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ABSTRACT. The weighted star discrepancy of point sets appears in the weighted
Koksma-Hlawka inequality and thus is a measure for the quality of point sets with
respect to their performance in quasi-Monte Carlo algorithms. A specific selection
of point sets are lattice point sets whose generating vector can be obtained one
component at a time such that the resulting lattice point set has a small weighted
star discrepancy.

In this paper we consider a reduced fast component-by-component algorithm
which significantly reduces the construction cost for such generating vectors pro-
vided that the weights decrease fast enough.

Communicated by Josef Dick

1. Introduction

Given an N-element multiset of points {xq,...,xy_1} C [0,1)% we may ap-
proximate integrals over the s-dimensional unit cube by a quasi-Monte Carlo

(QMC) rule, i.e., L N
[ seaxs 5 3 px)
[0,1] n—0
For detailed information on QMC-integration see [4], [1T], 12, [14].
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In 1998 Sloan and Wozniakowski [23] introduced the concept of weighted
function spaces where each group of coordinates is equipped with some weight
according to its importance. Denote the set {1,...,s} by [s] and let v = (v, )ucs
be a weight sequence of non-negative real numbers, which model the importance
of the projection of the integrands f in the weighted function space onto the
variables z; for j € u. A small weight v, means that the projection onto the
variables in u contributes little to the integration problem. In the present work
we consider a special choice of weights, so-called product weights (v;);>1, where
Yo = HjEu v; and vy := 1, and in particular, the weight v; is associated with
the variable x;.

In this paper we assume that v = (7;);>1 is a non-increasing sequence of pos-

itive weights with v; < 1 and (v, )uc[s are the corresponding product weights.
Such weights are useful when considering functions whose dependence on suc-
cessive variables is decreasing.
A particularly important kind of point sets for QMC-integration are so-called
lattice point sets, see [12} 14} 22]. They originated independently from Hlawka [8]
and Korobov [I0]. A lattice point set Py (z) = {xXq, ..., Xn—1} can be constructed
with the aid of a generating vector z. For a positive integer N > 2 and a vector
z € {1,...,N —1}* the corresponding lattice point set is of the form

ot = {{paf o0}

Here, for real numbers x > 0 we write {x} = x — |z| for the fractional part of x.
For vectors x we apply {.} componentwise.

We want to measure the quality of lattice point sets Py(z) with respect
to their performance in a QMC rule. To this end we define the weighted star
discrepancy.

DEFINITION 1. Let v = (7v,)uc[s) be a weight sequence and let
Pn ={x0,...,xn-1} € [0,1]° be an N-element point set.
The local discrepancy of the point set Py at x = (z1,...,25) € [0,1]° is

defined as _ 1 -
discr(x, Py) := N Z X[ox) (P) — H T
pEPN Jj=1

where x[0,x) denotes the characteristic function of [0,x) := [0, z1) x - -+ x [0, z).
The weighted star discrepancy of Py is then defined as

Dy (Py):= su max discr((xy, 1), Py)|,
Moy lPy) xe(og]s@¢ug[s]7”| (G 1), Pv)|

where (x,,1) is the vector (Z1,...,%s) withZ; =z;if j cuand z; =1if j ¢ u.
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We denote the weighted star discrepancy of a lattice point set corresponding to
some generating vector z by Dy, (), as Pn(z) is completely determined by z.
To see why the weighted star discrepancy is a measure for the quality of our
point sets we consider the following identity of Hlawka [7] and Zaremba [24]

(see also [4, 12]), given by ol
Qn,s(f) = Is(f) = Z(l)lu‘yu/ diser ( (xu, 1)7PN(Z))‘7518—Xuf (X, 1) dxy,

0#uCls) o1
where

1 N-—1
Qu.a(f) =5 D Flxn)
n=0

denotes the QMC-rule and I(f) = f[o 15s f(x) dx the integral operator.
Applying Holder’s inequality as in [4], 23] for integrals and sums we obtain

1Qn.s(f) = Ls(F)] < Dy (2)[[ £+ (1.1)

where |||/ is some norm dependent on « but independent of the point set Py (z).

If f is sufficiently smooth, || f|l, coincides with the weighted variation of f in the
sense of Hardy and Krause. The first factor in (L)) is the weighted star discrep-
ancy of the point set Py (z), which depends only on Py (z) and the weights. Thus
we see that the smaller the weighted star discrepancy DY . (z), the better the
quality of the lattice point set Py(z). Hence we want to find lattice point sets
Pn(z) with small weighted star discrepancy.

As no explicit constructions for good lattice point sets are known for di-
mensions s > 2, one usually employs computer search algorithms to find good
generating vectors. There exist many papers on the construction of generating
vectors for lattice point sets with a small weighted star discrepancy: Joe [9] has
given a component-by-component construction for generating vectors of lattice
point sets with a prime number N of points, which have a weighted star discrep-
ancy of order N~'*? for any § > 0. Their generating vector has a construction
cost of order sN log N, where an approach of Nuyens and Cools [19] can be used
to reduce the construction cost.

In [20] Joe and Sinescu have achieved the same results for a composite number
of lattice points and product weights. Finally in [21] they considered general
weights and a prime number of points.

Dick et al. [2] have given a reduced fast algorithm for the construction
of generating vectors of lattice point sets with N a prime power. They var-
ied the size of the search space for each coordinate according to its importance
and considered the worst-case error of integration in a Korobov space to measure
the quality of their lattice point sets.
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Let b be an arbitrary prime number and m a positive integer. In the present
work we consider lattice point sets with N = 0™ elements and study their
weighted star discrepancy. As mentioned before, the generating vector z =
(#1,...,2s) of such lattice point sets can be obtained one component at a time.
When using the standard component-by-component construction, in the follow-
ing frequently abbreviated by CBC construction, each component is chosen from
{ze{1,2,...,0™ — 1} : ged (2,b™) = 1}. As done in [2] for the worst-case error,
we speed up the construction of such generating vectors by reducing the search
space for each component, while still achieving a small weighted star discrep-
ancy of the corresponding lattice rule. To this end we define non-decreasing
0<w; <wy<---&N and set

2 oz {,2,.,0m = 1} tged (2,0™) = 1} if wy <m,
Nows += {1} if w; > m.

Note that these sets have cardinality 6™~ %i~!(b — 1), for w; < m. In what
follows we denote by Zf\,’W the Cartesian product b"' Zn 4, X -+ X b Zn 4, ,
where b"7 Zy ,,, means that every element of Zy ., is multiplied by v*7. We
denote by z € 2§, a vector z = (b1 21,...,b"" 2,), with z; € 2y, for j € [s].
We study the weighted star discrepancy of lattice point sets Py (z) with gen-
erating vectors z € Z3 . Dick et al. [2] have considered the worst-case error
for approximating the integral of functions in suitable spaces by a QMC rule
based on lattice point sets. Here, in contrast, we study the weighted star dis-
crepancy of these lattice point sets which is another important quality measure.
We will see that for sufficiently fast decreasing weights we can construct lattice
point sets with small weighted star discrepancy, while significantly reducing the
construction cost in comparison to the standard CBC construction.
It follows from [I4] Theorem 3.10 and Theorem 5.6] that

Jul
Dyy(2)< Y (1 - <1 — %) ) + %Rﬁvﬂ(z), (1.2)

where uCls]
R?V;y(Z) = Z 'YuRN<Zau) (1.3)
and uCls]
N—1 o w)
1 @2mihkb Jz; /N
= — 1 —_— |- 1. 1.4
Ry(zw) =5 > ] + ) 7 (1.4)
k=0 jeu —%<h§%
h#£0

Using this estimate for the weighted star discrepancy we derive the results in

Sections 2 Bl and [l
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Finally, we introduce the concept of tractability [T5, 16l [I7]. To this end we
define the information complexity (often refered to as inverse of the weighted
star discrepancy) as

N*(e,s) = min{N € No : Dy ,(z) < ¢},

which means that N*(e, s) is the minimal number of points required to achieve
a weighted star discrepancy of at most €. Of course we want the information
complexity to be as small as possible. Therefore we are interested in how fast it
increases when e~! and s grow. We define the following notions of tractability.
We speak of

e polynomial tractability, if there exist constants C,7; > 0 and 75 > 0 such
that

N*(e,s) < Ce™™s™ forall € (0,1) andall s€ N and of

e strong polynomial tractability, if there exist positive constants C, T such
that

N*(e,s) < Ce™™ forall €€ (0,1) andall se&N.

Roughly speaking, a problem is considered tractable if its information complex-
ity’s dependence on e~! and s is not exponential. We will show that the above
mentioned reduced fast component-by-component construction finds a generat-
ing vector z of a lattice point set that achieves strong polynomial tractability if

00
Z ’)/jbwj < 00
=1

with a construction cost of

min{s,t}
O(N log N + min{s,t}N + N Y (m — wd)b—wd>
d=1

operations, where t = max{j € N : w; < m}.

The structure of this paper is as follows. In the next section we derive an upper
bound for the arithmetic mean of the weighted star discrepancy over all possible
lattice point sets constructed by a generating vector z € Z3 . In Sections Bl and
[ we present a reduced fast CBC construction for generatfng vectors of lattice
point sets with small weighted star discrepancy. Finally, in Section [ we study
conditions on the weights ~; and w; for achieving strong polynomial tractability.
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2. The arithmetic mean over all z € Z§

First of all we estimate the arithmetic mean of the weighted star discrepancy

over all possible generating vectors

z=(b""21,...,0"2) € Z} w,

proceeding similarly to [14] and [20]. This yields the existence of a lattice point
set with small weighted star discrepancy. The upper bound which we obtain for
the arithmetic mean is not the same as for the reduced CBC construction in the
next section. Nonetheless, we need large parts of the calculation of the present

section to obtain the estimate in Section

THEOREM 2.1. Let N = b™, (w;);>1 and Z5 , be as above and let m > 5.

Then there exists a generating vector
z=(0""21,...,0"z) € 2}
whose corresponding lattice rule has weighted star discrepancy

Dy, <Y (1 _ (1 - %j)

uCls]

m—1 s s s
+ % Z e () H (Bj +7;SN) H B; —Hﬁj )
p=0 j=1 7j=1 j=1

wj>m—p w; <m-—p

with B; =1+ y; for all j € N and

1
SN = NZ m
—J<n<f
h#0

(2.1)

REMARK 1. Provided that the v;0"7’s are summable, the bound in Theorem 2.1]
is of order N log N for arbitrary § € (0,1) with an implied constant independent
of N and s. Furthermore, note that if all weights w; = 0, then we obtain the

result in [20, Theorem 1 and Corollary 1].

26



A REDUCED FAST CBC CONSTRUCTION OF LATTICE POINT SETS
Proof. As the first sum in (2] is independent of z, it is obviously enough

to consider the mean
My oy = Z Ry (2) (2.2)

7W ZEZY
of the second sum.

We have from [9], p. 186, eq. 9]

‘ P Nzl s 02mihkb i z; /N
Riy@=~ > [T |8+u > - H@
k=0 j=1 —F<n<k
h#0
14 1 Nolos 02mihkb i z; /N s
=TI S+ it ¥ |1
Jj=1 k=1 j=1 —J<n<d
h+#0
Thus (2:3)
S
My s NH(ﬁJ +7;5N)
j=1
N—-1 s : w s
1 1 o2mihkb™ i z; /N
Xl X oo S| |-1I»
k=1 j=1 [atd z]-eZN,w]. —%<h§% Jj=1
h+#0
1 S
=N (Bj +7iSN)
j=1

N-1 s o2mihkb™ i z; /N

1 S
N Z bi IZN . Z > | ~1I#
k=1 7 Zj€2ZNw; —H <h<d j=1

h;é()

To avoid lengthy formulas we use the following abbreviations:
eZ‘frihkwa' z; /N

o= Y 3 S 2.4)
Zi€ENw; —H<h<i
h#£0

and
N s
Lo = ;H@ ’ ZNWTM?(]“))' (2:3)
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Then we have

11 i
My s~ = N H (Bj +7iSN) + Lns~ — H Bj- (2.6)

j=1 j=1

We study Tnw, (k) distinguishing the two cases w; > m and w; < m.

Case 1: w; > m. This yields Zy,,,, = {1} and thus

e27rihk:bw-7 /N e27rihk:bw-7”” 1
TN,w_,v (k) = Z T = Z T = Z m: SN. (27)
—F<n<f ¥ <h<F —F<n<d
h#0 h#0 h#£0

Case 2: w; < m. Then 2y, = {z€{1,2,...,0m™" — 1} :gcd(z,N) = 1}.
According to (ZH) we have to calculate Ty, (k) only for k € {1,...,b™ —1}.
We display these k as &k = ¢b™ % 4+ r with ¢ € {0,...,0% — 1},
re{0,...,0"m % —1} and (¢,7) # (0,0). Then

TN,wj (k) = Z i Z eZwih(qu*“ﬁ'+r)bw.1zj/N

||
_%<h§% ZjGZNywj
h#0
o 1 2mihqz; 2mwihrz; /b™ Vi
= P e Je J
Nl (2.8)
_7<h§7 ZjGZNywj
h+£0
_ § i § : e27rihrz_,v/bm7w-7.
—5<h<y 2] €ZN,w;
h#0

If r =0, i.e., kK a multiple of 6"~ " this yields

1
T, (k) = D, r 20 1=12nulSy. (2.9)
_%<h§% ZjGZNywj

h#0

Next we investigate r € {1,...,0™ % —1}. For any z; € {1,...,b™ % —1}
we find ged (z;, N) = ged (25, 6™~ *7) € {1,b,6%,...,b™ i1} and hence

> oua =Y u(d>:{1 iffged (5, N) = ged (23,4 ) = 1,

0 otherwise
d| ged (z;5,NN) d]ged (z;,b™ ") ’

where 1 denotes the Mobius function.
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For any z; € {1,...,0™~" —1} this implies z; € 2y, iff > wu(d) = 1.
d| ged (2;,b™*7)
Inserting this fact into (2.8)) we have

pmTwi
Do) = ¥ Y e Y )
—S<h<h zj=1 d]ged (z;,b™ ")
h#£0

Studying the two inner sums we find

bWl 1 pm—ws 1
Z o2mihrz; /b7 Z p(d) = Z p(d) Z e2mihrz; [
%=1 dlged (26" 00)  dp™ v Zé}?
’ (2.11)
Z Z 2wihrad/b™ i
where the latter equality holds since a € {1, cee bm o } yields

ad € {d,2d, ..., 0"} = {1 <z; <™ —1:d|z} U {p™ 7}

and

> uld) =0,
. d‘bm_wj
smee w; < m.

Changing the order of summation we obtain with (2.11)

bm,fwj—l ) s bm w] d
TS SR S Gy et
zj=1 d| ged (z;,b™ "9 djp™ i =1

bm—’w]‘

= d .

> an()
dppm i
d|hr

With (2.10) this leads to

- kT (55 o(5) Xk

—%<h§N d|bm wj djb™ i —J<h<i
h#0 d|hr h#0
d|hr
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Using that d|hr is equivalent to od ( 77 |h we display T ., (k) as

b 1
Tnw, (k) = Y du< y ) > Ik (2.12)

djpm™ i —S<n<d
h#0

d
ged (d,r) h

To further investigate T ., (k), we first study sums of the same type as the
inner sum in ([2I2). For any positive integer a we have

1 1 1 1 1
3 o o= = - > o= S, (2.13)
N o

N p< N N cap< X a‘p| N~ <ﬁ ‘ |
2 =72 =72 2a 2a
h#0 p#0 p#0
alh

where Sy is defined analogously to @I). Combining (Z13) and 2I2) and the
property of p that p(1) =1, u(b) = —1 and u(b*) =0 for i € N,i > 2 we obtain

b ged (d,r)
TN,”LU]( M( d > SNgcd(dT)

b
,LL( d > ng d T)S% ged (d,r)

m— w, pm
= ( b7f )gcd b T)Sbm ng(b’ )

ng (bm wj, T)Sbwj ged (57 1) —ged (b —1’ T)Sbwjﬂ ged (b™ i "L y)

= bV(Sbwj+V - Sbw_7v+u+1)’

with v € {0,...,m —w; — 1} (2.14)
Summarizing, we have for k € {1,...,b™ — 1}
SN if w; >m,
Ty, (k) = |ZN,w, |SN if w; <m and k=0 (modb™ "),

bY (Sywj+v — Syuwj+v+1)
with b¥=ged (™", r) if w; <m and k # 0 (mod b™~"7).
(2.15)
Let us choose t € Ny such that w; < m for all j < t and w1 > m.
(If t = 0, then w; > m for all j € N. In that case we obtain the generating
vector z = (b"1,...,b").) With this fact we are able to write Ly s~
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from formula (ZI) as
N—1min{t,s}
(+1

Lo = Z 11
N—1min{t,s}
~x ey 1

j=t+1

S

T W) T (3 + mmwj(m)

j=t+1

,”LU]'|

7\TN i (k)>' (2.16)

N,w;

TN w,
Next we aim at finding bounds for IZTJ(\ for w; < m.
W

If k is a multiple of 0™~ "7 we see immediately from (2.I5]) that
Tnw;, (k) [ZNw, SN
— — SN .

|ZN7w.1 ‘ |ZN7w.1 ‘
If k is not a multiple of 0™/, we use a formula from Niederreiter [13] for S
with arbitrary n € N, given by
Sp = 2logn + 2y —log4d + &(n), (2.17)
where v denotes the Euler-Mascheroni constant
l
. 1
v = lliglo (Z P logl> ~ 0.577216. ..
k=1
and 4 P
-3 <é&(n) <0, if n is even, (2.18)
-3 <e(n) < 2, ifnisodd. )
From (ZI5) we know
(2.19)

TN w, (k) = 0" (Syuj+v — Sywj+v+1) <O.

Withm25weﬁnd—2<T|;+j(_k)<0forwj<mandk:notamul—

tiple of o™~ %i as follows. The upper bound follows immediately from (Z19)).
It remains to show the lower bound. First we consider Ty ., (k) using (ZIT).

We have
Now, (k) = b (Syuj+v — Syujvs1)
= b (—2logh + (bW tY) — e(b¥itr L))
= —2b"logb + b” (E(bw_7+u) . E(bwj+u+1)) .

With (2I8) we obtain

’by( b’w]-’rl/) o (bw]+y+1>)| < ’by( bw]+V )’ 4 ’by( b”LU]-‘rl/-'rl))’

1
—2’[1}_7‘ -V
< 4b (1 + b2>
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Thus

TN w(k) bw_,v—m—i-l pwWi —m~+1 . 1
— — 20" logh — ————4b~*"i7V | 1
Znvayl © b-1 BT T )

Recall from (ZIH) that v = log;, (ged (6™~ *7,7)) € {0,1,...,m —w; — 1}. Thus

TN w,; (k) _ _, logb _ 1 1
Wi > _2bw]—m+1+m—w]—l _ 4b—w]—m+1—1/ 1 -
E b1 o1\ e

logb 1 1
> 4p—mtl 1+ —= ).
=Ty bl( +b2>

Now, with the assumption m > 5,
TN w,; (k) logb 1 1
»Wji > _9 o 4b—5+1_ 1 -
E o1\

log 2 541 1
—2 —4.27°T (14 = —2
21 ( +22>> ’

and hence
TN,’w]‘ <k>
|ZN,’LU_7'|

For any integer p € {0,...,m—1} with b | k and b*! { k the condition b™ % { k
is equivalent to m —w; > p or w; < m — p, respectively. Thus we can display

<0 for wj<m and """ {k.

I8) as
1 S
Lnsy = H (B +7i5N)
j=t+1
m—1 N—1 min{¢,s} min{t,s}
i
IS H j+ T, () TT (854 5 T, (B)
w“ - |ZN w'|
p=0 k=1 N,w; j=1 yWj
b2 |k ijm—p w; <m—p
Pk
1 s m—1 N—1 min{t,s} min{t¢,s}
<~ LI (6+75n) IT B +vsy) I 8
j=t+1 p=0 k=1 J=1 Jj=1
bP |k w;>m—p w; <m—p
Ptk
where the latter estimate holds since
TN w. (k
B; > 1, —2<M<0 and ~; < 1.
|ZN,’LU_7'|

32



A REDUCED FAST CBC CONSTRUCTION OF LATTICE POINT SETS

From
{k € {1,...,N—=1}:0" |k and W' {E}|
={ke{l,... 0™ =1} [k} — [{ke{l,...,0™ =1} : 0P*" |k}
=pmP —1— (P 1)

=p" P b —1) (2.20)
we get
1 s m—1 min{t,s} min{t¢,s}
m—p—1
Lns~ < N H (Bj +7;Sn) Z P (b - 1) H (Bj +7j5N) H Bj-
j=t+1 p=0 = =
wj=>m—p w; <m—p

Inserting this into ([2.6) we obtain for the arithmetic mean

13
MN,s,‘y = N H (B] +7]SN)

j=1
i s m—1 min{t,s} min{t,s}
+ N_H (Bj +7;Sn) Z () H (Bj +7;Sn) H B;
Jj=t+1 p=0 j=1 j=1
s wj>m—p w; <m-—p
_ H B;.
st (2.21)

This proves, with (L.2)), the existence of a vector z € Z§; |, such that the weighted
star discrepancy DY . (z) fulfils

| s
z«ﬁ(ql%) )3 (0 s

uCls] Jj=1
min{t¢,s} min{t,s}
H Bj +’YJSN)Z TP b_l)H Bj +7;5n) H Bi— Hﬁj
J =t+1 w7>m , wj<m_p
(2.22)
I\ 11
SZ’yu 1_(1_N> —|—§ NH(ﬁj-F’ijN)
uCl[s] Jj=1
m—1 s
L me - T s [16-T10) - @29)
Jj=1 Jj=1 J=1
w;>m—p w; <m-—p
(]
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3. The reduced CBC construction

In this section we give a component-by-component construction for the gen-
erating vector and an upper bound for the weighted star discrepancy of the
corresponding lattice rule.

ALGORITHM 1. Let N =" and (w;);>1 be as above and construct

z=(b"21,...,0%2) € 23, as follows:
(1) Set z; = 1.
(2) For d € [s — 1] assume z1,...,24 to be already found. Choose z441 €
ZN,wa., such that
R (b 21, .., b 2, b1 2)

is minimized as a function of z.

(3) Increase d by 1 and repeat the second step until z = (b z1,...,b0" 2,) is
found.

In the algorithm above the search space is reduced for each coordinate of z
according to its importance. This results in a considerable reduction of the
construction cost as we will see in Section [l This is why we call this algorithm
a reduced CBC-algorithm.

The following theorem gives an upper bound for the figure of merit Rﬁl\m
of lattice point sets with generating vectors obtained from the algorithm above.

THEOREM 3.1.Let z=(b"z1,...,b"=z4) be constructed according to Algorithm[].
Then for every d € [s],

d
R (5" 21, B zy) < % H1 (8 + (1+2pmmtemd) 558y ). (3.)
Jj=

COROLLARY 3.2. Let N = b™ and (wj);>1 be as above and let
z=(0""21,...,0"z) € 2} &

be constructed using Algorithm [dl. Then the corresponding lattice point set has
a weighted star discrepancy

Ju s
Dy 4(z) < Z’Yu (1 — (1 — %) ) + % H (ﬁj + (1 + Qbmin{wwm}> ,ijN>.
uCls] j=1

Proof. Combining (L2), (ZI) and Theorem [BI] we immediately obtain the
result. O

To prove Theorem [B.1] we use the the following

34



A REDUCED FAST CBC CONSTRUCTION OF LATTICE POINT SETS

LEMMA 3.3. Let N = b™, (w;)j>1 and 2N, be defined as above and recall
from (Z4) the notation

e27rihkbwf zj/N
Ty ) = 3 3 =
2 €ZNw; — N <h< X
Then N 170
—1
TN w. (k ;
Z M < gpmin {wj,m}SN_ (32)

1 |ZN,1UJ'|

Proof. As before, we distinguish the two cases w; > m and w; < m.
Case 1: w; > m. Then (2.1 yields

TN w |
Z| N 7 ZSN_ _1)SN§2NSN:2bmm{wj’m}SN'

Nw7

Case 2: w; < m. We use m and ([2.3) to find

N-1 N-1 N-1
ZITN,w]-(k)I -y T, () 3 TN w; ()|

=1 |ZN,1UJ'| =1 |ZN,1U]'| =1 |ZN,1UJ'|
pmTwi 1
= (" —1)Sy +b" Z T, (] :
r=1 ‘ZN’wf‘

For any r € {1,...,b™ " — 1} the condition ged (r,b™ ") = b” is equivalent
to v” | r and v*T! t r simultaneously. Using this we investigate the last sum
in the above equation :

[ | m—w;—1p"m""i 1

TN w, <T)|
Z ‘ZN’wj| |ZN w7 Z Z |TN w,

r=1 v=0

b"|'r
b’/+1f'f‘

Once more with the aid of ([ZI3]) this yields
b T —1 m—w;—1pm "W

TN, ()]
Z ‘;N’wj‘ - ‘ZN wj Z Z bijr’/ - Sbw_7+u+1)|

r=1 v=0 =
b"\r
bu+1)(,r

m—w;—1pm""j 1

E E bw]-+1/+1 — Sbwj+u).

|ZN w] =0

b"\r
Bty
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Analogously to ([Z20) we find
{re{t,... .0 =1} 0" [rand 0T 47} =™V (b — 1)
and hence

pm T —1 m—w;—1

TN w, ()]
Z m = Z (Sbw-7+’/+1 - Sbijru) = SN - Sbwj .
r=1 YWy v=0
Altogether we have
N-1
TN w, (k _ w.
2 % = (b = 1)Sn + b9 (Sy — Sps)
k=1 [Nw;
< WSy = 2bmin{wj,m}SN
and the proof is complete. O

With the aid of Lemma [3.3] we are able to prove Theorem [B.1] using induction
on d.

Proof. According to Algorithm [Mwe set z; =1 in Step 1. We have to show that

1 .
Ry (0) < N (51 + (1 + 2bm1n{wl’m}> 715N> .
With (Z3]) we have

) 1 Nt o2mihkb"™1 /N
R b’wl - —
N,‘y( ) N 51 + ’Yl Z |h| Bl
k=0 —N<h<
h#0
N-—-1 : w
1 e27rlhk:b 1/N
e IR D
k=0 —J<h<¥
h#£0
Again, we consider the two cases w; > m and w; < m separately.
Case 1: w; > m. Then
) 1Nl e2mihkb 1™ 1
R b)) = — — =— % NSy < —(1 2Ny S
N~ (0) NZ M 7 N HAVeN S N( +71 +2N715N)
k=0 —F<n<f
h#£0

1 . 1 .
_ N (61 + 2bmm{w1’m}’}/151\7> < N (Bl+(1 + 2bm1n{w1,m}) 'YlSN)a

which is the desired result.
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Case 2: w; < m. After interchanging the two sums, once more, we split up the
inner sum as follows:

N-1
1 wiy _ J1 1 2mihk /b1
Ry, ") =+ > ﬁﬂ-i Q?Tilk/
k=0

N
—J<n<f
h#0
] Nl ] N1
_n L ezwihk/bm—w1+ﬂ 1 p2mihk /6™
N N N | | k=0 N N N | | k=0
—Nop<X = N <n<¥ =
h#£0 h+#0

Now we are able to compute the inner sums. The first one sums to /N, whereas the
second one equals zero which can immediately be seen by applying the formula
for finite geometric series. Thus

1
Bya®™)=m 3
Y <h<¥
h#0
b R

We use (2ZI3)) to find

Rl (57) = = " S

bm—'wl pm—wi

M jw 1 w
< —b" < — 261
SN Sy < N (51 + 71SN)

1 .
< N <51 + (1 + Qbmm{wl’m}) 7151\7)7

as it is claimed.

Let d € [s — 1] and assume that we have some z € Z§, , such that

d
1 e
R (b 21, ... b 2g) < N | | (ﬁj + (1 + 2pmin{ws, }) 7j5N>,

Jj=1

We have to prove the existence of a 2411 € ZN,w,,, With

d+1
R0 2 bz ) < T (8 (142000 )
j=1
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Using again (23] we have for any 2441 € 2N w,,, that

d+1
RN":,Y (0 21, 02, DY 24 1)
1 N-1 d o2mihkb" i z; /N
H T Z T
Ni= j=1 —F<n<d
h#0
e2mihkb d+1zg 1 /N d
X | Bar1r +yar1 D ] — Bas1 | [ 8
_%hjéhog% 7j=1
= Bar1Ry (0" 21,..., 0" 2q)
Vst N-1d p o2mihkb™ i z; /N e2mihkb d+1 zgy 1 /N
F T e X S| Y
N _ T h h
k=0 j=1 - <h<E [ —J<h< A
h+#£0 h#£0

N
=1
Va1 N-1 e2mihkb d+ 1z, 1 /N o2mihkb™i z; /N
DI | (R B
k=1 N <p<X Jj=1 —Nop<X
h+#£0 )
(3.3)
Next we consider the arithmetic mean of
Ry (b 21,0, b0 2, b1 2)  over all 2z € 2Ny, -

As only the third summand in (33)) depends on the (d + 1)-st coordinate it
suffices to investigate the mean of this summand. Clearly, if we have some upper
bound for the mean over all

2 € ZNwg,,, thereexists 2411 € ZNwyy,

which satisfies this bound.
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Thus we study

N-1 -
1 o o2mihkb 41z /N
Z Z N Z Z h
| N,’wd+1| ZEZN,wd+1 k=1 —%<h§% | |
h£0
e2mihkb™i z; /N
x H ﬁj + T
Jj=1 —f<n<
h#0

N—-1 i w g
1 Y41 e27rlhk:b +1z/N
Z Z N Z Z h
‘ N,wd+1‘ GZN,wd+1 k=1 —%<h§% | |
h+#£0
d e2mihkb i z; /N
X H Bi+ 7]
Jj=1 Y <h<&
h#£0
N—-1 i wg
Y41 1 e27rlhk:b +1z/N
TN A 2Nl 2 2 1]
2

|627rihkbwf z; /N |

I

X Bty D

| = N N
Jj=1 —J<n<¥
h#0

Yd+1 — \TN d
wd+1
D H (8; +;Sw)

‘ZN wd+1‘

d

Yd+1 o7 min{w 1,m
< TQb {wat }SNl_[l(Bj +’7jSN),
Jj=

where the last estimate stems from an application of Lemma Combining
this with (B3] we have shown the existence of a 2441 € Zn,u,,, such that

39



RALPH KRITZINGER—HELENE LAIMER

d+1
RN (0" 21, 020, 04 2g41)

< Bd-l—lR?V'y(bwl 21y bded)

d
S
7d+1 NH ﬁj-l-VJSN

+ —V?\Jfrl gpmintwarimt gy H (Bj +7;SN)-
j=1

We use the induction hypothesis to find
RGA(0" 21, b2, 0 241

d
< B?\-/l:l H <Bj+(1+2bmin{wj,m}) ’YjSN>

Jj=1

’Yd+1S
N

+

H,’:]g

(ﬁjﬂjsN) (1 2pmintussmt)
< (5d+1 + ( + Qbmm{wd“’m}) %l+1SN>
1 .
<511 ( (1 2bmm{wwm}) %—SN>
= idf} B; + (1 +2bmi“{wwm}) S
_ Nﬂ( J ),

which completes the proof. O

4. The reduced fast CBC construction

By now we have seen how we can construct a generating vector of a lattice
point set with low weighted star discrepancy with a reduced CBC construction
as in the previous section. Now we study the construction cost of this algorithm.
In fact the CBC algorithm given in Section [3] can be made faster to construct
generating vectors for relatively large N and s. To show this we follow closely

[2] and [12].
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Let d € [s — 1] and assume that we have already found (b"*z1,...,b"%24).
Then we have (cf. (Z3]))

4 1 N-1 d 27r1hkbw3 z; /N d
R0z b2 = £ ST | B 30— 11
k=0 j=1 %<h§% j=1
h#0
Define r(h) = max {1, |h|}. Then
2mihkb" iz /N 2mwihkb" i z; /N
e J e j
Bj +vj T:5j+7j ZT—l
_%f;hog% —Nch<X
e27rihkbwf z; /N
Hence we have
; " ) Nl d o2mihkb" i z; /N d
R0 20, b0z0) = 5 3 T (17 ZT -115
k=0 j=1 %<h§% j=1
1 N-1 d
k:O j=1

where we have defined

o =1 (1+w (’“%))

and

N N
—Y<n<d

However, this is exactly the situation as dealt with in [I2] Section 4.2].
Thus we know that ¢ (kb—]\;’z’) takes on at most N different values, namely

000 (5 ) -0 (T3

which can be computed in O(N log N) operations and stored in a memory space
of size O(N), as demonstrated in [I2, Section 4.2].
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Next we investigate one actual step of the CBC construction. Assuming that
we have already found (b"' 2y, ...,b""24) € Z ,, we have to minimize

R (b 21, .., b 2, b1 2)

as a function of z € Zn y,,, to find 2411 € ZN wy,, - For wapr > m we just set
zg4+1 = 1 and we are done. Therefore let wqi1 < m. Considering (1)) we have

RGA(0" 21, b 2, 0 241
| N-1 d+1
= ﬁ d-l-l H ﬁ]
k=0
N-1 d+1
1 kbWi+1z,
=N na(k) (1 + Y10 <7+1>> H Bi
k=0
N-1 d+1
1 kbWi+1 2,4
N na(k) (1 + ’7d+1¢({7+1 })) H B
k=0

It is obviously enough to minimize Z,]j:_ol na(k)o ({ M]\;Z‘“l }) To do this we
proceed analogously to [2]. We define the matrix

(o) 7

2€ZN, gy KEL0,.. ., N—1}

the vector
Mg = (0a(0),na(1),...,na(N = 1))
and N—1
kbwa+1
=3 mwe ({5})
k=0
Then

Ang =Ty(z) = (Td(z))zezN,wd+1 :
We can display the matrix A as

A= (Q(m_derl)’ ceey Q(m—wd+1)) ,

- (- ()

with

zezb,,o,ke{o,‘.‘,bl—l}
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Again analogously to [2] we obtain the following reduced fast CBC algorithm.

ALGORITHM 2.
a) Compute ¢ (%) forallr=0,...,N — 1.

b) Set (k) =1+ 71 ({%}) for k=0,...,N —1.

c) Set z; = 1. Set d = 2 and recall that we have defined ¢ = max{j : w; < m}.
While d < min{s,t},
1. partition n,;_; into b"? vectors ngl_)l, . ,nd 1 ) of length b~ %4 and let

n' = 77511)1 +o+ n;b_wf ) denote their sum,

2. let Ty(z) = Q(m Wiy,

3. let zg = argmin, Ty(z),

4.1t na(k) = na-1 (k) (14700 ({252 }) ) for k=0, N =1,
5. increase d by 1.

If s > ¢, then set 2,41 = = z; = 1. Then we have

Ny (021, DY 2g) = Zné Hﬂj_
j=1

Using [2], 12, 18, [19] we find that Algorithm 2] has a construction cost of

min{s,t}
O | NlogN + min{s,t}N + N > (m — wg)b "
d=1

operations, in comparison to O(sN log N) operations for the standard CBC al-
gorithm used for example in [20].

5. Conditions for strong polynomial tractability

Let z=(b"1z1,...,b" 25) € Z} |, be constructed with Algorithm [l or 2 and
consider the corresponding lattice rule. We are interested in conditions for
tractability of the weighted star discrepancy of such lattice point sets.

From (L2) and (L3]) we know
I\ 1
Dy ,(z) < Z wll-— (1 - N) + §RN7,Y<Z).

uCls]
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For now, let us assume that the v;6"7’s are summable, i.e.,

oo
Z ;0" < o0.
j=1

Similar to Joe and Sinescu in [9] and [20], we see that in this case

. maX{I,F}eXp(Ei1Vj) 1
DN,'y(z) S N J + §RN,'7(Z)7
where S
S ST
= 1+,

In particular, considering our assumption that the v;0“7’s are summable, the
constant

max{1,T'} exp Z’Vj
is indeed finite. Jj=1
Theorem B3] ylelds

e < 213+ (o))

and hence we have -

1+ max{1,T o ) s |
Dy (2) < e };Xp (ZJ : %> H (@‘ + (1 + 2p™in {wj’m}> %—Szv)

with ¢, = 14+ max{1,T"} exp (Z;‘;l fyj) independent of s. We study the right-
hand side of (51))

& H ( (14 2pmin o)) ijN>
H (@ (1 + 2pmin {wfvm}) ;2 <log {%J + 1))
H ( (1 20 ) ) 554 Tog N)

H (1 o <1 4 (14 20mn (05 ) Jog N>> , (5.2)

IA IA
2|

2|~e

2|~z
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where we have used

r—
w2

J
1 1 N
Sv= Y mgQ E§2logL5J+2§410gN-

N
—N<h<k h
h#0

The second to last inequality is a well-known estimate for partial sums of the
harmonic series.

Now we have

% H (ﬁj + (1 + 2pmin {’“wm}) ijN>

ﬁ’y (1+’yj<1+4(1+2bw-7)logN)>

;:]m H;:]m

\ /\

N’Y (14 137,09 log N).

Il
A

J
Define

oq:=13 Z ;0% for d > 0.
j=d+1
From [4], p. 222] or [0, Lemma 3] we know that

[T @+ 1376 log N) < (1 +07")" NlcotDoa
j=1
For 0 < 0 < 1 choose d large enough such that o4 < —~. Then

S
[T 2+ 13407 log N) < &,5N?,
j=1
where ¢, s is independent of s and N. Thus we have
R}q\,ﬁ(z) < c%(;N‘;_l,
with ¢y 5 = ¢y - &5 independent of s and N. We obtain cy sN°~! < ¢ and thus
Dy (2) <e if N> (cy5e )70,

Hence, if the v;b"“7’s are summable, we always achieve strong polynomial tract-
ability.

REMARK 2. Whether the conditions on the v;’s and w;’s can be mitigated while
at least polynomial tractability still holds remains an unresolved problem.

45



RALPH KRITZINGER—HELENE LAIMER

ACKNOWLEDGEMENTS. The authors would like to thank to Josef Dick,
Peter Kritzer and Friedrich Pillichshammer for their comments and suggestions.

(10]
(11]
(12]
(13]

(14]

(15]
(16]
(17]

(18]

46

REFERENCES

ARONSZAIJN, N.: Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950),
337-404.

DICK, J—KRITZER, V—LEOBACHER, G.—PILLICHSHAMMER, F.: A reduced fast
component-by-component construction of lattice points for integration in weighted spaces
with fast decreasing weights, J. Comput. Appl. Math. 276 (2015), 1-15.

DICK, J.—KUO, F. Y..—SLOAN, 1. H.: High-dimensional integration: the quasi-Monte
Carlo way, Acta Numer. 22 (2013), 133-288.

DICK, J.—PILLICHSHAMMER, F.: Digital Nets and Sequences: Discrepancy Theory
and Quasi-Monte Carlo Integration. Cambridge University Press Cambridge, 2010.
HICKERNELL, F. J.: A generalized discrepancy and quadrature error bound, Math.
Comp. 67 (1998), 299-322.

HICKERNELL, F. J—NIEDERREITER, H.: The ezistence of good extensible rank-1
lattices, J. Complexity 19 (2003), 286—-300.

HLAWKA, E.: Uber die Diskrepanz mehrdimensionaler Folgen mod. 1, Math. Z. 77 (1961),
273-284. (In German)

HLAWKA, E.: Zur angenherten Berechnung mehrfacher Integrale, Monatsh. Math. 66
(1961), 140-151. (In German)

JOE, S.: Construction of good rank-1 lattice rules based on the weighted star discrepancy.
In: Monte Carlo and Quasi-Monte Carlo Methods 2004 (H. Niederreiter and D. Talay,
eds.), Springer, Berlin, 2006, pp. 181-196.

KOROBOV, N. M.: Approzimate evaluation of repeated intergrals, Dokl. Akad. Nauk
SSSR 132 (1960), 1009-1012. (In Russian)

LEMIEUX, C.: Monte Carlo and Quasi-Monte Carlo Sampling, Springer Series in Statis-
tics. Springer, New York, 2009.

LEOBACHER, G.—PILLICHSHAMMER, F.: Introduction to Quasi-Monte Carlo Inte-
gration and Applications. Compact Textbooks in Mathematics, Birkhuser, Cham, 2014.
NIEDERREITER, H.: Existence of good lattice points in the sense of Hlawka, Monatsh.
Math. 86 (1978), 203-219.

NIEDERREITER, H.: Random Number Generation and Quasi-Monte Carlo Methods.
In: CBMS-NSF Regional Conference Series in Applied Mathematics Vol. 63. Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, 1992.

NOVAK, E—WOZNIAKOWSKI, H.: Tractability of Multivariate Problems Vol. 1: Linear
Information. EMS, Ziirich, 2008.

NOVAK, E.—WOZNIAKOWSKI, H.: Tractability of Multivariate Problems Vol. 2: Stan-
dard Information for Functionals. EMS, Ziirich, 2010.

NOVAK, E.—WOZNIAKOWSKI, H.: Tractability of Multivariate Problems Vol. 3: Stan-
dard Information for Operators. EMS, Ziirich, 2012.

NUYENS, D.—COOLS, R.: Fast component-by-component construction of rank-1 lattice
rules with a non-prime number of points, J. Complexity 22 (2006), 4-28.



A REDUCED FAST CBC CONSTRUCTION OF LATTICE POINT SETS

[19] NUYENS, D.—COOLS, R.: Fast algorithms for component-by-component construcion of
rank-1 lattice rules in shift-invariant reproducing kernel Hilbert spaces, Math. Comp. 75
(2006), 903-920.

[20] SINESCU, V.—JOE, S.: Good lattice rules with a composite number of points based on the
product weighted star discrepancy. In: Monte Carlo and Quasi-Monte Carlo Methods 2006
(A. Keller, S. Heinrich and H. Niederreiter, eds.), Springer, Berlin (2008), pp. 645-658.

[21] SINESCU, V.—JOE, S.: Good lattice rules based on the general weighted star discrepancy,
Math. Comp. 76 (2007), 989-1004.

[22] SLOAN, I. H—JOE, S.: Lattice Methods for Multiple Integration. Oxford Science Publi-
cations,

The Clarendon Press, Oxford University Press, New York, 1994.

[23] SLOAN,I. H.—VVOZNIAKOVVSKI7 H.: When are quasi-Monte Carlo algorithms efficient
for high-dimensional integrals? J. Complexity 14 (1998), 1-33.

[24] ZAREMBA, S. K.: Some applications of multidimensional integration by parts, Ann.
Polon. Math. 21 (1968), 85-96.

Received January 29, 2015 R. Kritzinger, H. Laimer
Accepted April 2, 2015 Department of Financial Mathematics
and Applied Number Theory
Johannes Kepler University Linz
Altenbergerstr. 69
4040 Linz
AUSTRIA
E-mail: ralph.kritzinger@jku.at
helene.laimer@jku.at

47



	1. Introduction
	 

	2. The arithmetic mean over all z ZN,ws
	3. The reduced CBC construction
	4. The reduced fast CBC construction
	5. Conditions for strong polynomial tractability
	REFERENCES

