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ABSTRACT. It is well known that the two-dimensional Hammersley point set
consisting of N = 2" elements (also known as Roth net) does not have optimal
order of L-discrepancy for p € [1,00) in the sense of the lower bounds according
to Roth (for p € [2,00)), Schmidt (for p € (1,2)) and Haldsz (for p = 1). On the
other hand, it is also known that slight modifications of the Hammersley point
set can lead to the optimal order v/log N/N of La-discrepancy, where N is the
number of points. Among these are for example digit shifts or the symmetrization.
In this paper we show that these modified Hammersley point sets also achieve
optimal order of Lj,-discrepancy for all p € (1, 0).

Communicated by Oto Strauch

1. Introduction

For a finite set Pn,s = {@o,...,zn_1} of points in the s-dimensional unit-
cube [0, 1) the local discrepancy is defined as
_ AN([O7 t)7 PN,S)
B N
where t = (t1,t2,...,t5) € [0,1]° and An([0,t), Pn,s) denotes the number of
indices k with @y, € [0,¢1) X ...x[0,t5) =: [0,¢). The local discrepancy measures
the difference of the portion of points in an axis parallel box containing the

Dn(Pn.s,t) — ity tg,
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A. HINRICHS, R. KRITZINGER AND F. PILLICHSHAMMER

origin and the volume of this box. Hence it is a measure of the irregularity of
distribution of a point set in [0, 1)*.

DEFINITION 1. Let p € [1,00]. The L,-discrepancy of Pn,s is defined as the
L,-norm of the local discrepancy

1/p
Ly n(Pn,s) = |DN(Pns, )L, = (/ |Dn(Pns, t)[P dt) (1)
[0

e
with the obvious modifications for p = co.

The L,-discrepancy can also be linked to the integration error of a quasi-
Monte Carlo rule, see, e.g. [14] [35] [45] for the error in the worst-case setting and
[48] for the average case setting.

One of the questions on irregularities of distribution is concerned with the
precise order of convergence of the smallest possible values of L,-discrepancy as
N goes to infinity.

In this paper we only deal with the case s = 2 and p € (1,00) and con-
sider modifications of the two-dimensional Hammersley point set with N = 2™
elements (also known as Roth net) given by

tn | Tn-1 t1 1 t2 tn) }
L=z g Iy e o1l @
Ro={(F+2+ g tmttem) bt e{01}}. (2)
It is well known (see, for example, [36, Corollary 1]) that for all p € [1,00) we
have

. NL,~(Rp) 1
lim = ,
N—oo  log N 8log2
where here and throughout the paper log denotes the natural logarithm. Hence
the two-dimensional Hammersley point set does not have optimal order of L,-
discrepancy with respect to the general lower bound by Roth (for p € [2,00)),
Schmidt (for p € (1,2)) and Haldsz (for p = 1), see Section 2
In this paper we consider digit shifted Hammersley point sets (Section [3)) and
symmetrized digit shifted Hammersley point sets (Section []) and show that for
both cases we can achieve the optimal order of L,-discrepancy for all p € (1, c0)
(see Theorem [l 2l and [3)). The optimality of the digit shifted Hammersley point
sets for the L,-discrepancy was recently shown by Markhasin [31][32]. The proof
there is indirect via optimality of the norm of the discrepancy function in Besov
spaces with dominating mixed smoothness together with embedding theorems
between Besov spaces and Triebel-Lizorkin spaces which contain L,-spaces as
special cases. The main tool there is the computation of Haar coefficients of
the discrepancy function which, for the digit shifted Hammersley point sets,
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were already computed in [26]. We give a direct proof here via Littlewood-Paley
theory which is accessible without knowledge of function space theory.

Notation. Throughout the paper we use the following notation. For functions
f,9 : N = RT we write g(N) < f(N) (or g(N) > f(N)), if there exists a
C > 0 such that g(N) < Cf(N) (or g(N) > Cf(N)) forall N € N, N > 2. If we
would like to stress that the quantity C' may also depend on other variables than
N, say ai,...,qy, this will be indicated by writing <a,.... a, (Or a0, au)-
Sometimes we also use f(N) =< g¢g(N) which means that f(N) < g(N) and
f(N) > g(N) simultaneously.

Before we continue we survey some known results from discrepancy theory:

2. A brief survey of known results

In 1954 Roth [39] proved that for every N-element point set Py s in [0,1)*
we have
log N)“="
Lo (Pys) >y SER) T ®)
Roth’s original proof can be found in [39]. Further proofs are presented in [2] [14]
17, 27, 29 [34]. According to a result of Hinrichs and Markhasin [27] the implied
constant ¢g can be chosen as

7

cs = .
T 272257 1(log2)(s—1/2, /(s — 1)!

From the monotonicity of the L,-norm it is evident that Roth’s lower bound (3]
also holds for the L,-discrepancy for any p € [2,00). Furthermore, it was shown
by Schmidt [42] that also for any p € (1,2) we have

s—1
Ly (Prs) 0y BN T 0
for any N-element point set Py s in [0,1)%. Haldsz [24] showed that (@) even
holds for p =1 and s = 2.

In 1956 Davenport [10] proved that the lower bound (B]) is best possible for the
Lo-discrepancy in dimension 2. He considered the N = 2M points ({£na}, n/M)
forn=1,2,..., M and showed that if « is an irrational number having a contin-
ued fraction expansion with bounded partial quotients then the Lo-discrepancy
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of the collection Py5' (a) of these points satisfies

Vlog N
N

where the implied constant only depends on a. Nowadays there exist several vari-
ants of such “symmetrized” point sets having optimal order of Lo-discrepancy in
dimension 2, see, for example, the work of Larcher and Pillichshammer [30] who
study the Lo-discrepancy of symmetrized digital nets or the work of Proinov [38].
A nice discussion of the topic, which is often referred to as Davenport’s reflec-
tion principle can be found in [7]. Symmetrized Hammersley point sets will be
considered in Section [ Recently Bilyk [4] proved that unsymmetrized versions
of Davenport’s point sets, i.c., point sets of the form Py o(r) = {({na},n/N) :
n=0,1,..., N — 1} satisfy

Ly n (PN (@) <a

Vg N
N

Ly n(Pno2(a)) <o

if and only if the bounded partial quotients of o = [ag;aq,as,...] satisfy

Lo VN

n

Y (=Dfay,

k=0

Further examples of two-dimensional finite point sets with optimal order of Lo-
discrepancy which are based on scrambled digital nets can be found in [I8] 19} 20,
211, [23] [25] 28]. One prominent instance in this class are digit shifted Hammersley
point sets. For these it is well known that the Lo-discrepancy is of optimal order
if the number of 0s and 1s in the dyadic shifts are balanced (see, for example,
[28]). Digit shifted Hammersley point sets will be considered in Section

For completeness we mention also some results for arbitrary dimensions: in
[40] Roth proved that the bound (@) is best possible in dimension 3 and finally
Roth [4I] and Frolov [22] proved that the bound (@) is best possible in any
dimension. In [6] Chen showed that the L,-discrepancy bound () is best possible
in the order of magnitude in N for any p € (1,0), i.e., for every N, s € N, N > 2
there exists an N-element point set Py s in [0,1)® such that

s—1

(log N) 3

N )
where the implied constant only depends on s and p, but not on N. See also [2] for
more information. Further existence results for point sets with optimal order of
L,-discrepancy can be found in [9] 13| [44]. However, all these results for dimen-
sion 3 and higher are only existence results obtained by averaging arguments
and it remained a long standing open question in discrepancy theory to find

Ly N(Pn,s) sp
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explicit constructions of finite point sets with optimal order of Ls-discrepancy
in the sense of Roth’s lower bound. The breakthrough in this direction was
achieved by Chen and Skriganov [8], who proved a complete solution to this
problem. They gave for the first time for every integer N > 2 and every dimen-
sion s € N, explicit constructions of finite N-element point sets in [0,1)® whose
Ls-discrepancy achieves an order of convergence of (log N )(5*1)/ 2/N. The result
in [§] was extended to the L,-discrepancy for p € [1,00) by Skriganov [43] who
used Littlewood-Paley theory in his proofs. This will also play a major role in
our paper, see Lemma [l Further constructions of point sets with optimal L,-
discrepancy can be found in [T} 16} 33]. See also [3] [I5] for more detailed surveys.

3. L,-discrepancy of digit shifted Hammersley point sets

Let o = (01,092,...,0,) € {0,1}™. The two-dimensional digit shifted Ham-
mersley point set is given by

o tn tn-1 tp t1 o1 to & o2 tn Doy
Rno = {(2+22+ +2n’ 5 T T + on )

tl,...,tne{O,l}}

where t ® 0 =t + o (mod 2) for t,0 € {0,1}. This point set contains N = 2"
elements. If & = 0 = (0,0,...,0), then we obtain the classical two-dimensional
Hammersley point set (2]).

It was shown in [25] that two-dimensional digit shifted Hammersley point sets
satisfy the Lo-discrepancy estimate

log N
N 9y
whenever o = (1,0,1,0,...), which is optimal according to ([B). An exact for-

mula for Ly ny(Rn,o) and a generalization of the result can be found in [2§]. In
particular it is shown in [28] that

LQ,N(Rn,a) <

log N
N 3
whenever the number of 0- and 1-components of o are “more or less” balanced,
ie., #{j : 0; =0} =n/2. See also [12] Section 3.1]. Motivated by these results

LQ,N(Rn,a) <
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the questiorﬂ arises whether digit shifted Hammersley point sets can also achieve
optimal order of L,-discrepancy for any p € (1, 00)?

We answer this question in the affirmative and generalize the results in [25] 28]
to the case of L,-discrepancy for all p € (1,00). The following result is already
announced in [12].

THEOREM 1. Let p € (1,00). Let o € {0,1}" and an, = #{j : o; = 0}.
The L,-discrepancy of the two-dimensional digit shifted Hammersley point set

satisfies
Vdiog N
N

LI%N(RH,G) <p
if and only if |2a, — n| <, V/n.

In other words, we achieve exactly for those shifts o optimal order of L,-
discrepancy of R, o for which the number of 0- and 1-components of o are
“more or less” balanced.

REMARK 1. It follows from the monotonicity of the L,-norm that |2a,, —n| <
v/n also implies L1, §y(Ry,0) < /1og N/N which is best possible according to
the result of Haldsz [24].

The proof of Theorem [[] uses the Haar system (in base 2) which we introduce
now:

To begin with, a dyadic interval of length 277, € Ny, in [0,1) is an interval
of the form

m m-+1 )
N R i — J_
I=1;,,:= {2]" 57 ) for m=0,1,...,27 — 1.
We also define I_1 9 = [0,1). The left and right half of I = I, ,, are the dyadic
intervals It = I;rm = ljt19m and I~ = ijm = Ij41,2m+1, respectively. The

Haar function hy = hj.m with support I is the function on [0,1) which is +1
on the left half of I, —1 on the right half of I and 0 outside of I. The Lo-
normalized Haar system consists of all Haar functions hj,,, with j € Ng and m =
0,1,...,27 — 1 together with the indicator function h_j o of [0,1). Normalized
in Ly([0,1)) we obtain the orthonormal Haar basis of Lo(]0,1)).

Let Ny = {-1,0,1,2,...} and define D; = {0,1,...,29 — 1} for j € Ny
and D_; = {0}. For j = (j1,...,Js) € N®*, and m = (mq,...,m,) € D; =
Dj, x ... xDj,, the Haar function hj m, is given as the tensor product

him(z) = hjy my (@1) -+ hjom, (xs)  for @ = (z1,...,25) € [0,1)°.

IThis question was stated by J. Dick during a private communication at the Oberwolfach
workshop “Uniform Distribution Theory and Applications”, Sept. 29 — Oct. 5, 2013.
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The boxes
Ij7m = 1j;,m, X ... X Ij57ms

are called dyadic boxes. Two boxes Ij m, and I, m, have the same shape if
J1 = Jo- A crucial combinatorial property is that for j = (j1,...,Js) € N§, there
are exactly 2717 %7+ boxes of that shape which are mutually disjoint.

The Loo-normalized tensor Haar system consists of all Haar functions hj m
with j € N° ; and m € D;. Normalized in L2 ([0, 1)®) we obtain the orthonormal
Haar basis of Ly([0,1)%).

Direct, but in some cases a little tedious computations, for which we refer to
[26, Theorem 3.1], give the Haar coefficients

Hjm = <DN(Rn,a-, . ), hg,m> = DN(Rn,a-,t)hJ’m(t) dt
[0.1]2
of the local discrepancy of the two-dimensional digit shifted Hammersley point
sets:
LEMMA 1 ([26] Theorem 3.1]). Let j = (j1,j2) € N2. Then
(i) if j1 +j2 <n—1 and ji,j2 > 0 then |pjm| = 272D,
(ii) if j1 + jo > n—1and 0 < ji,jo < n then ij.m| < 27 (Hi+i2HD) gng
|115.m| = 27201792%2) for all but at most 2" coefficients i m with m € D;
(the latter appears if there is no point of Ry o in the interior of Ij m).

(iii) if j1 >n or jo >n then |pj m| = 27201 F72+2),

Now let j = (—1,k) or j = (k,—1) with k € No. Then

(iv) if k < n then |ptj.m| < 27+,
(v) if k > n then | m| = 27 3F+3)
Finally, if a, = #{j : o; =0} then
(Vi) p—1,-1),0,0) = 27" (2a, + 4 — n) 4 272D,

In the proof of Theorem [I] we make use of these results in conjunction with the
Littlewood-Paley inequality which provides a tool which can be used to replace
Parseval’s equality and Bessel’s inequality for functions in L,(R®) with p €
(1,00). It involves the square function S(f) of a function f € L,([0,1)?) (we
restrict ourselves to the case s = 2 since this is the only case of interest here)
which is given as

1/2

SH=1 > Y 2 hm) 1y,

jeNZ | meD;
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where for j = (ji1,j2) we write |j| = max{0,j1} + max{0, j2}, and where 1; is
the characteristic function of I.

LEMMA 2 (Littlewood-Paley inequality). Let p € (1,00) and let f € L,([0,1)?).
Then
1Sz, =p [If]L,-
Proofs of this equivalence of norms between the function and its square func-

tion and further details also yielding the right asymptotic behavior of the in-
volved constants can be found in [5] [37] 46| 47].

Proof of Theorem [ First we show the sufficiency of the proposed condition.
Using Lemma [ with f = Dy (Ry.0, ) we have

LP7N(RH7G) = HDN(Rn,av ')”Lp
<p IS(Dn(Ru,o, )z,

= Z Z 22|j|/‘§,m 1.,

JENZ | mED;

1/2

LP
1/2

= | 2 2 X Ml

j€N2—1 meD;

Lp/2
1/2

< ST ST 21 ,

jeNgl meb;

Lypyz

where we used Minkowski’s inequality for the L,/,-norm. Hence, in order to
prove the result it suffices to show that

> Y Mm | <o (5)

jEN? meD;
IET 7 Lypyz

To this end we split the sum over the j’s into several parts and apply Lemma [Tk

e j € N2 such that |j| < n — 1: According to (i) of Lemma [[l we have

ST ool STy =Y 2lpaen N g,

jeng meD; jeng meD;

|dl<n—1 Lp/2 |dl<n—1

Lpy2
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— Z 92lilg—4(n+1)

jeng
|dl<n—1
2k
J1,32=0
Jj1t+iz2=k
——
=k+1<n—1
n
< 22n '

Here we used that for fixed j the intervals I; ,, with m € D; form a
partition of the unit-square [0,1)? and hence Emeﬂ) =1.

e |j| >n—1and 0 < j1,j2 < n: Let IO denote the interior of a dyadic
box I m. According to (i) of LemmalIl we have

En: 2%l Z M?ﬂnlfj,m

J1,32=0 meD;

§1>n—1 Lypya
n
_ 2[5 2
- Z 2 'uJ m 111 m T Hjm 1Ij,m
J1,72=0 meD; mEeD;
[FlZzn—1 Rn.oNIS =0 Rn.oNIS _ #0
oo corm Lp/2
n n
< § 92l3l9—4(141+2) 4 E 92l3l9—2(n+lj|+1) E 1., ’
J1,72=0 J1,32=0 meD;
[d|>n—1 [d|>n—1 Rn,‘,m;mﬁh

Lyyz

where we used Minkowski’s inequality again. For the first sum in this es-
timate we have

n 2n 1 n
S olilpmalile) " 3o
J1,72=0 k=n—1 J1,92=0
|gl>n—1 Jj1+iz=k
2n 1 n
= D m 2!
k=n—1 Jj1=0
0<k—j1<n
n
< o
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Now we turn to the second sum

Z 92lilo—2(n+lj|+1) Z 1., i (6)

J1,92=0 meD;
j|>n—1
[F]>n ‘R,nyaﬂl.;.”myé(?) Ly
Note that
E 17 ..
mEIDj
Rn,gr‘nI‘;.’Ym;é(Z)

is the indicator function of a set, say A;, of measure at most 27=13l Hence
(@) can be written as

n n 2/p
1 : 1
pe 3 Bl = g 3 ([ 1)
J1,32=0 J1:42=0 [0,1]2
[d|=n—1 |G| >n—1
1 - :
— n—l|3\2/
< o Z (2n-laly2/p
P
1 2n 1 n
_ _~ o2n/
- 22n2 ! Z 92k/p Z 1
k=n—1 J1,42=0
Jj1+iz2=k
< LQQ”/P i 1
22n 22k /p
k=n—1
n
< 2o
Altogether we obtain that
SN | <
J1,42=0 meD; I
[dl=zn—1 p/2

as desired.

e j € N2, ji > n: According to (iii) of Lemma[I] we have

SN )
DD IR - V.

Jj2=0j1=n meDh; L,
»
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f: f: p2lilg-alal+d) | §° g,

Jj2=0j1=n meD;

oo (o) 1
Sy et < CETe

Jj2=0j1=n

Lypyz

e j € N2, jo > n: Analogous to the case j € N2, j; > n.
o j=(—1,k) with k € Ny and 0 < k < n: According to (iv) of Lemma[I] we
have

n—1
Z 2% Z “?—Lk)m Licimm
k=0

mED(_lyk)

Lpy2
n—1
2ko—2(n+k)
< E 2772 E 11(—1,k).m
k=0 meD_q x) Ly
n—1
_ § 27271 _ n
- - 22n°
k=0

e j=(k,—1) with k € Ny and 0 < k < n: Analogous to the case j = (—1,k)
with £ € Ny and 0 < k < n.
e j=(—1,k) with k € Ny and k > n: According to (v) of Lemma [I] we have

00
D2 DL mamm i,
k=n

mED(_l,k) Lp/2

[ee]
— Z 22k2—2(2k+3) Z 1[(71Yk)~m

k=n meD_q ) Ly
p

o0

1
§ —2k—6

k=n

e j = (k,—1) with £k € Ny and k£ > n: Analogous to the case j = (—1,k)
with £ € Ny and k£ > n.

e j=(—1,-1): According to (vi) of Lemma [Tl we have

Hﬂfq,q),(o,o) 19192 = M%71,71),(o,o)|| 19152 Iz,

Lypyz
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2an + 4—n 1 2
= ( on+3 + 22(n+1)) ‘ (7)

Now we assume that |2a,, — n| < y/n. Then we have

L —.
Ly/a 22n

HM%—1,—1),(0,0) 1015

Altogether this proves inequality (Bl and therefore also the first point of Theo-
rem [I]

It remains to show that the condition on a,, is also necessary. We use again
Lemma 2l with f = Dy (R0, ) and obtain

Lp,N(Rn,cr) = ”DN(Rn,m ')HLp
>p ”S(DN(Rn,m'))HLp

1/2
= I 2 2 iy
JENZ | meD; .
P
1/2
= |2 2 D i Ly
JEN?, meD; L,
p/2
) 1/2
> [H-1-0,00 Toa |,
p/2
B 2a, +4—n 1
- on+3 22(n+1) ’

where the last equality follows from (). From this it is evident that

Vieg N _ /n

LyNn(Rpe) <y N = om

implies |2a,, — n| <, v/n. O

4. L,-discrepancy of symmetrized digit shifted
Hammersley point sets

We define the two-dimensional symmetrized digit shifted Hammersley point
set

Rye =RnoURne., (8)
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where we put o, = o ®1 = (01 ® 1,00® 1,...,0, B 1). This set contains
N = 2"+ points. It is easy to see that R3Y& can also be written as the union of
Rn,e with the set of points

(-2 0) - ).

Hence in view of in Davenport’s reflection principle the attribute “symmetrized”
is appropriate. For an example see Figure [Il

c et ¢ . . Tt st R ‘ : % s S et
. . . . . . o . .-. e el e s e '-.
. . . e . . . - © o o * S o e o -
o . " o e LA . T ".-....'..' °* e ...-."
-. . . .. . -. . . .. . o.. oo ° ...l R e ..o
. . . . o o M4 (Y} [ o
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. T e " ot e o« t e . « TR R ) ety e o
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. . . L. . . . . e o © I I
. ° ° . o . ° ® . o0 * - - ® e
’ M K K o . o ’ b4 s < q
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* . LI ° e . . . . ° "~ K LY e '..' K * . . "'
° . -.-,". -.-.. ® e bR e, ¥ .. L c e *
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o . . ° . Y b " [ s o
. . .« " . . o . ce® % e, e, S e,
. . . . . . . . oo ® s . o, oo .
. . o, " . . . . e ®° %o .. 00 ®% °° ..
. . . . . . . - e oo . . X . -
. . . M . ° . e ° *° o s 28 °° s
. ° . ‘e o e ° e e 0 0.t 7, o %40 %% ee
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FIGURE 1. Two-dimensional Hammersley point set Rg,o with 28 elements
(left) and symmetrized version Rg’g" thereof (right)

THEOREM 2. Let p € [1,00). Independently of o € {0,1}™ the two-dimensional
symmetrized digit shifted Hammersley point set satisfies

Vlog N
N

Ly n(RYG) <p

For the proof we need upper bounds on the absolute values of the Haar
coefficients 1", = (DN (RS, - ), hj,m) of the local discrepancy of R}Yg which
are given in the following:

LEMMA 3. Let j = (j1,72) € N2,. Then in the case j # (—1,—1) we have

sym

15 m| < [1jm|  for all m € Dj.

Hence the results in Lemma [l apply accordingly also to |,u;y;:;| In the case j =
(=1, —1) we have ,u?“i"ll__l) ©00) = 9—(n+1) 4 9=2(n+1)
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Proof. We have

1
Dn(RY s t) =5 An([0,2) RIS — tata

1/1 L
=3 <2—nAN/2([07t) ,Rn,o) — tita + z—nAN/Q([oyt) Rno.) — tm)
1
=5 (Dnj2(Rugt) + Dvjo(Ruo. 1) -

Regarding the linearity of integration, we obtain

1
Him = 5 (Hime + Hm.o.)

where here we write /15 m, o for the the Haar coefficients of the local discrepancy
of R, - in order to stress the dependence on the digit shift & and accordingly
for 4 m,o.. Then the triangle inequality yields

sym

1
15 | < 5 (1m0 | + |15.m.0.

).

We analyze the case j # (—1, —1). We note that the identities and upper bounds
for |ptj,m,o| in Lemma [Il do not depend on the shift o and therefore we get our
desired results in this case directly from this lemma. In case that j = (=1, —1)
we observe that the shift o, has n — a zero entries if o has a zero entries, and
thus the result in this case also follows immediately from Lemma [l O

Proof of Theorem [A Tt suffices to consider p > 1. Since the absolute values
of the Haar coefficients of Dy (R .) are less than or equal to the absolute

n,o )
values of the Haar coefficients of Dy (R, », ) and since u?inf is of order

—1),(0,0)
2727 the proof of this theorem follows exactly the same lines as the proof of
Theorem [l O

Finally we consider a slight variant of the two-dimensional symmetrized shift-

ed Hammersley point set (8). Let
Ry% = Ruo U{(@. 1= y) : (2,9) € Ruo},

sym
n,o

counted by multiplicity, is again N = 2"*1. It follows from [30, Theorem 2],
that the Lo-discrepancy of R;'g" (unshifted) is of optimal order Ly n(R}g') <
VIog N/N. We extend this result to the L,-discrepancy.

where it might happen that two points coincide. The number of elements of R

THEOREM 3. Let p € [1,00). Independently of o € {0,1}" we have

Vdiog N

LPN(ﬁzygl) <p N
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Theorem Bl follows directly from Theorem Blin conjunction with the following
lemma.

LEMMA 4. We have

Ssym sym 1 1
Ly (REE) = Ly (R € oy = 7o
Proof. At first we note that
A([0,1), ) < A([0,8) RYD) < A(0,8), REY™) +1. (9)

For the proof of this claim we consider an arbitrary interval [0,t) C [0,1]°. It is

evident that the point set ﬁ;ygl results from R7YE if the points in

{(,1-1/2" —y): (z,y) € Runo}

are shifted 1/2" in the positive y-direction and the remaining points (which are
the elements of R, ») do not move. Since the y-coordinates of two distinctive
elements in {(x,1 —1/2" —y) : (z,y) € Ry,o} differ at least by 1/2", there is at
most one element in R;Yy that might leave the interval [0,¢) by shifting these
points in the described way, whereas we cannot get additional points in this
interval. From these observations the above inequalities (@]) are clear. Therefore
we obtain

(DN (RS 6) ~ Dy(RE )] < 5oy | A0, £) R — A(0,8), RS < oy
From ||| — [y|| < |= — y] we get

DN (R O]~ DN (R3] < oy
Hence we have

DRSS 0)] < DN (R0 + 5y (10)
and

D (RS, )] < DN (R3] + vy (1)

Now we take the L,-norm on both sides of inequality (I0)) and get by regarding
the triangle inequality

Lyn(R3S) = |[Dn(Rg B,

~S m 1
< DN, + | g
Ssym 1
= vaN(Rri,a) + on+1 .
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From inequality (1)) we derive in an analogue way

1
2n+1

Ly n(RYS) < Ly n(RYS) +

which finally yields the desired result. O

5. Final remarks

We have shown two modifications of the classical Hammersley point sets,
the digit shifts and the symmetrization, which achieve the optimal order of
L,-discrepancy for arbitrary p € [1,00). It should be pointed out that each
construction works for all p € [1,00) simultaneously. This is in contrast to the
construction of Skriganov [43] where the point sets differ from p to p (but of
course the outstanding achievement of Skriganov is that his construction works
for arbitrary dimension s). Also the point sets constructed in [I1] yield optimal
order of L,-discrepancy for all p € [1, 00) simultaneously.

Finally it should be remarked that recently Goda [23] presented another mod-
ification of two-dimensional Hammersley point sets (in arbitrary base b) with
optimal order of L,-discrepancy. He considered so-called two-dimensional folded
Hammersley point sets which result from the application of the so-called tent
(or bakers) transformation to the elements of the two-dimensional Hammersley
point set. In base 2 this is the point set

Ry = 1{(6(2),¢(y) : (2,y) € R}
where ¢(z) =1 — |22 — 1]. Goda showed that
Vlog N
N

In a similar context, the authors of [I] use uniform distribution preserving maps
instead of the tent transformation.

L,n(R?) <, for all p € [1,0).
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