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ABSTRACT. Stability is an important aspect of a number sequence. It is known
that Fibonacci sequence is stable modulo 2 and 5. The objective of the paper is
to study the stability of the balancing sequence modulo primes.

Communicated by Andrds Sdrkézy

1. Introduction

As introduced by Behera and Panda [I], balancing numbers x and balancers
r are solutions of the Diophantine equation

1+243++@-1)=@+1)+@+2)+ -+ (@+r). (L1

As a consequence of (L)), if « is a balancing number then 2% = Mw is

a triangular number or equivalently, 822 + 1 is a perfect square and /822 + 1
is called a Lucas-balancing number [8]. Writing 822 + 1 = 3%, we are lead
to the Pell’s equation y? — 822 = 1 satisfied by the Lucas-balancing and bal-
ancing numbers. The n*" balancing and Lucas-balancing number are denoted
by B, and C), respectively. The balancing numbers satisfy the recurrence re-
lation By = 0,B; = 1 and B, 41 = 6B, — B,,—1 for n > 2. The sequence
of balancing numbers modulo m is periodic and the period modulo m is de-
noted by w(m) [9]. By definition, 7(m) is the smallest natural number to satisfy
Brm) = 0, Br(m)+1 = 1 (mod m)). The computation of 7(m) depends on the
factorization of m, but for arbitrary primes p, there is no exact formula for
m(p), though certain divisibility relations for 7(p) are known [9]. The rank of
apparition or simply rank of balancing sequence modulo m is the least positive
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integer r such that B, =0 (mod m) and let it be denoted by a(m). Thus, a(m)
is the index of the first non-zero balancing number B,, which is divisible by m.
Niven [7] introduced the notion of uniform distribution of a sequence of integer
as follows. A sequence of integers A = {a,, : n = 0,1,...} is called uniformly
distributed modulo m > 2 if

1 B 1
A}gnooﬁ#{n<N.an:b(modm)}—E

for any b € {0,1,...,m —1}.

For a fixed modulus m and feasible residue r, we denote the number of oc-
currences of r in a period of the balancing sequence by vg(m,r). This function
is the frequency distribution function of balancing sequence modulo m. In the
early 1970’s, interest in the distribution functions of binary recurrence sequences
centered on the characterization of those sequences that have constant frequency
distribution function, i.e., sequences that are uniformly distributed. Denoting by

Qp(m) = {vg(m,r) :r € {0,1,...,m —1}}\ {0}, (1.2)

the set of all frequencies of the feasible residues modulo m in a period, the bal-
ancing sequence is uniformly distributed whenever #{Qp(m)} = 1. Stability
of the balancing sequence comes into picture when #{Qpz(m)} is not constant
and this generalize the concept of uniform distribution and also the notion of f-
uniform distribution modulo prime powers [I1]. The concrete and precise defi-
nition of stability was due to Carlip and Jacobson [3]. We prefer to state this
definition for the balancing sequence, though it can be stated for any arbitrary
sequence.

DEFINITION 1.1. The balancing sequence is said to be stable modulo a prime
p if there is a positive integer N such that Qp(p*) = Qp(p") for all k > N.

For better understanding of the above concept, the following examples will
be helpful.

ExAMPLE 1.2. Consider the balancing sequence modulo 3,9, 27. It is easy to see
that
vp(3,0) =2, vp(3,1) =1 =v5(3,2),
VB(970) = VB(973) = VB(976) =2, VB(97 1) = VB(978) =3,
vp(27,1) = vp(27,26) = 6,vp(27,8) = vp(27,19) = 3,
vp(27,i) =2 for i = 0,43, +6,+9,+12 (mod 27).
Therefore

QOp(3) ={1,2}, Qp(3%) ={2,3}, Q5(3%) ={2,3,6). (1.3)
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From (L3), we observe that the elements in the set Qp(3%) increases as k
increases.

ExAMPLE 1.3.
vp(5,0) =2=vp(5,1) =vg(5,4),
vp(25,i) =2 fori = 0,41, +4,+5,+6,+10, £14, £16 (mod 25).
Hence
Qp(5) = {2} = Qp(5%). (1.4)

Equation (3] is an indication that the balancing sequence may not be stable
modulo 3, while (I4)) shows the possible stability of the sequence modulo 5.

Bundschuh [2] studied the stability of Lucas sequence modulo 2 and 5 and
found that the sequence is not stable for these two primes. Somer and
Carlip [I0] demonstrated several classes of binary recurrences which are not
p-stable and established sufficient criteria for such recurrences to be p-stable.
We will show that the balancing sequence is stable for two particular classes
of primes. In this paper, we will completely describe the function vg(p*,-).
We will show that v5(2¥,-) = {1} and hence Qp(2%) = {1}, v5(p*, ) = {1} when
p = —1(mod 8) and vp(p*,:) = {2} when p = —3(mod 8). These results
would confirm the stability of the balancing sequence modulo p when p = —1,
—3(mod 8). Finally we have shown that balancing sequence is not stable modulo
primes p = 3(mod 8). However, for some primes p = 1(mod 8) the balancing
sequence is stable.

2. Preliminaries

In this section, we present some results which will be needed in the sequel.
Throughout the remaining part of this paper, p represents an odd prime. For any
non-zero integer a, ord,a = m if p™ | a but p™*! { a. Important properties
of ord, are ord,(ab) = ord,(a)+ ord,(b), ord,(a+b) > min(ord,(a),ord, (b)) [5].
Thus a = b(mod p*) is equivalent to ord,(a — b) > k.

We also need the following results relating to periods of balancing numbers.

THEOREM 2.1. ([9]) For any natural number n > 1, w(n) = n if and only if
n = 2% for any k € N.

THEOREM 2.2. ([9]) For any odd prime p, w(p) divides p—1 if p = £+1(mod 8)
and 7(p) divides p+ 1 if p = £3(mod 8). Thus, if p is an odd prime, then 7(p)
divides p* — 1.
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LeMMA 2.3. If the integers m and n are of the same parity, then

Proof. It is well known that B,+, = B,C, + C, B, [8]. Thus Bx+y—Bx_y:
2B,Cy; and taking « +y = m,xz —y = n, WegetB - B, 2B'm m=n Cmtn .

Similarly by virtue of the formula C,+, = C,Cy, £+ 8B,B,, [§ C, Cn2 =
163%3% fOHOWS |:|

LEMMA 2.4. If B,, = 0(mod p), then By, = 0(mod p) and Ba,+1 = 1(mod p).

Proof. Since B, = 0(mod p), Bs, = 2B,C,, = 0(mod p) and By,+1 =
B, -Bpio—Bn_1-Bni1 = —(B%2—1)=1(mod p) since B, 1B, 1 = B2 — 1,
(see [8]). O

LEMMA 2.5. For any prime p, n(p) = a(p) or w(p) = 2a(p).

Proof. Since B,y = 0(mod p) by Lemma 24 we get By, = 0(mod p) and
Bsap)+1 = 1(mod p). Thus, 7(p)|2a(p) and hence

w(p) = a(p) or =(p)=2a(p). O
LEMMA 2.6. If a(p?) # a(p) then a(p') = p'~ta(p). Further, if k is the largest
integer such that o(p k) =a(p) and | > k, then a(p') = p'~Fa(p)

Proof. The congruence B, i) =0 (mod p') gives By = kp! for some natural
number k. By De-Moivre’s Theorem for balancing numbers ([§])

P
Cpap) + V8Byagt) = (Cagpt) + V8Bag)".

Hence, for [ > 1

_ 3 -3 31 p-1 l
Frate) _k<1>cp<p o+ 8k <3>C§<pz>p ok 8RR

l+1).

(2.3)

=0 (mod p
It is clear from above equation that a(p't!) divides pa(p'). Since a(p')
divides a(p'*t1), it follows that a(p'*!) = a(p!) or a(p'™!) = pa ( H. Forl =1,
the conclusion is that a(p?) = a(p) or a(p?) = pa(p); so if a(p?) # ( ), then
a(p?) = pa(p). Continuing in this process we will arrive at a(p') = p'~la(p).
Further, if k is the largest integer such that a(p*) = a(p), then a(pF*t*) =
pa(ptt=1) = ... = pla(p¥) = pta(p) for each natural number . O

The following lemma, which relates the order of B,, with order of n, will play
a crucial role.
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LEMMA 2.7. If n € N and p is any arbitrary prime then a(p) | n if and only if
p | By,. Furthermore, if a(p) | n, then

ord,B,, > 1 + ordyn. (2.4)

Proof. The proof of first part follows directly from the definition of «(p).
Let ord,B,, =t and ord,n = s. Then n = kp® where ged(k,p) = 1, and a(p) | n
implies a(p) | kp®. Since a(p) | p*> — 1, by Theorem 2, ged(a(p),p) = 1.
Thus a(p)|k which gives k = aa(p) for some integer a. Putting the value
of k in n, we get n = aa(p)p®. By definition, p'||B,, if and only if a(p)|n.
If a(p) # a(p?) then by Lemma 28, p'~La(p)||n. Putting the value of n, we get
pLa(p)||ac(p)p® which implies pt~1|a - p*. Since ged(k,p) =1 and k = aa(p),
we have ged(a,p) = 1. Therefore t — 1 = s. If m > 1 is the largest integer such
that a(p™) = a(p), then p'~"a(p)|n and proceeding as above we will reach
at t —m = s. Hence combining both the cases we conclude that t > 1+s. [

Similar results also hold for the Lucas balancing sequence. The proof of the
following lemma is similar to that of Lemma 2 and is omitted.

LEMMA 2.8. Let n € N and for any prime p = 3 (mod 8) define
B(p) = min{r: C,, =0 (mod p)}.

Bp)|nep|C, and B(p)|n= ord,C, =1+ ord,n. (2.5)

Then

3. Stability of balancing sequence modulo 2

The Fibonacci sequence is stable modulo 2 and 5 [4]. In this section, we will
show that the balancing sequence is also stable modulo 2.

THEOREM 3.1. vg(2F,b) =1 for every residue b modulo 2% and for any k € N.

Proof. By virtue of Theorem L], for n > 1, 7(n) = n if and only if n = 2¥ for
any k € N. Using this result, we will show that each residue b € {0,1,---,2F—1}
occurs only once in a period modulo 2. Since B,, is even or odd according as n
is even or odd, it follows that the least residue of B,,0 < n < 2¥ —1 modulo 2*
is also even or odd according as n is even or odd. To complete the proof, we have
to show that no two least residue of B,,,0 < n < 2F—1 are congruent modulo 2k
Since Bgyni1 and Bs, are incongruent modulo 2 it is sufficient to show that

Bomi1 # Bong1 (mod 2F) for 0 < 2m+1 < 2n+1 < 2k (3.1)

d
o Bayi % Bs; (mod 2%) for 0< 2i < 2j < 2% (3.2)
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Since 7(2%) = 2%, it follows that 2% | B, if and only if 2¥ | n. Let us assume the
contrary of (B)), i.e.,

Bomi1 = Bopy1 (mod 2%) for 0<2m+1<2n+1< 2"
hence 2F divides Ba,y1 — Bomy1. Using @10), 2% | 2B, mChminy1 implies
2F=1 | B, _,, as gcd(2,C,) = 1 for any natural number z. It easily follows
from induction on k that if 28=! | B,,_,,, then 2=! | n — m which is a con-

tradiction since n —m < 2¢¥~1. Thus (B holds. In a similar fashion, (3.2 can
be proved. O

From equation (), we have Qp(2F) = {1}. The following corollary, which
ascertains the stability of balancing sequence modulo 2, is a consequence of the
above theorem.

COROLLARY 3.2. The balancing sequence is stable modulo 2.

4. Stability of balancing sequence modulo primes
p=—1,—-3(mod 8)

In this section, we will establish the stability of the balancing sequences mod-
ulo primes p congruent to —1, —3 modulo 8.

The following lemmas dealing with some periodicity results will prove their
usefulness while proving main results of this section.

LEMMA 4.1. If A ={ay,aq,...,a.} are distinct residues modulo p, then A+mp
form=0,1,...,p" "1 —1 are also distinct residues modulo p*.

Proof. Suppose that for some integers 1 < I,m < rand 0 <i,j <pF~1 —1,
ai +ip = am + jp (mod p¥). (4.1)

This implies that p* | (i — j)p — (a; — a,,) and hence, p must divide a; — ay,.
In other words, a; = a,, (mod p), which is a contradiction since a;’s are distinct
residues modulo p for 1 <7 <. O

LEMMA 4.2. If p= —1(mod 8), then w(p) | %. Furthermore, w(p) is odd.

Proof. If p=—1(mod 8), then p = 8x —1 for some integer x. By Theorem [Z.2]
7(p)|p — 1 = 8z — 2. Thus,

Bgy—2 =0 (mod p), Bgy—3=—B;, DBgz—4=—By (modp)
and so on. In other words, B, + Bg;—2—, = 0(mod p) for r = 1,2,..., 4z — 2.
In particular, By, + Bg, = 0(mod p) which implies that 6 B4, —1 = 0 (mod p).

82



STABILITY OF BALANCING SEQUENCE MODULO p

Hence By,_1 = B% = 0(mod p) as ged(6,p) = 1. We claim that Bp2il =1
(mod p). Observe that

1
ordy (B —By) = 01dy(2- Byt -Cogs) > 0+1+ord, (pT) +ordy(Crsa) > 1

which shows that BpTH = 1(mod p) and combining with Bp%l = 0(mod p),

we conclude that m(p) | 25 = 4z — 1, which implies that 7(p) is odd. O

LEMMA 4.3. If p = —1(mod 8), then w(p) = a(p).

Proof. By Lemma &2 7(p) is odd. Thus, By + Brp)—1 = 0, By + Br(p)—2 =
0(mod p), and in general B, + Br()—, = 0(mod p) for r = 1,2,...,%.
By virtue of Theorem 2.8 of [§], B,|Bk, and hence if B,, = 0(mod m), then
By, = 0(mod m). Since B,, = 0(mod p) implies that «(p)|n, it follows that
a(p)|m(p) and thus a(p) < 7(p). If a(p) < 7(p), then B,y = 0(mod p) implies
Brp)—ap) =0 (mod p). Hence, at least two B,,’s out of By, Ba, ... ; Br(p)—1 are
congruent to zero. If ¢ be the index of the second one, then ¢t = 2a(p), which shows
that 2a(p) < w(p) — a contradiction to 7(p)|2a(p). Therefore 7(p) = a(p). O

LEMMA 4.4. If p= —3(mod 8), then Bpo = 0 (mod p).

Proof. If p =8z — 3, then by Theorem 2.2]
B, =—-1 (mod p), Bpy1 =0 (mod p). (4.2)
Using the recurrence relation B,, 11 = 6B,, — B,,—1 and ({2 it is easy to see that
By + Bps =0 (mod p). (4.3)
Hence 6By =0 (mod p) and (6,p) = 1 implies By = 0 (mod p). O

LEMMA 4.5. If p = —3(mod 8), then for every x such that 0 < x < @,

By =B _, (modp) and By =—Bry ,  (modp).
2 2
Furthermore, 7(p) = 2a(p).
Proof. If B, = B, (mod p) forsome 0 <y < z < @, then C, = £C,, (mod p)
since C,, = /8B2 + 1. Therefore, By, = B,Cy, £ B,C, = 0(mod p).
By Lemma 4] for 0 < z < @,Bm = 0 if and only if z = O,WTP). Hence

r+ty=0or @. We observe that x —y = 0 gives trivial solution x = y which

is not possible since z > y. Again, x +y = 0 gives * = —y which is also not
possible since both x and y are non-negative and z > y. * —y = @ gives
r = @ + y. This is absurd since 0 < z < @. Thus, we are left with one
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option x +y = @ or equivalently, x = @ —y. Hence, B, = B@_y (mod p).

From L3 we have By | = —Br ,, (mod p). Thus, By = =By, (mod p)
2 2 2
and the proof is complete. O

The following two theorems, assuring the stability of the balancing sequence
modulo p for p = —1, —3 (mod 8), are important results of this section.

THEOREM 4.6. If p = —3(mod 8) and k € N, then vp(p¥,b) = 2 for each
feasible residue b modulo p*. Hence the balancing sequence is stable modulo p
for p=—3(mod 8).

Proof. Firstly, we will show that the number of occurrences of each feasible
residue modulo p in a period is 2. In Lemmal[4.3] we have shown that each feasible
residue of the balancing numbers B,, x € {0,1,..., @} modulo p occurs twice.
Since B, = —Bz 4, (mod p), it follows that #{z : B, = b(mod p),0 < x <
m(p) — 1} = 2, i.e., vg(p,b) = 2 holds for each feasible residue b modulo p.
Using Lemma ([@1]) we get vp(p*, b) =2 for each feasible residue b modulo p¥. [

From equation (L2)), Qp(p*) = {2}.

THEOREM 4.7. If p = —1(mod 8) and k € N, then vg(p¥,b) = 1 for each
feasible residue b modulo p*. Hence the balancing sequence is stable modulo p for
p = —1(mod 8).

Proof. Since p = —1(mod 8), by Lemma 7(p) = a(p). Therefore, each
feasible residue b occurs only once such that B, = b(mod p) for 0 < r < 7(p);
otherwise a(p) < m(p). Now Lemma F1] confirms that vp(p¥,b) = 1 for each
feasible residue b of the balancing sequence modulo p*. O

Therefore from equation (L), Qp(p*) = {1}.

5. Stability of balancing sequence modulo primes
p=1,3(mod 8)

Modulo 8, there are four classes of primes p = +1,+3(mod 8). In the last
section, we have proved that the balancing sequence is stable modulo primes
p = —1,-3(mod 8). But unfortunately, the sequence is not stable modulo
in general for primes p = 1,3 (mod 8). However, for certain primes of this class,
the balancing sequence is indeed stable.
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The following lemmas, relating to the structure of the period and behaviour
of balancing numbers occurring in a period, will play crucial roles while proving
the main results of this section.

LEMMA 5.1. If p = 3(mod 8), then 4 | n(p).

Proof. Firstly, we will prove
Bpa =1 (mod p). (5.1)
Observe that
ord,, (B% - B1> = ord, (2 : B%C%> = ord, (Bp%a) + ord, (C’pTH) (5.2)

In view of Theorem [2Z2] 7(p) | p + 1. Using this result in (5.2) we get
1
ordp(B% —B1> > 0+1+0rdp(z%> > 1. (5.3)

Proceeding as in Lemma 4] and using ([{.2), it is easy to see that
Bpii =0 (mod p).

Using the recurrence B,, = 6B,,_1 — B,,_2 and (&), we get Brs =1 (mod p),
which confirms that 7(p) { (p +1)/2 = 4o+ 2; but 7(p) | p+1 = 8z + 4
which implies that 4 | 7(p). O

LEMMA 5.2. If p=3(mod 8) and z € N, then B .z # By . x) (mod p).
4

4

Proof. Firstly, we will show that for x € N

B n(p) = (—1)mB(7 (mod p). (5.4)
If x is even, then
OI'dp (.BpI m(p) — BM) = Ol“dp (QBM pT—1 * CM&)' (5.5)
4 4 4 2 4 2

and a(p) | = - pz__1_ Therefore, using Lemma 2.7 we get

z’TP ( )

> ord,2 + 1+ ord, <”(p) (pz1)> +ord, (C<_( z;l))

4 2
> 1.

Now, let & be odd. Since B_,, = —B,,, it can be easily proved that

B, rp) = B<_ (mod p). (5.6)
A similar argument as above will lead to
B3_p1# = (—1)”B3_% (mod p). (5.7)
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To complete the proof, it remains to show that Brw # B, xm (mod p).
4 4

It is obvious since Brw = —B, = (mod p). d
4 4

LEMMA 5.3. If p = 3(mod 8) and k € N, then there are two distinct feasible
residues of B,, with 0 < n < 7(p)p*~! occurring at least pl¥/2 times in a period
modulo p*.

Proof. Let n be a non-negative integer, j € {0,1} and (plk=1/2+1)|p,
We claim that

_ k
By s st = By vn (mod o). (53

If p = 3(mod 8), then by virtue of Lemma [l 4 | m(p) and 7(p) | n implies

4 | n. Thus,
ord,, (Bn+L§f’> (1+25)ple—1)/21 BL&{” (1+2j)p[(k—1)/2D

— Ol“dp (23% C%-‘,—#(l-‘ﬂj)p[(k—l)ﬁb

= ord,(2) + ord, (Bg) + ord, (C’%JFW( P (14 0j)pltn— 1)/2])

>0+1+ord( )+1+ord( - 51)( +2j)p[(k_1)/2]>
>2(1+[(k—1)/2)) > 201+ (k—1)/2—1) > k — 1,

which proves (B.8). Since W(p[(k /2 1) | n by assumption, m(p yplE=1/2|n,
Therefore,
n=x(p)pl*V/2; with some i < pl¥/2. (5.9)
Thus,
0<n+ <p)( 1+ 2j)plk=/2 = (W(p) it @(1 + 2j))p[(k_1)/2]
(

< (™2 — n(p) + ip)) ((k=1)/2]
- T\p _ —
=n(p)-p* " — %p[(’“ DA < w(p) - pFt

Now, it remains to show that B () plUe—1)/2] and B:wp) plte—1)/2) AT€ incongruent
4

modulo p¥; it is enough to show that they are 1ncongruent modulo p, which is
established in Lemma (521 O

LEMMA 5.4. If p = 3(mod 8) and k € N, then for every integer x with

1 <z < [(k—1)/2] there exist (p — 1)pk=22=1 distinct feasible residue b of B,
with 0 < n < 7(p)p*~1 occurring at least 2p® times in a period modulo pF.
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Proof. Let n be a non-negative integer and p®~!||n. Then

Ol“dp (Bn+7r(p)pk—m—1 — Bn)

= Ol“dp (2B7r(2p)pk_m_10n+ ﬂ;p)pk_m_1>

v

1+ Ordp(@pk_x_l) +1+ord, (n + @pk_“}—l)

=1l+(k—-oz-1)+1+2—-1=k.

(Here we are using the inequality ord,(a + b) > min(ord,(a),ord,(b))
as0<zx—1< % and % <k—-—x—1<k—2.) Therefore

By irpyph—+—1 = B, (mod ") (5.10)

for all n such that p®~!||n. We need to count the number of integers n with
0 < n < 7w(p)ptt and p*!|n for which a given b occurs as a residue
of B, modulo p¥ This is equivalent to counting the number of integers n
with 0 <n < 7(p) - p*~*~1 and p”~!||n for which a given b occurs as a residue
of B, modulo p* and then to multiply this number by p® Hence we have to check
the distribution of the 2(p — 1)p*~2*~! numbers

. e . 7(p
B; (mod p¥):1<j<n(p)p ", 215 ()

PR TR CRTY
We claim that half of them, i.e., (p — 1)pF¥=2*~1 of the B, ’s are pairwise incon-
gruent modulo p* and other half are congruent to the first half in some way;
more specifically,

B. p) k—z—1_ x(p) ; = Bﬂ_P)j (mod pk)’
2 4 4
for 1<j<pf===' 244, p* M (5.12)

k
) ~(» - (mod
m(p)pk—=—1— =) Tpk—z—1+Tp>J ( p )7

for 1 <j < ph—=-1

;247 "G (5.13)

4

= ordp(Q) + Ol‘dp (B#(pkfzfl_j)> + OI'dp (Cw(p)pk7171>

21+ Ordp(@(pk_m_l - j)) +1+ Ordp(—wgl )pk—w—1>
=24z—-14+k—-a—-1=k
and
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ordp(B (p) — B- )

w(p)-ph—e—1—ZL) () pl—z—14 ﬂglp)j)

zordp<2B m(p) ko1 _ T ; 037\'(1’) pE—z— 1)

4

> 1+ ord, (wip)@k z—1 j))+1+ord (3_@pk—m—1)

>24+zr—14+k—xz—1=k.

Hence, it only remains to show that

B (pypr-s-1_z); # B ; (mod P, 1< <ph 27t 2445 p® Y. (5.14)
Since
OI'dp (Bﬂ(p)pk_’“_l—#jiB—#j) = ordp (2B#pk_m_lc%p)pk_m_l_#j) > k7
we have

= = k
Bﬂ_(p)pk—z—l_ﬂTp)j = B_ﬂTp)j = 7BWTp)j (mod P )
for 1<j<p"™ ' 244 p" ',

from which (5I4)) follows and the proof is complete. O

LEMMA 5.5. Ifp = 3(mod 8), then there exist @ —1 distinct feasible residue b
of By, with 0 <n < mw(p) occurring exactly twice.

Proof. In view of Lemma with & = 1, there exists two distinct feasible
residue b of B, modulo p for n = 0,1,...,7(p) — 1 occurring only once. Hence
we need to check the distribution of the remaining 7w (p) — 2 residues, namely,

B, (mod p), for 0 <r < xw(p), rgz'{ L 4

We claim that half of them, i. e, W(p ) _10of B,’s are pairwise incongruent modulo p

and the other half are congruent to the first half in some manner, i.e.,
B; = Brp . (mod p) and By =B M
3 T 4

(5.15)

=(p)—i (mod p) for 0 <i <

But
OI'dp (B«(p) Y BZ) = OI'dp (2B7r(p) _ij(p) )
2 4 4

> ord,(2) + 1 + ord, (Bm_i) +ord ( )

shows that B; = Bxw) _, (mod p). Similarly it can be easily seen tha B
2

B (p)—i (mod p). To complete the proof, it remains to show

Bi 7‘é BM-H (mod p).
2
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Since, B; = —Bx( ., (mod p) and the case B; =0 = B
2
dicts the definition of period, it follows that B; = B

) (mod p) contra-
=) 4 (mod p). O

REMARK 5.6. If p = 3(mod 8) and k € N, then there exist pk_l(@ - 1)
distinct feasible residues b of B,, modulo p* with 0 < n < 7(p)pF~—1

exactly twice.

occurring

We are now in a position to prove an important theorem of this section.

THEOREM 5.7. If p = 3(mod 8) and for i € {0,1}, then

plk/2] if b= B(#H@)puk*l)/?] (mod p*),
) 2.pm Zfb = B#j—i—i#pk—m—l’ and
vp(p®,b) = PP g, 244, 1<j < phot
for x € {1,2,...,[(k—1)/2]},
2 otherwise.

Proof. Inview of LemmalE.3] B4 and Remark 5.6l we have the following results:

_ ™
ve(p*,b) > p*/2 vp(p¥,b) > 2 p* and vp(p",b) = p"! <% - 1) . (5.16)

Hence,
pk_l [(k—1)/2] ﬂ_(p)
> s > 2"+ Y (p— 1)t (2p") 4 <T - 1>
b=0 =1
=m(p)p" . (5.17)
In view of [9 Theorem 3.5, the left hand side of (5.I7) equals m(p) - p*~L.
Thus, equality holds in (5I6) for every feasible residue b modulo p*. O

REMARK 5.8. In the above theorem, the second case occurs if £ > 3 and in this
case, there are exactly (p— 1)]9"7_27”_1 distinct feasible residues b occur modulo p.

In the third case, for each k € N, exactly pF—! (@ — 1) distinct feasible residues
b modulo p* occur.
Using ([[2), we get Qp(p*) = {2,2p,2p?, ..., 2pl(k=D/2 pl/21} Thus, the

following corollary is a direct consequence of Theorem .71
COROLLARY 5.9. Ifp=3 (mod 8), then balancing sequence is not stable modulo p.

We next search for primes p = 1(mod 8) for which the balancing sequence
is stable. In the following theorem, we limit the search for such primes in the
class of associated Pell numbers.
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THEOREM 5.10. If the prime p = 1(mod 8) is an odd indexed associated Pell
number, then balancing sequence is stable modulo p.

Proof. Since p is an odd indexed associated Pell number, 7(p) is odd [9, Theo-
rem 4.3]. Using the arguments given in the proof of Lemma[L3] it is easy to see
that w(p) = a(p). Now, proceeding like the proof of Theorem [£7] one can easily
verify that the balancing sequences is stable modulo such a prime. ([l

For some members in the class of primes p = 1(mod 8), 7(p) is a multiple
of 4. For example 17 is one such prime with 7(17) = 8. The following theorem
confirms that the balancing sequence is not stable modulo any such prime.

THEOREM 5.11. Let p be a prime such that p = 1 (mod 8) and 4 | w(p).
Ifi € {0,1}, then

plk/2] ifb= B(#J’_i,#)p[(k—l)/ﬂ (mod p*),
2p* if b= B#j“'@pk,z,l, and
VB<pk,b) = P g, 244, 1< < ph—r—1
for x€{1,2,....[(k—1)/2]}
2 otherwise

Proof. The proofis similar to the proof of Theorem[(.7] hence it is omitted. [

There are some primes p = 1 (mod 8) for which 4 { 7(p). Such type of primes
are excluded from Theorem [EI1l For example, if p = 137, 7(p) = 34 and one
can check that the balancing sequence is stable modulo 137. It is an open prob-
lem to identify some more subclass of primes for which the balancing sequence
is stable.
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