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ON THE DISTRIBUTION OF THE VALUES
OF MULTIVARIATE RATIONAL FUNCTIONS

NORBERT HEGYVARI — FRANGOIS HENNECART

ABSTRACT. We investigate the distribution of the values taken by multivari-
ate rational functions with integral coefficients in different directions. Firstly we
consider the problem of estimating the maximum of a nonnegative multivariate
polynomial on the n-dimensional hypercube [0,1]™ in terms of the arithmetical
properties of the exponents of their constituting monomials. Secondly we are in-
terested by the distribution of the values of expander polynomials in prime fields.
And finally we focus on some multivariate covering rational functions on prime

fields.
Communicated by Ilya Shkredov

1. Introduction

In the present paper we investigate the distribution of values of multivariate
rational functions.

Firstly we consider n-variables polynomials f € Z[z1, xa, ..., z,] with integral
coefficients. Consider the simplest case: let f € Z[z], and assume that f(z) is
nonnegative on [0,1] and not identically the zero polynomial. It is expected
that f could not be too ‘flat’ depending on the degree of f. More precisely
there exists a positive bound 3(d) such that for any such polynomial f € Z[z]
with degree d, we have maxgecpo,1) f(z) > B(d). In the next section we give
a bound for the multivariate case, showing that it depends both on the degree
of the multivariate polynomial and on the arithmetical structure of the sequence
of exponents occurring in each monomial of f.

In the third and fourth sections we will consider multivariate functions on
prime fields. As a first task, we shall concentrate our attention to 2-variable
polynomials called expanders. A polynomial f(z,y) is said to be expander,
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if for fixed 0 < a < 1, f : F, x F, — [F,, there exists a f = f(a) > «
such that for all A, B CF, |B| < |A| ~ p* we have

|f(A,B)| > p°.

Expander maps have a rather long story. In 2004, Barak, Implagliazzo,
Wigderson asked to find an ‘explicit’ (algebraic) expander polynomial (see [1]).
One year later Bourgain proved that f = f(z,y)=x?+2zy is an expander (see [2]).

Theorem 1.1 (Bourgain). The polynomial f(x,y) = x> +xy is an expander: for
all 0 < o < 1, there exists a number § = 6(a) > 0, such that if |B| < |A| ~ p®
then

|f(A,B)| > p**°.

An expander map blows up its argument set, so one can expect that its values
are well-distributed on IF,,. In section [3] we formally explicite this notion of well-
distribution.

In 2008 the authors gave a wide family of expanders (see [6] and [7] and see
also [16] and [I5], and details in the third section). We will consider distribution
in two different meanings as well (cf. section [B).

The converse problem arises as a natural question: if the images of all suf-
ficiently big ‘bricks’ A x B by a given map F(z,y) are well-distributed, can
we conclude that the map F(z,y) is an expander? Surprisingly the answer is
negative. J. Bourgain showed in [2] the following

Theorem 1.2 (Bourgain). Let G(z,y) := 2%y + 2y, and A, B C F, \ {0} with
|A| ~ |B| ~ p/2. Then there exists a real number v > 0, such that for all
reF,\ {0}

Z exp (277@'7“G(93,y))} <o,
r€A;yeEB p

So the image set of any brick A x B with prescribed size by the function
G(z,y) is well-distributed (see section B for the links between equidistribution

and the size of the Fourier coefficients). In the same time, we may write
20y +1)% — 1
x2y2+3:y:( y4) ’

hence by considering A and B both being geometric sequences with common
ratio and with length ~ ,/p, we plainly conclude that G(z,y) cannot be an
expander.
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2. On integral polynomials being nonnegative in the unit

hypercube
Let N, n be two positive integers. Let f = f(x1,za,...,2,) € Zlx1, 22, ..., Tp]
and write f under the form
flze, ... zn) = Z apat ko ake

E:(k17...,kn)€Nn

where we assume that a # 0 implies N > ky +ky +- - -+ k,, +n, i.e., the degree
of f is at most N — n. Denote by

Ay = {k € N" such that a; # 0},
and for each k € Ay, let

n

Ky = [ [ (ki +1).
i=1
We define Fy ,, to be the set of all n-variable non zero integral polynomials f
satisfying
deg f < N —n and
V(%l,l‘g, ... ,l‘n) € [O, 1]”, f(lil, o, ... ,LL‘n) > 0.

Let P* be any subsequence of all primes with relative positive upper density a.
More precisely if we write 7*(z) := P* N [1, x|, then we define

« = limsup ™ (@)
T—00 77(1:)

and we assume « > 0.

We thus make the assumption that f is nonnegative and is not identically
zero on the hypercube [0, 1], has degree less than or equal to N —n and is such
that all prime divisors of its exponents incremented by one belong to P* i.e.,

P* D {p prime such that p | K for some k € Ay}.

We denote the set of these polynomials by FY ,,. We are interested in how small
could be the maximum My of f in the unit hypercube. We prove

Theorem 2.1. We have

min  max f(z) > e (FoWaNH g N o0,
FEFN » el T

where H,, = >, 1/ is the nth harmonic number.
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Proof. We let

1 1 1
I:—/ / / fx1,29,. .., 2n) deides . . . dx.y,.
o Jo 0

Calculating this integral gives

T1,yeeTp=1

N S S B S |
n

apx
I= Z(k1+1)(k2+ 1. (kn+1) :

ke Ay
g
1= —.
2 %,

keAy =
Since f is nonnegative (not identically zero), we know that I is positive, then
for some positive integer A we have

A 1
— > .
lem{Kj, k€ Af} — lem{K}, ke Ay}

Let £ € {1,2,...,n — 1} and p € P* a prime number in the interval

T1,..., =0

hence

N _ N
(+1 - P=T
We first prove that if p? | K}, for some k € Ay, then 8 < £. Indeed
ﬂ<2vpk +1) =3 g+l = > vkt 1),
= <k b1 N/ (A1) ki1

where we denote v, (k) to be the greater exponent 3 such that p” | k. By taking
N large enough, namely N > n?, we cannot have v,(k; + 1) > 1, hence we infer

B< > 1<+l
N/(Hfl:)l<ki+1

by the condition >, (k; +1) < N. We now consider the prime numbers p such
that p < N/n. For any such prime p and any exponent 3 such that p® | Ky
one has

ﬁ<21}pk—l—1 —Zlogk +1).

By investigating the maximum of the multlvarlate function

(T1yeeyy) Zlogmi
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subject to the condition xy + - -+ + x,, < N, one easily deduces that
8 < nlog(N/n)'
log p
It follows that p® < (N/n)". By collecting the preceding bounds we obtain

H pmaxkeAf vp (Kg) < ( ) ﬁ H pl‘

peP* peEP*
/(€+1)<p<N/l

“(N/n)

Taking the logarithm we get the bound

log L < n* (N/n) log(N/n) + i E(H*(N/E) — 0" (N/(C + 1)))
/=1

where 0*(x) = > ,cp~ log p. Hence rearranging the summation we finally infer
p<w

log L} < (1+o(1 ZH* (N/0) < (1+o0(1))aNH,.

since 7 (z)logz < (1 + o(1 ))9*(x) < (14 o(1))az. Clearly
lem{Ky, k€ As} < L}.

Comparing the deduced lower bound I > e~(1Fe()aNHn with the plain upper
bound I < My we get the desired result. O

Remark. Our argument is related to a similar reasoning that Gelfond followed
in [5], the interesting being that it is used in the reverse direction.

3. The case: F = F(z,y) € F,[z,y]

The analogous question in prime fields would be the following: any function
from a given family of maps could not concentrated to some room of IF,,.

In the present section we will focus expander polynomials with two variables.
Firstly we quote our result which gives an infinite family of expanders [6].

Theorem 3.1. Let k > 1 be an integer and f, g be polynomials with integer
coefficients, and define for any prime number p, the map F from Z? onto Z by

F(z,y) = f(z) +2"9(y)
Furthermore assume that f(z) is affinely independent to x*. Then F is an
expander.
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Moreover if 6 > 1/2, then for any pair (A, B) of subsets of F), such that
|A| < |B| < p°, we have
min{2§—1;2—26}

|F(A,B)| > A=

Here two maps f(x) and h(x) are affinely independent if there is no (u,v) € Z?2
such that f(z) = uh(xz)+v or h(z) = uf(z) +v. Let us denote by H our infinite
family of expanders.

We will show that each map in #H is well-distributed in two meanings as well.

3.1. Equidistribution for mutisubset in F,

Let M be a multisubset of FF,. The usual meaning for equidistribution in
the arithmetic progression of IF,, could be stated as follows. A subset I of I, is
called an interval if it is an arithmetic progression {u + kv, k= 0,...,|I| — 1}
with u € F, and v € F, \ {0}. We denote by ||M|| the size of the multiset M.
The intersection M N I is simply the multiset formed by the terms of M which
belongs to I, each of them counted according to its multiplicity in M.

Definition. Let ¢ > 0 be a real number. The multiset M is said to be
e-equidistributed (in the arithmetic way) if for any interval I of F,, we have
M)l
[ M]] p
Observe that if M is e-equidistributed, then M N I # @ whenever |I| > ep.
We will use Fourier method. Recall some well-known facts: Let ¢ : F,, = C
and z € F,, let ¢(z) = > yeF, qb(y)e(%), where e(t) := exp(2int). Briefly we
write e(2) = e,(-). We also recall the Parseval identity

YW =0 o)

yeF, yeF,

It appears that the notion of equidistribution can be reduced to bounding the
associated Fourier coefficients

max ‘ e (rx)’
ref,\{0} Z;J P
by || M || for some sufficiently small positive number d(¢). It comes from the Weyl
approach for the famous eponymous criterion for equiditribution modulo 1.

Definition. Let 6 > 0 be a real number. The multiset M is said to be
d-trignonometrically-equidistributed (in the arithmetic way) if we have

max ep(rx)| < 6| M||.
TEFP\{O}LQ (12| < 3]
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In [4] the author verifies the effective equivalence of these two definitions: if M
is e-equidistributed, then M is \/e-trigonometrically-equiditributed; conversely
if M is e-trigonometrically-equidistributed, then M is O(y/€)-equidistributed.

3.2. First meaning

Definition. Let o and ¢ be two real numbers in (0,1). We say that the map
F(x,y) is arithmetically well-distributed (a.w.d.) in order (e, ), if for every
A CTF, with [A| > p® and for every interval I = {u+kv, k=0,...,|I|-1} CF,
with || > p?, we have F(A, A)NI # @.

We shall first prove

Proposition 3.2. Let F(z,y) € H. Let 1/2 < a < 1 and let o such that
0>9/8—«a/4. Then F(x,y) is arithmetically well-distributed in order (o, o).

In the next we will show

1/4
p 2
max e, (rF(x, ‘<< Al“. 1
rewp\w}‘}y; ()| < Pzl M

It is clear from the preceding subsection that it is sufficient for the announced
result.

Proof. Let
L= Y e(r(f@) +a W), (2)
(z,y)€A?
Using the triangle and the Cauchy-Schwarz inequalities,

1/2
HESY ‘ 3 ep(m'“g(y))‘ < |A]2 (Z > ep(m“k (9(y) —g(y’)))> :
z€A yeA z€F, y,y’'€A
Letting Sk(h) = Zme]& ep(ha®) and intervenrting summations on x and y,y/,
we infer
1/2
<Al (3 si(rlatn) - a))
Y,y €A
When g(y) # g(y') the Gauss sum can be bounded by k,/p. Otherwise it is

plainly equal to p. For a given z the number of solutions y in the equation
z = ¢(y) is bounded by some constant C'(g). Thus

T < A2 - (K|ARV + Cla)plA) 2 < Lo |42 3)

as requested. O
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In fact we proved that if |A| > p® and |I| > p? with o > 9/8 — /2, then

IF(A,A) NI > |A|p|f|

(4)
where F'(A, A) is considered as a multisubset of F,, which by a constant the best
possible expected result. This implies |F(A, A)NI| > |A||I|/p, nevertheless this
bound is possibly far from the average value |F(A, A)||I|/p.

Using the bound (), we can provide a better result. We prove below that
under the weaker hypothesis

A2 > p°2 1og” p,

the lower bound (@) remains valid: more precisely || F(A, A) N I|| is close to its
expected value |A|?|I|/p.

Denote )
N = ‘{(m,y) € A% F(z,y) € 1}‘.

Z Z Zep< )+ g(y)—t)).

re]F (z,y)€ A2 tel

Then

Isolating the contribution from the term r = 0 we obtain

2|I||;4|2 =Y [t X e(t@+atow)|

0<7‘<p tel (z,y)€A2

Since ), ep(—rt) is a geometric summation, we have

1
] < e
‘tezzep =) | sin(mrv/p)|’
thus

Z )Zep(_rt)lg Z W—

O<r<p tel 0<r<p 7T7”’U/p)|

1 D
— — <9l .
> I'sin( < > o] = P8P

0<r<p 7T7"/p)| o<|r|<p/2

Hence
I]|Al?
N > AF — (logp) - max T,.

rel,\{0}
It follows by (B that

N >

|I||A|2_O | AB/2p1A | Alpl/2
’ ((logp)(JA[>/2p/* + | A]p'/?)),
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where the implied constant depends on F'. Finally N is positive whenever
|A[|1]? > p°/*log® p and |A||I] > p*/*logp.

The latter condition being weaker than the former, we deduce the following
result.

Proposition 3.3. Let F(z,y) € H. Let 1/2 < a < 1 and set go(a) = 5/4— /2.
Then for any o0 > oo(a), if |I| > p? and |A] > p®, then

API
||F(A,A)ﬂ[||:(1—|—0(1))| |p| |, as p — oo.

It implies that the function F(x,y) is arithmetically well-distributed in order (o, ).

For an interval I = {a,a +d,a + 2d,...,a + (k — 1)d} in [, of size k,
we have I D J + J, where J = 2a + {0,d,2d,...,|(k — 1)/2]d}, where
T denotes the multiplicative inverse of € F. We observe that F(A, A)NI # &
if F(A, A)N(J+ J)# @, namely by using Fourier analysis

M::ZTT(L}\(T))2 = Z Z Z ep<r(F(a,b)—x—y)) >0,

ref, a,beAx,ycJ

where J is the Fourier transform of the characteristic function of .J. Clearly,
M = AP = pmax T, ]|J].

From (0)), it follows that M > 0 whenever |A|Y/2|.J| > p°/*. Since |J| > |I|,
we infer the next result.

Theorem 3.4. Under the notation of Proposition[3.3, for any o > oo(a) and
p large enough, the function F(x,y) is arithmetically well-distributed in order

(a,0).
Remark. In the same way and by considering Weil’s bound for trigonometric

Sums ’ Z ep(h(:v))) < (deg(h) —1)y/p

z€lF,

which holds for any polynomial h, we could extend Theorem B4 to function
F(z,y) = f(z) + h(x)g(y) for non-constant polynomials f, g and h.

3.3. Second meaning

A geometric interval I is a subset of F,\ {0} which can be written as
I={wk* k=0,...,|I| -1} CF,\ {0} for some u,v € F, \ {0}.
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Definition. Let o and ¢ be two real numbers in (0,1). We say that the map
F(xz,y) is geometrically well-distributed (g.w.d.) in order («,p), if for every
A CTF,\ {0} with |A] > p® and for every geometric interval I = {uvk, k=0,...
o [ I =1} CF, \ {0} with |I| > p¢ we have F'(A, A) NI # & (or alternatively
I1F(A, A) Il > [A]2|T]/p).

We shall prove

Theorem 3.5. Let F(x,y) € H. Let 1/2 < o« < 1 and set go(a) = 5/4 — a/2.
Assume that A is a subset of F, \ {0} of size p® and I is a geometric interval
of size p% Then
(1) If o > oo(e), one has ||[F(A, A)NI| = (1 + 0(1))|A|2|I|/p as p — 0o.
(ii) If 0 > oo(a) and p large enough, one has |[F(A, A) N 1| > |AP?|I|/p,
namely F(x,y) is geometrically well-distributed in order (a, o).

Proof of (i). Comparing to the proof of Proposition we consider instead
Ey= Y x(f(2)+2*g(y))
T, yeA

where y is any non-trivial multiplicative characters modulo p. By the triangle

inequality
B <D @ @) + 9v)|

€A yeA
Let U (resp. V) be the set u (resp. v) which can be written as u = =% f(z) (resp.
v = g(x)) with x € A. We also denote r(u) (resp. s(v)) the number of x € A
such that u = 27 f(x) (resp. v = g(x)).
The summation on x can be written and bounded by the Cauchy-Schwarz
inequality as

By <3 r(w)| D sto)xtu+ )|
u veV
1/2

< (T rw?) " [ X s@s)] X v+ vxtu+ o)

uelU v eV uelU

We may observe here that both functions r(u) and s(v) are bounded by some
constant depending only on the given map F. When v # ¢, the sum on u
is bounded by O(,/p) by Johnsen’s Theorem (cf. [10]). Since |U|,|V| < |A|
we finally obtain for any x # x¢

1B\ | < |[AP2pt* + | Alp*/2, (5)
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where the implied constant depends only on the given function F. Now we deduce

[1F(A, A) I = ZZZ )+ a*g(y)x(®)

X tel xz,ycA
Al |1
= |p |_|1| — O((logp)(JAP*/?p!/* + | A]p'/?)),
where we isolated the contribution of the principal character xo and used the

bound
> 1D x| <plogp (6)
x#xo t€l

which can be obtained in a straightforward way by expliciting the characters y

as
2miqind,, (¢
Xq(t) = exp (Tl()), gq=0,...,p—2,

for some fixed primitive root w modulo p and where ¢ = w™%(®)  Then letting
¢ =ind,(v), we get for each g =1,...,p— 2,

[1]-
2miqkt 1
o) =] 3 et !—!z <
tel 0<k<|I|—1 ( ) |sin(mgl/(p —1))|
and the desired result (@) follows. O

Proof of (ii). The proof is the mutiplicative analogue of that of Theorem 3.4
For I={w’, j=0,... k—1},

we write [ D uJ-J, where J = {v7, j =0, |(k—1)/2]}. Clearly ||F(A4, A)NI|| >
I1F(A, A) (T + DI/IT1> AP /p > |API| /p i

2Bt (S 3@) - lAP |J|2>>max|E|Z]Zx |

zeJ zeJ

By Parseval and (), we conclude. ]

Similarly to the ending remark of the preceding subsection, we could extend
Theorem B35 to functions F(z,y) = f(z) + h(x)g(y) with non-constant polyno-
mials f, g, h

Both preceding results TheoremsB.4land B.5lon equidistribution concern func-
tions F(x,y) having the property that F(z,y) — f(z) is a product z¥g(y) with
separate variables, and F(x,y)z % = f(z)z~*+g(y) is a sum, where the variables
x,y are also separated. This is not the case of the function 22y + xy%. Neverthe-
less it could be proved that it is well-distributed in similar order according to

both meanings, even if it is not known that it is an expander (see details in [7]).
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Under some natural restrictive condition, the same could be proved with map
of the type u(z)v(y) + w(z)t(y). We focus here on the map z2y + xy?.
Proposition 3.6. Let 1/2 < o < 1 be a number. Then
(i) The function f(z,y) = 2%y + zy® is a.w.d and g.w.d. in order (a, o)
if o>5/4—a/2.
(ii) The function f(x,y) is a.w.d. in order in order (o, o) if 0 > 11/8 — 3 /4.

Proof. In view of the preceding proofs it is only needed to bound, in an efficient
way, both characters sums

Y ep(r(a®y+ay?) and Y x((ay(z+y))
z,y€A T, yeA

when r # 0 and x # xo-
For the first, we only consider the case r = 1 and we have by Cauchy-Schwarz

| eyt ayt)| < 30| elaty +ay?)|
z€A yeA

z,y€A
< | < Y (-t y’)%))) -

z€F, y,y’'€A

We denote by Z the multiplicative inverse of € F), \ {0}. The inner summation
can be inverted and bounded by

plA| + ’ S (-2 Wy +y))Sy—y.p)
yF#y' €A

where S(a,p) is the Gauss sum erFp ep(az?) = ZZGFP xr(2)e(az), where xp,
is the Legendre character, a # 0. It is well known that for odd prime numbers p

S(a,p) = xr(a)ep\/p, (7)

where €, = 1 or ¢ according to p =1 or 3 (mod 4). Hence we get

| S eplay+ay)| < o214l 4+ p AP,
T, yeA

)

We can do slightly sharper: for this we need to bound
=2
Q= > xtly—v)ep(=Z(w—v)y+y)?).

y#y €A

By the triangle and the Cauchy-Schwarz inequalities we have

QP < |A] < S Y -yl -y e (W -y - o + y”)y)»,

Yy €A yEF,
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hence
—2 = 2
Q< |A|<p|A|+Z ’ZXL(?J_?/)XL(?J_?JN)@]D(2 W=y (y=2(s'+y")) )D
y'#y"" €A yeF,

Letting z =y — 2(y' + "), 2/ = 2y and 2” = 2y” the inner sum can be written
as

Z XL(Z + P Z/)XL(Z + P z”)ep (5(2” _ Z/)Zz).
z€F,

We shall use the following lemma.

Lemma 3.7. Let a,b € F,\ {0}. One has
|3 ez = bey(az?)| < 3.

z€F,
Proof. Denote by T the sum considered in the statement. Then

T = Z xr(w) 4+ 1) xr(w — b)e,(aw)

weF,
= Z XL(w( ep aw) Z xr(w —b)ey(aw).
wel), wel),

In view of () the last sum is

> xe@)ey(alv +b)) = ey(ab)S(a,p) = ey(ab)xr(a)e,/p.

velF,
Hence

T - ep(ab)xe(@eys = Y (xe(wlw —b) +1)ey(aw).

weF,

Since the expression xr(w(w — b)) +1 = 2,1 or 0 detects if w(w — b) is a non
zero square modulo p, zero or a non square modulo p respectively, one has

T —ep(ab)xr(a)ep/p = Z ep(aw).

w,tef,
w(w—b):t2

Letting u = 2b(w — 2b+t) and v = 2b(w — 2b — t), one infers w = 2°b(u + v +2)
and

T — ep(ab)xr(a)ep/p = ep(2ab) Z ep (§2ab(u +v))

u,velf,
uv=1

yielding a Kloosterman sum that can be classically bounded by 2,/p (see [18]).
We conclude that |T'] < 3,/p. O
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Returning to our problem we get |Q|* < p|A|? + 3|A|*\/p and finally
1/2
| D ep@Py+ay®)| < 1AM (plA] +pM2QN T < AL+ 7 AP
r,yeA

giving the statement (ii) in Proposition 3.0 arguing as in the proof of Theo-
rem [3.4

Concerning the multiplicative distribution, when x # xo we have

‘Z :cy:c—l—y‘<2‘zx x—l—y‘

z,yeA €A yeA
1/2 ——\1/2
< |A| <p|A| +Z Z (x+y)x x+y’)> )
y,y €A z€F,
Y7y

By Johnsen’s bound on the inner character sum, we finally get

’ > x(zy(z+ y))’ < p'?A| + pM AP
r,yeA

The rest of the proof is clear by mimicking Theorem [B.5 O

4. Covering rational functions in F, \ {0}

One can expect that an expander F(z,y) which blows up the size of its argu-
ment set, will cover many elements with respect with the size of A and B. Indeed
in [I3] Shkredov showed that for the Bourgain’s function G(z,y) = 22 + ay,

IG(A,B)] > (p—1) — Allz(‘)llllel thus if |A||B] > p%/?T¢, ¢ > 0, then G(A, B)
covers almost all I, \ {0}. This also shows that the equation G(z,y) = z,
(z,y,2) € AX B X C has always a solution whenever |A||B||C| > p®/2, namely
both 3-variable covering functions G(z,y) — z and G(z,y)z are covering [F,, as
soon as the variables range in sufficiently big sets A, B, C.

In [12] Sarkozy proved the following assertion. For A, B, C, D C ), the equa-
tion a +b = ed, (a,b,c,d) € A x B x C x D has at least a solution, provided
|A||B||C||D| > p®. This immediately implies that for the map F(x,y,z, w) =
x4+ y + zw, one has F(A,B,C,D) = F,, for the indicated range of the sets
A, B,C, D (see also [14], [8]).

In [6] we proved the following statement.
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Theorem 4.1. There exist real numbers 0 < 6,8 < 1 such that for any p and
for any sets A, B,C,D C F,, with
C|>p />0, D> p*0, JAIB| > p7,
there exist a € A,b € B,c € C,d € D solving the equation
a+b=F,,(cd)
a+b=Gylcd),

where Gy(z,y) = z1 Ty + 227“h(y); u € {0,1},h(y) € Zly] and F, ,(z,y) =
Ty + :UQ_“gg, gp generates )X and v € {0, 1} is fived.

and

FEquivalently the maps F, (z,y) + 2z + w and G, (z,y) + z + w are covering
polynomials on the indicated regions.

The aim of this section is to show that some ‘dilatations’ of an expander
polynomial also are covering rational functions on a given range.
More precisely

Theorem 4.2. Let F(x,y) = f(x) + zFg(y) be the map defined in Theorem [F ]
and let G(z,y,z,w) = F(z,y)(az + Bw)~!, where a, € F,\ {0}. Then if
|A||B||C| > p®/2, then G(A, A, B, C) covers F, \ {0}.

Proof. Changing B and C into aB and —(C respectively we may assume that

a=—-p3=1.

Let h be any element of F), \ {0}. Denote by N¢(h) the cardinality of the set
{(:c,y,z,w) EAXAXBxC: (f(x)+2%g(y))(z —w)™' = h}.

We again use Fourier analysis: we have

Z S Y a(r(f@ +atey) —h-w).  ®)

re]F (z,y)€A2 zeBweC

z;ﬁw
Separating the contribution due to r = 0, we get
Al%|B||C
Ne(y > APIBIC]
p
1
Y | X atne-w)| | X (@) + ahaw)]
prele\{o} zEB;éweC (z,y)€A?

ZW_(TGF\{O}|T|)X_Z’ Z p(rh(z — )))

p reF, z€BjweC
z;ﬁw
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In view of the bound () it remains to bound the sum on r. We have

Z’ Z eprhz— ‘—Z’ Z eprhz— ))’+p|BﬂC’|

ref, ZGB;éwEC ref, zeB;wel
. 1/2 ~ 1/2
< (X 1BemE) (Y 1CEmE) T + pmin(Bl,[Cl)
relf, relf,

< 2p+/|B||C]

by Cauchy-Schwarz inequality and Parseval identity. We thus infer from ()

[APIBIIC] _

Ne(h) = O(APP/2p"*|B|'/2|C1'2).

Hence the result. O
Remark. Shkredov conjectured in [I3] that his method could provide a solution
to the equation z = F(z,vy) for (x,y, 2) € X xY x Z whenever | X||Y]||Z| > p®/2.

The above result, as the next one, gives a weak version of Shkredov’s conjecture:
we stress the fact that our results need an additional variable.

Theorem 4.3. Let F(x,y) be the map defined in Theorem [31 and let
H(z,y,z,w) = F(zr,y)zw.

Then if |A||B||C| > p°/2, then H(A, A, B,C) covers F,, \ {0}.

Proof. The proof is similar to the preceding. For any h € F, \ {0}, we de-

note Ny (h) the number of quadruples (z,y,z,w) € A x A x B x C such that
h = F(x, y)zw We have

=—=>_ > x(F@y) Y x(2) Y x(wx(®h),

X (xz,y)eA? z€EB wel

where the sum is extended over all multiplicative characters x of I, \ {0}.
The number of pairs (z,y) € A% such that F(z,y) = 0 is a O(|A|) hence

(147 — O(ADIBJIC]

Npg(h) >

p—1
(x| 3 Few)|) S @] X x|
(.)C A2 X  2eB weC

By (@), Cauchy-Schwarz inequality and Parseval identity, we get

A2 — O(JA])|B||C
(| | (| |)| || |—O(|A|3/2p1/4|B|1/2|C|1/2),

N >
i (h) P
5/2

which is positive whenever |A||B||C| > p°/*, as asserted. O
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We now consider the question of covering F, \ {0} by a sufficiently large
number of copies of the expander F'(z,y).

Theorem 4.4. Let F(x,y) = f(x) + 2Fg(y) be the map defined in Theorem [F 1
and let J(z,y,z,w,u,v) = F(z,y)F(z,w)F(u,v). Then if |A] > p°7,
then J(A, A, A, A, A, A) covers F), \ {0}.

Proof. Let h € F, \ {0}. The number N, (h) of 6-tuples (x,y, z, w,u,v) € A°
such that h = F(z,y)F(z,w)F(u,v) is at least

|Al° 1 2
Ny(h ———(maxE ) IE
() = 2L max 5]) 3 B
where E, has been defined in the proof of Theorem We use (@) for bound-
ing max, xy, |Ey|. We now deal with the sum >3 [E,|*>. A direct approach
would lead to the bound |E,|? = O(JA]?) yielding the condition |A| > p°/6.
By a more thorough study we shall obtain a better result.
One first has

;% S IE < {1, 22,51, 92) € A* ¢ f(21) + 2¥g(n1) = f(@2) + 259(y2) }-

At this point we may use an incidence theorem given by the Bourgain-Katz-
-Tao bound (see [3] or [9] or [11] for an effective version). Under the assumption
|A] < p'~=¢ we shall obtain a positive number 7 = n(e) such that there are at
most O(|A]>~") quadruples (x1,z2,v1,y2) € A* satisfying f(x1) + 2¥g(y1) =
f(z2) + 259(y2). By [II], n = 1/403 + o(1) is admissible when |A| < /p.
For bigger A, namely |A| = p° > \/p, we may use Vinh’s result implying that
the choice n = M is possible (cf. [I7]): written in a different way the
number of incidences is O(|A|*p~" + |A|?p'/?).

Here follows the appropriate application of the above quoted incidence results.

Lemma 4.5. Let u(z),v(z), w(x) € Fplz] be non constant polynomials and let
A C F,. We assume that the number of couples (c,3) such that ged(u(zz) —
au(zy),w(xy) — w(ze) — PBu(xy)) # 1 is less than M > 1. Then the number N’
of quadruples (z1,22,y1,y2) € A* such that u(x1)v(yr) — u(z2)v(y2) = w(xy) —
w(wy) is O(JAPP~"), where the constant implied in the O depends only on the
maximum D of the degrees of the polynomials u,v,w and on M.

Proof. For each Y € F,, denote by [v=1(Y)| the number of y € A such that
Y = v(y). Then clearly [v='(Y)| < deg(v) < D. Let £(z1,x2) be the line in F,?
defined by the equation in variables Y7, Ya: u(z1)Y7 — u(22)Ye = w(zy) — w(we).
We first investigate incidences with u(x1) = 0. There are at most degu such
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elements x1 € A. For u(ry) = 0 this gives less than |A|*> points on each
such line ¢(x1,z2). For u(ze) # 0, we then get only the points (Y7, —(w(z1) —
w(xz))/u(rz)) on the line l(x1,z2). Hence the number of incidences with
u(xy) = 0 is less than (D? 4+ D)|A|>. We denote by L the set of all lines £(x1, z2)
such that u(x1) # 0. One thus has

N <> o ()lfo (Y)Y R(e, B)1y, —ava=p + (D* + D)|AP,
Y1,Ys o,

where R(«, 3) is the number of couples (71, 72) € A% such that u(xs) = qu(r)
and w(z1)—w(x2) = Pu(zr) with u(x1) # 0, and 1¢ = 0 or 1 according to the va-
lidity of the condition C. The above equations define together the intersection of
two curves in F,. In the case where the polynomials Py, (x1, z2) = u(w2) —au(x)
and Qg(z1,x2) = w(x1) —w(z2) — fu(x1) are coprime then it is well known that
the intersection of the corresponding curves has at most deg P, x deg Qg < D?
pairs (z1,z2) giving R(a, 3) < D?. Now let «, 3 such that P, and Qs are not co-
prime, we get at most D|A| pairs (21, x2) such that Py (21, 22) = Qg(z1,22) =0
and at most |A| incidences (aYs + 3,Y2) € £(x1,x2). By assumption there are
at most M such pairs («, 3), thus we infer

N <D*)" > 1+ (MD?+ D? + D)| A2
LeL (Yq,Y2)ElNv(A)?

Since |£] < |AJ]? and |[v(A)| < |A], we obtain the desired result by the Bourgain-
-Katz-Tao theorem. 0

We now finish the proof of Theorem [£.4] keeping the notation for P, and Q3.
We see that with the choice u(x) = z* and w(z) not being on the form A\z* + p,
the hypotheses of Lemma [LH] are satisfied. Indeed x5 = aa¥ is possible only if a

is k-th power. Fixing K any algebraic closure of I, there exists w € K such that
wk = o and consequently P, (z1,z2) = H? é(xz — (Jwzy) where ( is a primitive
k-th root of the unity in K\ {0}. But ged(Pa, Q) # 1 implies Qp(X, wX) =0

for some j, yielding the polynomial identity
w(CPwX) —w(X) = gX*. (9)

Write w(X) = Zfzo w; X*. Clearly we must have 8 = (o — 1)wy by identifying
the coefficients. Moreover, since w(x) is not affinely dependent to 2", there exists
i # k such that w; # 0. Hence ('w® = 1 by (@), and taking the k-th power,
a' = 1. It follows that « is a root of unity in K of degree less than than or equal
to d = degw. We thus have proved that the number of pairs («, 3) for which P,
and Qg are not coprime is less than d?.
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We may thus apply Lemma with M = d?. We obtain

A6
NJ(h) > % -0 <|A|9/2—?7p1/4) 7

which is positive whenever
VRSP (10)

where for |[A| = p® > p'/2, we have n = min(§ — 1/2,1 — §)/5. A sufficient
condition for ([I0) is min(56/2—1/2,5/2+1) > 5/4, namely 6 > 7/10. This ends
the proof of Theorem E4l O

Considering Theorem [£2] we may ask a similar result of covering with the
function (z — w)F(z,y). We would need a good bound for

Z ep(TF(x,y)il)’ T#Oa
T, yeA
F(z,y)#0

which is seemingly out of reach. Instead we shall prove the following:

Theorem 4.6. Let F(x,y) be the map defined in Theorem [l and let
K(z,y,z,w,u,v) = (z — w)(F(x,y) — F(u,v)).

Then if |A| > p*/3, then K(A, A, A, A, A, A) covers F,, \ {0}.

Proof. We start by bounding the sum

Sy = Z ep(r(F(:E,y) — F(u,v))71>, r #0.
z,y,u,vEA
F(x,y)#F (u,v)

We have by orthogonality and using the notation (2))

Z Zzep — F(u,v) — t))ep(rt_l)

:pyquA h=1 t#0
:_Z(Zep (rt=1 ht)|Th|2
gt t£0
Then

A
|sr|<| £l S eatrt = h) TP
h;éo 1£0
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The inner sum is a Kloosterman sum that can be bounded by 2,/p (cf.[18]).
Moreover we have

%Z Th|* = |{(z1, 22,51, 92) € A* + f(z1) + 2hg(yr) = fla2) + 259(y2) }|
h

A4
<LL iy

as it was shown in the proof of Theorem 41 We deduce

4
w/_
Using the Parseval 1dent1ty and the above bound, we obtain that the number
of representations of h under the form h = (F(x,y) — F(u,v))(w — z), with
T,y,u,v,z,w € A, is at least

IS < ——

A8 (1A
O(*== +14Pp) |4,
p VP
which is positive whenever |A| > p?/3. O
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