m < 2¢¥=1. Thus (3.1) holds. In a similar fashion, (3.2) can
be proved. O

From equation (1.2), we have Qp(2¥) = {1}. The following corollary, which
ascertains the stability of balancing sequence modulo 2, is a consequence of the
above theorem.

COROLLARY 3.2. The balancing sequence is stable modulo 2.

4. Stability of balancing sequence modulo primes
p=—1,—-3(mod 8)

In this section, we will establish the stability of the balancing sequences mod-
ulo primes p congruent to —1, —3 modulo 8.

The following lemmas dealing with some periodicity results will prove their
usefulness while proving main results of this section.

LEMMA 4.1. If A ={ay,aq,...,a.} are distinct residues modulo p, then A+mp
form=0,1,...,p" "1 —1 are also distinct residues modulo p*.

Proof. Suppose that for some integers 1 < I,m < rand 0 <i,j <pF~1 —1,
ai +ip = am + jp (mod p¥). (4.1)

This implies that p* | (i — j)p — (a; — a,,) and hence, p must divide a; — ay,.
In other words, a; = a,, (mod p), which is a contradiction since a;’s are distinct
residues modulo p for 1 <7 <. O

LEMMA 4.2. If p= —1(mod 8), then w(p) | %. Furthermore, w(p) is odd.

Proof. If p=—1(mod 8), then p = 8¢ —1 for some integer x. By Theorem 2.2,
7(p)|p — 1 = 8z — 2. Thus,

Bgy—2=0 (modp), Bg,—3=—DB1, Bsy—sa=—By (mod p)
and so on. In other words, B, + Bg;—2—, = 0(mod p) for r = 1,2,..., 4z — 2.
In particular, By, + Bg, = 0(mod p) which implies that 6 B4, —1 = 0 (mod p).
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Hence By,_1 = B% = 0(mod p) as ged(6,p) = 1. We claim that Bp2il =1
(mod p). Observe that

1
ordy (B —By) = 01dy(2- Byt -Cogs) > 0+1+ord, (pT) +ordy(Crsa) > 1

which shows that BpTH = 1(mod p) and combining with Bp%l = 0(mod p),

we conclude that m(p) | 25 = 4z — 1, which implies that 7(p) is odd. O

LEMMA 4.3. If p = —1(mod 8), then w(p) = a(p).

Proof. By Lemma 4.2, m(p) is odd. Thus, By + Brp)—1 = 0, By + Br(p)—2 =
0(mod p), and in general B, + Br()—, = 0(mod p) for r = 1,2,...,%.
By virtue of Theorem 2.8 of [8], B,|Bky, and hence if B,, = 0(mod m), then
By, = 0(mod m). Since B,, = 0(mod p) implies that «(p)|n, it follows that
a(p)|m(p) and thus a(p) < 7(p). If a(p) < 7(p), then B,y = 0(mod p) implies
Brp)—ap) =0 (mod p). Hence, at least two B,,’s out of By, Ba, ... ; Br(p)—1 are
congruent to zero. If ¢ be the index of the second one, then ¢t = 2a(p), which shows
that 2a(p) < w(p) — a contradiction to 7(p)|2a(p). Therefore 7(p) = a(p). O

LEMMA 4.4. If p= —3(mod 8), then Bpo = 0 (mod p).

Proof. If p=8x — 3, then by Theorem 2.2,
B, =—-1 (mod p), Bpy1 =0 (mod p). (4.2)
Using the recurrence relation B,, 11 = 6B, — B,,—; and (4.2) it is easy to see that
By + Bps =0 (mod p). (4.3)
Hence 6By =0 (mod p) and (6,p) = 1 implies By = 0 (mod p). O

LEMMA 4.5. If p = —3(mod 8), then for every x such that 0 < x < @,

By =B _, (modp) and By =—Bry ,  (modp).
2 2
Furthermore, 7(p) = 2a(p).
Proof. If B, = B, (mod p) forsome 0 <y < z < @, then C, = £C,, (mod p)
since C,, = /8B2 + 1. Therefore, By, = B,Cy, £ B,C, = 0(mod p).
By Lemma 4.4, for 0 < z < @,Bm = 0 if and only if x = O,WTP). Hence

r+ty=0or @. We observe that x —y = 0 gives trivial solution x = y which

is not possible since z > y. Again, x +y = 0 gives * = —y which is also not
possible since both x and y are non-negative and z > y. * —y = @ gives
r = @ + y. This is absurd since 0 < z < @. Thus, we are left with one
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or equivalently, = = @ —y. Hence, B, = BM_y (mod p).
2

_k = _B@+k (mod p). Thus, Bw = _B@—kx
and the proof is complete. O

option z+y = @

From 4.3 we have B (mod p)
2

The following two theorems, assuring the stability of the balancing sequence
modulo p for p = —1, —3 (mod 8), are important results of this section.

THEOREM 4.6. If p = —3(mod 8) and k € N, then vp(p¥,b) = 2 for each
feasible residue b modulo p*. Hence the balancing sequence is stable modulo p
for p=—3(mod 8).

Proof. Firstly, we will show that the number of occurrences of each feasible
residue modulo p in a period is 2. In Lemma 4.5, we have shown that each feasible
residue of the balancing numbers B,, x € {0,1,..., @} modulo p occurs twice.
Since B, = —Bz 4, (mod p), it follows that #{z : B, = b(mod p),0 < x <
m(p) — 1} = 2, i.e., vg(p,b) = 2 holds for each feasible residue b modulo p.
Using Lemma (4.1) we get vg(p*, b) =2 for each feasible residue b modulo p¥. [

From equation (1.2), Qp(p*) = {2}.

THEOREM 4.7. If p = —1(mod 8) and k € N, then vg(p¥,b) = 1 for each
feasible residue b modulo p*. Hence the balancing sequence is stable modulo p for
p = —1(mod 8).

Proof. Since p = —1(mod 8), by Lemma 4.3 7(p) = «(p). Therefore, each
feasible residue b occurs only once such that B, = b(mod p) for 0 < r < 7(p);
otherwise a(p) < m(p). Now Lemma 4.1 confirms that vp(p*,b) = 1 for each
feasible residue b of the balancing sequence modulo p*. O

Therefore from equation (1.2), Qg (p*) = {1}.

5. Stability of balancing sequence modulo primes
p=1,3(mod 8)

Modulo 8, there are four classes of primes p = +1,+3(mod 8). In the last
section, we have proved that the balancing sequence is stable modulo primes
p = —1,-3(mod 8). But unfortunately, the sequence is not stable modulo
in general for primes p = 1,3 (mod 8). However, for certain primes of this class,
the balancing sequence is indeed stable.
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The following lemmas, relating to the structure of the period and behaviour
of balancing numbers occurring in a period, will play crucial roles while proving
the main results of this section.

LEMMA 5.1. If p = 3(mod 8), then 4 | n(p).

Proof. Firstly, we will prove
Bpa =1 (mod p). (5.1)
Observe that
ord,, (B% - B1> = ord, (2 : B%C%> = ord, (Bp%a) + ord, (CPTH) (5.2)

In view of Theorem 2.2, 7(p) | p+ 1. Using this result in (5.2) we get
1
ordp(B% —B1> > 0+1+0rdp(z%> > 1. (5.3)

Proceeding as in Lemma 4.4 and using (4.2), it is easy to see that

Bpii =0 (mod p).

Using the recurrence B,, = 6B,,_1 — B,,_2 and (5.1), we get Bps =1 (mod p),
which confirms that 7(p) { (p +1)/2 = 4o+ 2; but 7(p) | p+1 = 8z + 4
which implies that 4 | 7(p). O

LEMMA 5.2. If p=3(mod 8) and z € N, then B .z # By . x) (mod p).
4

4

Proof. Firstly, we will show that for x € N

B n(p) = (—1)mB(7 (mod p). (5.4)
If x is even, then
OI'dp (.BpI ﬂ(4p) - B#) = Ol“dp (23# pw271 . C#%). (5.5)
and a(p) | ”Tp) . ”12—_1. Therefore, using Lemma 2.7, we get
ord, (B R )

> ord,2 + 1+ ord, <@(pm21>>+ord (C<_( r;l))

> 1.

Now, let & be odd. Since B_,, = —B,,, it can be easily proved that

B, rp) = B<_ (mod p). (5.6)
A similar argument as above will lead to
B3_p1# = (—1)”B3_% (mod p). (5.7)
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To complete the proof, it remains to show that Brw # B, xm (mod p).
4 4

It is obvious since Brw = —B, = (mod p). d
4 4

LEMMA 5.3. If p = 3(mod 8) and k € N, then there are two distinct feasible
residues of B,, with 0 < n < 7(p)p*~! occurring at least pl¥/2 times in a period
modulo p*.

Proof. Let n be a non-negative integer, j € {0,1} and (plk=1/2+1)|p,
We claim that

_ k
By s st = By vn (mod o). (53

If p = 3(mod 8), then by virtue of Lemma 5.1, 4 | m(p) and 7(p) | n implies

4 | n. Thus,
ord,, (Bn+L§f’> (1+25)ple—1)/21 BL&{” (1+2j)p[(k—1)/2D

— Ol“dp (23% C%-‘,—#(l-‘ﬂj)p[(k—l)ﬁb

= ord,(2) + ord, (Bg) + ord, (C’%JFW( P (14 0j)pltn— 1)/2])

>0+1+ord( )+1+ord( - 51)( +2j)p[(k_1)/2]>
>2(1+[(k—1)/2)) > 201+ (k—1)/2—1) > k — 1,

which proves (5.8). Since W(p[(k /2 1) | n by assumption, m(p yplE=1/2|n,
Therefore,
n=x(p)pl*V/2; with some i < pl¥/2. (5.9)
Thus,
0<n+ <p)( 1+ 2j)plk=/2 = (W(p) it @(1 + 2j))p[(k_1)/2]
(

< (™2 — n(p) + ip)) ((k=1)/2]
- T\p _ —
=n(p)-p* " — %p[(’“ DA < w(p) - pFt

Now, it remains to show that B () plUe—1)/2] and B:wp) plte—1)/2) AT€ incongruent
4

modulo p¥; it is enough to show that they are 1ncongruent modulo p, which is
established in Lemma 5.2. (]

LEMMA 5.4. If p = 3(mod 8) and k € N, then for every integer x with

1 <z < [(k—1)/2] there exist (p — 1)pk=22=1 distinct feasible residue b of B,
with 0 < n < 7(p)p*~1 occurring at least 2p® times in a period modulo pF.
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Proof. Let n be a non-negative integer and p®~!||n. Then

Ol“dp (Bn+7r(p)pk—m—1 — Bn)

= Ol“dp (2B7r(2p)pk_m_10n+ ﬂ;p)pk_m_1>

v

1+ Ordp(@pk_x_l) +1+ord, (n + @pk_“}—l)

=1l+(k—-oz-1)+1+2—-1=k.

(Here we are using the inequality ord,(a + b) > min(ord,(a),ord,(b))
as0<zx—1< % and % <k—-—x—1<k—2.) Therefore

By irpyph—+—1 = B, (mod ") (5.10)

for all n such that p®~!||n. We need to count the number of integers n with
0 < n < 7w(p)ptt and p*!|n for which a given b occurs as a residue
of B, modulo p¥ This is equivalent to counting the number of integers n
with 0 <n < 7(p) - p*~*~1 and p”~!||n for which a given b occurs as a residue
of B, modulo p* and then to multiply this number by p® Hence we have to check
the distribution of the 2(p — 1)p*~2*~! numbers

. e . 7(p
B; (mod p¥):1<j<n(p)p ", 215 ()

PR TR CRTY
We claim that half of them, i.e., (p — 1)pF¥=2*~1 of the B, ’s are pairwise incon-
gruent modulo p* and other half are congruent to the first half in some way;
more specifically,

B. p) k—z—1_ x(p) ; = Bﬂ_P)j (mod pk)’
2 4 4
for 1<j<pf===' 244, p* M (5.12)

k
) ~(» - (mod
m(p)pk—=—1— =) Tpk—z—1+Tp>J ( p )7

for 1 <j < ph—=-1

;247 "G (5.13)

4

= ordp(Q) + Ol‘dp (B#(pkfzfl_j)> + OI'dp (Cw(p)pk7171>

21+ Ordp(@(pk_m_l - j)) +1+ Ordp(—wgl )pk—w—1>
=24z—-14+k—-a—-1=k
and
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ord, (B

W(p)_pk—z—l_ﬂ'TP)j LACI 7171_,’_77(4111)]4)

= Ordp(QBWf) oo 1 m(p) 4037r4(p) w1

3
> 1—|—o1rdp<@(pk_”_1 —j)) —I—l—l—ordp(?T—
>2+r—-1+k—-—x—-1=k.

Hence, it only remains to show that

Since
OI'dp (Bﬂ'(p)pk_r’_l—#jiB—#j) = Ol“dp (2B#pk_r_lc%p)pk_1_l_ﬂ(f)j) > k,
we have
_ _ k
Bﬂ(p)pk_w_l_ﬂTp)j = B_,TTp)j = —BﬂTp)j (mod p*)
for 1<j<p"*=' 244, p" |5,
from which (5.14) follows and the proof is complete. O

LEMMA 5.5. Ifp = 3(mod 8), then there exist @ —1 distinct feasible residue b
of By, with 0 <n < mw(p) occurring exactly twice.

Proof. In view of Lemma 5.3 with k& = 1, there exists two distinct feasible
residue b of B, modulo p for n = 0,1,...,7(p) — 1 occurring only once. Hence
we need to check the distribution of the remaining 7w (p) — 2 residues, namely,

B, (mod p), for 0 <r < xw(p), r&'{@,g%@}

We claim that half of them, i. e, W(p ) _10of B,’s are pairwise incongruent modulo p
and the other half are congruent to the first half in some manner, i.e.,

_; (mod p) for 0 <i<

) B 7(p)
B; = B@_i (mod p) and B@H = Br(p) 4

(5.15)
But
ordy(Bxw _, — B;) = ord, (2Bm_icw)
2 4 4

> ord,(2) + 1 + ord, (Bm_i) +ord ( )

shows that B; = Bxw) _, (mod p). Similarly it can be easily seen tha B
2
B (p)—i (mod p). To complete the proof, it remains to show

Bi 7‘é BM-H (mod p).
2
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Since, B; = —Bx( ., (mod p) and the case B; =0 = B
2
dicts the definition of period, it follows that B; = B

) (mod p) contra-
=) 4 (mod p). O

REMARK 5.6. If p = 3(mod 8) and k € N, then there exist pk_l(@ - 1)
distinct feasible residues b of B,, modulo p* with 0 < n < 7(p)pF~—1

exactly twice.

occurring

We are now in a position to prove an important theorem of this section.

THEOREM 5.7. If p = 3(mod 8) and for i € {0,1}, then

plk/2] if b= B(#H@)puk*l)/?] (mod p*),
) 2.pm Zfb = B#j—i—i#pk—m—l’ and
vp(p®,b) = PP g, 244, 1<j < phot
for x € {1,2,...,[(k—1)/2]},
2 otherwise.

Proof. Inview of Lemma 5.3, 5.4 and Remark 5.6 we have the following results:

_ ™
ve(p*,b) > p*/2 vp(p¥,b) > 2 p* and vp(p",b) = p"! <% - 1) . (5.16)

Hence,
pk_l [(k—1)/2] ﬂ_(p)
> wp(®) = 2B+ Y (p— 1)pF N (2p) +pP <—2 — 1>
b=0 =1
=m(p)p" . (5.17)
In view of [9, Theorem 3.5, the left hand side of (5.17) equals m(p) - p*~L.
Thus, equality holds in (5.16) for every feasible residue b modulo p*. g

REMARK 5.8. In the above theorem, the second case occurs if £ > 3 and in this
case, there are exactly (p— 1)]9"7_27”_1 distinct feasible residues b occur modulo p.

In the third case, for each k € N, exactly pF—! (@ — 1) distinct feasible residues
b modulo p* occur.
Using (1.2), we get Qp(p*) = {2,2p,2p?, ..., 2pl(k=D/2 pl/21} Thus, the

following corollary is a direct consequence of Theorem 5.7.
COROLLARY 5.9. Ifp=3 (mod 8), then balancing sequence is not stable modulo p.

We next search for primes p = 1(mod 8) for which the balancing sequence
is stable. In the following theorem, we limit the search for such primes in the
class of associated Pell numbers.
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THEOREM 5.10. If the prime p = 1(mod 8) is an odd indexed associated Pell
number, then balancing sequence is stable modulo p.

Proof. Since p is an odd indexed associated Pell number, 7(p) is odd [9, Theo-
rem 4.3]. Using the arguments given in the proof of Lemma 4.3, it is easy to see
that w(p) = a(p). Now, proceeding like the proof of Theorem 4.7, one can easily
verify that the balancing sequences is stable modulo such a prime. ([l

For some members in the class of primes p = 1(mod 8), 7(p) is a multiple
of 4. For example 17 is one such prime with 7(17) = 8. The following theorem
confirms that the balancing sequence is not stable modulo any such prime.

THEOREM 5.11. Let p be a prime such that p = 1 (mod 8) and 4 | w(p).
Ifi € {0,1}, then

plk/2] ifb= B(#H'#)p[(hwm (mod p*),
2p* if b= B#j“'@pk,z,l, and
VB<pk,b) = P g, 244, 1< < ph—z—1
for x €{1,2,....[(k—1)/2]}
2 otherwise

Proof. The proof is similar to the proof of Theorem 5.7, hence it is omitted. [

There are some primes p = 1 (mod 8) for which 4 { 7(p). Such type of primes
are excluded from Theorem 5.11. For example, if p = 137, 7(p) = 34 and one
can check that the balancing sequence is stable modulo 137. It is an open prob-
lem to identify some more subclass of primes for which the balancing sequence
is stable.
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THE h-CRITICAL NUMBER
OF FINITE ABELIAN GROUPS

BELA BAJNOK

Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. For a finite abelian group G and a positive integer h, the unre-
stricted (resp. restricted) h-critical number x(G, h) (resp. X" (G, h)) of G is defined
to be the minimum value of m, if exists, for which the h-fold unrestricted (resp. re-
stricted) sumset of every m-subset of G equals G itself. Here we determine x (G, h)
for all G and h; and prove several results for x"(G, h), including the cases of any
G and h = 2, any G and large h, and any h for the cyclic group Z, of even
order. We also provide a lower bound for x*(Zn,3) that we believe is exact for
every n—this conjecture is a generalization of the one made by Gallardo, Grekos,
et al. that was proved (for large n) by Lev.

Communicated by Vsevold Lev

1. Introduction

Throughout this paper, G denotes a finite abelian group of order n > 2,
written in additive notation. For a positive integer h and a nonempty subset A
of G, we let hA and h"A denote the h-fold unrestricted sumset and the h-fold
restricted sumset of A, respectively; that is, hA is the collection of sums of h
not-necessarily-distinct elements of A, and h"A consists of all sums of A distinct
elements of A. Furthermore, we set YA = Up2 (A A.

The study of critical numbers originated with the 1964 paper [10] of Erdds
and Heilbronn, in which they asked for the least integer m so that for every set
A consisting of m nonzero elements of the cyclic group Z,, of prime order p, we
have ¥ A = Z,,. More generally, one can define the critical number of G as

&(G)=min{m : ACG\{0},|A] >m = XA =G}

2010 Mathematics Subject Classification: 11B75.
Keywords: critical number, abelian groups, sumsets, restricted sumsets.
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Note that here only subsets of G\ {0} are considered; alternately, some have
studied
X (G) =min{m : ACG,|A| >m=YA=G}.

It took nearly half a century, but now, due to the combined results of Diderrich
and Mann [8], Diderrich [7], Mann and Wou [20], Dias Da Silva and Hamidoune
[6], Gao and Hamidoune [14], Griggs [16], and Freeze, Gao, and Geroldinger
[11, 12], we have the critical number of every group:

THEOREM 1 (The combined results of authors above). Suppose that G is an
abelian group of order n > 10, and let p be the smallest prime divisor of n.
Then
[2vn —2]  if G is cyclic of order n = p orn = pq,
where q is prime and

§(G@)=X(G)-1= 3<p<q<p+|[2vp—2]+1
n/p+p—2 otherwise.

We note that, while it is easy to see that x*(G) is at least one more than £°(G),
there is no obvious reason known for the fact that they differ by exactly one.
It is also worth noting that considering unrestricted sums rather than restricted
sums makes the problem trivial: the corresponding unrestricted critical numbers
x(G) and £(G), using the notations of Theorem 1, are clearly given by

§(G) = x(G) =1 =n/p.

We now turn to our present subject: the critical number when only a fixed
number of terms are added. Here we consider both unrestricted sums and
restricted sums; in particular, for a positive integer h, we define—if they exist,
more on this below—the unrestricted h-critical number x (G, h) and the restricted
h-critical number x" (G, h) as the minimum values of m for which, respectively,

the h-fold sumset and the h-fold restricted sumset of every m-element subset

of G is G itself:
X(G,h) = min{m : ACG,|A| >m = hA =G},

X (G,h) = min{m : ACG,|A|>m=hA=G}.

For the sake of completeness, we also discuss the two quantities:
&(G,h) = min{m : ACG\{0},|A| > m = hA =G},
&(G,h) = min{m : ACG\{0},|A| >m = HWA=G}.

Let us now see when these four values exist and how the last two quanti-
ties compare to the first two. The situation for unrestricted addition is easy
(see Section 2).

INote that |2v/n — 2| =n/p +p — 1 in this case.
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PROPOSITION 2. Let G be an abelian group of order n > 3. Then for every
h>2, x(G,h) and §(G, h) exist, and x(G,h) = &(G,h).

Regarding restricted addition, for x"(G,h) and £(G,h) to both exist, we
clearly need 1 < h < n — 1. Furthermore, observe that if G is isomorphic to an
elementary abelian 2-group, then there is no subset A of G for which 0 € 2°A.
In Section 2 we establish the following:

PROPOSITION 3. Let G be an abelian group of order n > 6. Then for every
3<h<n-3, x(G,h) and &(G,h) exist, and X (G,h) = & (G, h). Further-
more, the same conclusions hold if h € {2,n — 2}, unless G is isomorphic to an
elementary abelian 2-group.

According to Propositions 2 and 3, and in contrast to the situation above
with an unlimited number of terms, it suffices to study x (G, h) and x*(G, h).

So let us see what we can say about these quantities. We can determine
the exact value of x(G, h), as follows.

Recall that the minimum size
p(G,m,h) =min{|hA| : ACG,|Al =m}

of h-fold sumsets of m-subsets of G is known for all G, m, and h. To state the
result, we need the function

u(n,m,h) = min{fg(m,h) : d € D(n)},
where n, m, and h are positive integers, D(n) is the set of positive divisors of n,
and
fa(m,h) = (h[m/d] —h+1)-d.

(Here u(n, m, h) is a relative of the Hopf-Stiefel function used also in topology
and bilinear algebra; see, for example, [24], [22], and [18].) We then have:

THEOREM 4 (Plagne; cf. [23]). Let n, m, and h be positive integers with m < n.
For any abelian group G of order n we have

p(G,m, h) = u(n,m, h).

Theorem 4 allows us to determine x (G, h); in order to do so, we introduce
a—perhaps already familiar—function first.

Suppose that h and g are fixed positive integers; since we will only need the
cases when 1 < g < h, we make that assumption here. Recall that we let D(n)
denote the set of positive divisors of n. We then define

vg(n,h) = max{qd_ ! _SCM’Q)J + 1) -g L de D(n)}.
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We should note that the function v, (n, h) has appeared elsewhere in additive
combinatorics already. For example, according to the classical result of Diamanda
and Yap (see [5]), the maximum size of a sum-free set (that is, a set A that is
disjoint from 2A) in the cyclic group Z,, is given by

(1 + %) 5 if n has prime divisors congruent to 2 mod 3,

v1(n,3) = and p is the smallest such divisor,

L%J otherwise;

similarly, this author proved (see [3]) that the maximum size of a (3, 1)-sum-free
set in Z,, (where A is disjoint from 3A) equals

(1 + %) 7 if n has prime divisors congruent to 3 mod 4,

va(n,4) = and p is the smallest such divisor,

L%J otherwise.

It is believed that the analogous result for (k,l)-sum-free sets in Z, (where
kA NIA = 0 for positive integers k > 1) is given by vg_;(n, k + 1); this was
established for the case when k£ — [ and n are relatively prime by Hamidoune
and Plagne (see [17]). In Section 3 we provide the following simpler alternate
formula for vy(n, h), from which the expressions for vi(n,3) and va(n,4) above
readily follow:

THEOREM 5. Suppose thatn, h, and g are positive integers and that 1 < g < h.
Fori=2,3,...,h—1, let Pi(n) be the set of those prime divisors of n that do
not divide g and that leave a remainder of i when divided by h; that is,

Pi(n) ={pe D(n)\ D(g) : pprime andp =i (mod h)}.

We let I denote those values of i = 2,3,...,h — 1 for which P;(n) # 0, and for
each i € I, we let p; be the smallest element of P;(n).

Then, the value of vg(n,h) is

%-max{l—l—%:ié[} if 1 #0;
vg(n,h) =9 %] if I=0andg#h;
| 2L | if I=0andg=h.

Theorem 5 greatly simplifies the evaluation of the function vy(n, h).
Returning now to the h-critical number of groups, in Section 4 we prove:

THEOREM 6. For all finite abelian groups G of order n and all positive integers
h, the (unrestricted) h-critical number of G equals

X(G,h) =vi(n,h) + 1.
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Evaluating the restricted h-critical number x* (G, h) seems much more chal-
lenging, and this is, of course, due to the fact that we do not have a general
formula for the minimum size

p(G,m,h) =min{|h"A| : ACG,|A| =m}

of h-fold restricted sumsets of m-subsets of G. Indeed, we do not even know
the value of p°(G,m,h) for cyclic groups G and h = 2. Essentially the only
general result is for groups of prime order; solving a conjecture made by Erdés
and Heilbronn three decades earlier—mot mentioned in [10] but in [9]—Dias
Da Silva and Hamidoune succeeded in proving the following:

THEOREM 7 (Dias Da Silva and Hamidoune; cf. [6]). For a prime p and integers
1 <h<m<p, we have

0" (Zy, m, h) = min{p, hm — h* + 1}.

(The result was reestablished, using different methods, by Alon, Nathanson,
and Ruzsa; see [1], [2], and [21].) As a consequence, we have:

COROLLARY 8. For any positive integer h and prime p with h < p — 1 we have
X' (Zp,h) = [(p—2)/h] +h+1.

Let us see what else we can say about x"(G,h). Trivially, for all groups G
of order n we have

X(G,1)=x"(G,n—1)=n.
In Section 5, we find the value of x*(G, 2):

PROPOSITION 9. Suppose that G is of order n and is not isomorphic to the ele-
mentary abelian 2-group, and let L denote its subset—indeed, subgroup—consist-
ing of elements of order at most 2. Then

X(G,2) = (n+|L|)/2 +1.

(Observe that n+ |L| is always even.) As a consequence, for high values of h,
we get:

PROPOSITION 10. Suppose that G is of order n and is not isomorphic to the

elementary abelian 2-group, and let L denote its subset consisting of elements
of order at most 2. For all h with

n+|L)/2—-1<h<n-2,

we have
X (G,h) =h+2.
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The easy proof is in Section 5.

Propositions 9 and 10 leave us with the task of determining x*(G, h) for groups
of composite order and

3<h<(n+]|L|)/2-2.
In Section 6 we complete this task for cyclic groups of even order:

THEOREM 11. Suppose that n is even and n > 12. Then

n/2+1 if3<h<n/2-2;

(Zn,h) =
X ) {n/2+2 ifh=n/2—1.

(This result was established for h = 3 by Gallardo, Grekos, et al. in [13]; our
proof for the general case is based on their method.)

In Section 7 we take a closer look at the case of h = 3. First, we prove tight
lower bounds:

THEOREM 12. Let n be an arbitrary integer with n > 15.

(1) If n has prime divisors congruent to 2 mod 3 and p is the smallest such
divisor, then

(1+§)§+3 ifn = p;
N(Za3) 2 (141)3+2 ifn=3p,

(1 + %) % +1 otherwise.

(2) If n has no prime divisors congruent to 2 mod 3, then

. |2 +4 ifnis divisible by 9;
X' (Zy,3) > {

L%J +3  otherwise.

We also claim that, actually, equality holds above for all n—this is certainly
the case if n is even or prime; we have verified this (by computer) for all n < 50;
and in Section 7 we prove that equality follows from a conjecture that appeared
in [4]. Our conjecture is a generalization of the one made by Gallardo, Grekos,
et al. in [13] that was proved (for large n) by Lev in [19].

The pursuit of finding the value of x*(G,h) in general remains challenging
and exciting.
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2. Preliminary results

In this section we establish Propositions 2 and 3. We start with the following
easy result:

PROPOSITION 13. Let A be an m-subset of G and h be a positive integer.
(1) If either
(a) h=1 or
(b) A is a coset of a subgroup of G,
then |hA| = m.
(2) In all other cases, |hA| > m + 1.

Proof. The first claim is trivial. To prove the second claim, we assume that
h > 2 and that |hA| < |A] = m. We will show that for any a € A, we have
A =a+ H, where H is the stabilizer subgroup of (h — 1)A; that is,

H={geG|g+ (h—1)A=(h—1)A}.

Consider the set A’ = A — a. Since (h — 1)A is a subset of A" + (h — 1)A,
we have

[hA| = |hA —a| = |A"+ (h = 1)A] > |(h — 1)A| > |A];
but then A4 (h— 1A= (h— 1A
Therefore, A’ C H, and so A C a + H, which implies that
la+ H| = |A] = [hA[ = [(h = 1)A] = [H + (h = 1) A[ = [H| = |a + H].

Then equality must hold throughout, and thus a+H = A, establishing our claim.
d

As an immediate corollary, we see that x(G, h) is well defined for all G and h,
and (G, h) is well defined if, and only if, the trivial conditions n > 3 and h > 2
hold.

The version of Proposition 13 for restricted sumsets is substantially more
complicated:

THEOREM 14 (Girard, Griffiths, and Hamidoune; cf. [15]). Let A be an m-subset
of G, and suppose that 1 < h <m — 1. We let L denote the subgroup of G that
consists of elements of order at most 2.
(1) If h € {2,m — 2} and A is a coset of a subgroup of L, then |h"A| =m — 1.
(2) If any of the conditions
(a) he{l,m—1},
(b) A is a coset of a subgroup of G,
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(¢c) h € {2,m —2} and A consists of all but one element of a coset of a
subgroup of L, or

(d) he{2,m—2} and m =4 and A consists of two cosets of a subgroup
of order 2

holds, then |h"A| = m.

(3) In all other cases, |h"A| > m + 1.

As a consequence, we get that x"(G,h) is well defined if, and only if, one of
the following holds:

o he{l,n—1},

e h e {2,n—2}, and G is not isomorphic to an elementary abelian 2-group,

e 3<h<n-23;

and £ (G, h) is well defined if, and only if, one of the following holds:
e n=>5and h=2,

en>6,he{2,n—2} and G is not isomorphic to an elementary abelian
2-group;
e 3<h<n-3.
From this we can conclude that, other than the trivial cases of h € {1,n— 1} or
n <5, (G, h) is well defined exactly when x* (G, h) is.
Next we prove that our £ quantities are equal to their respective x versions:

ProOPOSITION 15. When they exist, we have

£(G7 h) = X(Gv h)
and

§A<Ga h) = XA<G3 h)'

Proof. We only prove the first claim as the other is similar. For that, the other
direction being obvious, we just need to show that

&(G,h) > x(G, h).

To see this, let B be a subset of G of size x(G,h) — 1 for which hB # G. Since
|IB| <n—1,wehave | — B| <n—1aswell;let g€ G\ (—B). Then A=g+ B
has size x(G,h) — 1, and A C G \ {0}, since 0 € A would contradict g ¢ —B.
But hA and hB have the same size, so we conclude that hA # G, from which
our inequality follows. d
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3. The function v,(n,h)

In this section we prove Theorem 5. As usual, we suppose that d is a positive
divisor of n, and define the function

f(d) = ({dlgcd(d,g)J +1> n

h d
We first prove the following.

Claim 1. Let ¢ be the remainder of d when divided by h. We then have

(14 255) if ged(d, g) < s
F(d) = n. (1 — %) if h|d and g = h;
n. (1 — é) otherwise.

Proof of Claim 1. We start with
{dlgcd(d,g)J d—i N Vlgcd(d,g)J

h h h

We investigate the maximum and minimum values of the quantity {%J )
For the maximum, we have
Lz -1 ;glcd(d,g)J - {(h l)h— 1-— 1J <o,

with equality if, and only if, i — 1 — ged(d, g) > 0; that is, ged(d, g) < i.
For the minimum, we get

V‘licd(d,g)J > LO}ILQJ > Loth = -2,

with equality if, and only if, i = 0, ged(d, g) = g, and g = h; that is, h|d and
g=h.

The proof of Claim 1 now follows easily. (]
Claim 2. Using the notations as above, assume that ged(d, g) > 4. Then
n/h if g+#h;
f(d) <
(n—1)/h if g=h.

Proof of Claim 2. By Claim 1, we have f(d) < n/h. Furthermore, unless
1 =0 and g # h, we have

<t (1-3) <2 (1-1) =t
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O
Claim 3. For all g, h, and n we have
n i g#h:
ity = |
(] it g=h.
Proof of Claim 3. We first note that
d—1—ged(d
vg(n,h) = max{({ god( ’g)J +1> R dED(n)}
h d
> {n—l—gcd(n,g)J 41
h
n—1—g
> _ 1.
> [P
The claim now follows, since g + 1 < h, unless g = h in which case
-1- -1
S A )
O

We are now ready for the proof of Theorem 5. Let dy be any positive di-
visor of n for which vy(n,h) = f(do); let iy be the remainder of dy modh.
The following two claims together establish Theorem 5.

Claim 4. If ged(do, g) > i, then I = () and
7 if g# I
vo(mh) = 7
57 g =
Proof of Claim 4. By Claim 2,
vg(n, h) = f(do) < n/h.

If we were to have an element i € I, then for the corresponding prime divisor p;
of n we have .

ng<p1,ag) =1< 2y
thus by Claim 1,

n h—1 n
vg(n,h)Zf(pi):E~<1+ . ) >E’
a contradiction. The result now follows from Claims 2 and 3. O

102



THE A-CRITICAL NUMBER OF FINITE ABELIAN GROUPS

Claim 5. If ged(do, g) < io, then iy € I, dy € P;,(n), and

Proof of Claim 5. First, we prove that dy is prime. Note that our assump-
tion implies that ip > 2, and thus dy has no divisor that is divisible by h, and
has at least one prime divisor that leaves a remainder greater than 1 mod h.
Let p be the smallest prime divisor of dy that leaves a remainder more than 1
mod h, and let ¢ be this remainder.

We establish the inequality

as follows. Since ¢ < h — 1, the inequality clearly holds when p > h — 2,
so let us assume that p < h — 2. Note that, in this case, ¢ = p, so we need
to establish that

h—2 h-—p
7 < ;
p p
this is not hard either since we have

h—2=hp—h(p—1)—2<hp—(p+2)(p—1)—2=hp—p*—p < (h—p)p.

Assume now that i # ig, and thus dy/p Z 1 mod h. Then dy/p also has a prime
divisor, say p’, that leaves a remainder greater than 1 mod &, and by the choice
of p, p’ > p and thus dy > p?. But then we have

vg(mh) = fldo) = = (1+ 272 ) < 2+ (1+52) < - (14 152) = f),

a contradiction.

Therefore, i = i, and thus

) = flao) = - (14220 ) < 2 (14220 —

since we must have equality, dy = p follows.

This establishes the fact that dy is prime. Since
ged(do, g) < io < do,
dy cannot divide g. This establishes Claim 5, and thus completes the proof
of Theorem 5. ([l

We should also note that it is easy to show that, when I # () in the statement

of Theorem 5, there is a unique ¢ (and thus p;) for which hp__i is maximal.
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4. The unrestricted h-critical number

Here we establish Theorem 6; in particular, we prove that, for m = vy (n, h),

we have
u(n,m,h) <n

but
u(n,m +1,h) > n.

Let dy € D(n) be such that

vl(n,h):max{qd—fJ +1> '% : dED(n)} - Qdoh2J +1> 'd%'

Proof. To establish the first inequality, simply note that
u(n,m,h) < fna,(m,h)

= (e () ) g
- (e[

n
< (dO*l)'d—O

For the second inequality, we must prove that, for any d € D(n), we have
fa(m + 1,h) > n; that is,

(42 +1) g +1
h.[ .

< n.

}Hp

I

But n/d € D(n), so by the choice of dy, we have
do — 2 n n/d—2 n
1)L > 1) ——
) 2= (1) e
and thus

h- {(L%T%JH)'%HW —h+1zhqu/d2J+1>+q —h+1

d

Our proof is complete. O
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5. The restricted h-critical number for h = 2 and large h

In this section we establish Propositions 9 and 10. We first prove the following.

LEMMA 16. For a gwen g € G, let Ly = {x € G | 2z = g}. If L, # 0,
then |Lg| = |L|.

Proof. Choose an element z € L,. Then  — Ly C L, so | — Lg| = |Ly| < |L].
Similarly, z + L C Ly, so |z + L| = |L| < |Lg]. O

Proof of Proposition 9. Suppose first that
m=(n+|L|)/2+ 1.
Note that our assumption on G implies that 3 < m < n.
Let A be an m-subset of G, let ¢ € G be arbitrary, and set B = g — A.
Then |B| = m, and thus
[ANB|=|A|+|B|—|AUB| >2m —n=|L| + 2.

By our lemma above, we must have an element a; € AN B for which a; ¢ L,.
Since a; € AN B, we also have an element ay € A for which a; = g — as and
thus g = a1 + as. But a1 € Ly, and therefore ap # a;. In other words, g € 2°A;
since g was arbitrary, we have G = 2"A, as claimed.
For the other direction, we need to find a subset A of G with
Al = (n + |L[)/2
for which 2°A # G. Observe that the elements of G \ L are distinct from their
inverses, so we have a (possibly empty) subset K of G\ L with which
G=LUKU(-K),

and L, K, and —K are pairwise disjoint. Now set A = LU K. Clearly, A has the
right size; furthermore, it is easy to verify that 0 € 2°A and thus 2°A # G. O

Next, we show how Proposition 9 allows us evaluate x"(G,h) for all large
values of h.

Proof of Proposition 10. Assume first that A is an (h + 1)-subset of G.

Then R
WAl =h+1<n-1,

so X(G, h) is at least h + 2.
Now let A be an (h+ 2)-subset of G. Then, by symmetry, |h"A| = |2"A|; since

|Al=h+2>(n+|L|)/2+1,
by Proposition 9 we have h"A = G. This establishes our claim. g
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6. The restricted h-critical number of cyclic groups
of even order

Here we prove Theorem 11. Our methods are similar to the one by Gallardo,
Grekos, et al. in [13] where they established the result for h = 3.

Proof. The cases of h < 2 or h > n/2 have been already addressed, leaving
only 3 < h < n/2— 1. In fact, as we now show, it suffices to treat the cases
of 3<h<n/4:

To conclude that we then have
X (Zn,h) =n/2+1 for n/d+1<h<n/2-2

as well, note that, obviously, x"(Z,,h) > n/2+41, and that if A is a subset of Z,
of size n/2 + 1, then, since
3<n/2+1—-h<n/4,
we have
WAl =|(n/2+1—h)A| =n.

Similarly, with x*(Z,,2) = n/2 + 2 and x"(Z,,3) = n/2 + 1 we can settle
the case of h = n/2 — 1: Choosing a subset A of Z,, of size n/2 + 1 for which
|2°A| < n implies that we also have

(n/2 — 1V A] < n

and thus x*(Z,,n/2—1) is at least n/2+ 2; while for any B C Z,, of size n/2+2
we get

|(n/2 —1)"B| =1|3"B| = n.
Therefore, for the rest of the proof, we assume that 3 < h < n/4.

Since we clearly have x"(Z,,h) > n/2 + 1, it suffices to prove the reverse
inequality. For that, let A be a subset of Z,, of size n/2 + 1; we need to prove
that h"A = Z,,.

Let O and E denote the set of odd and even elements of Z,,, respectively, and
let Ap and Ag be the set of odd and even elements of A, respectively. Note that
both Ap and Ag have size at most n/2 and thus neither can be empty. We will
consider four cases:

Assume first that |Ap| < 2. Then |Ag| > n/2 — 1. Observe that 3 < h < n/4
and n > 12 imply that

2<h—-1<h<n/2-3,
and n/2 — 1 is not a divisor of n. Therefore, by Theorem 14, both (h — 1)"Ag
and h"Ap have size at least n/2. But, of course, both (h —1)"Ag and h"Ag are

subsets of E, so
(h—1)Agp =WAgp =FE.
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Now let a be any element of Ap; we then see that
(I+(h*1)AAE =a+ FE=0.
Therefore,
((Z+ (h - ].)AAE) U hAAE =0OUFLE = Zn;
since both a + (h — 1)"Ag and h"Ag are subsets of h"A, we get A = Z,,.
Next, we assume that |[Ag| < 2. In this case, an argument similar to the one

in the previous case yields that
O if h is even,

(h_”AO:{ E if his odd;
and
R E if h is even,
hAO_{ O if his odd.
Let a be any element of Ag; we get
(a+(h—=1)Ap)UN Ao =7,

regardless of whether h is even or odd; therefore, h"A = Z,,.
Before turning to the last two cases, we observe that, since h < n/4, we have

Al =n/2+1>2h+1,

and thus at least one of Ap or Ap must have size at least h + 1.

Consider the case when |Ap| > 3 and |Ag| > h+ 1. Referring to Theorem 14
again, we deduce that (h —2)"Ag and (h — 1)"Ag both have size at least |Ag],
and that 2°Ap is of size at least [Ap].

Now let go be any element of O; we have
lgo — Aol + |(h = 1)"Ag| > |Ao| + |Ap| =n/2 + 1.

But go — Ap and (h — 1)"Ag are both subsets of F, so they cannot be disjoint;
this then means that go can be written as the sum of an element of Ao and
h — 1 distinct elements of Ag, so go € h"A.

Similarly, for any element gg of E, we have
lge — (h = 2)"Ap[ +[2"Ao]| = |Ap| + [Ao| = n/2+ 1,

and thus gg can be written as the sum of h — 2 distinct elements of Ap and
two distinct elements of Ao, so gg € h"A.
Combining the last two paragraphs yields OU E C h"A and thus h"A = Z,.

For our fourth case, assume that |Ag| > 3 and |Ap| > h + 1. As above, we
can conclude that |(h — 2)"Ao| > |Ao|, |(h—1)"Ao| > |Ao|, and |2°Ag| > |Ag|.
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Let g be any element of Z,,. If g and h are of the same parity (both even or
both odd), then we find that g — (h — 2)"Ap and 2°Ag are each subsets of E.
As above, we see that they cannot be disjoint, and thus

ge(h—2)Ao+2A45 CIA.

The subcase when ¢ is even and h is odd is similar: this time we see that
g—(h—1)"Ap and A are each subsets of E and that they cannot be disjoint, so

g€ (h—1)Ap+ Ap C I°A.

The final subcase, when ¢ is odd and h is even, needs more work. We first
prove that there is at most one element a € Ao for which Ap \ {a} is the coset
of a subgroup of Z,. Suppose, indirectly, that a; and as are distinct elements
of Ap so that Ap \ {a1} and Ap \ {az} are both cosets. In this case, they must
be cosets of the same subgroup since Z,, has only one subgroup of that size.
But |[Ap| > 3, s0 Ao \ {a1} and Ap \ {az} are not disjoint, which implies
that they are actually equal, which is a contradiction since a; is an element
of Ap \ {az2} but not of Ap \ {a1}.

We also need to consider the special case when |Ap| = 5; we can then see
that there is at most one element a € Ao for which Ap \ {a} is the union of two
cosets of {0,n/2}.

Hence we have an element ap € Ao so that Ap \ {aop} is not the coset
of a subgroup of Z,, and not the union of two cosets of the subgroup of size 2.
But then, by Theorem 14,

[(h = 2)" (4o \ {ao})| = |40l
Therefore,
[(h =2)"(Ao \ {ao})| + g — ao — Ar| > |[Ao| + [AE| =n/2 + 1;
since both
(h—=2)(Ao\{ao}) and g—ao—Ap
are subsets of F, this can only happen if they are not disjoint, which means that
g € (h—2)(4o \{ao}) + (a0 + Ag) C W A.

This completes our proof. O
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7. The restricted 3-critical number of cyclic groups

In this section we summarize what we can say about the case of h = 3 in the
cyclic group of order n. Recall that by Theorem 4, we have

p(Zy,,m,h) =u(n,m,h) =min{(h [m/d] —h+1)-d|de D(n)}.

We will rely on the following result on the minimum size of h-fold restricted
sumsets:

THEOREM 17 (B.; cf. [4]). Suppose that positive integers n and m satisfy
4 <m <mn, and let uz = u(n,m,3) and dy = ged(n, m — 1). We then have:

min{us,3m —3 —do} ifdy > 8;

min{us, 3m — 10} ifdy =17, or
do <5, 3|n, and 3|m, or
0 (Zp,m,3) < do <5, (3m —9)|n, and 5|(m — 3);
min{ug, 3m — 9} if dy = 6, or

m = 6 and 10|n but 3 fn;

min{us), 3m — 8} otherwise.

Proof of Theorem 12. Note that the case when n is even follows from

Theorem 11, since
1\ n n
1+=-)=4+1==-+1;
( +2>3+ 2+ ;

and the case when n is prime follows from Corollary 8 since

-2 (1+l>£+3 if p =2 mod 3;
V—J +3+1= { r) 3 b
3 2] +3 otherwise.
Therefore, we may assume that n is odd and composite, and n > 21.
We observe first that for n
m=|3]+2

we have
0 (Zp,m,3) <u'(n,m,3)<3m—-8<n-—2,
so we always have

X (Zn,3) > gJ +3.

Assume now that n has no prime divisors congruent to 2 mod 3 and that n
is divisible by 9; let m = n/3 + 3. Then m — 1 and n are relatively prime, since
if d is a divisor of both m — 1 and n, then d will divide both 3m — 3 and n,
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and hence also their difference, which is 6. However, n is odd and m — 1 is not
divisible by 3 (since m is), so d = 1. According to Theorem 17,

0 (Zy,m,3) < min{u(n,m,3),3m —10} <3m —10=n —1,
SO
X (Zy,3) > n/3 + 4.
Suppose now that n has a prime divisors congruent to 2 mod 3, and let p be
the smallest of these. We then have

1
C(E03) 2 X2 =ua03) +1= (145 ) T
Now if n = 3p, then we further have

1
X' (Zn,3) > <1 + —> Dy 2,

p) 3

since for

1\ n

m=|14+—-)-+1=p+2

p) 3

we have
P (Zp,m,3) <u'(n,m,3)<3m—-8=3p—2=n—2.

Our proof is now complete. O

In [4] we made the following conjecture:

CONJECTURE 18. For all n and m with 4 < m < n, we have equality in Theo-
rem 17.

Correspondingly, we believe that:
CONJECTURE 19. For all values of n > 15, equality holds in Theorem 12.

We have verified that Conjecture 19 holds for all values of n < 50, and by
Corollary 8 and Theorem 11, it holds when n is prime or even. As additional
support, we prove the following:

THEOREM 20. Conjecture 18 implies Conjecture 19.

Proof. As we noted before, we may assume that n is odd, composite, and
greater than 15.

Suppose first that n has a prime divisor that is congruent to 2 mod 3, and let
p be the smallest such prime; since n is odd, p > 5. Let us set

1
m:<1+—>9+1.
p) 3

We need to prove that Conjecture 18 implies both of the following statements:
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A: p(Zy,m+1,3)=n.

B: If p(Zy,m,3) < n, then n = 3p.

First, note that m=x(Z,, 3), so u(n, m, 3) =n and thus u(n, m+1,3) = n as well.
Thus, looking at the conjectured formula for p*(Z,,, m, 3), to prove statement A,
it suffices to verify that

Al: 3(m+1)—3—ged(n,(m+1)—1) >n;

A.2: 3(m+1)—9>mn;and

A.3: If 3(m+1)—10 < n, then ged(n, (m+1)—1) # 7, m+1 is not divisible

by 3, and (m + 1) — 3 is not divisible by 5.
Observe that if d divides both n and m, then d divides 3m—n as well, and so
ged(n,m) <3m—n=n/p+3,
which implies that
3(m+1)—3—ged(n,(m+1)—1)>(p+1)-n/p+3—(n/p+3)=n,
proving A.1.

To prove A.2, observe that, since n is neither prime nor even, we have n > 3p,

and so
3(m+1)—-9=(p+1)-n/p—3>n.

Similarly, we see that 3(m-+1)—10 < n may only occur if n = 3p, in which case
m = p+ 2, but then neither 3 nor p divides m, so ged(n,m)=1;m+1=p+3
is not divisible by 3; furthermore, m — 2 = p is not divisible by 5 (since p = 5
would give n = 15, which we excluded). This proves A.3.

To prove statement B, we will suppose, indirectly, that n # 3p. But we as-
sumed that n was odd and composite, so n = 5p or n > Tp; furthermore, if
n = bp then, for p to be the smallest prime divisor of n that is congruent to 2
mod 3, p would need to be 5. For n = 25 we get m = 11, but Conjecture 18
implies that p*(Zzs,11,3) = 25, so we can rule out n = 25 and so assume that
n > 7p. Thus, looking again at the conjectured formula for p*(Z,,, m, 3), to prove
statement B, it suffices to verify that

B.1: 3m — 3 — ged(n,m — 1) > n; and

B.2: If n > 7p, then 3m — 10 > n.

The proofs of B.1 and B.2 are similar to that of A.1 and A.2, respectively—we
omit the details. This completes the proof of statement B.

Assume now that n has no prime divisors congruent to 2 mod 3. This,
of course, means that n itself is not congruent to 2 mod 3. We set

m = gJ +3.
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We need to prove that Conjecture 18 implies both of the following statements:

C: p(Zn,m+1,3) =n.

D: If p(Z,,m,3) < n, then n is divisible by 9.

This time we have m = x(Z,, 3)+2, so u(n, m, 3) = n and thus u(n, m+1,3) =
n as well. Thus, looking at the conjectured formula for p*(Z,,m,3), to prove
statement C, it suffices to verify that

C.1: 3(m+1)—3—ged(n,(m+1)—1) > n;

C.2: 3(m+1)—10>n.

Suppose that d divides both n and m, then d divides

5 [ 9 ifn=0mod3;
men= 8 if n=1mod 3.

Therefore,
n+12—3—-9 if n =0 mod 3;

1) -3 — ged 1)-1)>
3(m+1) =3 —ged(n, (m+1) )_{n—1+12—3—8 if n =1 mod 3.

This proves C.1. Since
m+1>(n—-1)/3+4,
statement C.2 follows as well.
To prove statement D, we first prove that ged(n,m — 1) < 5. Indeed, if d is

a divisor of both n and m — 1, then d divides 3m — 3 — n, which is at most 6;
however d cannot be 6 as n is odd. We also see that

Im—8>n—14+9—-8=n.

Furthermore, m # 6 since n > 15.

Therefore, according to Conjecture 18, for p*(Z,, m, 3) to be less than n, we
must have either n and m both divisible by 3, or n divisible by 3m — 9 and
m — 3 divisible by 5. Since in both these cases n is divisible by 3, we have
m =n/3 4+ 3. We can rule out the second possibility: if m —3 = n/3 were to be
divisible by 5, then n would be as well, contradicting our assumption that n has
no prime divisors congruent to 2 mod 3. This leaves only one possibility: that n
and m are both divisible by 3, which implies that n is divisible by 9, as claimed.
Our proof of statement D and thus of Theorem 20 is now complete. ([l

It is worth mentioning that, as a special case of Conjecture 19, for odd

integers n > 31,
X (Zn,3) < 2n+1.
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(The additive constant could be adjusted to include odd integers less than 31.)
This conjecture was made by Gallardo, Grekos, et al. in [13], and (for large n)
proved by Lev via the following more general result:

THEOREM 21 (Lev; cf. [19]). Let G be an abelian group of order n with
n > 312|L| + 923,

where, as before, L is the collection of elements of G that have order at most 2.
Then for any subset A of G, at least one of the following possibilities holds:

o [A] < fn;

o A is contained in a coset of an index-two subgroup of G;

o A is contained in a union of two cosets of an index-five subgroup of G; or

e 3’A=0.

So, in particular, if n is odd, is at least 1235, and a subset A of Z,, has size
more than 2n/5, then the last possibility must hold, so we get:

COROLLARY 22. [fn > 1235 is an odd integer, then
X (Z,,3) < %n + 1.

The bound on n in Corollary 22 can hopefully be reduced.

As another special case of Conjecture 19, we claim that if n > 83 is odd and
not divisible by five, then

X (Zn,3) < En+ 1.

Theorem 21 does not quite yield this: while a careful read of [19] enables us to
reduce the coefficient 5/13 to (3 — v/5)/2 (at least for large enough n), this is
still higher than 4/11.

It is also worth pointing out that combining Theorem 6 with Conjecture 19
yields that, when n > 15, we have

X(Zn,3) <X (Zn,3) < x(Zn,3) + 3.

This is in contrast to the fact that for every positive integer C', there are values
of n and m so that the quantities p*(Z,, m,3) and p(Z,, m,3) are further than
C' away from one another (cf. [4]).

Acknowledgements. The author acknowledges preliminary work by J. But-
terworth and K. Campbell on Theorems 5 and 6, respectively.
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distribution functions of sequences z, € [0,1), n = 1,2,... Firstly we describe
old applications: Statistically independent sequences; statistically convergent se-
quences; statistical limit points; and uniform maldistributed sequences. Then we
give some recent results: Benford’s law; copulas; and ratio sequences. Secondly
we present some methods for computing the set G(zy) of all distribution func-
tions of x,: directly by definition of distribution functions; using connectivity
of G(zy); solving a moment problem X; = fol g(z)dz, X9 = fol zg(z)dz and
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1. Introduction

Let x,, n = 1,2,..., be an infinite sequence in the s-dimensional unit cube
[0,1)%. Denote the step distribution function Fy(x) of x1,...,Xy as
#{n < N;x, € 0,x
Py () = =N €10.30) )

where [0,x) = [0,21) X -+ x [0, z5). By Riemann-Stieltjes integration we have

N SO = [ S 60 )
By Helly theorem, for continuous f(x) and for a weak limit
lim Fy,(x) = g(x) 3)
we have | N
i e 30 = [ 760003 (4)
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The function g(x) in (3) is called distribution function (abbreviating d.f.)
of x,, ! Denote by G(x,) the set of all possible limits in (3), for an arbitrary
N1 < Ny < ... and the given infinite sequence x,,, n =1,2,...

This expository paper is devoted specially, for employing and calculating
G(xy) in the dimension s =1 and s = 2.

The study of the set of d.f.s of a sequence, still unsatisfactory today, was
initiated by J. G. van der Corput [46]. The one-element set G(x,,) = {g(x)} cor-
respond to the notion of asymptotic distribution function (abbreviating a.d.f.)
g(x). In the case g(x) = x the sequence is called uniformly distributed (abbre-
viating u.d.) In the monograph L. Kuipers and H. Niederreiter [22] to d.f.s is
devoted Chapter 7, pp. 5368, and in M. Drmota and R.F. Tichy [9] Part 1.5, pp.
138-153. ? The a.d.f. of a sequence z,, was introduced by I1.J. Schoenberg [34].
Main goal of this paper is a propagation of some partial results in the theory
of d.f.s.

The outline of our paper is as follows.
In Section 2 we characterize some known classes of sequences x,,, originally

defined by some properties of x,, by using the set G(x,) of all distribution
functions of x,, :

e Statistically independent sequences.
e Statistically convergent sequences.
e Statistical limit points.
e Uniform maldistributed sequences.
Then we give some recent results:
e Benford’s law.
e Copulas.
e Ratio sequences.
In Section 3 we present some methods for computing G(z,,), namely:
e Directly by definition of d.f.s.

e Using connectivity of G(zy,).

e Solving moment problem (X7, X», X3)z(f01 g(x)dz, fol zg(z)dz, fol g* (x)dx)

L The limit (4) generalizes limpy_; oo % S flen) = fol fdz - the fundamental Weyl’s limit
relation holding for any continuous function f(z) defined on [0, 1] and any uniformly distributed
sequence Tp,.

2 Some authors, see R. Winkler [50], instead distribution functions g(x) use measures p induced
by the interval (z,y) measure pu((z,y)) = g(y) — g(x).
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e Mapping z,, to f(z,).

To clarify methods we add, in some places, sketch of proofs and examples. 3 4

2. Examples of applications of G(x,)

We repeat definitions in the Introduction for dimension s = 1 following mono-
graphs [22], [25], [9] and [44]:
e a sequence T,, n=1,2,..., x, € [0,1).
e Define step d.f. of z,, as
_ #{n< Nz, €[0,2)}
= ~ _
e A function g : [0,1] — [0,1] is d.f. of z,, if there exists a sequence of indices
Ni < Ny < ... such that Fy, (z) — g(z) for all continuity points = of g(z)
as k — oo.

e The set of all such g(x) we shall denote by G(z,,) and the notion of the distri-
bution of x,, we shall identify with G(z,,), i.e., the distribution of x,, is known
if we known the set G(zy,).

FN(.’IJ)

2.1. Basic properties of G(zy,)
For every sequence z,, € [0,1):
e GI(x,,) is non—empty, and it is either a singleton or has infinitely many elements.

e G(zy,) is closed and connected in the topology of the weak convergence defined
by the metric

d(gl,gz) = \//0 (gl((IJ) — 92(.’1,'))2(:1:1; (5)

These properties are characteristic for a set of d.f.s:

e Given a non—empty set H of distribution functions, there exists a sequence x,,
in [0, 1) such that G(z,) = H if and only if H is closed and connected.

e First Helly theorem (or Helly selection principle): Any sequence g, (z) of d.f.
contains a subsequence g, (z) such that the sequence gy, (z) converges for every
x € [0,1] and its point limit lim,_,~ gi, (z) = g(x) is also a d.f.

e Second Helly theorem (or Helly-Bray theorem): If we have lim, oo gn(z) =
g(z) a.e. on [0,1], then for a continuous function f : [0,1] — R we have

lim,, e f01 f(z)dgn(x) = fol f(z)dg(x).

3 In each paragraph we shall numbering figures starting from 1.
4 We shall see in many cases that we need solve corresponding functional equations.
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e The upper g(z) and the lower g(x) d.f:s are

liminfy_ ;o0 Fv(z) = g(x),limsupy_, o Fn(z) = g(z).
It is equivalent to

g(x) = inf je o,y 9(2), G(T) = SUP e (s, ) 9()-
A connectivity of G(x,) can be proved by the following theorem of Barone [4]

THEOREM 1 (H.G. Barone (1939)). Ift,, n=1,2,... is a sequence in a metric
space (X, p) and
- any subsequence of t, contains a convergent subsequence;
- limy, 00 p(tn—i-la tn) =0;
then the set of all limit points of t,, is connected in (X, p).
Now put X= the set of all d.f.s defined on
[0, 1], tN = FN(.%') and p(tN-i-l’ tN) = d(FN_H(.’L'), FN(.%'))

The limit d(Fn41(x), Fy(x)) — 0 follows directly from the definition Fi (z),
using the identity

/01(91 (x) — gz(x))de = /01 /01 |z — y|dg1 (x)dg2(y)—

3, [ e vn@anw -5 [ [ e van@inm ©

which holds for every d.f:s ¢gi(z) and go(x). Putting ¢1(z) = Fny1(z) and
g2(x) = Fy(x) we find exactly
1
/ (Fnii(x) = Fy(z))*dz =
0
1 al 1 N
- m — In TG — T, 7
2(N +1)2N? Z |z r |+(N+1)2N7;1|xN+1 Ty (7)

m,n=1

where the right-hand side of (7) tends to zero as N — oc.
Putting ¢1(x) = Fn(z) and ga(z) = Fy(x) in (6) then we have

THEOREM 2. The sequence x,, € [0,1) possesses an a.d.f. if and only if

1 M N 1 M
i (m 2 2 lem=onl =53 2 fom =l

m=1n=1 m,n=1

1 N
"o 2 \xm—wno =0

m,n=1

121



OTO STRAUCH

Now, we prove (6) for every two d.f.s g1(x) and go(z).

Proof. For given gi(x) and go(z), let z,, € [0,1), n = 1,2,..., be a sequence
such that there exist index sequences Ni < No < ... and M7 < My <

such that limy_, o Fin, (x) = ¢1(z) and limy_, o Fir, () = g2(z). Such sequence
Z, exists. Put N, = N, M = M and express Fy(z) = %22;1 Clap,1) (),

F(2) = 37 Yom—1 C(a,.1) (). Compute °

/0 (Fn(z) — FM(x))de
= /0 (% Zc(mml](x) — % C(mm,l]($)> dx

m=1
1 1 &L
= N_mzn:1/ 1] (@)C (e, 1) (T )d$+ﬁmzn;1/o €, 1](%) (1) () da
*2— Z Z/ C(an1] (@), 1) () d. (8)
m=1n=1
Since

1
/0 Clan,1] ($)C(mm,l] (x)dz =1 — max(zy,, z,)
(8) implies

oo s
:/O /0 (1 — max(z,y))dFy(z)dFy(y)
+/0 /0 (1 — max(z, y))dFy (z)dFa(y)
_2/ / (1 — max(x,y))dFy (z)dFn(y)
/ / (1 — max(z,y))d(Fw () = Fas(0))d(Fw (y) = Fur(y).  (10)

The limit of (9) by Lebesgue theorem of dominant convergence and the limit
of (10) by Second Helly theorem, where

M =My, N =Ny, k— o0,
5 ca(z) is the characteristic function of the set A.
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gives

/O(gl(fﬁ)—gz(ﬂf)fdw:/o /O (1—max(z,y))d(g1(x) — g2(2))d(g1(y) —g2(1)).
(11)

Since
T+y+|r—yl

and

/0 /0 1.d(g1(2) — g2(2))d(02(y) — 92(3)) = 0,
/O / (& + 1)d(g1 (1) — 92(2))d (01 (v) — g2(v)) = O,

we find (6) in the form
| @@-gm@)as= [ [ -E a0 - p@)anm-ew). 02)
(]

THEOREM 3. Assume that for the sequence x, € [0,1) there exists the first
moment

Then either G(x,,) is singleton or g ¢ G(x,) or g & G(xy).

Proof. We have fol zdFn(z) = 22;1 x,, and by Helly Theorem, if the first

moment is constant, then for every g(z) € G(z,,), we have fol zdg(z) = . Thus if
g(x),?(z) € G(z,), then fol xdg(x) = f01 xdg(z) = « and from g(x) < g(x)
for all z € [0, 1] follows g(z) = g(x) for common continuity points = € [0,1]. O

THEOREM 4. Let x,,y, €[0,1), n=1,2,.... Then

N
1

n=1
Proof. Put
(1) 1 <
FP@) == 3 o)
n=1
and
(2) 1 o
Py (z) = N nZlC[o ) (Yn)
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and applying (6) we find

1 2 1 N
(1) (2) —
/0 (FN (x) — Fy (x)) dx—m Z | T — Yn|—

m,n=1
N N
11 11
_im Z ‘xm_l'n‘_im Z ‘ym_yn‘ (13)
m,n=1 m,n=1

From

-'L'm*yn:xmfxn‘kxn*yn and -'I:m*yn:ym*yn‘kxm*yn

follows
o = al < 5lm = Tl + 5l = gl + 5100 = gl + 3o =l (1)
Substitute (14) to (13) then we find
") I RS
| @ - ) o< 5 3 =l (15)
0

ExXAMPLE 1. Let {2} be the fractional part of . For z,, = {logn},n=1,2,...,
we have the set of d.f.s

Glon) = {gm) -

1 er_—1 emin(m,u) -1

et e—1 ev

ju € [0,1}}, (16)

and

{log N} — u implies Fi, (z) — gu(z).
The lower and upper d.f. of logn mod 1 are
e’ —1 1—e™®
o) =S g =1
and g € G(z,) but § ¢ G(x,). This set G(z,,) was found by A. Wintner [47],
also see Theorem 21.

2.2. Statistically independent sequences
G. Rauzy [33, p. 91, 4.1. Def.]:

DEFINITION 1. Let z,, and y, be two infinite sequences from the unit interval
[0,1). The pair of sequences (z,,y,) is called statistically independent if

1 1 1
m (N ; fi(@n) fa(yn) — <N 7;1 fi (%)) <N ; f2(yn)>> =0
for all continuous real functions fi, fo defined on [0, 1].
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THEOREM 5 (G. Rauzy (1976) [33]). Two sequences x, mod 1 and y, mod 1
are statistically independent if and only if
1N 1 N N
. - 2ni(hen+kyn) _ [ = 27rzhzn 27rzkyn
ENE (vze) () -

for every integers (h, k) # (0,0).
THEOREM 6 (G. Rauzy [33, p. 92, 4.2. par.]). For an arbitrary (x,,y,) € [0,1)2,

n=1,2,..., the sequences x,, and y, are statistically independent if and only if
v g(x,y) =gl 1)g(Ly) ae on[0,1]%
9EG(Tn,yn)

Proof. For given two-dimensional sequence (x,,y,) put

Fy(z,y) = #{n < N; (xn,y?\ie [0,2) x [O,y)}.

By Riemann-Stieltjes integration and Helly theorem, there exist a sequence of
indices Ny < Np < ... and d.f. g(x,y) such that

—Zflxnfzyn—//fl ) faly dFkaya//fl ) fa(w)dg (@, ),

1 1 1
m;fl(xn) :/0 f1($)dFNk($,1)—>/0 fi(z)dg(z, 1),

o 2 ) = [ )P = [ fal)sn)

as k — oo. Assuming statistical independence x,, and y,, we have

/ / A fa(eig(e) = / hi)g(e D) / Rls)dg(1.1)).

The integration by parts gives

//f1 ) a(2)dg(z,y) = f1(1) fa(1) — f2<>/1 (2, 1)df ()
- h 1>/ lydfzy)+// (2, 9)dfi(2)dfa(y)

and
fo fi(x)dg(z,1) = f1(1 fo x, 1)dfi(x),
fo fl dg.’I} 1 fo lyde )
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From it follows

[ [ stwwnnwarn = ( [ senan@)( [ o)

for an arbitrary differentiable fi(x) and f2(y). Now, for a continuity point
(z0,90) of g(z,y) we can select f1(z) and fa(y) such that the above implies

9(70,y0) = g(x0,1)g(1, yo)- O

Note that Grabner and Tichy [16] proved that the extremal discrepancy
SUP, yepo,1] N (2, y) — Fn(2,1)Fn(1,y)| does not characterize statistical inde-
pendence, but the L?-discrepancy f01 f01 (Fn(z,y)— Fn(z,1)Fn(1,y))*dady pro-
vides a characterization. L2-discrepancy can be computed also by Wiener’s mea-
sure df (see [38]):

N 2
//( fon 9(Yn) %z_:lf(xn)%qu(xng dfdg

min(Z,,, ) Min(ym,, yn) 1 al min(z,,, ) min(yx, y;)
_ msLn my Yn L msLn k> Yl
-~ N2 Z 92 2 + N4 Z 2 92

m,n=1 m,n,k,l=1

(17)

i i min(z,, zx) min(ym, y;)
N3 2 2 '
m,k,l=1

THEOREM 7. Let z,, and y, be two sequences in (0,1)2. If

(i) xp, and y, are statistically independent;
(il) x, s u.d.;

(iii) all g(x) € G(yn) are continuous;

then the sequence x, +y, mod 1, n=1,2,... is u.d.

Proof. By (i) and (ii) every g(z,y) € G(xn,yn) has the form g(z,y) = zg(y).
Divide unit square [0,1]? into three parts in Fig. 1

Xi(t) =A{(z,y) € [0,1];z +y < t},
Xo(t) = {(z,y) € [0,1];1 <z +y<t+1,z <t}
Xs(t) = {(z,y) € [0,1];l <z +y<t+1a >t}
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X (t)
0 ; 1

FIGURE 1. Regions X;(t)

By integration

/)(1(t) 1.dg(z,y) = /Ot dx /Ot_w 1.dg(y) = /Otg(t — z)de
/X2(t) Ldg(z,y) = /t dw /1195 1.dg(y) = /Ot(l —g(1—2))dz

t+1—x 1
/ 1.dg(z,y) / dx/ 1.dg(y / (gt+1—2)—g(1 —2z))dx.
X3(t) 1 t

Thus

t 1
/ 1dg(z,y) :/ 1.dx / g(1 —x)dz
z+y mod 1€[0,t) 0 0

t 1
+ / g(t —x)dz + / g(t+1—z)dz.
0 t
Now, by integrating
—f01 1—xdx—f0 x)dx,
(i) fot t—xdx—fo x)dex,
(3ij) ft t+1—xdx:ft g(x)dz,

then finally we have
/ 1dg(e,y) = 1. .
z+y mod 1€[0,t)
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EXAMPLE 2. Let z,, and y,, be two sequences in [0,1). Assume that
(i) x, and y, are u.d.
(ii) =, and y, are statistically independent.

Then by Theorem 7 the sequence x,, + y, mod 1 is again u.d. It can be proved
directly by Weyl’s criterion if we prove

N
1 k
AT n n 5 ]{7:1,2,
3 L+l >

From (ii) follows that the sequence (x,,y,) has a.d.f. g(x,y) = xy and by Helly
theorem

%Z({xn—l—yn})k —>/O /o ({z 4y} rdedy, k=1,2,...

n=1

Now

1 1
/ / ({x+y})kdxdy = // (w+y)kdxdy+// (r+y— 1)kdxdy
0 JO 0<z+y<l1 1<z+y<2

which is kL-H and the proof is finished.

THEOREM 8 (G. Rauzy [33]). Let x, € [0,1), n = 1,2,..., be u.d. sequence.
Then x, and logn mod 1 are statistically independent, i.e., every g(x,y) €
G(xn, {logn}) has the form g(x,y) = z.g(1,y).

Proof. Let N € [eX,ef*1) ie., N = e&+9% and divide n < N to the subsets
n € [eF, eF*1), k < K. For such n we have {logn} € [0,y) <= n € [eF, eFTY).
For n € [e*,eftY) we ask the number of x, € [0,z) which is z(e*+¥ — ) +
O(ek*Dx + €**tYD_x1y). Omitting integer parts here we use discrepancy Dy of
the initial string x1,xs,..., 2z (for definition of discsrepancy, see [44, 1-40])
and the formula A([0,z); M;z,) = M + O(MDyy). ® Thus

A([O,x) X [0,y); N; (2, {log n}))

N
Sy w(e— k) 4 p(eFHminOn) — eK) 4 O(S € Do+ €5V Do)
— ~ )

60-constant can be put = 1 and in the interval [ef€, e +min(y.0N)] for simplification, an error
term we put O(e*D_x +efXtVD_ k).
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As N — o and Oy — u, we have

boo (FY—eF) T a(et—h) () e 11
N kK:_ol (ek+y — ek) N e—1 evw’
x(eK-l-min(y,BN) _ 6K) emin(y,u) -1
—x ,
N e

O(Eli{:o e*Dex + "V Dy = O<E£{—0 e*Doi + ek+yDek+y> —0
= - '
N Zk:o(€k+y —ek)
ok okt ’
In the final parenthesis we have used De’;:ﬂ_efek“ — 0 as k — oo.
Collected all above results we have
A([0, ) x [0,9); N (zp, {logn})) <ey ~11  eminyw) _q
-
N

) — 20u(w),

where g, (y) is the same as in (16). O

e—1 e¥ e

In 2011 Y. Ohkubo [27] proved that the function logn can be replaced by
log(nlogn) in Theorem 8.

THEOREM 9. An arbitrary u.d. sequence x, mod 1 and log(nlogn) mod 1 are
statistically independent.

Proof. By G. Rauzy Theorem 5 two sequences z, mod 1 and y, mod 1 are
statistically independent if and only if

1 & 1 & 1 &
li - 2mwi(hxn+kyn) [ 2mihay, - 2mikyn —
N (N e N2 N2 0
n=1 n=1 n=1
for every integers h and k. Now, by Abel partial summation we obtain

N
e27ri(hxn+k log(nlogn))

1
N—-1 n
_ (627r72k log(nlogn) eQwiklog((n—i—l) log(n—i-l))) Z 627rih1'n
n=1 j=1
N
+627r71klog(N log N) Z eZwihmn

and =t
|e27rik:log(n logn) e2mik log((n+1) log(n+1))| < 27T‘k‘ (IOg n) +1 .

nlogn
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Thus

’_ E 27r1(hacn+klog(n logn)) ’

<

which tends to 0. O

Using Theorem 9 Ohkubo [27] proved that in Theorem 8 the logn can be
instead by log p,, where p,, are sequence of all primes.

THEOREM 10. Let z, € [0,1), n = 1,2,..., be u.d. sequence. Then x, and
log p, mod 1 are statistically independent.

Proof. Firstly he proved that

log 1 1
log p,, = log(nlogn) + o oelosn + 0 . (18)
logn log py,
Then Ohkubo used
Let (2, y,) and (2),,y,), n = 1,2, ... be two-dimensional sequences. Assume:

(i) |y — 2| — 0 and |y, — y,| — 0.
(ii) Every d.f. g(z,y) € G((#y,ys)) is continuous in (0,0),(0,1), (1,0) and
(1,1).

Then G((zn,yn)) = G((a,yL))-
Then the limit

n11_>n;o (log pn, — log(nlogn)) =
given by (18), implies
G ((zn, {logpn})) = G((zn, {log(nlogn)})) = G((zn, {logn})).  (19)

Proof of (18). He starts with the prime number theorem of the form

(@) = logxx 1 O<(1ogxx)3>' (20)

1
—:logpn1+0< )
log pn,

This implies

Then he used (see [43])

Pn

log 1
=logn + (loglogn —1) +0<M>

logn
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which implies (18). O

Some generalization:

ExAMPLE 3. J. Coquet and P. Liardet [7]: Given an integer ¢ > 2, a real
number 6 and a real polynomial p(z), let

(i) x, = 0¢™ mod 1,
(ii) yn = p(n) mod 1,
(iil) xp, = (Tnt1s-- - Tnts) a0d Vi = Ynt1y- -+ Ynts)-
If x, is ud. (i.e.,, 0 is normal in the base ¢), then for every s = 1,2,...,
the sequence
(Xn,¥n), n=12,...,

has d.fs g(x,y) € G((xn,yn)) of the form g(x,y) = ¢1(x)g2(y) for some
g1(x) € G(x,) and g2(y) € G(yn), i.e., the sequences z,, and y,, are completely
statistically independent.

2.3. Statistical limit
H. Fast [10] and I.J. Schoenberg [34] defined, independently:

DEFINITION 2. The sequence x,, is said to be statistically convergent to the
number « provided that for each € > 0,

1
lim N#{ngN;|xnfa| >e}=0.

e Fast [10] mentioned: A sequence x,, is statistically convergent to « if and only
if there exists a sequence of indices k,, of the asymptotic density d(k,) = 1 such
that lim,_,. zr, = « in the standard sense.

e Let us consider one-jump function ¢, (x) which has a jump of size 1 for a.

THEOREM 11 (I.J. Schoenberg [34]). The sequence x,, € [0,1) is statistically
convergent to the number o € [0,1] if and only if the sequence x,, admits the
asymptotic distribution function cq(x).

EXAMPLE 4. [44, p. 2-192, 2.20.18]: Let ord,(n) = « for p®|n. If p stands
for a prime, then the sequence

is dense in [0, 1] and has the a.d.f. ¢o(z), and thus statistically converge to zero.
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THEOREM 12 ([36]). The sequence x,, € [0,1) possesses a statistical limit if and
only if

MN—>ooMN szm Znl =0,

m=1n=1

Proof. Let Fyy, (v) = gi1(z) and Fy; (¥) — g2(z). Applying the Helly-Bray
theorem we find

1 1 1 1
dm [ [ e =yl @Fy, )= [ [ - yldg @),
—Jo Jo o Jo

By Riemann-Stieltjes integration we obtain

/ / 2 — yldFas, (2)dFy,, (9)

//\x— yldg: (2)dgs(y) = 0

which gives g1(x) = ga(x) = ¢o(x) a.e. for some « € [0, 1]. O

M;, Nj,.
Z D> lem =
m=1n=1

Thus

2.4. Statistical limit points
Following the concept od statistical convergence J. A. Fridy [14] introduced:

DEFINITION 3. A real number z is said to be a statistical limit point of the

sequence x, if there exists a subsequence zp, , m = 1,2,..., such that
lim, o0z, = « and the set of indices k, has a positive upper asymptotic
density.

Fridy studied the set A(z,) of all such points. Inspired by I.J. Schoenberg [34],
P. Kostyrko, M. Macaj, T. Saldt and O. Strauch [21] was found:

THEOREM 13. The set A(x,), for z, € [0,1) n = 1,2,..., coincides with the
set of all discontinuity points of d.f.s g(x) € G(xy).
From it follows:

(i) Let x, be a sequence of real numbers. If for every k = 1,2, ... the difference
sequence Ty — Tp, n=1,2,... has Az, — ) = 0, then A(x,) = 0.

(ii) For u.d. sequence x,, we have A(x, mod 1) = 0.
2
(iii) wp = limsupy_ | % 22;1 e?mhan | for h = 1,2,... and assume that
mprseo % Zthl wp = 0. The every g(z) € G(x,) is a continuous, thus

A(zy,) = 0.
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ExAMPLE 5. By Example 1 every d.f. g(z) € G(logn mod 1) is continuous,
thus we have A(logn mod 1) = (). More generally, for 2, = clogn mod 1, ¢ # 0,

we have
1

4m2h2c? 4+ 1
which implies limp o0 4 Zthl wp, = 0 and thus by (iii) A(clogn mod 1) = 0,
again.

Wh =

EXAMPLE 6. By [36] starting with loglogn mod 1 all the sequences of iterate
logarithm loglog . ..logn mod 1 have

G(loglog...logn mod 1) = {co(x);a € [0,1]} U {ha(x); a € [0,1]}.
Here ¢, () is one-step d.f. for which
ca(z) =0 for z€0,a], cu(x)=1 for x€ (a,1] and h,:[0,1] — [0,1]

is a constant distribution function, where h,(0) = 0, ho(1) = 1, and hy(z) = «
if x € (0,1). Thus we have A(loglog...logn mod 1) = [0, 1].

EXAMPLE 7. Let a = %7‘(, where p and q are positive integers and g.c.d. (p, q) =1.
By D. Berend, M. D. Boshernitzan, and G. Kolesnik [6] the sequence
x, =ncos(ncosna) mod 1, n=1,2,...
has G(z,) = {g(z)}, where
x if ¢ is odd ,
9(x) = (1 — l) x+ Leg(x) if g is even
q q 0 q )

and co(x) is the one-jump d.f. which the jump in 0. This implies

Azy) 0 if ¢ is odd ,
Tp) =
{0} ifgiseven.

2.5. Uniformly maldistributed sequences
G. Myerson [24]:

DEFINITION 4. The sequence z,, € [0,1) n = 1,2,..., is said to be uniformly

maldistributed (u.m.) if for every nonempty proper subinterval I C [0, 1] we
have both

1 1
l}vni}glofﬁ#{ng N;x, € I} =0 and limsupﬁ#{ng N;x, eI} =1.

N —o0

He mentioned that the first condition is superfluous, and showed that
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ExAMPLE 8. The sequence z,, = {loglogn} of fractional parts of the iterated
logarithm is u.m.

In [36] is proved: Let ¢, () is one-step d.f. for which ¢, (z) = 0 for = € [0, a] and
ca(z) =1 for z € (a, 1].

THEOREM 14. The sequence x,, is u.m. if and only if
{ca(z); 0 € [0,1]} C G(zp).

ExXAMPLE 9. By Example 6, starting with x,, = {loglogn}, all the sequences
n = {loglog...logn}, n =ng,ng +1,... are u.m.

Thus, in the theory of uniform maldistribution we need not consider d.f.s
other than one-jump d.f. ¢, (z) which has a jump of size 1 at «. This suggests
the definition (see [36]):

DEFINITION 5. The sequence x,, is said to be uniformly maldistributed in the
strict sense (um.s.) if G(x,,) = {ca(z);a € [0, 1]}.

THEOREM 15. For every sequence x,, € [0,1) we have

G(2n) € {calw);a € [0,1]} <= lim — Z |Zm — 2| = 0.

mnl

Moreover, if G(xz,) C {ca(z);a € [0,1]}, then G(z,) = {ca(z);a € I},
where I is a closed subinterval of [0, 1] which can be found as

N—o0

N
|
1= l}wélof N len, lim sup — an ,
n=
and the length |I| of I can also be found as
|I| = hmsup — Z Z\xm— T
M,N m 1n=1
The following theorem is immediately evident from the preceding,

THEOREM 16. The sequence x,, € [0,1) is u.m.s. if and only if

N
1
Iggnoom Z | T — x| =0 and hmsup ZZ|xm—xn|—1

m,n=1 MN—N)O mlnl

or alternatively imsupy_, . 7 Z _ Tp — lim inf y_yeo ~ ~ E 1 Zn = 1.
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ExAMPLE 10. Let z,, n =1,2,... be defined as

= {1 + (—1)[\/[\/@1] {\/[\/@] }}

were [z] denotes the integral part and {x} the fractional part of x. Then
G(xn) = {calz);a €0, 1]}

2.6. Benford’s law
The first digit problem:

2.6.1. Historical notes

An infinite sequence x,, > 1, n = 1,2,..., of real numbers satisfies Benford’s
law, if the frequency (the asymptotic density) of occurrences of a given first digit
a, when z,, is expressed in the decimal form is given by log; (1 + %) for every
a=1,2,...,9 (0 as a possible first digit is not admitted).

It was S. Newcomb (1881), who firstly noted “That the ten digits do not
occur with equal frequency must be evident to anyone making use of logarithm
tables”. F. Benford (1938) compared the empirical frequency of occurrences of
a with log;y((a 4+ 1)/a) in twenty different tables. Since x,, has the first digit a
if and only if

log,g x, mod 1 € [log;, a,log;y(a+ 1)),
Benford’s law for z,, follows from the uniform distribution of log;, x,, mod 1.
For the asymptotic density of the second-place digit b he found

2 1
2 Toguo (1 100+ b> '

a=1

F. Benford rediscovered Newcomb’s observation from (1881). P. Diaconis [§]
suggested the following generalization:

2.6.2. Generalization of Benford’s law

Let b > 2 be an integer considered as a base for the development of a real

number > 0 and My(z) be the mantissa of 2 defined by z = M;(z) x v*®)

such that 1 < My(x) < b holds, where n(z) is a uniquely determined integer.

Let K = k1ks-- -k, be a positive integer expressed in the base b , that is
K=k xb P4 kyxb 24+ 4 k1 xXb+k,,

where k1 # 0 and at the same time K = kiky - - -k, is considered as an r—con-
secutive block of digits in the base b. Note that for x of the type x = 0.00---
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- Okiko -+ ky -+, ky > 0, we have My(z) = ky.ko-- -k, --- and the first zero
digits are omitted. Thus arbitrary = > 0 has the first r-digits, starting a non-zero
digit, equal to kky - - - k, if and only if 7

ki.ko- -k, < Mb(.’IJ) < kle(k7+1) (21)
Since log, My(z) = log, © mod 1 the inequality (21) is equivalent to
K K+1
log,, (lﬂ—_1> <log, x mod 1 < log, (br——l> . (22)

Here we use the shorthand notation bTL,l =ky.ko- k.

DEFINITION 6. A sequence x,, n = 1,2,..., of positive real numbers satisfies
Benford’s law (abbreviated to B.L.) ® in base b, if for every » = 1,2,... and
every r-digits integer K = kiks - - - k. we have the density

. #{n < Nj; leading block of r digits (beginning with # 0) of z,, = K}

lim
N—o0 N

K+1 K
= log, <b7—_1> — log, <b7—_1> . (23)

From (22) and from definition (23) it follows immediately:

THEOREM 17. A sequence xz,, n = 1,2,..., of positive real numbers satisfies
B.L. in base b if and only if the sequence log, x,, mod 1 is u.d. in [0,1).

EXAMPLE 11. The sequence of Fibonacci numbers F;,, factorials n!, and n™,

and n" satisfy Benford’s law, but the sequence n, and all primes p,, does not,
see [44, 2.12.26], [3].

P. Diaconis [8] and A.I Pavlov [29] have been the first, who applied uniform
distribution theory to B.L. For instance:

(i) By the criterion of P.B Kennedy [44, p. 213, 2.2.9], P. Diaconis proved:
If a sequence x, >0, n=1,2,..., satisfies B.L. in the base b, then

Tn41

limsupn
n—o0

log = 0. (24)

n

(ii) Applying van der Corput difference theorem [22, p. 26, Th.3.1] A.L. Pavlov

proved: Assume x, > 0, n = 1,2,.... If for every k = 1,2,... the ratio
sequence m;”, n=1,2,..., satisfies B.L. in the base b, then the original
sequence Tp, n=1,2,... also satisfies B.L. in the base b.

TIfky =ky =+ =k, = b— 1 then we have ki.ka - (kr +1) = b.

8precisely known as generalized or strong
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(iii) In [3] we have: The positive sequences x,, and =—, n=1,2,... satisfy B.L.
in the base b simultaneously. Proof: Both two sequences Uy, and —U, are
u.d. mod1 simultaneously, since their Weyl’s sums are complex conjugate
each other.

(iv) The positive sequences x, and nx,, n = 1,2,... satisfy B.L. in the base
b simultaneously. Proof: Both two sequences u,, and u, + logn are u.d.
mod1 simultaneously, see [44, p. 2-27, 2.3.6.].

(v) Assume that a sequence 0 < x1 < xo < ... satisfies B.L. in the integer

base b > 1. Then gz,
lim = 00. (25)
n—oo logn

Proof: Tt follows from the theorem of H. Niederreiter [44, p. 2-12, 2.2.8] that

every monotone u.d. sequence u, mod 1 must satisfy lim, 1|:gn7‘z = 00

Here, it suffices to put w,, = logz,,, instead of w,, = log;, x,.

(vi) For a sequence x,, >0, n=1,2,..., assume that
(i) limy,— o0 @, = 00 monotonically,
(ii) limy o0 log 224 = 0 monotonically.
Then the sequence x; satisfies B.L. in every base b if and only if

lim nlog Tntl _ o (26)
n—00 Ty

Proof: Tt follows from Fejér’s difference theorem in the form in [44, p. 2-13,
2.2.11].

(vii) [44, p. 2-14, 2.2.12] implies: Let =, > 0 be a sequence, which satisfies
lim,, o log;, =2 Intl — @ with 0 is irrational. Then x, satisfies B.L. in the
base b.

V. Balaz, K. Nagasaka and O. Strauch [3] study d.f.s of a sequence x,, € (0,1)

which satisfy B.L. Using the Fig. 1

—log,  mod 1

111 1
0 gapspapree

|~

1

x

0,2)),i=0,1,2,...

SJ
=
— o

Figure 1: Intervals f; *(
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and that f; ([0, 7)) = (5=, &= they proved:
THEOREM 18. Let x,, n = 1,2,..., be a sequence in (0,1) and G(x,) be the
set of all d.f.s of x,. Assume that every d.f. g(x) € G(x,) is continuous at

x = 0. Then the sequence x,, satisfies B.L. in the base b if and only if for every
g(x) € G(x,) we have

xzi;(g(bl) g(bi_m>> forz € [0,1]. (27)

ExAMPLE 12. We present the following solutions of (27):

o= <o)

1+ 1282 4 (1-2);Y ifze[i1].

log b
0 if z € [0, %],
g'(x) = 02+ 15 ifee ],
1 if z € [3,1]
0 if z € [0, %],
9" (@) = {3+ s e [l
1 if z € [%,1]

If H is the set of all tlg(x) + tgg*(x) + tgg**(x), t1 +to+t3 =1, t1,t2,t3 > 0,
then there exists a sequence z,, such that G(z,) = H (see 2.1), and this z,,
satisfies B.L.

By the following Example 13, there exist an integer sequences x, € N which
satisfies B.L. for an arbitrary base b. By the following Theorem 19 no such real
sequence z, € [0, 1) exists.

ExAMPLE 13. By [44, p. 2-117, 2.12.14], the sequence
anlog"nmodl, a#0,0<7<1,
is u.d. From this follows that z,, = n" satisfies B.L. for an arbitrary integer

n __ 1
base b, because log, n" = nlognlogb.

In [3] there is proved:

THEOREM 19. For a sequence x, € (0,1), n = 1,2,..., assume that every
d.f. g(x) € G(xy,) is continuous at © = 0. Then there exist only finitely many
different integer bases b for which the sequence x,, satisfies B.L. simultaneously.
Moreover, if the sequence x, satisfies B.L. in base b, and for some k. =1,2,...
there exists kth integer root ¥/b, then x, satisfies B.L. also in base V/b.
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As it is well known that the increasing sequence of all positive integers
1,2,3,... does not satisfy B.L. in every base b > 2. It follows from the fact
that log, n mod 1 is not u.d. For a density of n for which r initial digits are
K = kiky ... k., AL Pavlov [29] proved that

.. #{n < N;n has the first r digits = K} 1

l}wélof N = Kb-1) (28)
) #{n < N;n has the first r digits = K} b
lim su = . 29
o N oo P

Using the theory of d.f.s boundaries (28) and (29)are extended in [3] to the
following (30): By G. Pédlya and G. Szegé [32] the d.f:s of logyn mod 1 is
of the form (see also Theorem 21)
bmin(x,u) -1 16 —1
gu(z) = T o1
where the parameter v runs [0, 1] and by [15], for increasing sequence N;, i =
1,2,..., we have

logy N; mod 1 — v = Fy,(z) = gu(x).
Thus
#{n < N;;n has the first r digits = K}
N;

as i — o0, x1 = logy(ki.koks... k), zo = logb(kl. koks ... (k. + 1)), and
the minimum is appeared in © = x; and the maximum in u = x,.

= (gu(2) = gulz1))  (30)

2.6.3. General scheme of solution of the First Digit Problem

Many authors think that if the sequence x,, does not satisfy B.L., then the
relative density of indices n for which the b-expansion of x,, start with leading
digitS K = k‘lkig e k‘r

1 K K+1
N#{n < N;log, (b’”——1> < {log, =, } <log, (b’"——1> }

do not follow any distribution in the sense of natural density, see S. Eliahou,
B. Massé and D. Schneider (2013). These authors as an alternate result shown
that the sequence log;,n" mod 1, n =1,2,..., and the sequence log;, p;, mod 1
n=1,2,..., p, are all prime numbers, have the discrepancy O(r~!). Thus, for
r — 00, these sequences tends to uniform distribution and thus n” and p], tends
to B.L. Using theory of d.f.’s we can give the following general solution of the
first digit problem (see [28]):
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THEOREM 20. Let g(z) € G(log, x, mod 1) and lim;_,o Fy,(z) = g(x). Then
i #{n < N;; first r digits (starting a non-zero digit) of x, = K}
im
N;—00 Nz

- afon (551)) e (525))

2.6.4. Distribution functions of sequences involving logarithm

Distribution functions of log;, x, mod 1 we need in generalized B.L., Theorem 20.
It can be computed by following theorem: ¢

ASSUMPTIONS. Let the real-valued function f(x) be strictly increasing for 2 > 1
and let

f~1(x) be its inverse function and
Fn(z) = #{”SN;f(")NmOd L2} for 2 € [0,1].
Assume that
(i) limy 00 f/(z) =0,
(i) limp oo f7HE+1) — f71(k) = o0,

(iii) limg— oo f_lf(ﬁiw = (w) for every sequence w(k) € [0,1] for which

limy 00 w(k) = w, where this limit defines the function

(iv) ¥(1) > 1. ¥ [0,1] = [1,9(1))],

THEOREM 21 ([43]). Then (i)—(iv) imply
1 (@) -1 min((a) ww) -1
G meA) =10e@) = 5evm =1+ iw
Now, if w(i) = {f(N;)} = w, then Fy,(z) — guw(x) for every x € [0,1].
THEOREM 22 (Y. Ohkubo [27]). Then (i)—(iv) imply
{1 ) -1 min((e)pw) 1
G (pn) mod 1) ={ ()= 5 S = 4 BT =L e oy,
Now, if w(i) = {f(pn,)} = w, then Fn,(x) — gw(z) for every x € [0, 1].

;we [0,1]}.

ExAMPLE 14 (Example of natural numbers). For the sequence
f(n) =logyn®,n=1,2,..., f1(z) =b7,

—1 ktw w
limy oo ) = bb = = b*¥ =p(w), and by Theorem 21

9Theorem 21 is a simple version of Theorems 34, 35 and 36.
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G(log, n® mod 1) = {gw(x) = bl% I;E:i + min(bi%b?)—l;w e o, 1}}

If lim; oo { f(NN;)} = lim;_, oo {log,, (V7)) } = w, then

lim #{n < N;; first r digits of n® are k1ks ...k, }
= guw (logy k1.kaks ... (kr + 1)) — guw (logy k1 .koks . . . k)
b(logb ki.ko...(kr+1))/s _ 1 b(log,j ki.ko...kr)/s _ 1
- /s — 1 - bl/s —1
(ky.koks ... (ky +1))1/s) — (ky.koks ... k) (1/s)
bl/s — 1 ’
where we assume N; = b* which gives lim {log,(b'*} = 0 = w.
1—00

ExAMPLE 15 (Example of primes). f(p,) = log,ps, n = 1,2,.

.ey Dp 18
the nth prime.
f(z) =logy z°,
, 1 b5 =1 min(b*,b%) -1
G(logy p;, mod 1) = {gw(x) = PETa— + ( ez ) Tw € [0,1}}.

If N; = m(b*) + 1, then lim oo {f(px,)} = 0 (ct. [28]) and go(z) = Eo7=L.
Thus

lim #{n < N;; first r digits of p5 = kiko ...k}
i—00 N;
_ go(logb(k1.k2k3 (ke 1))) — go(logy (k. kaks ... K,))
pllogy, (k1 koo (ke t1)))/s _ 1 pllog,(ki-ka k) /s _ |
= pl/s — 1 o pl/s — 1
(kykoks ... (kp + 1) /%) — (ky koks ... k)39
bi/s — 1 '

2.6.5. Two-dimensional Benford’s law

Unsolved Problems [42, 1.38, p. 186]:
F. Luca and P. Stanica [23] proved

THEOREM 23. There exists infinite many n such that Fibonacci number F
starts with digits Ky and o(Fy,) starts with digits Ko in the base b representation.
Here Ky and Ky are arbitrary and p(z) is the Euler function.
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In the following we see that this claim is equivalent that the sequence
(logl7 F,,log, cp(Fn)) modl, n=12,...,
is everywhere dense in [0, 1], but the authors use the following method:
(i) By the first author ¢(F,,)/F, is dense in [0, 1]. Thus, for an interval I with
arbitrary small length and containing K,/K, there exists p(Fy,)/Fy, € 1.
(ii) Then ¢(Fyp)/Faop € I for all sufficiently large prime p.
(iii) There exists infinitely many primes p such that F,, starts with K.
(iv) Finally, multiplying I by Fj,, they find ¢(F,,) which starts with Ko.
Now we shall extend Theorem 20 to the two-dimensional case.
Let z, >0, 9y, >0, n=1,2,.
FN(JJ y) = #{n<N:{log, xn}<1\?c and {log, yn}<y}

_ k%l)kél) k(l)

Ky = k2D 4@,
logb(brl 1)

)
K1+1)
)

- logb (le 1

logb(brg 1)

= log, ( {féﬂ ) ,

T, has the first r; digits = Ky <= {log, z,,} € [u1,us);
Yn, has the first 7 digits = Ky <= {log, yn} € [v1, v2);

)

THEOREM 24. Let g(z,y) € G({log, z,}, {log, yn}) and limy_ o Fn, (z,y) =
g(a,y) for (z,y) € [0,1]*. Then
#{n < Ny;x, has the first r1 digits = K1 and y, has the first ro digits = Ko}

:g(UQ,U2)+g(U1,U1)—g(UQ,Ul)—g(ul,UQ). (31)

EXAMPLE 16.

G({log, n}, {log,(n+ 1)})
bmin(x,y) ~11 bmm(x y,u) 1
—dgumy) = — -y T 1
{nton =T e e
gu(z,y) = min(g,(z),g.(y)) by Sklar theorem, where g,(z) = b;__ll . b% +

bmin(:n,u)_l Thus

bu
lim #{n < Ni;n has the first r1 digits = K7 and (n+1) has the first rodigits = K>}
k— o0 Nk

= gu(u2,v2) + gu(ui,v1) — gu(uz,v1) — gu(u1, v2)
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If K1 = K3 then = g, (u2) — gy (u1). It can be found directly.

EXAMPLE 17. Let z,, € [0,1), n =1,2,..., be a u.d. sequence. Then
(1) zn, and log,n mod 1
are statistically independent (Theorem 8);
(11) xn, and logy(nlogn) mod 1
are statistically independent (Y. Ohkubo (2011) [27]); see Theorem 9.
ry, and log,p, mod 1
are statistically independent (Y. Ohkubo (2011) [27]); see Theorem 10.

(111)

G(xn, {logy pn}) = {z.9u(y); u € [0,1]},

b1 prmin(e,u) _q

where g, (z) = 2= L+ T and F, (z,y) = z.g4(y) if {log, Np} — u.

ExXAMPLE 18. Let z,, € [0,1), n = 1,2,..., be u.d. sequence. Then z,, and
log, n mod 1 are statistically independent, i.e.,

G(.Z’n, {IOgb n}) = {gu(xvy) = x-gu(y); u € [07 1]}7
where g,(z) = b;_—_ll . biu + bmm(;* This was proved by G. Rauzy (1973),
see [44, p. 227, 2.3.6.]
ExAMPLE 19. By Theorem 10 we have

G ({logy Fn}, {logy pn}) = {-gu(y);u € [0, 1]}

and let
{log, P, } — .
Then
lim #{n < Nyi; F,, has the first r1 digits = K7 and p,, has the first ro digits = K>}
= Uzgu(v2) + u1gu(v1) — U2gu(v1) — u1gu(v2), (32)
where

K Ki+1
up =log, (=7 ), w2 =log, ( =)

K5 Ko +1
v1 = log, a1 ) vy = logy, el )

b — 1 1 bmin(w,u) -1

b—1 bqu bv

and

gu(z) =
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2.7. Two-dimensional copulas
10 1f distribution function c(z,y) satisfies
c(z,1)=z and c(1,y) =1y,

then c(z,y) is called copula. These d.f.’s introduced by M. Sklar (1959) and
all their basic properties can be found in R.B. Nelsen (1999).
Let G2,1 be the set of all two-dimensional copulas. There are some basic
properties G 1:
(I) Ga,1 is closed under pointwise limit and convex linear combinations.
(IT) For every g(z,y) € Ga1 and every (z1,y1),(z2,y2) € [0,1]*> we have

|9(x2,y2) - g<l‘1>y1)‘ < |l‘2 - $1| + ‘y2 - yl‘a [267 p- 9] Also [267 P- 97
Coroll. 2.2.6]: The horizontal, vertical and diagonal sections of copula are
all nondecreasing and uniformly continuous on [0, 1].

(IIT) For every g(x,y) € Ga,1 we have g3(x,y) = max(x +y — 1,0) < g(z,y) <
min(z,y) = g2(z,y), where gs(z,y) and go(z,y) are copulas (Fréchet-
-Hoeffding bounds, see R.B. Nelsen (1999) [p. 9][26]).

(IV) M. Sklar (1959) proved (cf. (cf. Nelsen[p. 15, Th. 2.3.3])):

THEOREM 25. For every d.f. g(z,y) on [0,1]? there exists c(x,y) € Ga1 such that
g9(w,y) = e(g(z,1),9(1,y))  for every (x,y) € [0,1]°.

If g(x,1) and g(1,y) are continuous, then the copula c(x,y) is unique .

e For d.f. g(x,y) denote the marginal g1 (z) = g(z,1) and g2(y) = g(1,y) and by
Sklar g(x,y) = c(g1(z), g2(y)). Then for every continuous F(z,y) we have

/ / (2, 9)dg(z, ) = / / (600 (@), 05 V)de(z ), (33)

see M. Hofer and M.R. Taco [18].

(VI) Examples:
go(x,y) = (min(z,y))?(zy)' =%, where 6 € [0,1] (Cuadras-Augé family,
cf. Nelsen [1999, p. 12, Ex. 2.5]),
9a(x,y) = 57, %5, (see Nelsen [1999, p. 19, 2.3.4]),

gxy) =x+y—1+g(1 —x,1—y) for every g(x,y) € Go1 (Survival
copula, see Nelsen [1999, p. 28, 2.6.1]).

10 We denote by Gy, the set of all d.f.s g(x) on [0,1]% for which all k-dimensional mar-
ginal (i.e., face) d.f.s satisfy g(1,...,1, @, 1,..., 1, @iy, 1,00 a1, 000 1) = 24, @4y .oy
For k =1, these d.f.’s are called copulas
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Possible a new types of copulas can be produced by: If a sequences
(Zn, yn) have both z,, and y, u.d. then all d.f.’s g(z,y) of the sequence
(Zn, Yn) has marginals

g(x,l):x, g(lay):y'

THEOREM 26. Let X be a non-empty, closed and connected set of copulas. Then

there exists a two-dimensional sequence (Tn,yn), n = 1,2,...,in [0,1)? such that
G(zn,yn) = X.
ExAMPLE 20. For the sequence (u + 2z,,v + z,) mod 1, z,, n = 1,2,..., z,

is u.d. we denote a.d.f. as gy (2, y). Then by Weyl’s limit relation

1 & !
]\;Enooﬁz_:ll(({u+zn,v+zn}):/o K({u+ 2z}, {v+ 2})dz

1,1
- [ ] et @0
0o Jo
In the following, for g, .(x,y), we prove (39)
Let 0 <u <wv <1 be fixed and z,y € [0, 1] be variables and define
hy(x) =2 +umod1, hy(y)=y-+vmodl.

Then
Guw(z,y) = |y ([0,2)) VA ([0, 9))]-
Using the following graphs of h,(x)

0 z—ul—-u l—u+z 1
Figure 1: The graph of h,(x).
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then we see

1-— — if v <
h=Y([0, 2]) = [1—u,1—u+a ?fx_u, (35)
0,2 —u]U[l—u,1] ifu<uz.
Hence
Guw (T, Y)
Hl—u,l—u—l—x]ﬂ[l—vl—v—l—y“ ifr<wu,y<w,
)l =ul—u+2]n([0,y —v] U [l —v,1])| ifx <wu,y>w, (36)
B ’([O,xfu}u[lfu,l})ﬂ[lfv1fv+y]| ifx>uy<w,
1[0,z —w] UL —u, 1) N ([0,y —v] Ul —v,1])| ifz>uy>v.

Now we used minimum and maximum formula for the length of intersection
of two intervals [a, §] and [v, 0]

|[a, BNy, 5” = max (min(ﬂ, 0) — max(a, ), 0). (37)

Insert (37) into (36) we see

Guw(T,Y)
max(min(y,xfquv),O) if x <wu,y <o,
B max(min(z,y—v—l—l—u),O) +max(v —u+xz,0) ifz<uy>w,
)y ifx>u,y<wv,
min(z — u + v,y) + max(y — v — 1 4+ u,0) if x >wu,y >,
(38)

which implies

x if (xz,y) € A,

y— (A —|u—v|) if(z,y) €B,

_Jrt+y—1 if (z,y) € C,
Juo(®.y) =9 if (2.) € D, (39)

x—|u— v if (x,y) € E,

Yy if (x,y) € F,
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where

1—|u—v

0 lu—vl 1
Figure 2: Division [0, 1] by (39).

2.7.1. Applications

Let F(x,y) be a Riemann integrable function defined on [0,1]* and x,, yn,
n=1,2,..., be two u.d. sequences in [0,1). A problem is to find limit points
of the sequence

N
1
NZF(xn,yn), N=12,... (40)
n=1
For F(x,y) = |z — y|, this problem was formulated by F. Pillichshammer and S.
Steinerberger [30]. They proved:

THEOREM 27. Let x,, and y, be two uniformly distributed sequences in [0,1).
Then N—1

lim sup ! Z |z Un| < 1
im — — <=
N —o0 N n—0 " " 2

and in particular

1= 1
lim sup — Z ‘xn-i-l - xn‘ < 5
N —o0 n—0

and this result is best possible.
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They also found:
. N— _
o limy o % Zn:()l |‘rn+1 - xn| = %
in the base b and
o limy_oo & Zg;ol |Znt1 — zn| = 2{a}(1 — {a}) for z,, = na mod 1, where
« is irrational.

for van der Corput sequence x,

Applying Helly theorems we see that limit points of (40) form the set

{/01 /01 F(z,y)d.dyg(z,y);9(z,y) € G((wmyn))}’ (41)

where G(x,,y,) is the set of all d.f.s of the two-dimensional sequence (xy,, yn),
n=1,2,... In this case, two-dimensional sequence (z,y,) does not need to be
u.d. but every d.f. g(z,y) € G((xn,yn)) satisfies:

(i) g(z,1) =z for x € [0,1] and
(i) g(1,y) =y for y € [0, 1].
Thus d.f. g(x,y) is a copula.
2.8. Extremes of f01 fol F(z,y)d,dyg(z,y)
The problem of to find extremes of (40) is equivalent to find extreme values

of fol fol F(z,y)dydyg(z,y) over copulas g(x,y). In [11] is proved:

THEOREM 28. Let F(x,y) be a Riemann integrable function defined on [0, 1]2.
For differential of F(z,y) let us assume that d,d,F(z,y) > 0 for every
(z,y) € (0,1)2. Then

1,1 1
max / / F(z,y)d.dyg(x,y) = / F(x,z)dx,
0o Jo 0

g(z,y)-copula

min /Ol/olF(x,y)dxdyg(x,y):/Ol Fla,1—2)de,  (42)

g(z,y)-copula

where, precisely, max is attained in g(x,y) = min(zr,y) and min in g(x,y) =
max(z +y — 1,0), uniquely.

Proof. The integration by parts gives
1 1 1 1
[ [ rewdgton =ran - [ gd,ra0) - [ g0 Fw)
0 0 ) ) 0 0
+/0 /0 g(x,y)dedy F(z,y) (43)
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which holds for every Riemann integrable F(z,y) and d.f. g(z,y) which does
not have any common discontinuity points. Then Fréchet-Hoeffding bounds
(see Nelsen [26, p. 9])

max(x + Yy — 17 0) S g(.’I},y) S mln(x,y)
and the assumption d,d, F(z,y) > 0 implies

11 1 1
/ / max(z +y —1,0)d,d, F(z,y) < / / g(z,y)dydy F(z,y)
0o Jo 0o Jo
1 1
< / / min(z, y)d.d, F(z,y).
0o Jo

Since every copula is continuous, then the left inequality is attained if and only
if g(x,y) = max(x +y — 1,0) and the right if and only if g(z,y) = min(z, y).
Directly by definition of a.d.f., for every u.d. sequence x,, € [0,1), it can be
proved that
a) the sequence (z,,z,), n =1,2,..., has the a.d.f. g(z,y) = min(x, y) and

b) the sequence (z,,1 — z,), n = 1,2,..., has the a.d.f. g(z,y) =
max(z +y — 1,0). From it

N 1 1 41
1
lim ﬁg F(xn,xn):/ F(x,x)dx:/ / F(z,y)d,d, min(z,y),
0 o Jo

n=1
(44)
N 1
m — S Flep,1—a,) = | Fz,1—
Jim z:: (zn, Tn) /0 (x z)dx
1 1
:/ / F(z,y)d.d, max(z +y —1,0). (45)
o Jo
If d,dy F(x,y) < 0, the right hand sides of (42) are exchanged.
O

Using copulas we gives in the following, an alternative proof of F. Pillichsham-
mer and S. Steinerberger [30] Theorem 27:

EXAMPLE 21. Putting F(x,y) = | — y|, we have F(1,1) =0, F(l,2) =1 — z,
F(y,1) =1 —y, and computing, for y > x,

dedyly —a| = (y+dy — (z+da)) = (y —2) — (y — (¢ +da)) = (y +dy —x) =0,
and for y = z, dy = duz,
dpdyly —z| = |z +doe— (z+dz)|+ |z —z| — |(z+dz) — 2| — |z — (v +dx)| = —2dz
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then we have

/01 /01 |z —y|dedyg(z,y) = /Olg(x, 1)dx+/olg(1,y)dy2/019(1;7%)(11,_ (46)

Thus for a copula g(z,y), g(z,1) =z, g(1,y) = y we have

/01 /01 |z — yldadyg(z,y) =1 - 2/01 g(x, z)dx. (47)

We shall compute (47) for van der Corput sequence v4(n), n =0, 1,...,in base q.
We have that every point (v4(n),v4(n+1)), n=0,1,2,..., lies on the diagonals
of intervals

1 1 1 1 .
|:1E,1qi+1:|><|:qi+1,?:|, 7,:1,2,... (49)

By Fig. 1 we find the so-called von Neumann-Kakutani transformation 7' :
[0,1] — [0, 1], see Fig. 1. Because v4(n) is u.d., the sequence (v4(n),v4(n + 1))
has a.d.f. g(z,y) which is copula of the form
9(x,y) =[Projectx (([0,z] x [0,y]) N graph T)|
:min(|[0,x] ﬂIX|, |[0,y] ﬂ[y|)

+ > min ([f0,2] 0 1], 10,1 0 1)), (50)

where Project y is the projection of a two dimensional set to the X-axis. 11

H Copula g(z,y) of the type (50) is called shuffle of M (see [26, p. 69]). It is a copula whose
support is a collection of line segments with slope 4+1 or —1.
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Y
D,
B
Ch
1
q
Dy
1 C:
q? A
1
o
0 1-1 1—-L1-% 1X
q q> ¢

Figure 1: Line segments containing (v4(n),vq(n + 1)), n =1,2,...
The graph of the von Neumann-Kakutani transformation 7'.

The sum (50) implies

0 if (z,y) € A,
1-(1-y)—-(1l-2)=2+y—1 if (z,y) € B,
g(x,y) = 1 .
Y=o if (z,y) € Cs,
x—l—l—q%l if (x,y) € D;,
i=1,2,... From (51) it follows
0, if z € [0, 5},
g(z,z) = xfi, ifxe[%,l—%],
20 -1, ifze[l- 1],
(for ¢ = 2, the mean equality misses) and by (47)
N-1 1
) 1 2(¢—1)
Jim o 3 bl =l 1) =1 2 [ gleape = 2,

/01 /01 F(z,y)d.dyg(z,y)

(51)

(52)

As we see in part 2.7.1 in uniform distribution theory the problem of opti-
mizing the integral

(53)
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over copulas g(x,y) is motivated by computing optimal limit points of the se-
quence % 25:1 F(xn,yn), N = 1,2,... over uniform distribution sequences
x, and y,, n = 1,2,... But problem of optimizing (53) belongs to the well-
known mass transportation problems, or the Monge-Kantorovich transportation
problem, see e.g., L. Ambrosio and N. Gigli (2013) [1]. In Theorem 28 we have
seen that the solution of the problem in uniform distribution theory depends on

O?’F(x,y)

the sign of partial derivatives =~ oy See Fig. 2.

(0,1) (1,1) (0,1) (1,1)
8% F(z,y)
0 F(z.4) v <0 Y
S0y > 0
82 F(z,y)
axayy >0
(0,0) (1,0) (0,0) (1,0)
Figure 2. Figure 3.

A criterion for Fig. 3 follows from [11, Th. 7]:

THEOREM 29. Let us assume that a copula g(x,y) mazimizes the integral

/01 /OlF(xvy)dwdyg(x’y).

Let [ X1, Xa] x [Y1,Ya] be an interval in [0,1]? such that the differential
9(X2,Y2) +9(X1,Y1) — g(X2, Y1) — g(X1,Y2) > 0.

Assume that for every interior point (z,y) of [X1, Xa] x [Y1,Y3] the differential
d,dyF(x,y) has constant signum. Then we have:

(i) if dpdy F(z,y) > 0, then

g(w,y) = min(g(xvy2) + g(ley) - g(Xh}/Q)v
g(z, Y1) + 9(X2,y) — 9(X2,Y1))  (54)
(ii) if dgdyF(x,y) <0, then
g9(z,y) = max(g(x,Y2) + g(X2,y) — g(Xa2,Y2),
9(z, Y1) + g(X1,y) — 9(X1,Y1))  (55)
for every (x,y) € [ X1, Xo] x [V7,Ys].
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Theorem 29 can also be used for Fig. 4. Such a method is described in R.F
Tichy, S. Thonhauser, O. Strauch, M.R. Tacé and V. Baldz [49]:

(0,1) (1,1)
el 3°F
dxdy >0 dxdy >0
o%F
Oxdy <0

(0,0) (x1,0) (z2,0)  (1,0)
Figure 4.

x, y)d.dyg(z,y) and F(z,y)

Let g(z,y) be a copula which maximize fo f
U (z2,1) and (55)

satisfies Fig. 4. Then g(x,y) satisfies (54) if z € (0,z1)
if z € (1, x2). Denote

9(r1,y) = ha(y), and g(r2,y) = ha(y).

Thus:
If x € (0,21), then

=min(g(0,y) + g(z,1) — g
=min(0+ 2z — 0,0+ h1(y) — 0)

= min(x, h1(y)).

g(x,y) (0,1),9(x,0) + g(z1,y) — g(x1,0)

If z € (z1,x2), then
g9(z,y) = max(g(z,1) + g(z2,y) —
= max(z + ha(y) — x2,h1(y) + 0—0)

= max(z -+ hz(y) — T2, hl (y))

g(x2,1), 9(x1,y) + g(z,0) — g(21,0)

If z € (z2,1), then
= min(g(w2,y) + g(v,1) —
=min(he(y) + x — 22,0 +y — 0)
=min(z — x3 + ha(y), y).

9(z,y) g(x2,1),9(x,0) + g(1,y) — g(1,0)
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Summary
min (z, h1(y)) if z € [0, z1],
9(z,y) = { max(x + ha(y) — 2, b (y)) if @ € [21,22], (56)
min(z — z2 + ha(y), y) if x € [x2,1]

where y € [0, 1] and hq(y) and ho(y) we must calculated.
The differential d,d,g(z,y) is nonzero only for points (x,y) on the curves

r = hl(y)vy € [071]7
T =x3 — ha(y) + ha1(y),y € [0,1],

$=$2—h2(y)+yay€ [071}3 (57)
and we have
hy(y)dy if z €[0,z1],2 = hi(y),
dedyg(z,y) = § (hy(y) — hy(y))dy  if € [z1, 22], 2 = 22 — ha(y) + h1(y),
(1 = hh(y))dy if v € [x9,1],2 =29 — ha(y) + y.
(58)
Let
2
Fi(z,y) ifze(0,z1), 85;7%’”) >0
I —{Fr if O?Fa(z.y) 0
(-'If,y) 2(.’1),11/) rre (xlva)v dxdy <
Fs(z,y) ifz € (29,1), 82527%’”) > 0.
Then (56), (58) and (57) give
/ / (2, 5)dedyg (2, y) = / Fy (h (3), 9, (y)dy
T / Fy(w2 — ha(y) + i (y), y) (s (y) — Hh () dy
0
1
+ / Fs(zo — ha(y) +y,y) (1 — hy(y))dy. (59)
0
Denote

G(y, h1, ha, Wy, h)
= Fi (hi(y), y) i (y) + Fa(w2 — ha(y) + hi(y),y) (R (y) — K (y))
+ F3(22 — ha(y) +y,9) (1 — hs(y)).
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Then
1 1 1
max [ F@)dd,g0e) = max [ Glbhe I 1), (60)
0 1,2 Jo

g(z,y)— copula Jq
where hq, he give a copula in (56). To do this we use the following criterion:
THEOREM 30. The function g(x,y) defined by (56) is a copula if and only if
(i) hi(y) and ha(y) are increasing;

(i) 71(0) =0, h2(0) = 0;

(iif) h1(1) = 21, ho(1) = z2;
(iv) 0 <hi(y) < ha(y) <y,
(v) 0<hi(y) <hy(y) <1;

If the (hy, he) is maximum of fol G(y, h1, ha, b}, h%)dy but not satisfy assump-
tions of Theorem 30, then we have only

max / / (z,y)dzdyg(z,y) </ G(y, hi, ha, by, hb)dy. (61)

g(z,y)—copula

For solution of (60) we can using the calculus of variations: If (hy, h2) ex-

tremize the integral f01 G(y, h1, ho, by, hS)dy then (hq, ho) must be satisfied the
following system of Euler-Lagrange differential equations

0 a0a_,
ol dyon,
e doe
Ohs _ dyon,
The solution (h1, hy) maximize fol G(y, h1, ha, Wy, hY)dy if
2°G 2°G
¢ _ AR
=Y, 892G _9°G :
Oy dhy BhLOR,  DhLORL

To compare (60)we give L. Uckelmann’s (1997) [48] the mass transportation
problems: Let

F(z,y) = (2 +y) for (z,y) € [0,1]%

For 0 < k1 < ky < 2 let ®(x) be a twice differentiable function such that
®(z) is strictly convex on [0, k1] U [ke, 2] and concave on [kq, ko], i.e

@’ (x) > 0 for x € [0, k1) U (ko, 2],
®"(x) > 0 for x € [0, k1) U (k2, 2].
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If o and § are the solutions of
b(2a) — ®(a+B) + (B—a)® (a+ ) =0,
©(28) = ®(a+ ) + (o= B)2'(a+ B) =0

such that 0 < a < § < 1, then the optimal copula C(z,y) is the shuffle of M

B
«
0 a 3 1
Figure 5.
with the support
f 1
I(r) = x orxz € [0,a] U[B,1],
a+pB—z forze (apf).

Then

max/ol /01 F(z,y)dC(z, y) = /Oa B(20)dz + (8 — a)d(a + B) + /I; B(20)dz.

2.9. Example of three-dimensional copula

See [12]: In this part we apply the Weyl’s limit relation to calculate the limit

]\;i_r>noo N Z F(74(n),7q(n + 1), 74(n + 2))

=0
1 1 p1
- / / / F(xay,z)dxdydzg@’y’ Z)’
0 0 0

where 7,(n) is the van der Corput sequence in base ¢, g(x,y, z) is the asymptotic
distribution function of (v4(n), v4(n+1),v(n+2)), and F(z,y, z) = max(z,y, 2).
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Let ¢ > 3 be an integer.

We start with that every point (v4(n),v4(n + 1)), n = 0,1,2,..., lies
on the diagonals of intervals (48) and (49). Then all terms of the sequence
(yq(n), Ye(n + 2)),n =0,1,2,..., lie in the diagonals of the following intervals

[ 2 2

0,1—] < [_,1], (62)

L q q

[ 1 1 1 1 1 11 .

1E71qi+1:|X|:a+qiT7a+E:|7Z:1’27“.7 (63)
1 1 1 1 1 1

Every maximal 3-dimensional interval I containing points

('Yq(n)v 'Vq(n +1), 'Yq(n + 2))

will be written as I = Ix x Iy x Iz, where Ix, Iy, I, are projections of I to the
X,Y, Z, axes, respectively. Moreover if

vq(n) € Ix, then ~v,(n+1)ely and v, (n+2)e€lz.

From u.d. of v4(n) follows that the lengths |Ix| = |Iy| = |Iz|. Combining
intervals (48), (62), (63), (64), (49) of equal lengths by following Figure 3,
then we find that every point (v4(n),v4(n + 1), 74(n + 2)) is contained in diag-
onals of the intervals

I = 0,1g]><|:1,11]><|:g,1], (65)
L q q q q
. [ 1 1 1 1 1 1 1 1
(¢) _ e T - = - - = | s _
1 __1 qwl qi+1]x|:qi+1’qi]X|:q+qi+1’q+qi]’z_1’2""’
(66)
[ 1 1 1 1 1 1
(k) — e T I T il
S = _1 q qul q qk:-',-l]x [1 Y qk:—i-l] |:qk:+1’qk]’
k=1,2,..., (67)

where |I| = 0 if ¢ = 2. These intervals are maximal with respect to inclusion,
see Fig. 1:
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7
IX7
Iy,z
Js) 1)
7L
X
(i3
Jy/
9 (1
i
Ixy
T

Y
Figure 1: Mapping between intervals with equal lengths.

Now, let T be the union of diagonals of (66), (67) and (65). Again, as in (50),
the a.d.f. g(x,y, z) has the form 2

g(,y,z) = [Project x ([0, ] x [0,y] x [0, 2] N T)| (68)
and it can be rewritten as

g(xvyvz) = min (HO,JJ} ﬁIX|7 ‘[Ovy] ﬁIY|7 ‘[072} ﬁIZ‘)

+ > min (][0,2] N 1], |10, 5] 0 1 10, 2] N 1))
i=1

+ " min (|[0,x] nJE (10,510 7P, [0, 2] N J<Z’“>|). (69)
k=1

To calculate minimums in (69) we can use the following Fig. 2 (here g = 3):
12 Since g(z,y,2) is continuous, we use in the calculation closed intervals.
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X |

0 1

Yy i |

0 1 1

q7,+1

Zy | | | |
1 1 1 1 1 1,1 2 1

0 T F g atoT oty q

Figure 2: Projections of intervals I, I(i), J*) on axes XY Z.

As an example of application of (69) and Fig. 2 we compute g(z,z,z) for ¢ > 3

without the knowledge of g(x,y, ), '
. 2
0 if v € [0, 5} ,
g(x,x,x) = x—% ifxE[%,l—%], (70)
3r—2 ifze [17%71]_
Proof.
1. Let z € [0, %]
Then |[0,2] N Iz| = 0, |[0, 2] OI(Zi) =0, |[0,2] N Jé,k)‘ = 0, consequently
g(xz,z,x) =0.
12
. Let x € [E’E]
Then |[0,z] N Iz| = 0, |[0,z] N JX(,k)‘ =0, |[0,x] OIQ = 0, consequently
g(w,r,x) = 0.

. Let x € [2,1—1].
q q

Then ‘[0, x] N Ig? =0, |[0,z] N J}(,k)‘ = 0, consequently
— 2 1 . 2)_.._2
g(z,x,z) = min -2 22— .2 q)_x 2

.Letxe[1—1 1].

q’
Specify z € Igfl), S J}(,kl). Then ‘[O,x] ﬂlgf)’ =0,
for k > ky. Thus (69) implies

[0,2] N J@‘ —0

13For ¢ = 3 the middle member in (70) is omitted.

159



OTO STRAUCH

. 2 1 1 2
g(z,z,z) =min (1 ——,1— - — -, — —
q q q q
k1 )
+ZHHH([OZII N0,y N Iy P )
i=1

ki—1

1
+ Z ( B l+1>+x—l—|—qu
=1

1 1 1
+ ( - )+x—1+—:3x—2.
1;1 PR gkt

kz n<|[0’$]m‘])<(k)‘a‘[oay} ﬂJg,k)H[o,z} mjék)D
o2
q

For ¢ = 2 we have

0 ifze0,4],

g(x,z,x) = xf% ifxe[

1

2
3v—2 ifxe[21].
The knowledge 14 of the a.d.f. g(z,y, 2) of the sequence

(), vg(n 4+ 1), 74(n +2)),n =1,2,...

allows us to compute the following limit by the Weyl limit relation (4) in dimen-
sion s = 3.
| V-1
lim — Z F('Vq(n)v’)/q(n +1),74(n + 2))

1 1 1
= / / / F(x,y,z)dxdydxg@,ya Z)a <72)
0 0 0

where F(z,y, z) is an arbitrary continuous function defined in [0, 1]3. To calculate
the Riemann-Stieltjes integral (72) we will use the integration by parts.

LEMMA 31. Assume that F(x,y,2) is a continuous in [0,1]® and g(x,vy,z)
is a d.f.

M g(2,y, 2) is explicitly given in [12] by using 27 possibilities.
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1 1 1
/ / / F(z,y, 2)d,d,d.g(x,y,2)
0 0 0

1 1
:FOJA)i/g@L@@HLL@—/gﬂ%U%F@%U
0 0

/1 (2,1,1)d, F(2,1,1) // (Ly, 2)dyd. F(1,y, 2)

// (z,1,2)d,d, F(x,1,2) // g(x,y,1)dydy, F(z,y,1)

/ / / g(.’I},y, Z)dmdysz(x7y7 Z)'
0 0 0

Here

dpdy F(z,y) = F(x + dz,y + dy) + F(z,y) — F(z + dz,y) — F(z,y + dy),

d,d,

d.F(x,y,2) = F(x +dz,y+ dy, 2 + dz) — F(x,y, 2)
+ F(x+dx,y,2)+ Flz,y +dy, z) + F(x,y, z + dz)
— F(zx+dx,y +dy,2) — F(z,y +dy, z + dz)
— F(x 4 dx,y, z + dz).

Note that

O F(x,y)
dpd, F(x,y) = ———dxdy,
y (z,v) 92y ray
O3 F
dodyd. F(z,y, 2) = %dmydz,

if the partial derivatives exist. Put

F(z,y,2) = max(z,y, 2).

We have

dgF(z,1,1) =d,F(l,y,1) =d.F(1,1,2) =0,
dpdy F(z,y,1) = dpd. F(z,1,2) = dyd. F(1,y,2) =0,

(73)

(74)

The differential d,d,d.F (z,y,2) is non-zero if and only if z = y = 2z and
in this case d,d,d.F(z,y, z) = dz.
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Proof. For every interval
J = [xgl),xgl)] X [x?),xg)} S X [xg ),xé )] c[0,1)°

and every continuous F'(x1,Za,...,zs) the differential A(F,.J) is defined as

A(F,J) = Z Z e totes pe] e, (75)

E1= 1 8_1

Putting F(z1,x2,...,2s) = max(x1,x2,...,Ts), xg) =1, xg) = 2 + dz we have

A(F,J) = (=)t g 3 Y ()T (o 4 da)

61:1 6521
2 2
Z Z €1+ tes l‘—l—dl‘) ( )1+1+ +1dx

= (—1)*"'dz.

1 1 1
/ / / F(z,y,2z)dzdyd.g(z,y, 2)
0 0 0
1 1 1
=1 _/ / / g(‘raya Z)dﬂfddeF('r’y’ Z)
0 0 0

=1 /0 g(z,x,r)dx. (76)

For ¢ > 3 and by (70) we have

1 1—1 1
‘ 2 1 2 3

x,x,xdx:/ <x—>dx+/ 3r—2)dr == — —+ —.
/Og( ) 5 4 1—5( ) 2 ¢ ¢

For ¢ = 2 and by (71) we have

Then by (73)

1 1

3

/g(xwxdx— < >dx+ (3x — 2)dr = —.

; \ 16

2 4
Therefore for ¢ > 3, by (72) and by (76) we have

1 2 3

]\;E}I{l)o— E max(74(n), vg(n +1),74(n + 2)) :§+5—q—2. (77)
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ExAMPLE 22. Example of a copula in G3 o [44, 3-5,3.2.8].

Let u, and v, be two u.d. and statistically independent sequences in [0, 1).
Then the sequence

Xp = (Un, U, {tn —vn}), n=12,...,

has the a.d.f. g(x) which can be described as follows:
Divide the unit square [0, 1]? into regions A, B,C, D, E, F,G, H, I as shown on
the following Figure 2

T2

(0,1) (1 —w3,1) (1,1)
F
A
B
G
FE
(0,.’1,'3) (1,.’1}3)
C H
D I
(0,0) (1—3,0) (L0)"
Then
T3, if (21, 2) €
—3(a} + 23 + 23) + 2122 + w273, if (z1,22) €
_%x%+x1‘r2’ (l' l‘2) S C
%l‘%, (l‘ 1‘2) eD,
g(x1, w0, 23) = —%x% + x93, if (z1,72) € E,
—%x%—l—xlxg—l—xlxg—l—xgxg—xl—xg—l—%, f (z1,22) € F,
%x%—l—xlxg—l—xgxg—xl—xg—l—%, if (21, xg)EG
%($%+$%+$§)+$1$3*{IJ1*$3+%, (.%’1 )
T1T2 + Tox3 — X2 if (z1,22) €

The Weyl criterion implies that the two—dimensional sequence (uy,, {u, — v, })
is u.d., thus the face d.f.s are

g<17x27'r3) = T2T3, g(‘rlalal‘?}) = T1T3, g(x1,$2,].) = T1T2.
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Another d.f. having these three properties (distinct from the u.d.) is
g(w1, T2, 23) = min(z172, 173, T273).
2.10. Ratio sequences

Let 1 < x9 < ... be an increasing sequence of positive integers and consider
the sequence of blocks X,,, n =1,2,..., with blocks

1 T2 Ln
Xn: Ty Tyttt oy T
Iy Tn I

and denote by F(X,,z) the step d.f.

1<n;E <z
F(Xn,l‘)z #{ — — }7

n

for z € [0,1) and F(X,,1) = 1. A d.f. g is a d.f. of the sequence of single
blocks X,,, if there exists an increasing sequence of positive integers ni,ns,...
such that limy_,o0 F(X,,,2) = g(z) a.e. on [0, 1]. Denote by G(X,,) the set of all
d.f.s of the sequence of single blocks X,,. G(X,,) has the following properties:

(i) Assume that all d.f.s in G(X,,) are continuous at 1. Then all d.f.s in G(X,)
are continuous on (0, 1], i.e., only possible discontinuity is in 0.

(iv) If d(zy) > 0, then for every g(z) € G(X,,) we have [45, Th. 6.2(iii)]

eyt S9(@) < d(wn)x

for every z € [0,1]. Thus d(x,) = d(x,) > 0 implies u.d. of the block
sequence X,,, n=1,2,....
(v) If d(x,,) > 0, then every g(z) € G(X,,) is continuous on [0, 1].
(vi) If d(xy) > 0, then there exists g(z) € G(X,) such that g(x) > = for every
x € 10,1], [45, Th. 6.2(ii)]. By [2, Th. 6)] every G(X,,) contains g(x) > x.
(vii) If d(z,,) > 0, then there exists g(x) € G(X,,) such that g(x) < x for every
z € [0,1].
(viii) Assume that G(X,,) is singleton, i.e., G(X,,) = {g(x)}. Then either g(z) =
co(z) for x € [0,1]; or g(x) = 2 for some 0 < A < 1 and z € [0,1].
Moreover, if d(z,) > 0, then g(z) = .

(ix) maxgeq(x,,) fo z)dz > 3

(x) Assume that every d.f. g(z) € G(X,,) has a constant value on the fixed in-
terval (u,v) C [0, 1] (maybe different). If d(x,,) > 0 then all d.f.’s in G(X,,)
has infinitely many intervals with constant values.
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(xi) There exists an increasing sequence x,, n = 1,2,..., of positive integers
such that G(X,,) = {ha(z); @ € [0,1]}, where h,(z) = a, x € (0,1) is the
constant d.f.

(xii) There exists an increasing sequence x,, n = 1,2,..., of positive integers
such that ¢1(z) € G(X,,) but co(z) ¢ G(X,,), where ¢o(z) and ¢1(x) are
one—jump d.f.’s with the jump of height 1 at x = 0 and = = 1, respectively.

(xiii) There exists an increasing sequence x,, n = 1,2,..., of positive integers
such that G(X,,) is non-connected.

(xiv) G(X,) = {2} if and only if lim, o (zgn/2,) = kY/* for every k =
1,2,.... Here as in (viii) we have 0 < A < 1.

(xv) If d(x,) > 0, then all d.f.s g(x) € G(X,,) are continuous, nonsingular and
bounded by hi(z) < g(z) < ha(x), where

d . 1—-d —
) if o € [0,14], d
hi(z) = 4 1= ha(x) = min (x—, 1) .
—= otherwise, d
z—(1=d)
Furthermore, there exists z,,, n = 1,2, ..., such that he(z) € G(X,,) and

for every x,, we have hy(x) € G(X,,), [2, Th. 7] and moreover
(xvi) for a given fixed g(x) € G(X,) we have hi 4(z) < g(z) < ha4(z), where

d . 1—d
€T ifx <y = L
hge)=4"% T (78)
.'L'd_q“I‘lfa lfyOS-'I:Sl,

d
h2,9(x) = min (x_a 1> ) (79)
dy
where if limy, — coF(X,,,,7) = g(z), then dy = limy,_, o ;% if exists.
7lk

Applying (xv) it is proved [2]:

THEOREM 32. For every increasing sequence x1 < Iz < ... of positive integers
with the lower and upper asymptotic densities 0 < d < d we have
1d RN
—= <liminf = ) =~ (80)
2d n—eo N Iy
and

Here the equations in (80) and (81) can be attained.
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ExAMPLE 23. O. Strauch and J.T. Téth (2001): Put =, = p,, the nth prime

and denote
X, - <iiup_>
Pn DPn Pn  Pn
The sequence of blocks X, is u.d. and therefore the ratio sequence p,, /p,, m =
1,2,...,n,n=1,2,... is ud. in [0,1]. This generalizes a result of A. Schinzel

(cf. W. Sierpinski (1964, p. 155)). Note that from u.d. of X,, applying the L?
discrepancy of X, we get the following interesting limit

1 <« 1
lim > pi —psl = 3

2
n—oo N
Pr =1

The set G(X,,) can be complicated, see F. Filip, L. Mistk and J.T. Téth [13]:
EXAMPLE 24. Let a, ng, k=1,2,...,and z,,n =1,2,... be three increasing
integer sequences and h; < hy be two positive integers. Assume that

(1) s = 0 for kb — oo

(ii) =%~ — 0 for k — oc;

MNE+1
(iii) for odd k we have
a? < @y, = (ap—1 +ny —np—1)" < (ar +1)" and
x; = (a +1i—np)"2 for ng, < i < npyq;
(iv) for even k we have
aft < @y, = (ap—1 +np —np—1)" < (a +1)" and
x; = (ap +1i— nk)hl for ng, < i < ngyq.
Then #’11 — 1 and the set G(X,,) of all distribution functions of the sequence
of blocks X, is G(X,,) = G1 U G2 U G3 U G4, where
G1={a™ -t;t € [0,1]},
Go = {273 (1 —t) +t;t € [0, 1]},
Gs = {maX(O,Q(:ﬁ —(1- xﬁ)u%u € [0,00)} and
Gy = {min(l,xﬁ -v);v € [1,00)}.
In Unsolved Problems [42, 1.9] there are given many open questions on G(X,,),
one from them: Characterize a nonempty set H of d.f.s for which there exists an

increasing sequence of positive integers x,, such that G(X,,) = H. In [2] is given
the following partial result:

THEOREM 33. Let H be a nonempty set of d.f.s defined on [0,1]. Then there
exists a positive integer sequence r1 < xo < ... such that H C G(X,).

166



SOME APPLICATIONS OF DISTRIBUTION FUNCTIONS OF SEQUENCES
3. Calculation methods of G(x,,)

3.1. Calculation of d.f.s by definition
We give a proof of Example 6 via definition of d.f.s.

EXAMPLE 25. Starting with x,, = {loglogn} all the sequences {loglog...logn}
have

G(xn) = {ca(r);a € [0, 1]} U {ha(x); a € [0,1]}.
Proof. For the first iterated logarithm we chose an index-sequence Nj as
Ni, = [expexp(k + a)]
Then we have kll)ngo Fn, () = cq(x). For N, = [expexp(k + )], where e, — 0
such that (expexp(k + €i))/(expexpk) — 3, we have kll)ngo Fn, () = ho(z),

where a = (8 —1)/p.
On the other hand, let lim Fy, (z) = g(x). Then N,, = expexp(k, + €n),
n—o0

where k, = [loglog N,|, ¢, = {loglog N,,}, and the sequence (£,)52; cannot
have different limit points. (]
Similarly, but complicated, it can be found:
EXAMPLE 26. The set of all d.f.s of the two-dimensional sequence
(log n,loglogn) mod 1
has the form, see [43]:
G((logn,loglogn) mod 1) = {gy..(x,y);u € [0,1],v € [0,1]}
U{gu,0a(z,y);ue(0,1],ac A,j=1,2,...}
U{Gu,00,a(®,y);u € [a,1],a € A},

(82)
where A is the set of all limit points of the sequence ¢ mod 1, n =1,2,..., and,
5 for (z,y) € [0,1)%,

Guw (@, Y) = gu(@) - co(y),
9u.,0,5,0(T:Y) = Gu,0,5,a(®) - co(y),
9,0,0,a(T, Y) = Gu,0,0,a(7) - co(y),

where
emin(m,u) -1 1 e —1

e ev e—1"

gu(z) =
15T he exact form of A is a well-known open problem.
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0 fo<y<w,
o (y) = -7 and 0(0) =0,¢,(1) =1,
) {1 SIS =060

6max(a,m) — e emin(m,u) -1 1 e —1 1
9u,0.4.0(x) = eitu T et et e— 1 (1 B ej—1> ’
emax(min(m,u),a) — e
gu,0,0,a<l‘> =

eu

(83)
A proof via d.f.s. consider limits of

Fx(z,y) = #{3 < n < N; ({logn},{loglogn}) € [0,z) x [0,y)}

N
oo #{le e ) N (UK ek, 7)) NN}
where N
K = [log NJ, J = [loglog NJ, N={1,2,...,N}.

O. Strauch and O. Blazekovd in [43] and R. Giuliano Antonini and O. Strauch
in [15] generalized Example 26 and Koksma [19], [20, Kap. 8] (cf. [22, p. 58,
Th. 7.7]) to the following Theorems 34, 35 and 36. Assume:

(I) f(x) be a real-valued function defined for z > 1 such that f(z) is strictly
increasing with inverse function f~!(z).

(I1) limg—o0 % = g(z) for each = € [0,1], point of continuity
of g(x);
(II1) limpg oo f;l_(lik(}';;l) = 1)(u) for each u € [0, 1], point of continuity of ¢ (u), or
P(u) = oo for u > 0;
(IV) limgyoo f7HE+ 1) — f1(k) = .
For computing G(f(n) mod 1) we have the following three theorems.

THEOREM 34. If1 < ¢(1) < o0 and f'(z) = 0 as x — oo, then

mln(w(iz&zf)(u)) —1 n w(lu)g(x);u €[, 1}} ., (84)

G(f(n) mod 1) = {gm -

where
oy () —1

if and only if f(N;) mod 1 — w.

and Fn,(x) = gu(x) as i— o0
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The lower d.f. g(x) and the upper d.f. g(z) of f(n) mod 1 are

- ) =1 -1 (1 a(p
g(z) =g(z), glz)=1 w(x)(l (z)).

Furthermore g(x) = go(x) = g1(x) belongs to G(f(n) mod 1) but G(x) = g.(x)
does not.

THEOREM 35. If ¢(1) = 1, then the sequence f(n)mod1l, n = 1,2,...
has a.d.f. g(x), i.e.,

G(f(n) mod 1) = {g(x)}. (85)
THEOREM 36. Let 1)(u) = oo, for every u > 0 and for u = 0 the limit ¥ (u) is

not defined in the way that for every t € [0, 00) there exists a sequence u(k) — 0

such that (i) limg_ o f_lf(,kliw =t. Then we have

G(f(n) mod 1) = {cu(z);u € [0,1]} U{hs(z); 8 € [0,1]}, (86)
where Fn, — ¢, () if and only if f(N;) mod 1 — u > 0 and Fn, — hg(x) if and
only if f(N;) mod 1 — 0 and w —1-6.

In proofs of Theorems 34, 35 and 36 there are studied limits of step d.f. Fy(x)
expressed as
K—
Yo An([k k +2))
N
AN (K K +2) 0 [K K +w)) O (Ax([1,/71(0))))
+ N + N )

FN(.’IJ)

where
K=[f(N), w={f(N)}, Anx([z,y)) =#{n < N;f(n) € [z,y)}.

EXAMPLE 27. Applying Theorem 34 to the function f(z) = log(z log® x),
where log(’) x is the ith iterated logarithm log...logx, we find

G (log(n log'” n) mod 1) = G(logn mod 1).

3.2. Connectivity of G(z,)

The connectivity of G(z,,) implies the following simple theorem: Define

e For the d.f. g the Graph(g) be the continuous curve formed by all the points
(z,g(x)) for z € [0,1], and the all line segments connecting the points of discon-
tinuity (z,liminf, . g(2’)) and (x,limsup,,_,, g(z’)).

e Denote QH(x) =infyeq g(z) and gy (x) = SUp e g(z).
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THEOREM 37 ([37]). Let H be a non—-empty, closed, and connected set of d.f.s.
Assume that for every g € H there exists a point (x,y) € Graph(g) such that

(x,y) ¢ Graph(g) for any g € H with g # g. If
(i) g= 9y andg = gy for the lower d.f. g and the upper d.f. g of the sequence
€10,1), and
(ii) G(z,) C H,
then G(x,) = H.

To prove G(z,) C H it can be used:

THEOREM 38. Let F(x,y) be a real continuous functzon defined on [0, 1]? Lmd
G(F) is the set of all d.f. g(x) which satisfy fo fo (x,y)dg(x)dg(y) =

Then for every sequence x,, € [0,1) we have

N
1
G(x,) C G(F) <= lim — 21F<wm,xn> = 0. (87)

Proof. Using the definition of the Riemann-Stieltjes integral, we have

N

/ / (z,y)dFN (z)dFy(y ):% > F(wm, zn).

m,n=1

Suppose that limy_, Fn,(z) = g(x) for all continuity points x of g. Then,
applying the Helly-Bray lemma, we find

// (z,y)dFn, (x)dFy, (y // (z,y)dg(z)dg(y),

and the implication <= in (87) follows immediately.
In order to show the implication =, assume

Ny,

1
lim — F(xy,,x,) =0 >0.

By the Helly selection principle there exists a subsequence Nj, of Ny, such that
lim Fy: (z) = g(x) € G(xn).
k—o0 k

Again, by the Helly-Bray theorem we find fol fol F(z,y)dg(x)dg(y) = B
We conclude g ¢ G(F). O
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Theorem 37 implies:
e Let g1 # go be two d.f.s. Denote

Fy () = / "oty + / " ga(t)dt — max( ) + / (1 golt))dt,
by o (o2(t) = gu(®)dt — fy (1~ ga(1)) (92(1) — 1 (1))

91792( )_ )

fol (g2(t) — gl(t))2dt
F91792 (ZE, y) :ng (ZE, y) - F91792 (x)thyz (y) /0 (92(t) — g (t))2dt'

THEOREM 39. For given sequence x,, € [0,1) we have
G(xn) = {tgr(x) + (1 = t)g2(x); t € [0, 1]}

if and only if
(1) 0N 00 2 Yot Forge (Tms @) = 0,
(it) Hminfy oo & SN Fyy go(20) = 0,
(i) Hmsupy_yo0 o Son_y Fyyoga (@) = 1.
ExAMPLE 28. Put
Fie,y) = 1 max(z,y) — 301~ 2%)(1 —9?),

T+ 1
Fy(z,y) = Ty — max(z,y) + 7 —3(z ~ )y —y?),
Fg(ﬁﬁ,y) =1- max(m,y),
+ 1
F4(CE,y)= 2Ty —max(x,y)+—,
2 4
and
Hy = {tx+ (1 —t)cr(x);t € [0,1]}, and Hy = {tx+ (1 —t)hyo(x);t € [0,1]}.
H,y H, H{ U Hy
0 1 0 1 0 1

Figure 1: D.fs Hl, H2 and H1 U Hg.

171



OTO STRAUCH

Then G(z,) = Hy U Hy for a sequence x,, in [0,1) if and only if
(i) Wy oo 507 Som o soiet F1(Tms @) Fa(g, 21) = 0,

(ii) liminfy oo 5z w1 F3(@m, n) = 0.

(iii) Hminfn o0 5z Yo ey Fi(@m, Tn) = 0.

Here ¢y () is the one—jump d.f. with jump at # = 1 and hy o(z) is the d.f. taking
constant value 1/2.

3.2.1. The moment problem fol fol F(z,y)dg(xz)dg(y) =0

These investigation is motivated by Theorem 37. Again, for a given continuous
F :[0,1> = R, let G(F) denote the set of all distribution functions g which

solve the following moment problem f01 fol F(z,y)dg(x)dg(y) = 0.

THEOREM 40 ([37]). Let F : [0,1]> - R be a continuous and symmetric func-
tion. For every distribution functions g(x), g we have

// (z,y)dg(z)dg(y —0<=>// (z,y)dg(z)dg(y)

_ / (o) — (a)) (24, Pl 1) ~ / (9() + 3(9))dy 0o F(z,9) ) (88)

0 0

EXAMPLE 29. Putting §(x) = ¢o(z) in (88), we have

/o1 /01 F(x,y)dg(x)dg(y) = 0 <=

F(O,O):/Ol(g(x)—l) (2dxF(x,1)—/Ol(g(y)—i—l)dydxF(x,y)). (89)

For F(x,y) = Fo(x,y) we have

s =r = 3= [ o) g)as
Here
Fo(z,y) % + v ;r v* — max(z,y)
1 @4y zty eyl
3 2 2 2
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This function Fy(x,v) is inspired by the classical L? discrepancy

/Ol(FN(x) —2)’de

since
1 ) 1 N
/ (Fn(x) — ) de = 2 Z Fo(Zm, Tn).-
0 m,n=1

3.3. Computation G(h(xn,yn)) by g(x,y) € G((xn,yn))
We describe a result for h(z,y) = x +y mod 1.

THEOREM 41. Let x,, and y, be two sequences in [0,1) and G((xy,yn)) denote
the set of all d.f.s of the two-dimensional sequence (Tp,yyn). If

Zn = Tp + Yn mod 1,
then the set G(zy,) of all d.f.s of z, has the form

G(zn) =

{g(t) =/0Sw+y<t1-dg(fﬁ,y)+/1gw+y<1+t1'dg(w,y); g(z,y) € G((xnayn))}

assuming that all the used Riemann-Stieltjes integrals exist.

EXAMPLE 30. Applying Theorem 41 to the G((logn,loglogn) mod 1) in Ex-
ample 26 it can be found, for

G (log(nlogn) mod 1) = {gu.(z);u € [0,1],v € [0,1]},

that
gu(l+2z—v)—g,(1—v) f0<z<w,
Gu,o(@) =

gu(x—v)+1—g,(1—v) fv<az<l.
Directly by means of computation we see that

Gu,o() = gw(x), for w=wu+vmodl,

defined in Example 1 and thus G(log(nlogn) mod 1) = G(logn mod 1).
The same holds by Example 27.

3.4. Solution of (X1, X5, X3) = (fol g(m)dx,fol xg(x)dx,fol g2(x)dx)

See [39], [44, 2.2.21]:
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It is motivated by L? discrepancy criterion for g-distributed sequences:
A sequence z, in [0, 1] has a.d.f. g(x) if and only if

Jim_ (1 + /0192(1:)(11;2/ Dde 1 2 Z/

N
Z 2N2 Z |xmxn|> :07

or equivalently, if and only if n=1 m,n=1

(i) Hmyosoo % S0 10 = Jo wdg(2),
(il) Impy o0 NZn 1 0 g(x)dx = fo (fo t)dt) dg(z),
(iii) Hm o — Nz me:l | — x| = fo fo |z — y|dg(x)dg(y)-

Since the left-hand side of (iii) contains g(z) we shall instead it by the second
moment and we solve

(81,82,83)=</0wdg( /2dg w)//\x—y\dg dg(y)> (90)

_1 1 N
s1 = limy_ o0 N anl T,

where

_ 1 N 2
s =limy 00 77 > ey L5 and
1 1 N
53 = th—>oo N2 § :mm:l ‘xm - ‘rn‘

Using (s1, 82, 83) = (1 — X1,1 —2X5,2(X; — X3)) then (90) can be transform to

(X1, X2, X3) = (/Olg(x)dx,/olxg(x)dx,/0192(30)dx>.

Define, for every nondecreasing g : [0, 1] — [0, 1], the operator

F(g) = (/Olg(x)dx,/olxg(x)dx,/Olgz(x)dx> .

For F, we introduce the body
Q= {F g10,1]—1[0,1],gis nondecreasing},

and 092 denote the boundary of €2.
Let g(uy,v1,us,vs) denote the distribution function h(z) defined by

0 for 0 <zxz<wy,
h(z) = ;z—le+ulfvlﬁ for v <z < vy,
1 for v <z <1

and put X = (X1, X2, X3). O. Strauch [39] proved
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THEOREM 42. For the moment problem X = F(g), to have only a finite number
of solutions in distribution functions g it is necessary and sufficient that X € 0.
We express the boundary 02 as

= J 1.
1<i<7
In addition, for X € 1;, i = 1,2,...,6, the moment problem X = F(g) is
uniquely solvable as g = g™, and for X € II; has precisely two solutions of types
g and ¢("").
THEOREM 43. Let z,, n =1,2,... be a sequence in [0, 1] with the limits

. 1 N
X1 =1-limy ~ Zn:l Tn,

_ 1 11 1 N 2
X2 =373 th_mo N Zn:l .'Ifn,

. N . N
X3 =1-limy_o % Dome1Tn — %th_mo ﬁ me:l | T — Xl
If
X:(X17X27X3>E U Hia
1<i<7
then the sequence x,, has an a.d.f. Precisely, if
Xell;, i=1,...,6,

th nh df gD, and i
en x, has a.d.f. gV, and if X I,

then x,, has a.d.f. either ¢V or g7, depending on whether

Mmoo & S0, [ gD ()t = X1 — X3 or

lim, o0 & ZéV o g (t)dt = X1 — Xs.

Here

1 1 /1
Iy = {(X17X2>X3); X2:§X1+§ §<X3—X1),
4 4 2 1
X< X3< min(—Xf, §X12 gX1 + 3), 0< X, < 1},
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1 4 (1-X)°
I3 =<¢(X1,X0,X3); Xo=-—=-—+———~>——
3 {( 1,22, 3)7 2 2 9(1+X372X1)’
X 2X+ <X3< X L 1<X <1
3 1 3 1 3 3 3 1= 3 9 = 1> ’
4X3 4 2 1
I, = ¢ (X1, X9, X Xo=X —X2<X3<2X.0< X —
4 = {( 1, A2, 3) 2 1— 9X 3 1> 3 3 1, lf2

1 1 (1-X)°
s = { (X1, Xo, X3); Xo= = — =
5 {( 1,422, 3)7 2 2 2(1+X3 *2X1)
X12<X3<X1,0<X1<—},
1X3 1
g = < (X1, X2, X3); X2:X1_§X_’ X7 §X3§X1,§<X1§1,
3

111 1 1
= (50— o Xa): 1 <Xy < b
7 {22 16x, %) 1% 3<2}

and
g(l) = 9(07 (1 7X1) - 3(X1 - X3)717 (1 - Xl) +3(X1 7X3))7
9P =g <X1 —\/3(X3— X2),0, X1+ 1/3(X;3 — X%)J) :
2
g —g(1-31F X 2% oy 4 A-X)"
2 1-X; 773014+ Xs5-2X))
4X2 3X
(4) _ _ 24 3
g g<0, 3X3,2X1,>
9(5) —g X1 _X3 0 X1 _X3 (]. _X1)2
1-X; 77 1-X; '1+X3-2X,/)°
© _ (X XX
Xl’ X37X17 )
1
M =g(1-2X5,0,1-2X
g g( 3 374X3
* ].
™) —g(2X5,1 — — .2X5,1).
g g( 3 4X3’ 3
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ExAMPLE 31. Since the straight line Xo — X3 = =5 is touched to the projection
of Q in X5 x X3, then )
1
_ dr = —
e [ gt = g

and it is attained in g(z) = 5.

EXAMPLE 32. The points'®

(X17X27X3) for g(.’If):Ca(IIJ) and (X17X27X3) for g(fI}) = ha(x)7 o€ [07 1]7
lie on the contour of € and for such (X7, X5, X3) the d.f. g(x) is given uniquely.
This implies

Ji 2dg(a) = (fi 2dg(a))” = Zacpa(z) = cale).
f 2dg fo xdg ) A ElocE[O,l]g("I;) = ha(.’l,'),

(1 - /O 1 xdg(w)) ( /0 1 :z:dg(x))
= %/01 /01 |z — yldg(x)dg(y) <= Jacp,19(z) = ha(z)

and we also have

G(zn) C {ca(z); € [0,1]} = Nhinoo ((% an> — % Zwi> =0,

N

G(an) C {ha(z); o € [0,1]} = lim % 2 (en = w2) =0,
G(zn) C {ha(z);a € [0,1]} &= lim_ (% D e - <% z“)

3.5. Mapping =, to f(z,)

Let f :[0,1] — [0,1] be a function such that, for all z € [0,1], f~1([0,x))
can be expressed as a sum of finitely many pairwise disjoint subintervals I;(x)
of [0, 1] with endpoints «;(z) < 5;(x). For any d.f. g(z) we put

(@)= N o) ol = [ | deato)

i
6h (z) = a for z € (0,1).

177



OTO STRAUCH

The mapping g — g¢ can be used for the studying G(z,) by the following
statement:

THEOREM 44. Let 2, mod 1 be a sequence having g(x) as a d.f. associated with
the sequence of indices N1, Na, ... Suppose that any term x, mod 1 is repeated
only finitely many times. Then the sequence f({x,}) has the d.f.s g¢(x) for the
same N1, Na, ..., and vice-versa any distribution function of f({xz,}) has this
form.

For example, Theorem 44 can be used to study the sequence £(3/2)"™ mod 1,
n=1,2,... Consider
f(x) =2z mod 1, and h(z) = 3z mod 1.
In this case, for every x € [0, 1], we have

gr(@) = g(fi () +g(f5 () —9(1/2),
gn(@) = g(hy' (@) + g(hy ' () + g(hs ' (x)) — g(1/3) — g(2/3),

with inverse functions
@) =x/2, fy'(x) = (z+1)/2,
and
hil(z)==/3, hy'(x)=(x+1)/3, h3'(z)=(x+2)/3.

Pjateckii-Sapiro [31], by means of the ergodic theory, proved that a neces-
sary and sufficient condition that the sequence £q¢" mod 1 with integerq > 1
has a distribution function g(x) is that g,(z) = g(z) for all = € [0, 1], where
o(x) = gx mod 1. For £(3/2)™ mod 1 we have the following similar necessity.

THEOREM 45. Any distribution function g(x) of £(3/2)™ mod 1 satisfies the
functional equation gs(x) = gn(z) for all z € [0,1].

The above theorem yields to the following sets of uniqueness for distribution
functions of £(3/2)™ mod 1.

THEOREM 46. Let g1, 92 be any two distribution functions satisfying g;,(x) =
gi, (z) fori=1,2 and x € [0,1]. Denote

L =100,1/3], L =[1/3,2/3], I;=2/3,1].

If gi(z) = go(z) for x € L;UI;, 1 < i # j < 3, then gi(z) = ga(x) for all
z € [0,1].

Next we have an integral formula for testing g; = g5. Denote
F(z,y) = {22} — {3y} + {2y} — {32} — {22} — {2y}] — {32} — {3y}].
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THEOREM 47. The continuous distribution function g satisfies g5 = gn on [0, 1]
if and only if fo fo (x,y)dg(x)dg(y) = 0.

The following theorem (see O. Strauch [40]) can be used for generating solu-
tions of g = gn.

THEOREM 48. Let g1, go be two absolutely continuous distribution functions sat-
isfying g1, (x) = g2, (x) for x € [0,1]. Then the absolutely continuous distribution
function g(x) satisfies gf(x) = g1(x) and gn(z) = g2(x) for x € [0,1] if and only
if g(x) has the form

U(z), for x €10,1/6],
U(1/6) + ®(x —1/6), forxz €[1/6,2/6],
W(1/6) + @(1/6) + g1(1/3) — ¥(x — 2/6)
+®(x —2/6) — g1(22 — 1/3) + g2(3x — 1), for x € [2/6,3/6],
) 20(1/6) + g1(1/3) = 91(2/3) 4 92(1/2)
9lz) = —U(z —3/6) + g1 (22 — 1), for x € [3/6,4/6],
—W(1/6) +29(1/6) + g1(1/3) — 91(2/3) + 92(1/2)
—®(x —4/6)+ g1(22 — 1), for x € [4/6,5/6],
—W(1/6) + @(1/6) + g1(1/3) + ¥(z — 5/6)
—®(x —5/6) — g1(2x — 5/3) + g2(3z — 2), for x € [5/6,1],
where
:/ Y(t)dt, d(x) :/ o(t)dt, forxz € [0,1/6],
0 0
and Y(t), ¢(t) are Lebesgue integrable functions on [0,1/6] satisfying

&
() 0 <9(t) < 2¢1(20),
(ii) 0 < @(t) < 2¢7(2t +1/3),
(iil) 2¢7(2t) = 3g5(3t +1/2) < (1) — ¢(t) < =291 (2t +1/3) + 3g5(31),
for almost all t € [0,1/6].

ExAMPLE 33. The functions co(z), ci(x), a = solve gf(x) = gn(z) for all
€ [0,1]. Putting ¢1(z) = g2(x) = x in Theorem 48, the following solution
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g3(x) of gy = g can be found:

0 for x € [0,2/6],
x—1/3 for € [2/6,3/6],

g3(z) = 2z —5/6 for x € [3/6,5/6],
" for z € [5/6,1].

Taking g1(x) = g2(x) = g3(z), this g3(r) can be used as a starting point in
Theorem 48 and we find

0 for z € [0,1/6],

20 —1/3 for z € [1/6,3/12],
4x —5/6 for x € [3/12,5/18],
2¢x —5/18  for x € [5/18,2/6],

7/18 for z € [2/6,8/18],
8/18 for x € [3/6,7/9],

2x —20/18  for x € [7/9,5/6],
4z —50/18 for x € [5/6,11/12],
22 —17/18  for z € [11/12,17/18],

[
[
[
[
[
ga(x) =< o —1/18 for x € [8/18,3/6],
[
[
[
[
T for z € [17/18,1],

see the following pictures

z g3(x) ga(z)

0 1 0 1 0 1

The study of d.f.s in G({£(3/2)"}) is also motivated by K. Mahler’s (1968)
conjecture: There is no 0 # £ such that 0 < {£(3/2)"} < 1/2 forn=0,1,2,...
Mahler’s conjecture follows the conjecture: Let g(x) € G({£(3/2)"}) and I C
[0,1]. If g(x) = constant for all z € I, then the length |I| < 1/2.
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ABSTRACT. We investigate the distribution of the argument of the Riemann
zeta-function on arithmetic progressions on the critical line. We prove uniform
distribution modulo % and we show uniform distribution modulo 7 under certain
restrictions. We also discuss continuous uniform distribution.

Communicated by Werner Georg Nowak

1. Introduction and statement of the main results

The Riemann zeta-function ( plays a prominent role in multiplicative
number theory. One of the reasons is the link between its complex zeros and
the distribution of prime numbers. The famous yet unsolved Riemann hypoth-
esis states that all so-called nontrivial (non-real) zeros p = ( + iy lie on the
critical line %—HR. There are infinitely many such zeros; namely, if N(T") counts
there number with imaginary part v € (0,7") (according multiplicities), then
the Riemann-von Mangoldt formula states

T T
N(T) = 5 log 5o T O(logT), (1)
as T' tends to infinity. The main term of this formula had been announced (with-
out proof) by Riemann in 1859 in his path-breaking nine pages article [30];
an asymptotic formula had been proved by von Mangoldt, first with an error
term of size O((log T')?) in [24], and in [25] finally with the error term given above.

2010 Mathematics Subject Classification: 11M06, 11M26.
Keywords: Riemann Zeta-Function, Uniform Distribution.
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The reasoning behind these formulae is the simple principle of the argument and
rather subtle properties of the zeta-function; the most important ingredient is
the functional equation

C(s) = A(s)¢(1 —s), (2)
where
§) =72 F(lgs)

and I'denotes Euler’s gamma-function. This symmetry was conjectured by Eu-
ler and first proved by Riemann [30]; see also Titchmarsh’s monography [37].
By Stirling’s formula, the asymptotic growth of A is for fixed real part given by

I—o—it
t 2
Ao +it) = (2—> exp(i(t+3)(1+0 (7)), (3)
T
as t — +oo. A proof of Stirling’s formula can be found in Rudin’s wonderful
book [31], §8.22; details about its application to A can be found in Titchmarsh
[37], §7.4. Tt is essentially this asymptotical formula which yields the main term
in (1). Backlund [2, 3] obtained the more precise expression
T

N(T) = % log 55+ g +S(T) +0(T7Y), (4)

where .
S(t) := — arg (% +it)

is the argument of the zeta-function on the critical line. In view of the multi-
valued complex logarithm one defines the value of the logarithm log ¢ at % + it
by continuous variation along the polygon with vertices 2, 2+it, %+it, provided ¢
is not equal to an ordinate of a nontrivial zero § + iy; otherwise, when ¢t = ~,
we define S(y) by

S(y) =3lm(S(y+e +S(y—e). (5)
Notice that ¢(2) is a positive real number (equal to %2 as Euler proved), hence
log {(s) is the principal branch of the logarithm on the subinterval (1, 00) of the
real axis; however, for complex % + ¢t the argument might be very large. For ex-
ample, Tsang [39] showed that S(t) = o((logt/loglog t)%) cannot be true.!

Here the notation f = o(g) means that the limit lim f(¢)/g(t) exists as ¢ tends to infinity and
is equal to zero.
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On the contrary, we have S(t) = O(logt) by von Mangoldt’s work [25] and,
assuming the Riemann hypothesis, the slightly better S(¢) = O(logt/loglogt)
due to Littlewood [23] who also showed unconditionally that

T
/ S(t)dt = O(log T),
0

which implies that S(t) oscillates heavily.

In view of (4) it follows that S(¢) is continuous except for ordinates of non-
trivial zeros, and that wS(¢) jumps at each ordinate by an integer multiple of 7
(according to the multiplicity of the zero). It is conjectured that all (or at least
almost all) zeta zeros are simple, so we shall expect that wS5(¢) jumps by +x
at the ordinate of a zero (which is also reflected in Figure 2 below by the curve
t— (¢ (% + it) passing through the origin).

Here we are concerned about the distribution of values of the argument of the
zeta-function. Although a probabilistic limit law for the logarithm of the zeta-
function had already been found by Bohr? & Jessen [5] there are several phenom-
ena unclarified. In view of the beautiful phase plots for complex-valued functions
in general and the zeta-function in particular provided by Wegert and Semmler
[32, 41] (see Figure 1) it is an interesting question whether the values of the
argument are uniformly distributed in some sense. Taking the Dirichlet series
representation ((s) = > -, n~°, valid in the half-plane Res > 1, into account,
((s) is almost periodic in Res > 1 which is visually supported by Figure 1
and further computations (which had also been the motivation for Steuding &
Wegert [36]). Notice that Bohr [4] introduced the notation of almost-periodicity
in order to investigate the Riemann zeta-function and Riemann’s hypothesis
in particular.

In this note we shall investigate the discrete question of uniform distribu-
tion of the argument on arithmetic progressions on the critical line (although
our results also provide information for the continuous case; see Corollary 4).
Our main result is the following

THEOREM 1. The argument of the Riemann zeta-function on an arbitrary infi-
nite arithmetic progression on the critical line is uniformly distributed modulo 5.

For the sake of completeness we recall the definition of uniform distribution
introduced by Weyl [42] in 1916. Let i be a positive real number. Then a sequence
of real numbers z,, is said to be uniformly distributed modulo p if for all a, 3

2More precisely, it was Harald Bohr, the younger brother of the physicist and Nobel prize
laureate Niels Bohr.

187



SELIN SELEN OZBEK—JORN STEUDING

)

FiGURE 1. This phase plot of the zeta-function is taken from Semmler
& Wegert [32] and shows the phase plot of the Riemann zeta function
in the rectangle —40 < Res < 10, —2 < Im s < 48. One can easily identify
the pole of {(s) at s = 1, several nontrivial and trivial (real) zeros. One also
observes a certain regularity in the colours as Im s increases which corre-
sponds to almost periodicity properties of ((s). Some comments to this
phenomenon are given in the final section.

with 0 < a < § < pu the proportion of the fractional parts of the z,, modulo
in the interval [« ) corresponds to its length in the following sense:

. 1 b —
— <n< B i , = .
1\/11_r>rcl>oNli{1_n_N x, mod p € [a, B)} p
Here we define x,, mod u by
ZTp mod p = x, — rs—nJ 78 (6)
1

where |z denotes the largest integer less than or equal to x. Weyl considered
the case p© = 1, however, for our purpose a modulus related to the geome-
try of the complex plane (i.e., a modulus p such that 27” is a positive integer)
is more natural.
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Unfortunately, Theorem 1 does not give information about uniform distribu-
tion modulo 7 or 27; for these moduli our approach only allows us to prove
conditional or rather non-explicit results.

THEOREM 2. Let 7 and 6 be real numbers, § positive. Assume that the number
m(N) of zeros of ((s) in the arithmetic progression & +i(T+nd) withn € N and

n < N satisfies m(N) = o(N) (7)

as N — oo. Then the argument of the Riemann zeta-function on the arithmetical
Progression % +1i(7 4+ nd) with n € N is uniformly distributed modulo .

It is exactly the question about nontrivial zeros of the zeta-function in
arithmetic progression which makes a difference for our approach. In 1954,
Putnam [27, 28] showed that there is no infinite arithmetic progression of non-
trivial zeros; a sharpened result due to van Frankenhuijsen [11] states that for
a hypothetical arithmetic progression with ¢ (% +ind) =0 for 1 <n < N and
fixed positive real ¢ its length is bounded by N < 136. Recently, Martin & Ng
[26] and Li & Radziwill [22] gave quantitive bounds for the hypothetical number
of nontrivial zeros in an arithmetic progression, however, their results are too
weak to have any impact on our reasoning. Assuming the Riemann hypothesis
in addition with Montgomery’s pair correlation conjecture Ford, Soundararajan
& Zaharescu [10], have shown that the proportion of zeros in an arbitrary verti-
cal arithmetic progression is indeed zero. Consequently, under this assumption
(7) is fulfilled. Probably, one should not expect any zeros in vertical arithmetic
progression (of length at least three). Another stronger conjecture about the
zeros of ((s) due to Ingham [14] deals with linear independence over Q: if the
nontrivial zeros are denoted as [ + iv, it is widely believed that there are no
rational linear relations for the imaginary parts v apart from the trivial ones
(resulting from the fact that with § + iy also its complex conjugate 8 — iy is
a zero). It is expected that the imaginary parts of the nontrivial zeros should
not carry any arithmetical information but are distributed like random data
(e.g., the eigenangles of the Gaussian Unitary Ensemble in Random Matrix
Theory, see Keating Snaith [18]). In view of this difficulty with zeros in an
arithmetic progression we shall also show

THEOREM 3. For all pairs (1,0) € R x Rsg except a possible at most countable
set of exceptions, the argument of the Riemann zeta-function on the arithmetical
Progression % +1i(7 4+ nd) with n € N is uniformly distributed modulo .

The article is organized as follows. We recall some basic facts from uniform
distribution theory in the following section. In Section 3 we outline our method
and prove Theorem 1. The proofs of Theorem 2 and 3 are given in Section 4
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as well as an application to the case of continuous distribution modulo .
In the final section we discuss related results.

2. Variations of Weyl’s criterion

Weyl’s celebrated criterion [42] states that a sequence of real numbers x,, is
uniformly distributed modulo one if, and only if, for all integers m # 0,

1 :
ngnoo N Z exp(2wimz,) = 0.
1<n<N

Since we investigate the argument of a complex-valued function it is natural
to have moduli related to 7, and by our approach (as will be explained in the
beginning of the following section) we are forced to consider p = 7§ and p =,
respectively. We shall make use of the following variant of Weyl’s criterion: a se-

quence of real numbers x, is uniformly distributed modulo p if, and only if,

for all integers m # 0,
Z exp (%’rimxn) =o(N), (8)

n<N

as N — oo. For a proof of Weyl’s critierion in this form we refer to Weber’s
monography [40], Theorem 1.6.3.

For technical reasons it is sometimes advantageous to get rid of the first
elements of the sequence in question. This leads to an equivalent form of the
above criterion where (8) is replaced by

Z exp (%mecn) = o(N), (9)
M<n<M+N
which has to hold for all sufficiently large M. The changed range of summation
does not influence uniform distribution since this is a property of the infinite tail
of a sequence and not of finitely many initial values.

Finally, we notice that in view of the Weyl criterion in whatever form we can
omit a sufficiently small set of elements from our sequence. Namely, if VUM = N
is a disjoint union with

1
lim — <N :ne =0
Nl—r>noo Nﬂ{n - " M} ’
then (z,),en is uniformly distributed modulo p if, and only if, the subse-
quence (x,)nen 18 uniformly distributed modulo p. This follows immediately
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from Weyl’s criterion and the trivial bound

Z exp (%imxn) <#{n< N :neM}<eN

n<N
nem

for all positive e and sufficiently large N.? Such a set M will be called negligible.

3. The main idea of our method and
the proof of Theorem 1

We want to study the distribution of the argument of the zeta-function on an
infinite vertical arithmetic progression:

¢ (% + ity with ty :=T7+né for n e N.

Here and in the sequel 7 and § are arbitrary but fixed real numbers, § being
positiv. In view of (9) we put z,, = arg ((% +i(7 +néd)) = 7S(r + nd) and thus
have to study the exponential sum

Yn(N) = Z exp(%imargg(% +i(7—|—n5))>, (10)
M<n<M+N

where m is a non-zero integer and p equals either 7 or 5.

Firstly, we may assume that (( + it,) # 0. By the reflection principle,
¢(s) = ¢(3), hence also {(% — it,) does not vanish. This implies

. 2 .
C(% +ity,) > " . (C(% +1tn)>m
K(%+itn)‘ C(% 7itn)

Notice that the quantity on the right-hand side determines the argument
of the zeta-function only modulo 27 (the period of the exponential function
t — exp(it)). Consequently, our reasoning is limited to positive real moduli

for which 27” is an integer. This gives for the corresponding exponential sum

exp(2miarg (% +it,)) = <

in Weyl’s criterion (9)

Sm(N) = ) (M>m (11)

1 .
M<n<M+N C(ﬁ - ltn)
Now, using the functional equation (2), we get
Sm(N) = Y A3 +itn) ", (12)
M<n<M+N

3Here we have used Vinogradov-notation f < g which is equivalent to f = O(g).
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which is not too difficult to estimate (see (14) and its proof below). It will become
clear soon that by this method the modulus p = 27 is impossible to combine
with odd m.

In view of the above simplification (12) one might be tempted to consider
our results as easy consequences of the functional equation only. However, there
is a certain obstacle, namely our assumption on the non-vanishing of the zeta-
function on the arithmetic progression in question.

Now let = Z. If (3 +it,) = 0, i.e., ¢, = v is an ordinate of a nontrivial
zero, then the argument of the zeta-function is in view of (5) given by

mS(y) = 5 im (S(y + ) + S(v — )

(and it is this definition which appears the reason for our restriction to u = 7

in Theorem 1). In this case the values S( £ €) differ by an integer (as follows
from (4) and had already been explained in the introductory section). Thus, for
every sufficiently small e,

l%ﬂ5(7+e) = 21_{%775'(7 —¢) mod T,

respectively,
mS(y) =14 li_r)rg)(QﬂS(’y —€) + k)

for some integer k. Hence, we obtain
. 1 . o 1. . 7Tk
exp (4m1 arg¢ (5 + 1’y)> = exp <4m1 21_{% wS(y — 6)) exp (4miZf)

= 21_{% exp(4mi arg¢ (5 +i(y — e)))
2m

= lim A(z +i(y - €))

by the reasoning from above. Since the limit on the right-hand side exists,
we get

. . . \2
exp(4m1arg§ (% + 17)) = A(% + 1’y) "
Consequently, for the modulus p = % it does not matter whether % + ity
is a zero of the zeta-function or not (since mS(t) is continuous modulo 7).
Notice that the above reasoning fails for 4 = m because in this case our rea-

soning would lead to exp(2miarg((3 +i7)) = £A(3 + i)™ without control
of the sign +.

In view of (12) we arrive at

SnN) = Y AL +it,) ™"

M<n<M+N
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Taking (3) into account this expression can be simplified to

(V) = (exp (221) + O(M~12mH)) 37 <@>2mitn. (13)

tn
M<n<M+N

Next we apply van der Corput’s method [7] for estimating the appearing
exponential sum. For this aim we shall make use of Lemma 8.12 from Iwaniec
& Kowealski’s monography [15]: let b —a > 1, let f be a twice differentiable
real-valued function on [a, b] with f”(z) > A > 0 on [a, b]. Then

Z exp(2mif(n)) < (f'(b) — f'(a) + 1)A_%,
a<n<b

where the implicit constant is absolute. Of course, the statement of this lemma
is also true if f”(z) < —A < 0 on [a,b] (as follows by complex conjugation);
in this case we only have to change the upper bound to

(f'(a) — f/(b) +1)A"=.

In view of (13) we consider

f@) = =2+ 20)1og T2
with )
iy mb. T+ a6 Y )
fi(x) = - log o and x) = T 20)

Applying the lemma with a = M, b = M + N and A of approximate size N~}
leads to L

Yn(N) < Nz logN, (14)
where the implicit constant may depend on 7, and m. In view of (9) this
estimate is suitable and the theorem is proved. Notice that we do not attempt
to prove sharper bounds here.

4. Proof of Theorem 2 and 3 and
an application to continuous uniform distribution

First we prove Theorem 2. In view of (7) the set of elements % + it,, of our
arithmetic progression which leads to zeros of the zeta-function is (according to
our remark in Section 2) negligible with respect to uniform distribution modulo
7. Hence, we may assume that ¢ (% +it,) does not vanish for any positive integer
n. Since arg((% + it) = wS(t) makes jumps at the ordinates which are integer

193



SELIN SELEN OZBEK—JORN STEUDING

multiples of 7w, we obtain by the same reasoning as in the previous proof applied

to f(z) = — 2 (7 + 26) log TE2% uniform distribution modulo 7.

The proof of Theorem 3 is just an application of Cantor’s notions of count-
ability and uncountability. Since the set of nontrivial zeros is countable and the
set of (7,0) € R x Ry is not, for almost all pairs of 7 and § (in the sense
of Lebesgue measure) the corrseponding arithmetic progression % +i(7 4+ nd)
will avoid nontrivial zeros. Consequently, the statement follows by the same rea-

soning as in the previous proofs. Of course, the statement of the theorem also
holds with either fixed § =1 or fixed 7 = 0.

In view of the just proven theorem one can hardly expect that the continuous
version of uniform distribution differs from the discrete one. To be more precise,
since the argument wS(t,,) of the zeta-function on almost all vertical arithmetic
progressions t,, on the critical line is uniformly distributed modulo 7, the values
7S(t) modulo 7 have to be equidistributed as well as ¢ ranges continuously
through R. In order to prove that we start with a standard notion. A real-
valued Lebesgue integrable function f defined on (0, 00) is said to be continuously
uniformly distributed modulo p if for all 0 < aw < 8 < p the following limit exists
and satisfies

b—a«a

T
i 7 [t ()= 2

T—00 %

where 1(, )(f) is the characteristic function of the interval [, 8) (being equal
to 1if f € [a, 5) and zero otherwise) and {f} denotes the fractional part mod-
ulo v defined analogously to (6). This is a straightforward generalization of the
corresponding definition of continuous uniform distribution modulo one which
can be found, for instance, in the monograph of Kuipers & Niederreiter [19].
Moreover, their Theorem 9.6 states that a real-valued Lebesgue integrable func-
tion f is continuously uniformly distributed modulo one if the sequence of real
numbers x,, = f(7+n) withn = 1,2,...is uniformly distributed modulo one for
almost all 7; the proof follows from the continuous version of Weyl’s criterion and
incorporating the information about the discrete uniform distribution in form
of approximating exponential sums. We leave it to the reader to extend this
result to the situation of (continuous) uniform distribution modulo px and just
mention that in combination with Theorem 3 this reasoning leads to

COROLLARY 4. The values of the argument of the zeta-function on the critical
line are continuously uniformly distributed modulo 7.

A straightforward proof of this result (without the detour via discrete uni-
form distribution) would follow from the continuous Weyl criterion (which can
be found in Kuipers & Niederreiter [19] as well as already in Weyl’s original

paper [42]).
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5. Concluding remarks

Shanks [33] conjectured that the curve C : ¢ — ((3+it) approaches the origin
most of the times from the third or fourth quadrant, i.e., C’(% + i7y) is positive
real in the mean. This was proved by Fujii [12] and Trudgian [38]. In this sense,
Figure 2 (as well as Figure 3 below) provides a good idea about the distribution
of the values of the zeta-function on the critical line. In the papers of Kalpokas &
Steuding [16] and Kalpokas, Korolev & Steuding [17] the value-distribution of the

F1GURE 2. The figure shows the graph of the curve t — C(% + it) in the
complex plane for the range 0 < ¢ < 60 with 13 simple zeros. The values of
((s) on the arithmetic progression s = %—l—in forn =1,2,...,60 are marked
as red points; the values for n = 14,21, 25,33,41,48 and 53 are very close
to the origin (and the corresponding % +in near to nontrivial zeros). In the
eight octants we count in sequence 18,7,3,0,1, 3, 10, 18 starting with the
sector in the first quadrant bounded by the positive real axis and continuing
counterclockwise. The data matches the statements of the theorems. The
graphic resembles a similar one due to Shanks [33]. We do not provide
any data about these computations here since nowadays — different to the
time of Shanks, Haselgrove and others—it is easy to reproduce the data by
modern computer algebra packages.

195



SELIN SELEN OZBEK—JORN STEUDING

FIGURE 3. The curve t — C(%—I—it) for t € [0,100] in addition with the circle
of the mean-values and the bisecting line of the first and third quadrant
(¢ = F); here the mean-value is %(1 + 1) which is the intersection point
(different from the origin) of the circle with the bisecting line. A different
approach is due to Arias de Reyna, Brent & van der Lune [1].

curve C was investigated in detail. Their results explain why “the real part of ¢
has a strong tendency to be positive” as observed by, for example, Edwards
in his monography [8] (page 121), as well as the almost symmetry of C with
respect to the real axis. In particular, they have shown that the mean value
of the intersection points of the curve ¢t — ( (% + it) with an arbitrary straight
line exp(ip) with ¢ € [0, 7) exists and is equal to 2exp(ip) cos¢p = 1 + exp(i¢p)
(see Figure 3).1

4Moreover, they showed that the zeta-function on the critical line assumes arbitrarily large
positive real values and arbitrarily large negative values (what figures like Figure 2, 4 and 5
cannot show).
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Notice that the circle built from these mean values, i.e., 1+exp(i¢) for 0 < ¢ < m,
reflects the typical shape of the curve made from the zeta-values ¢ ( +it) a

t ranges through some fixed interval, and taking this circle as a model for the
value-distribution of the zeta-function, we observe uniform distribution modulo

7 for a generic arithmetic progression.®
TR ) il
i ) i
! i i i : : i

FIGURE 4. These are phase plots from [36] showing ((s) along the critical strip.
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In Steuding & Wegert [36] it is written that “visual inspection of the phase
plot of ¢ in the critical strip almost immediately reveals a surprising ‘stochastic
periodicity’ of the phase 1 = (/|C|. (...) The eye-catching yellow diagonal stripes
led us to the comjecture that the phase plot of zeta in the critical strip has sort
of stochastic period, and some heuristic arqguments suggest that its length equals
27 /log2.” According to this observation the authors proved for fixed s € C\ {1}
with Re s € (0,1], and d = 2%, with 2 < ¢ € N,

> ((s+ind)=(1 -1+ 0 (N logN), asN — oc.
0<n<N

It is worth to notice that the main term equals the factor for a prime number ¢ in
the Euler product representation of the zeta-function ¢(s) = [[,(1—¢7%)"!, valid
for Re s > 1. This factor on its own obeys a uniform distribution law modulo 27
with any arithmetic progression t,, = 7+dn for which 6 log £ ¢ 27Q. Nevertheless,
for a generic progression t, = 7 + nlg& we have uniform distribution modulo 7

by Theorem 3 (and Figure 5 provides and illustration).

5Something similar can be deduced for the characteristic polynomials to random matrices
from certain unitary matrix ensembles which are often used to model the value-distribution
of C(% + it), see Keating & Snaith [18].
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FiGureE 5. The figure shows the graph of the curve ¢t — §(% + it) in
the complex plane for the range 1955 < ¢ < 2865. The values of ((s)
on the arithmetic progression s = % + i(1955 + n%) forn=1,2,...,100
are marked as red points. Notice that the range up to 2865 is according
to the one hundred points: 1955 + 100 - 13§2 < 2865 < 1955 + 101 - 13§2.
The distributions in the four quadrants is 44, 15, 6, 35, matching the uni-
form distribution modulo 7 very well; in the octants, however, we count
18,26,12,3,1,5,12,23 (in the same sequence as before) which shows some
deviation. It is an interesting phenomenon that the values taken on this
arithmetic progression are comparably small.

In view of the graphics and mean-value theorems mentioned above (as, e.g.,
in [16, 36]) one might be tempted to conjecture that the values of the argument
of the zeta-function on an arithmetic progression on the critical line are not
uniformly distributed modulo 27. Actually, we are uncertain about the critical
line but expect this to hold for vertical lines to the right. It is easy to show that

Re((o +it) >2— (o) for o>1

and
2> (o) for o> 1.72865.
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Hence, the argument of ((s) for fixed Res and varying Im s is definitely not
uniformly distributed modulo 27. It might be interesting to notice that, building
on computer experiments, Arias de Reyna, Brent & van der Lune [1] write that
it is plausible that

Jim (€ 0,7) : Re ( +it) < 0)) = 1,

where A\ denotes the Lebesgue measure. Unfortunately, their reasoning is limited
to vertical lines to the right of the critical line. (See Figure 6 below for an
illustration of this question with respect to an arithmetic progression.)

. . ‘_‘ . .
=) .
T T T % T

FIGURE 6. The points ((3 + inlfgz) for n = 10 +1,...,10'® + 1000

(without the curve). By this sample one could imagine uniform distribution
modulo 27.

We conclude with a historical detail. The first to investigate uniform distri-
bution in the context of the zeta-function was Rademacher [29] in 1956 who
proved that the ordinates of the nontrivial zeros of the zeta-function are uni-
formly distributed modulo one provided that the Riemann hypothesis is true;
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later Elliott [9] remarked that the latter condition can be removed, and (inde-
pendently) Hlawka [13] obtained the following unconditional theorem: for any
real number « # 0 the sequence -y, where v ranges through the set of positive
ordinates of the nontrivial zeros of ((s) in ascending order, is uniformly dis-
tributed modulo one. In particular, the ordinates of the nontrivial zeros of the
zeta-function are uniformly distributed modulo one. In [34] the second author
proved that the same holds true for the ordinates of the roots of the equation

(s) = a,
where a is an arbitrary fixed complex number. These so-called a-points had been
under consideration ever since Landau’s work [20, 6].° As a matter of fact, one
distinguishes between trivial and nontrivial a-points, and indeed the trivial ones
are similarly distributed as the trivial zeros of ((s) as s = —2n, n € N. Also the
distribution of the nontrivial a-points shares some patterns with the nontrivial
zeros. If N, (T) denotes the number of nontrivial a-points with imaginary part
Yo satisfying 0 < v, < T (counted according multiplicities), then pretty similar
to (1) one has
T

N, (T)=—1
o(T) 2 OgQﬂ'eca

+O(logT), as T — oo,

where

ce=1 if a#1, and ¢ =2.
One observes that the main term is independent of a (which is not too surpris-
ing having Nevanlinna’s value distribution theory in mind). Moreover, Landau
proved that almost all a-points are clustered around the critical line provided
the Riemann hypothesis is true, and later Levinson [21] showed that this holds
unconditionally. More details can be found in Steuding [35].
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