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ON A CONNECTION BETWEEN PSEUDORANDOM
MEASURES
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Dedicated to Professor Harald Niederreiter on the occasion of his 70th birthday

ABSTRACT. Mauduit and Sarkézy found the following connection between the
well-distribution measure and the correlation measure of order 2: W(Ey) <
3y/NC2(Ey). In this paper we will generalize this result to get similar connection
between the combined PR-measure and the correlations of even order.

Communicated by Christian Mauduit

Mauduit and Sérkozy in [6] introduced different pseudorandom measures of
finite binary sequences in order to study their pseudorandom (often called as
PR) properties.

For a binary sequence Ex = (e1,...,en) € {—1,+1}" of length N, the
well-distribution measure of Ey is defined as
t

E €a+35b
i=1

where the maximum is taken over all @ € Z, b,t € N such that 1 < a+b <
a+bt < N.
The correlation measure of order k of Ey is defined as

3

W(En) = max |U(EN5 t7 a, b)‘ = max
a,b,t bt

a!7

Cr(E) = max |V (Ey, M, D)| = max ;)

M,D

M
E €n+diCn+tds - - - Entdy
n=1

where the maximum is taken over all D = (dy, .. ., dj) with non-negative integers
dy < -+ <dp and M € N such that M + dx < N.

In [6], the authors showed that a finite binary sequence can be considered as
a good PR-sequence, if both the well-distribution measure and the correlation
measure are small. For more details, see Katalin Gyarmati’s survey paper [4].
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The combined (well-distribution-correlation) PR-measure of order k of En
is defined as

Qr(En) = max |Z(a,b,t,D)| (2)
a,b,t,D
t—1
= a{{){%ﬁ% Zoea+jb+d1€a+jb+d2 -+ Catjbtds |
.
where the maximum is taken over all a,b,t,D = (dy,da,...,dx) such that all

the subscripts a + jb + d; belongs to {1,...,N}.
In [7] Mauduit and Sérkozy found a strong connection between the well dis-

tribution measure of F and the correlation measure of order 2 of Ey, for every
En € {—1,+1}¥ (in [3], Gyarmati generalized Theorem [A]).

THEOREM A. For any N > 1 and Ey = {e1,...,en} € {=1,+1}¥, we have
W(EN) <3/ NCs(Ey). (3)
We would like to improve this result in the following form:

THEOREM 1. For any N > 1 and Ex = {e1,...,en} € {-1,+1}, k €N, for
1 <1<k, we have

Qr(Ex) <2 \/N max Can(En). (4)

Proof. Assume that
a,b,teN and 1<a<a+({t—-1)b<a+(t—-1)b+d, <N (5)

and write
e, =0 forn > N.
Ift=1, then
— — < < 1/2.
|Z(a,b,t, D)| = |2(a,b,1, D) = 1 < max Cu(Ey) < (N max Cy(Ey))
(6)
If ¢t > 2, then it follows from (Bl that
b< N
and
t—1<({t—-1)b<N-a<N-1 (7)
whence
t < N.
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Let g; = d; — dy. Then g1 = 0, but we will write it down sometimes if it makes
things more understandable.

2
a+b—1 t—1
E E Citjb+dy - - - Citjbtdy
i=a 7=0
a+b—1 t—1 t—1
= E E Citjib+dy - - - Citjibtdy E Citjobtdy...Citj2b+dy
i=a  \Jj1=0 j2=0
a+b—1
= > 1+2 D Citjrbtdy - - Citjibtdy,Citjabtds - - - Citjabtdy
i=a  \ji=j2 0<j1<ja<t—1
a+di+b—1
=th+2 ) > Citjibtgr - - - Citjibtgy Citiabtgr - - - Citjabtgs

i=a+d; 0<j1<j2<t—1
atdi+b—1t—1t—1-f

=th+2 Z Z Z Citjibtgr - - - Citjib+ar Citsib+fotgr - - - Citjib+fotgr
i=a+d; f=1 j1=0
t—1 atdy+b—1t—1—f

=th+2 E § § Citjrbtgr + + - Citjib+gp Citgib+fotgn « - - Citjib+ fotge
F=1 i=atdi j1=0
t—1 atdat(t—F)b—1

=({t—1b+b+2) > €n+tgr - EntgyCnt fotgr - - Ent fotgy
f=1 n=a+dy

t—1 |atdi+(t—f)o—1

<N+N+2Z Z €n - - Cntgrlntfb---Cntfotg (8)
f=1 n=a+d;

By investigating the innermost sum, we need to find the cases when
n+gi =n+ fb+g;,
thus
fo=gi—gj=di—di — (dj — dv) = d; — d;

for some 1 < f <t —1.
If there is no such ¢ and j that fb = d; — d;, then we sum the product of 2k

different elements of the sequence Ey, and by the choice of D' = (di,...,d,;),

with
0<dy < <dy, <a+(t—1)b+dy <N
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and

{a+di+g1,a+d1 +go,...,a+di + g,

ca+di+ fo+gr,at+di+ fb+go,...,a+di+ fo+ g} ={d), ... dy}
we got that
(t—f)b—1
Z nta+tditgr - - - EntatditgrCntatdi+fb - - - Entatdit+fo+gr —
n=0

=V(En,(t—f)b—1,D")
whence
(t=f)b—1
D Cntatditgr - CntatditgCtatditfo- - Cntatditforge < (9)

n=0

< |V(En, (t = f)b—1,D")| < Cop(En).

If there exist some ¢ and j such that fb = d; —d;, then as we sum the product of
2k elements of the sequence F in the innermost sum, some of them are pairwise
equal since their indices are identical. Of course the product of elements are 1,
and n 4+ a + di + go are smaller than all the others, and n 4+ a + dy + fb+ gx
are greater than all the others, so at least two elements with those indices will
remain.

(t—f)b—1
Z €ntatdi+gr - - - CntatditgrCntatditfo - - - Cntatditfotgr =
n=0
(t—f)b—1
= Z €n+j1 €n+jz€ntjs - - - Cntjags
n=0
where 1 <[ < k. With D" = (jl,jg, - ,jgl)
(t—f)b—1
Z €n+j1€ntja -+ - Cntiy = V(ENa(t_f)b_ ]-aD/)a
n=0
thus
a+di+(t—f)b—1
Y CatiiCntia--Cntin| < (10)
n=a+d;

< [V(En,(t = f)b—1,D")| < Cu(Ew).
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If we take a look at (8) again, for every f in

t—1 |a+di+(t—f)b—1

Z Z €n - CntgrCntfb---Cntfbtgy

f=1 n=a+dy
we can give an upper bound to the innermost sum as

ady+(t—f)b—1

> €n - EntguCntfb - - Entfotg.| < Cau(EN)
n=a-+dy

for some 1 <[ < k, which means

t—1 |a+di+(t—f)b—1 t—1
Z Z €n . CntguCntfb- - Cnifotgy| < max Co(EN).
f=1 n=a+d; 1 - =7

So by (1) and (@), from () we get that

2 J—
(Z(a,b,t,D))* < 2N +2(t — 1) max Coy(EN)

-
I

< (2N +2(t—1)) max, Cau(EN)

< 4N max Cgl(EN),
1<i<k

in the case when t > 2, and with (@), it proves the theorem.

(11)

Cassaigne, Mauduit and Sérkozy in [2] Theorem 4 proved a result for a con-

nection between correlation measures of different order.

THEOREM B. Fork € N, 1 € NJk|l, N €N Ey € {-1,+1}¥, we have

Ci(By) < N1 ((cmEN))’f we (z2)%>

Using this result we will see that Q2(En) can be bounded by C4(En)
COROLLARY 1. For all Exy = {e1,...,en} € {1, +1}¥, we have

Q2(En) <5/ NCy(EN).

Proof. If t =1, then
|Z(a,b,t, D)| = |Z(a,b,1,D)| =1 < C4(Ex) < 5(NCy(En))'2.

(13)

(14)
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If t > 2, then take ([8) with k& = 2, which yields

a+b—1 t—1
> > " €itjordiCitjords | < (15)
i=a \j=0

t—1 |a+di1+(t—f)b—1

< 2N +2 Z Z enCntdCnt foCnt fotd| -
f=1 n=a-+dy

From Theorem [Bl we can give an upper bound for Cy(E )
Cy(En) < VN (\/6\/ Ci(EN) + 4) <7y NC4(EN). (16)

In the case b|d, for a fix f, fb = d and the upper bound for the innermost
sum in () is given by Co(Ey), otherwise by C4(Ey). By Theorem [B] and (IG)
we got

2 2
t—1 at+b—1 [t—1
2
(Z(C% b,t, D)) = E €it+jb+d; Citjb+do < E E €itjb+d; Citjb+ds
=0 i=a j=0

< 2N +2(t — 2)Cu(Ex) + 2Co(Ex)

< 2NCy(En) +2(N —2)Cu(En) +2-T/NCi(En)
< 2NCy(En) + 2(N = 2)Cu(En) + 14NC4(EnN)
< 18NC4(En). (17)

In the case btd

t—1 2 a+b—1 [t—1 2
(Z(C% b,t, D))2 = Z €itjb+d; Citjb+do < Z Z €itjb+d; Citjb+ds
=0 i=a  \j=0
t—1
<2N+2)  Cy(En) =2N +2(t — 1)Ca(Ey)
f=1
< 2NCy(En) +2(N — 1)Cy(EN)
< 4NC4(EN) (18)
which proves the corollary. O

112



ON A CONNECTION BETWEEN PSEUDORANDOM MEASURES

Remark
One would like to know if there is a stronger form of Theorem [Tk
Qr(EN) < /NCok(EN),

but so far I did not manage to answer this question. If there is such a sequence

Ey, where Qr(En) cannot be bounded by a constant times \/NCa(EN), then
by [1] and [5] we know that for every even [,

i Ci(En) >
ENe{rgllr,l-H}N HEN) 2

thus
Qr(En) > N i
holds for this sequence.
I would like to thank Professor C. Mauduit for asking this important question.
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