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HILBERT SPACE
WITH REPRODUCING KERNEL AND

UNIFORM DISTRIBUTION PRESERVING MAPS, II

VLADIMIR BALAZ* — JANA F1aLovA** — OTO STRAUCH***

ABSTRACT. For Hilbert space H with reproducing kernel K(x,y), we express
the mean square worst-case error

/[0,115 e Zf ({xn+0})) - /[Ovl]Sf(X)dx

Ifll<1

2

as

iy [, K (@600 dxdyamaGey) = [ Kxy)axay,
n,m=0 0,1]° [0»1]23

where ®(x) is a uniform distribution preserving map, xo,...,xy_1 € [0,1)%,
and gm,n(X,y) are copulas associated with points x,, and x,. Applying this,
for dimension s = 1, we find that the minimum of the mean square worst-case
error is attained in the sequence z,, = %, for the kernel K(x,y) = 1 — max(z,y)
and ®(z) = z.

Communicated by Werner Georg Nowak

1. Introduction

Let x € [0,1]°. Let H be a Hilbert space of some functions f(x)
from L2(]0, 1]%), with a reproducing kernel K(x,y) from L'([0, 1]*), and let

X0y, XN—-1 € [0, 1)5
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be an N-terms sequence. L.H. Sloan and H. WozZniakowski [I1] proved that

1
||z%gl r;) b /[071]5 e

N-—
K(x,y)dxdy — — / K(x,,y)dy
/01 0,1]¢ ( N Z )

1 N-1
+ 2 > K (%m,xn), (1)

n,m=0

where the left hand side of (Il) is said to be the worst-case square error.
In the quasi-Monte Carlo (QMC) integration the following mean square worst-

-case error
1 N-1 2
sup |— fx,®o —/ f(x)dx| do 2
/[O,l]s wp |5 > o)~ [ 1) 2)
IIES! n=0

is studied for digital shift x & . For a special map ®(x) called the tent map
and for some sequence x,, the following mean square worst-case error

/ sup
[0 1]3 feH

Ifl<t

2
do (3)

1 Nl
— P(x,Po)) — x)dx
v L@ s - [

is better than (2), cf. [2]. In the previous paper [I] there is noted that the tent
map ®(x) and shift x@ o belong to the so called uniform distribution preserving
maps. Here a map @ : [0,1]° — [0, 1] is called uniform distribution preserving
(u.d.p.) map if for every uniformly distributed (u.d.) sequence x,,, n =1,2,...,
the image ®(x,,) is again a u.d. sequence. By Weyl limit [10, p. 1-62] we have
the following main criterion of u.d.p. [10, 2.5.1.].

THEOREM 1. A map ®(x) is u.d.p. if and only if (x) is Riemann integrable
and for every Riemann integrable f :[0,1]° — R we have

/ f(@(x))dx = / f(x)dx. (4)
[0,1] [0,1]

In [I] the sequence xq,...,xy_1 is replaced by ¥(xg,0),...,V(xy_1,0),
where ¥(x, o) is a u.d.p. map with respect to x and o, simultaneously.
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HILBERT SPACE WITH REPRODUCING KERNEL
Applying @) the mean square worst-case error () is expressed as

/ sup
[071]5 fe

H
Ifll<1

2

| Nl
~ ng f(¥(xp,0)) — /[0 f(x)dx| do =

1]°

N2 Z /01]5 U (X, o )7\If(xn,0'))da'—/ K(x,y)dxdy (5)

n,m=0 [0,1]2s

because of ), u.d.p. of ¥(x, o) implies

/ K(\Il(xn,a'),y)dcr = K(o,y)do
[0,1] [0,1]#
and thus
Z / (¥ix,, o) ¥)dydo =2 [ Kixy)xdy. (@
N 0,1]° J[o 1]5 [0,1]2¢

By using Fourier-Walsh expansion of the kernel K (x,y)

Kxy) = > Kkk)walh(x)wal(y),
k,k’'€Ng

where

Kk, X) = /[0 " K(x,y)walk(x)waly (y)dxdy (7)

in [I, Thm. 2] the following theorem is proved. []

THEOREM 2. For every sequence Xo,...,Xn—1 in the unit cube [0,1)° and
every u.d.p. map ®(x) and an arbitrary kernel K(x,y) with Fourier-Walsh
expansion () we have

/ sup
[071]5 feH

[fl<t

2

N—
=3 f(@(xn @ 0)) - / F(x)dx| do =

where K1 (k, k) = Jio.1g2e K (®(x), ®(y))walk (x)walk (y)dxdy.

ITheorem B extend [2, Thm. 4] or [3 Thm. 12.7], which was proved for a Sobolev weighted
space.
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Theorem [2] separates the map ®(x) and the sequence x,, in the mean square
worst-case error (8.

The aim of this paper is to present a new expression of the mean square worst-
case error by applying the theory of distribution functions (d.f.s) of sequences
and the Riemann-Stieltjes integration. In Part 2] there is proved another type
of separation as in (B)), denoted by (@). Then in Part Bl we apply (@) in one-
dimensional case for the special kernel K(z,y) = 1 — max(x,y) and for some
extension @ () of the tent map ®(z) = 1—|2z—1|. In Part[@we also find the mean
square worst-case error for ®(x) = bx mod 1. Finally, in Part 6] for the identity
map ®(x) = x we find that the minimum of the mean square worst-case error

1

@) over arbitrary points xg,z1,...,rx_1 in [0,1) is attained at z; — ;1 = .

2. Distribution functions method for dimension s

Following [I] we define:
e U(x,0) is a u.d.p. map of the form ®(x o) or ®({x+0o}), where ®(x) is an
arbitrary u.d.p. map.
e =% 4 7+ + ... is a b-adic representation of z € [0,1), and

oo =72+ 7+ + ..., then
dob dob
To+og b(mo )+ zl+0'1b(2m0 )+,

e Do =
exPo=(r1Po1, 2P 02,...,TsD0s).

(] {X+0'} = ({Lﬂl +O’1},{£U2 +02},...,{$s +O’S}),

eo;,i=0,1,...,is a u.d. sequence in [0,1)*,

® g n(X,y) is the asymptotic distribution function (a.d.f.) of the sequence
(Xm @ oix, Do), i=0,1,2,...,

e also the same notation g,, »(x,y) is used for a.d.f. of the sequence

{xm + o}, {xn+0;}),i=0,1,2,...

e We distinguish ¢, »(x,y) depending on whether ¥(x,0) = ®(x © o) or
U(x,0)=P({x+0o}).

e Note that g, »(x,1) = x and ¢, »(1,y) =y, and thus g,, »(x,y) is a copula,
see definition in [12, 2.3.].

e &(x) =1— |2z — 1|, x € [0,1], is u.d.p. map called the tent map or baker’s
map, see [5].

e Here, as usual, {z} is the fractional part of x.

The following result holds for an arbitrary dimension s.
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THEOREM 3. For every sequence Xg, . ..,Xn—1 in the unit cube [0,1)° and every
u.d.p. map ®(x) and an arbitrary continuous kernel K(x,y) we have

/ sup
[0,1]¢  J€H

Ifll<1

= S B0, B(3))duclygn(x.¥) - [ Kxy)dxdy. (9

[0 1]5 [0,1]2¢

2
do =

1
N (W) - [ o

n,m=0

Proof. The integral (@) can be computed as limits

Z U (X, 04), \I/(xn,cri)) — K(\IJ(Xm,a'),\Il(xn,a'))da',
=0 [071]5

— [ ]K(@(x),@(y))dxdygm,n(x,y),
0,1]®

where M — oo. Now, from (@), we have (). g

REMARK 4. Theorem [3] separates the map ®(x) and the sequence x,, again
by [@). Further an explicit formula of d.f. g,, »(x,y) is given only for one-dimen-
sional case in Part Bl Where it is used that

b gm7n(xay> = |hm ([ x)) N hn ([Ovy))|7 where
e h,(0)=x,P®oor h,(c) ={x, + 0} and
the Riemann-Stieltjes integral (@) is computed using integration by parts.

3. The case s =1

THEOREM 5. Let VU(x,0) be ®(x Do) or ®({x+0}), where ®(x) is an arbitrary
u.d.p. map. Let xg,...,xn_1 be a sequence in [0,1) and K(x,y) be a continuous
kernel. Then

N-1

! 1
1 pl 1 N-1
0 0 m,n=0
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Proof. To compute fol fol K(®(z), ®(y))dedygm.n(x, y), we use integration by
parts

//F(w,y)dmdyg(w,y)=F(1,1) —/ 9(1,y)dy F(1,y)
0 0 0

1 1 1
—AQ@D%H%DﬁAAg@w%%N%w(H)

which holds for an arbitrary continuous F(x,y) and every d.f. g(z,y).
REMARK 6. For every m,n we have

gmm(xa 1) =2 and gmm(lay) =Y,

i.e. gm.n(x,y) is a two-dimensional copula. Every copula is continuous [7]. Fur-
thermore by Fréchet-Hoeffiding bounds

max(z +y — 1,0) < gmn(w,y) < min(z,y) for (x,y) € [0,1]?

and thus
N-1
max(z +y—1,0) —zy < N2 Z gmn(z,y) — 2y < min(z,y) —zy. (12)
m,n=0

Proof of (11). Integration by parts gives

/01 /01 F(z,y)d.dyg(z,y)

[/01 F(x,y)dyg(:c,y)] ::— /01 /01 d,g(x,y)d. F(z,y)

/01 F(1,y)dyg(1,y) — /01 /01 dyg(z, y)d. F(z,y)

—W@MWw%i—Ag@w%ﬂLw

y=1

—ME@w@ﬂmM

y=0
11
[ ] st Py
0 Jo
Using ¢(0,y) = g(z,0) = 0 for every z,y € [0, 1] we have (II]). O
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Now, applying () to @) we find

. 2
/0 ?1615 Zf xn,a))—/o f(z)dz| do

<1

:K(CI)(l),CI)(l))—/O ydy, K (®(1), (y))

1
—/ zd, K (®(x), ©(1))

//(szgmnxy>ddff(() o(y))

m,n=0

- /01 /01 K(x,y)dxdy. (13)

From u.d.p. of ®(x) and (1) follows that

//Ka:ydxdy // )dmdy
=K

—K (9 )@(1))—/ ydy K (2(1), 2(y))

0

- /0 2d, K (®(2), &(1))

11
+/0 /0 2yd,dy K (®(z), ®(y)). (14)
Adding ([I3) and ([Id)) we derive (I0). O

In the following theorem we apply Theorem [l or precisely (I3), to the new
u.d.p. map called the tent map. The simple tent map is defined as
Dp(z)=1— |22 —1].
We extend this map to the map ®(x) with the graph in Fig. 1 and define by the
following: putting

Ii:[i_l 1

T’E)’ i=1,2,....b,

we define

(z) = ((-1)""'(bz —i—1)) + %(1 +(-D)ifrel. (15)
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1

FIGURE 1. The graph of the tent map ®(x).

THEOREM 7. Let K(x,y) =1 —max(x,y), ®(x) be the tent u.d.p. map and 21b.
Then we have

1 N—-1 1 2
N g f((b(xn@a)) —/0 f(x)dz

1
/ sup do
0 feH
IS
1 — i
:_§+ Z [Zb/ gm,n(m,x—f—]T)dm
m,n=0 [ 4j=1

2]i—j

i
- Z b/ gmm(x, —x—f—H_JT)dx

i,j= 1
24i—

The same holds also for ®({x, + o}) instead of ®(x, @ o). The base b
of the tent u.d.p. map ®(z) is independent of the base of he shift x, ® o.

(16)

Proof. The Riemann-Stieltjes integral fol folg(x,y)dxdyF(x,y) is defined
as the limit

> glan, B) (F(ak, w) + F(@rer, yiar) — F(@n, yir) — Fzrgn,m)) —
k=1 1=1
/ / g(xay)dxdyF(xay> (17>
0 0
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if the maximal diameter of the rectangles [y, zk+1] X [yi, yi+1] tends to zero.
This integral exists for a continuous g(z,y) and for F(z,y) with a bounded vari-
ation. In the following we assume that these conditions are valid. For partitions
O=xp<z1< - <zp=1lofraxisand 0 =yp < y1 <--- <y, =1 of y-axis
we assume that they are the same and contain %, i = 1,2,...,b. Denote the
differential d,d, F'(x,y) for the rectangle O = [z, T41] X [y, yi+1] by

OF (2, y) = F(or,y1) + F(kt1, Yiv1) — F(@r, Y1) — F(@r11,91)- (18)
If the diameter of [J tends to zero, 00— 0, then we find the differential d,d, F'(x, y)

as
dpdy F(z,y) = F(z,y) + F(z +dz,y + dy) — F(z,y + dy) — F(z + dz,y).
By the definition of Riemann-Stieltjes integral

/01 /Olg(:c,y)dzdyF(x,y) = i //INJ_ g(z,y)dd, F(z,y).

ij=1
In the following we put F(z,y) = max(®(z), ®(y)) and distinguish four cases:
19,4, j-are even, x € I; and y € I;, see Fig. 2.

T Y

0 i—1 j—1
b

i i—1 J
b I7, b b I] b

FIGURE 2. The graph of the tent map ®(z) in the case 1°.

Then we have

y @(x)-@(y)@b(%—x)- <%— )@y—:ﬂ—l—%
P(z) = 2(y) > (y + dy).
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(4:4)
B | —bdx
®(x)
) 0 A —pdx
B -1
P (y)
C 0
—bhdx 0
() el -
FIGURE 3.

In Fig. 3 we have the differential F(z,y) in I; x I; in the case 1° where
the differential OF (z,y) for squares O = A, B, C, respectively, is computed
by means of definition (I8):

AF(z,y) = (D(z1) = ®(1)) + (P(zrt1) = B(yr41)) — Plax) — P(w)
= (zp41) — P(wk) = —b(Th41 — T1),

BF(z,y) = (®(xx) = ®(n1)) + (®(2h11) = P(y141) = 0) — ®(ax) — P(w1)
= O(zp41) — P(wk) = —b(Th41 — T1),

CF(z,y) = ®(y1) + 2(yi+1) — 2(y1) — 2(y141) = 0.

From this

Similarly,
20. i, j-are odd, = € I; and y € I}, see Fig. 4.

76



HILBERT SPACE WITH REPRODUCING KERNEL

z Y
0 i1 j—1
b

iyl
b I?, b b I_]
FIGURE 4. The graph of ®(z) in the case 2°.

J
b

1 —1 | —1

q)(x):q)(w@b(x_T>:b(y—j%)ﬁy:awrjb

®(f) =1 (5:%)
B | —kd
®(y)
0 Al=kdx i
o(3) =1
®(x)
c| 0
—bdx 0
(5 54)

FIGURE 5.

In Fig. 5 we have the differential F'(z,y) in I; x I; in the case 29, where
the differential OF (z,y) for squares [0 = A, B, C, respectively, is computed
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by means of definition (IJ):
AF(z,y) = (®(z) = @) + (®(@r41) = P(yi41)) — P(yr41) — P(2p41)
= O(zy) — P(Th11) = —b(Th41 — Tk,
BF(z,y) = (®(zx) = ®(yr)) +1 -1 — 1= ®(xp) — (1) = —b(1 — zy),
CF(z,y) = ®(zy) + ®(zp41) — P(2k) — P(2p41) = 0.

Similarly, for other I; x I;. Then for Riemann-Stieltjes integral

k3

//Iixlj 9(,y)dady F(,y) = /_b1 g(w,az 4! ; z) (—b)dz. (20)

b

30, i-even and j-odd, and z € [; and y € I}, see Fig. 6.

z Y
0 i—1 j—1
b

1
b I’L b b I]

i
b

FIGURE 6. The graph of ®(z) in the case 3°.

78



HILBERT SPACE WITH REPRODUCING KERNEL

o(f) =1 (3:%)
B |0
(y)
) 0
e(5) =1 als
[
(z) ol o
0
(55
FIGURE 7.

In Fig. 7 we have the differential F(z,y) in I; x I; in the case 3°,
where the differential OF (z,y) for squares [1 = A, B, C, respectively, is com-
puted by means of definition (I8]):

AF(z,y) = ®(x1) + @(y11) — (P(xr) = D(yi41)) — (P(zrr1) = B(01))

(
= ®(z) — ®(Trt1) = b(TRs1 — T),
BF(z,y) = ®(y) +1-1-®(y) =0,
CF(z,y) = ®(zx) + ®(2p41) — P(ax) — P(2p41) = 0.
From this

i i
// g(x,y)d,dy F(z,y) = /b g<x, —T + L)bd:c. (21)
IiXIj izl b

b

Similarly,
49, j-odd and j-even.

b +j -1
// g9(z,y)d.d, F(z,y) = / g(w, —x + %)bdx. (22)
I;x1I; =1

b
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For an application of (I3)) we note that
®(1)=0, K(®(1), ®(1)) =1, K(®(z), ®(1)) =1— ®(z),

1 1
—/ zd, K (®(z), (1)) —/ 2d, ®(z)
0 0

1 2 3
’ v ® 1
_/bxbd:c—l—/bx(—b)dx+/bxbdx+...___7
0 1 2 2

b b

N-1

1 1
1 1
/0 /0 K@ y)dady =2, g(@.9) =35 D nnl@y),

m,n=0
K(®(x),®(y)) =1 - F(z,y).
Then we find ([I6]). O

4. Further generalization of tent map

To study u.d.p. mat ®(z) = br mod 1 we use the further generalization
of tent u.d.p. map defined in (IH). We extended it to a two-parametric
u.d.p. tent map Py, p,(z) defined by the graph in Fig. 8 that is also u.d.p. map.

FIGURE 8. @y, p,(z)-tent function.
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Here note that
7 1 7 . ..
I,{[F_E’E] if 7 is even,
v i—1 i—1 1 e
[T’T—’_H] lf’Llh Odd
Then, similarly to (I6]), the mean square worst-case error can be expressed as

1
/ sup
0 €H

N—

NZ <I>b1,b2xn@a /f )dx

IIfH<1 n=0
N-1 k i
1 1 3 J—
:_§+N2 Z l Z_ bg/l_ Lgmn<ac:c—|——k )dx
m,n=0 ij=1 k" bg
1,j —even
k islg1 .
ko by —1
7 oda k

k i b 1
— b mon | T, 2( —x)—i—j— dz
zgl 2/7;—1,19 < bi \ k k

i1—even,j—odd

by [i—1 j
- Z]ZI bl 1 Im.n <.CU, E ( A - ZL’) + E) dx] 5 (23)

1—odd,j—even

where K(z,y) = 1 — max(z,y), ®p, »,(2) is a two-parameters tent u.d.p. map,
2 = % + é and 2|k. This also holds for ®({z, + o}) instead of ®(z, & o).

The bases by,by for the u.d.p. map @, p,(x) are independent of the base
of the shift z,, ® 0. The proof of (23)) is similar to the proof of Theorem [1l

Let ®(z) = bz mod 1 be the u.d.p. map and k = 2b. Since K (®(z), ®(y))
for ®(z) = bxr mod 1 is discontinuous, we cannot use ([I]). But we can use limits

blim Dy, by (T @ 0) = P(24, ® o) 0On [0,1],
5 —00
or

Jim @y, 4, (o + 7}) = O({an + 7)),

as by — 00, k =constant, by — b= % From (23)), the following limits hold:
]
d m,n
e o (7)
)dx—> / gmn(:v :U—I—T>d:c,

i
k

Im,n <£U, € +

N

._
o
- S

qi—

ot
bl / gm,n< 9
i—1

k

S
[
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Finally, the limit

2

1 1 N-1 1
/0 31615 ~ Zf(®b17bz(xn@a) —/0 f(x)dz| do —
I1fl1<1 n=0
1 1 N=! 1 2
s il d(x,, _
/0 Hzl%g anzof( (zn ®0)) /0 f(z)dz| do

follows from the expression (B]) and from the limit

1 1
/ K (@b, by (T @ 0), Pp, b, (20 & 0))do — / K(®(zm @ 0), ®(z, ©0))do
0 0

which follows from the Lebesgue theorem on the dominated convergence.
Then we have:

THEOREM 8. Let K(x,y) = 1 — max(x,y) be the kernel, let ®(x) = bz mod 1
be the u.d.p. map and k = 2b. Then we have

/0§25 Zf (2, ® 0)) /f )da:

U
[Ifl1<1
k i42
1 E Tk
m,n= 0 zZ]Jevlen 'L’L]] o(lid

j—1 2 2

_Z gﬁk . ( )dx—ul gmn(a},%>dx].

i,j=1 Tk
i—even,j—odd 1—odd,j—even

?T‘

(24)

The same holds also for ®({x,, + o}) instead of ®(x,, ® o). The base b for this
u.d.p. map ®(x) is independent of the base of the shift x,, ® o.
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5. Explicit formula for copulas g,,,(z,y)

To apply Theorems [ and [l we need an expression of g, ,(x,y). For the
sequence ({x,, + o}, {xn +0i}), 1 =1,2,... Let 0 < u < v < 1 be fixed and
x,y € [0, 1] be variables and define:

ha(z) ={z+u},  ho(y) ={y+v},
H(u,v,2,y) = b (10,2)) (™ ([0, ).
Then we have
H (&, Ty 5 Y) = Gmon (2, Y)-
Using graphs of h,(z) and h,(y),

X
u
X
0 z—ul—u l—u+z 1
FIGURE 9. The graph of hy(x).
then we see
l—u,l—u+zx if x <,
ht(0,a) = { | bootes (25)
0,2 —u]U[l—wu,1] ifu<uz.
Hence
H(u,v,x,y) =
Hl—u,l—u—l-x]ﬁ[l—v,l—v—l—y]‘ ifr <wu,y <o,
Hl—u,l—u—i—x]ﬂ([(),y—v]U[l—v,l])| if o <wu,y >, (26)
[0,z —w]U[l—u, 1)) N1 —v,1 —v+y] if x> u,y <w,
(

0,z —u]U[l—u,1)N(0,y—v]U[l—v,1])] ifz>uy>0.
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Now we are using minimum and maximum formulae for the length of intersection
of two intervals [«, 8] and [, d]

|[ov, 8] 1 [, 6]] = max (min(B,0) — max(a, 7),0). (27)
Insert (27) into (20), and we see that

H(”? v7x7 y) =
max(min(y,x—u—l—v),O) ifex<u,y<w,
max (min(z,y — v —1+u),0) + max(v —u+2,0) ifz<u, y>v,
. (28)
Y ifx>u,y<w,
min(z —u+v,y) + max(y —v — 1+ u,0) ite>u,y>o.
A
C
1—(zm —zn) B 1— (zm —zn)
T
Tn | D E
F
0 Tm—Tn Tn  Tm 1
FIGURE 10. Division of [0, 1]2.
Using division in Fig. 10 we have
X 1f (xvy) S A?
y—(1—(u—v)) if(z,y) € B,
-1 if C
Huwv.zy) =0 Y e, (20)
0 if (x,y) € D,
x— (u—0) if (z,y) € E,
Y if (z,y) € F.
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Since for a u.d. sequence u, € [0,1), n = 1,2,..., the two-dimensional
sequence (U, uy) has an a.d.f. g(z,y) = min(x, y), then H(u, v, x,y) = min(z,y)
for u = v. Tt can also be seen from (29]).

Taken together we get gp m(z,y) = min(x,y) and for z,, # x, we have

x if (x,y) € A,

y— (A —lzm—zal) if (z,9) € B,
R e
T — |Ty — Ty if (z,y) € E,

y if (z,y) € F.

6. Application of Theorem

In this part we find global minimum of the mean square worst-case error
for dimension s = 1, kernel K(z,y) = 1 — max(z,y) and ®(z) = x.

THEOREM 9. Let K(z,y) = 1 — max(z,y), P{z+o0}) = {x+ 0}, 0 < zp <

T < - < xy_9 < xy_1 < 1 and put t; = xig1 — T4, i =0,1,...,N — 2.
Then the minimum of mean square worst-case error [Q) is attained at t; = %,
1=20,1,..., N — 2 and this minimum s
sup |— Ty, +o})— r)dz| do = —. 31
/ s |y X Il o) | f@ N
<1 =

Proof. We start with the formula (). The following proof is divided into the
parts 1-5 according to the following.
In the part 1 we shall express the integral (d]) for the case s =1 as

1 1
|mm,_m7l|
:/(; K((I)(x),q)(l‘-f—l— |$m_mn|)dx

1
+ /| K(®(x), ®(x — |2y, — z,])da. (32)

"Emfl‘nl
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In the part 2, for ®(x) = z, and Ty, = |20, — zp| = Z;Tln tg, m < n,
we shall prove

Tm.,n 1
%( K(z,x+1—"Ty,)dz + / K(x,z— Tmm)dx) =2Tn—1 (33)
i \Jo T,

m,n

assuming that 75, ,, contains term ¢;.

In the part 3 we shall see that the zero partial derivative

a%(NZ_l/OI/OIK(%y)dxdygmm(x’y)): NZ_I <2Tm7n_1>:0 (34)

m<n m<n,m,n=0
n= contains t;
m,n=0 Tm,n t tg

is equivalent to the following linear equation

to(N—2— i+ 1)+ 62N —2—i+1)+...
bk D) (N =24 1)+ ...
(DN =2 — it D) i (DN —2— (i + 1)+ 1)+ ...
ot 1D)(N=2—s+1)+...
---+tN_2(z'—|—1):%(i+1)(N—2—i—|—1). (35)

In the part 4 we shall prove that the system (33)), 7 = 0,1,..., N —2, is regular
and has the unique solution ¢; = % fori=0,1,...,N — 2.

In the final part 5 we shall compute the minimum of the mean square worst-

-case error for t; = %

Proof of 1. In this case we calculate ([@)) directly by Riemann-Stieltjes inte-
gration. As in (I8) we denote the differential d,dygm n(z,y) for the rectangle

O = [zg, Trr1] X [y, yi41] as

ng,n(xa y) - gm,n(xka yl) + gmm(xk—i-la yl—i-l)
- gmm(xka yH—l) - gm,n(xk+17 yl)- (36)

If diameter (J — 0, then we find the differential d,dygm »(x,y) as

dadygmn (2, ¥) = gmn(2,Y) + gman(x +dz,y + dy)
- gmm(x,y + dy) - gm,n(x + dx,y)-
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z+y—1

4
y— (1 —[zm +2a])

T — |Tm — Tn,

%4

1= |xm — zn|

0

0 [T — Zn| 1

Ficure 11. Differential of gm,n(z,y).

From Fig. 11 we obtain:

Agmn(@,y) = (2 =y — (1= |&m — 2n])) + (2h1 = Y11 — (1= 2 — 24]))

—ap— (g — (1= |2m — z4]))
=Y — (1 — |zm — xnl)) T Tht1 — Tgp — (yl — (L= l|zm — xn|))
= (Tg+1 — xx) — l.dex,
Bgmn(@,y) = (Y1 — (1 = |&m — zn])) + (Trg1 + yis1 — 1)
- (yl+1 - (1 - |xm - xnl)) - (xk+1 + Yy — 1) = Oa
Cgm,n(xay) =0+ (karl - |xm - xn|) U (karl - |xm - xn|) =0,
ng,n(xay) = (xk - |xm - xn| = yl) + (mk—H - |xm - xn| = yl+1)
— (g = |2 — x0|) —w
=y + (1 — [T — 2p|) = (2% — |20 — 20]) — wi
= (5Uk+1 — xk) — 1.dz.
Thus the differential d;dygm,»(z,y) is nonzero only on two lines:
) y=z+ 1 — |2y —xy]) if x €0, |z, — x,]], and

(il) y =2 — |xm — xn| if ¢ € [|ay, — x|, 1].

Then (i) and (ii) imply ([B2)). This holds for an arbitrary kernel satisfying ()

and an arbitrary u.d.p. function ®(z).

O
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Proof of 2. Here we assume that K(z,y) = 1 — max(z,y) and ®(z) = =x.
We have, for t + T € [0, 1], t is a variable and T is a constant

d [T q [T
—/ K(z,z+1—t)de = — K(x,x+1—(t+T)dx +
dt Jo dt Jiir
/t+T+dtK(gg,x+1—(t+T+dt))—K(x,a:+1—(t+T))d
x
dt '
0

K(t+T,1) +/0t+T [M]

d
By —(z+1—-(t+T))dz =

y=z+1—(t+T) dt
0+t+T. (37)

Similarly,
d 1
— K(z,o— (t+7T))dz
dt Jiir
1
K d
:—K(t—i—T,O)—i—/ OK(z,y) —(ZE—(t+T))dZE
t+T ay y=z—(t+T) dt
=—14+t+T+0. (38)
Now, (37) and [B]) imply (B3). O

The (B4)) implies (B3] bearing in mind the following number of

Tmm,0<m<n<N—1;

#{T,,.n contains to,t;} = (N —2—i+1),

#{T,, n, contains t1,t;} =2(N —2—i+1),

#{T), n contains ty,t;} = (k+1)(N—-2—i+1), k<1,

#{T), n contains t;} = (i +1)(N—-2—i+1),

#{T,n contains t;1,t;} = (i+1)(N—2—(i+1)+1),

#{ T, n contains ts,t;} = (i +1)(N—-2—-s+1),s>1,

#{T,, n, contains ty_o,t;} = (i +1),

T} = (N=2+1)+ (N —2)+ -+ 1= EDN
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Proof of 4. Put in (35)
to=ti ==ty =---=t;j=--=tg=---=tn_g=1L.
Then we have
(N=2—i+1)4+2(N-2—i+1)+---+(k+1)(N-2—-i+1)+...
+(E+1H)(N-2—-i+1)
+(i+D(N=2=-(G+1)+1)+- 4+ (+1)(N-2—s+1) 4+ (i+1)

_ (i+1)2(i+2)(N_2_Z_+1)+(Z_+1)(N—2—z')(];7—2—i+1)

= (N—2—i+1)(i+2+N—2—4).

1
to:tl:---:tk:---:ti:---:tS:...:tN_QZN

solve [B3)) for every i = 0,1,..., N — 2. The regularity of (B3] can be proved
by induction. For N = 4 the system of linear equations (B3] has the form

t0-3+t1.2+t2-1=%-3,
t0-2—|—t1.4—|—t2~2:%-4,
t0-1+t1.2+t2'3:%-3,

and it is regular, having the solution tg =t; =t = %. O

Proof of 5. To compute minimum of the mean square worst-case error (31
we start with (B) in one-dimensional form

1 N-1 1,1 1 pl
— Kx,ydmdgm,nx,y—//K:E,ydxdy
7 | | Fensimen- [ [ K

m,n=0

1 N-1 .1 /1
= X9 K(xay)dxd min(x,y)
w2, y

9 N-—1 1 1 1 1
+ — / / K(z,y)dedygmn(x,y —/ / K(x,y)dzdy. 39
E > . (#,y)dedygm.n (2, y) - (z,y) (39)

m<n
m=n=0
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1 1 1
|| K, mingey) = [ Koade =3,
0 0 0 2
1 1 1
|| Kedsay = 5. (40)
0 0 3

/ / K(z,y)dzdygmn(z,y)

0

T’I’%LJL (1 - Tmm)z
= —+ .
2 2
Summing @I) for 75, , =

N-1
m<n (
m=n=0

—1<<N> Hi) v (3)+(-3)
(- (7)o (B 05)

We have

and

(41)

1(
= — . 42
N 6 (42)
Input #0) and [@2) into B9) we find the minimum (). O

Thus the proof of Theorem [l is finished.
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