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MULTIDIMENSIONAL EFFECTIVE
S-ADIC SUBSHIFTS ARE SOFIC

NATHALIE AUBRUN — MATHIEU SABLIK

ABSTRACT. In this article we prove that multidimensional effective S-adic sys-
tems, obtained by applying an effective sequence of substitutions chosen among
a finite set of substitutions, are sofic subshifts.

Communicated by Pierre Liardet

Introduction

Let A be a finite alphabet. A d-dimensional subshift T C A%"is a closed
and shift-invariant set of configurations, where the shift is the natural action
of Z% on the configurations space AZ’. With a combinatorial point of view,
one can equivalently define subshifts by excluding configurations that contain
some forbidden finite patterns. Depending on the conditions imposed on this set
of forbidden patterns, it is possible to define several classes of subshifts. The
simplest one is the class of subshifts of finite type (also called SFT), where the
set of forbidden finite patterns may be chosen finite. A larger class is the one
of sofic subshifts, which are images of SF'T under a factor map. These two classes
are defined locally and they are well understood in dimension 1.

A way to construct minimal aperiodic subshifts is to consider subshifts gener-
ated by a fix point of substitution, introduced in dimension one by Thue [Thu06]
and generalized to higher dimensions. These subshifts constitute the class of the
substitutive subshifts. More precisely, for a substitution s one can consider the
subshift T,y where the allowed patterns are given by iterations of the substitu-

tion s on a letter of A, or the set Tf{s} of configurations which have pre-images
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by arbitrarily many iterations of s. Of course T, C T’{S}. In dimension 1 the
class of substitutive subshifts and the class of sofic subshifts are disjoint except
for trivial cases: substitutive subshifts have low complexity [Pan84], while the
only sofic subshifts with low complexity are periodic. In the multidimensional
framework the situation is different since all substitutive subshifts are sofic. This
result is a generalization to any substitution satisfying some weak condition
(rectangular 2-dimensional substitution satisfying property A, see Theorem 4.5
of [Moz89]) of the original construction of aperiodic tilings [Rob71].

A possible generalization of the construction of substitutive subshifts is to
consider S-adic subshifts, which were introduced by S. Ferenczi in the one-
dimensional setting [Fer96]. Given a finite set of substitutions .#, and a sequence
S € .#N| we define the subshifts Tg and Tg where the iterations of the differ-
ent substitutions are given by the sequence S. This class of subshifts is studied
in dimension 1 and, under some conditions on the set ., it is shown that the
complexity is low [Fer96l [Dur00]. It is thus natural to wonder if there exist sofic
S-adic subshifts in higher dimensions. If the set of substitutions .#” has the unique
derivation property, an argument of cardinality shows that the class of S-adic
multidimensional subshifts is not included in the class of sofic subshifts. Indeed
the class of sofic subshifts is countable, since there are countably many SEFT
and countably many factor maps. There are uncountably many ways to choose
an infinite sequence of ., but each class of conjugacy is countable since there
are countably many conjugateness. Thus there are uncountably many different
non-conjugate S-adic multidimensional subshifts. The purpose of this article is
to show that S-adic subshifts which are sofic are exactly those for which the
sequence S is effective. More generally we characterize the set § C . such that
Ts = [Ugeg Ts is a sofic subshift. The set S C N must be effectively closed,
that is to say there exists a recursively enumerable sequence (wg)gen of elements
of * such that S € s if and only if Sjg |u,|—1] # wk for all k € N.

The main idea of the proof is to use the result by S. Mozes which proves
that a substitutive subshift is sofic in the case where the substitution is not
deterministic and satisfies property A (Theorem 4.5 of [M0z89]). This means that
each time one wants to use a substitution, it is possible to choose a rule among
a set of substitutions .. However, contrary to the S-adic subshifts, at each level
of iteration different substitutions of . may appear. The aim of the proof is to
synchronize these substitutions, and in that purpose we need to introduce a one
dimensional effective subshift which codes the sequence of substitutions. This
effective subshift can be realized by a 3-dimensional sofic subshift thanks to the
result of M. Hochman [Hoc(09] or by a 2-dimensional sofic subshift thanks to the

improvement obtained by [DRS09] or [AS13].
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1. Definition and classical properties

1.1. Notion of subshift

Let A be a finite alphabet and d be a positive integer. A configuration x is an
element of AZ". Let U be a finite subset of 74, we denote by xy the restriction
of x to U. A Z%-dimensional pattern is an element p € AY where U C Z¢ is
finite, U is the support of p, which is denoted by supp(p). A pattern p of support
U c Z% appears in a configuration z if there exists i € Z? such that p = x;,y,
and in this case we write p C z.

We define a topology on AZ* by endowing A with the discrete topology, and
considering the product topology on AZ’. For this topology, AZ% s a compact
metric space on which Z? acts by translation via o4 — that will be denoted

by o if there is no ambiguity on the alphabet considered — defined for every
i€ Z% by

g (AT — A
Az — o) such that 0% (2)y = ity Yu € Z) "

The Z?-action (AZd, o) is called the fullshift. If T C AZ%is a closed o-invariant

subset, the Z%-action (T, ) is a subshift.

Let F' be a set of finite patterns, we define the subshift of forbidden pat-
terns F' by

Tr = {x € A% :Vp € F, p does not appear in 33} .

It is well known that every subshift can be defined by this way [LM95].
Let T be a subshift. If there exists a finite set F' of forbidden patterns such
that T = Tpg, then T is a subshift of finite type. If there exists a recursively
enumerable set F' of forbidden patterns — a set of patterns that can be enu-

merated by a Turing machine — such that T = Tp, then T is an effective
subshift.

1.2. Factor and projective subaction

Let (T C A% 64) and (T' C B2 0p) be two d-dimensional subshifts.
A factor map is a continuous function 7 : T — T’ such that mooy4 = oo .
If T is an SFT, then «(T) C B% is a subshift called a sofic subshift.
In dimension 1, sofic subshifts are well understood, in particular because they
possess a good representation with finite automata (see [LM95] for a complete
survey).
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Let G be a sub-group of Z¢ finitely and freely generated by uy,ug,...,uy
(d' <d). Let T C A% be a subshift, the projective subdynamics — or projective
subaction — of T according to G is the subshift of dimension d’ defined by

SAg (T) = {y € A% : 3z € T such that Viy, ..., iy € Z%,
yi1,...7id/ = xi1u1+~-~+id/ud/}-

This notion was originally introduced in [JKMO7]. In the authors use
this definition of projective subaction, considering Z? as a lattice and restricting
subshifts to Ze; where e; is the first canonical vector of Z¢. They show that any
1-dimensional sofic subshift with positive entropy can be obtained as the projec-
tive subaction of a 2-dimensional SFT, and give some examples of subshifts that
cannot be obtained that way. But the complete characterization of projective
sub-actions of 2-dimensional SF'T remains an open problem. Such a complete
characterization was obtained by Hochman [Hoc(09] if we allow factor maps
in addition to projective subactions: the class of subshifts obtained by factor
maps and projective subactions of SF'T is exactly the class of effective subshifts.
The original proof contains a construction that realizes any 1-dimensional
effective subshift inside a 3-dimensional SF'T. This construction has been si-
multaneously improved by two different techniques [AS13] [DRSI0] to get any
1-dimensional effective subshift inside a 2-dimensional SFT.

THEOREM 1 ([Hoc09, [AS13] [DRSI0]). Any effective subshift of dimension d

can be obtained with factor and projective subaction operations from a subshift
of finite type of strictly higher dimension.

2. Substitutive and S-adic subshifts

In this section we present substitutions, substitutive subshifts and S-adic sub-
shifts.

2.1. Substitutions

Let n=(ny,...,ng) €N and k= (ky,..., kg) € N%,
we define n +k = (ny + ki,...,ng +kq) €N n®@k = (ny.k1,...,ng.ky) € N?
and n = n® --- ®n with i factors. Given k = (ky,..., kq), we denote by Uy
the rectangle [0; k1] x [0; ko] X - - - x [0; kq]. We say that i is smaller (resp. strictly
smaller) than j if for every 1 <1 < d, one has i; < j; (resp. i; < j;). We denote it
by i <j (resp. i< j).

10
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Let A be a finite alphabet, we define the set of rectangular pattern
P = Uena AV, An (A, d)-multidimensional substitution of size k() . A — N4
is a function s : A — P, such that for all a € A, we have supp(s(a)) = Uy (o)
with k) (a) = (k{(a),..., k5(a)). An (A, d)-multidimensional substitution is non
degenerate if kl(s)(a) > 1 for every [ € [1;d] and every a € A.

Let p € AU be a rectangular pattern with finite support Uy C Z2. We would
like to apply a substitution s on this rectangular pattern p so that the result is
also a rectangular pattern. Consider a bidimensional substitution, and suppose
it has constant size, that is to say the function k(®) is constant or equivalently
the support of the images of a letter by the substitution does not depend on
the letter. Take a partitioning of the support Uy with unit squares, and apply
the linear transformation that inflates each unit square by (A1, A2), you will
obtain another partitioning of a bigger support Uy, .k, x,.k,) by rectangles of size
(k1,k2), so that if two unit squares share an edge (resp. a vertex), then so do
their inflated rectangles.

But if the substitution does not have constant size, the situation is more
complicated since some overlaps or holes may appear. We would like to only
consider substitutions applied on patterns that do not create such degenerate
cases, which corresponds to the following notion of compatibility. We say that the
substitution s is compatible with the pattern p (resp. with the configuration )
if for all

i:(’il,...,id) €Uk and j= (jl,...,jd) € Uy,
respectively,

i=(i1,...,iq) €Z% and j= (j1,...,jq) € Z%
such that 4; = j; for one [ € [1;d], one has &k} (pi) = ki (p;)-

ExAMPLE 1. Let A be the two elements alphabet A = {o,e} and s be the
two-dimensional substitution whose rules are

o O
o and e
o o e o©

For instance, the substitution s acts on the pattern p described below

o o o o o o

o ° [ ] o o ° o ° o

s p= o o o = S(p): [¢] ¢} o o o o
° o o o o O

Consider now the substitution s’ whose rules are

11
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The substitution s is not compatible with the pattern p since the pattern s’(p)
is not a rectangular pattern — it contains holes.

s'(p) =

® O|O0 O
O O|O0 O
O @]V
O O|e® O
O O|O0 O

o
[ )
o
o

O 0|0 O
N V|0 e

°
)
?
?

However, the substitution s’ acts on the pattern p’ described below

o
s p = o —  s(p) =

® O|® O
O O|O0 O
O @e|O0 e
O O|O0 O
O O|O0 O

The reader may have noticed that the notion of compatibility defined above
imposes actually more constraints on the partition by rectangles than just avoid-
ing holes and overlaps. We say that a partition of Z?—or a finite region of Z%-
—with rectangles is a rigid partition if rectangles are edge-to-edge, that is to
say the vertex of a rectangle can only intersect another rectangle at a vertex.
By definition, if you have a rigid partition of Z¢ by rectangles, it suffices to know
rectangles along a diagonal to deduce the whole partition (see Figure [).

Suppose now that the substitution s is compatible with the configuration z.
Assume that the pattern s(z(,. o)) appears in position (0,...,0) in s(x), is it
possible to deduce the positions of the patterns s(z;) in s(x) for every i € Z¢ ?
For a given i = (iy,...,iq) € Z%, this position depends on the sequence of po-
sitions of all the patterns s(x(;, j,, .. j,)), for je between 0 and k¢, hence we can
define it recursively. This is the goal of following function ¢, and which uses the
fact that a rigid partition is entirely determined by one of its diagonals.

Let (k(™),cz be a sequence of d-dimensional vectors with entries in
the naturals. We define the function

w(k("))nez . (Zd - Z° . . . >
i = (@1(Z1)7¢2(Z2)7"-ﬂﬂd(zd)) '

where ¢1(0) = 0, ¢y(r) = 32020 (kD)y if r > 0 and ¢i(r) = 351, (kD) if r <0

for every [ € [1;d]. This function ap(k(n))"éz provides a way to distort the grid Z¢
in order to obtain a rigid partition of Z¢ with rectangles (see Figure [).

Given a substitution s compatible with a configuration & € Z%, we can now
describe the new configuration s(x) thanks to the auxiliary function ¢
(see Figure B). Define

12
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- | |
3 - - 1 T -
[ | |
2 S-S oA
I
L it i B By i
(I I I B |
0 ==y=pmimrsicor T
[ I T B
-1 __I__I__:__I__I__I_-
PR [ - Dl S
-2 oY
[ I T I B
-2 -1 0 1 2 3
l sp(k("))nez
| | - | | |
| | 1 | | |
| | © | | |
1 1 ! 1 1 1
| | | | |
| | . | | |
| | | | |
6 SR Sessss=o R i EEE e ===
| | |
1 1 ! 1 k(2):(2,1)
4 e mm oo e LR T S
| | |
| | ! I(D=(2, 1) |
| | |
2 ____________________________
| B P | |
| | 1.1 | |
0 == == [ SRl R [ [
| | | |
l k(1= | | |
| | | |
! (1,2) [ [ 1
| | | |
-3 --=-=--- - ——————— = ==== Slm=s== ==
- | | |
k(-2=(3,1) ! | | |
| | |
-5 ------- cocbosogposss A== T- -
| | . | | |
| | . | | |
| | ' | | |
| | . | | |
| | 1 | | |
| | . | | |
| 1 1 1 | |
| | - | | |
| | 1 | [ |
-6 -2 0 2 5 8

FIGURE 1. An example of sequence (k(™),, ¢z of 2-dimensional vectors with

entries in the naturals and the function ap(k(n))néz that define a rigid par-
tition of Z2. The sequence (k("))nez represents the sizes of the rectangles
of the rigid partition.
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If the substitution s is compatible with the configuration x and if p is a pattern
of z, the substitution s acts on p and we obtain a pattern s(p) whose support is

supp(s(0)) = |J Uk +95700)
i€supp(p)
and such that
Vi € supp(p),Vj € supp(s(pi)), s(p) pe.or )45 = S(01);-
So the substitution s can easily be extended to a function on configurations
AP AT
Soo
( r = 8(9«"))

such that if the substitution s is compatible with the configuration x € AZd,
then the configuration s () is defined by s(p)y@.« )45 = s(pi); for all i € z4
and j € supp(s(z;)).

Auxiliary function ¢ can also be seen as a way to express how substitutions
commute in a certain sense with the shift . This is expressed by Proposition
and illustrated in Figure

PROPOSITION 2. One has so o'(z) = A CS s(z) for alli € Z°.
Proof. Let i,j € Z% By definition of ¢, one has the two following properties
e there exist j,j” € Z% such that
J=o ") +3" with §7 € (0,60 +e)e = 17 () — 1),
where ey is the /th canonical vector of Z%, and ||j’|| < [jl;
o 0 (i 4)) = 0 (1) + ol ).
Then one has (see Figure 2] for an example).
[S o o'l(;p)]j = [S(o'l(.r))]¢(0i(m),s)(j,)+j,,
- [s(xH»j/)]j//

with j = ¢ @) () +§ and j”, € [0, @) (§' + eg)e — ¢ @) (j'), — 1]
for all ¢ € [1,d]. Thus

[so a'i(;z;)]j = [5(2)] yoo) (145 ) 47
=

S(x)](b(m,s)(i)+¢(gi(m),s)(j/)+j//

- [ad’(“)(i) o s(x)L .

14
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‘__i_+ -2 s(e)

o(3:-2) J J 9"V (3,-2)

s(a)

s s(e) _ |

FIGURE 2. If the configuration z is compatible with the substitution s, then

(k(s) (z(n

one can define the function ¢(#:5) = \* ¥l ")))nez which verifies

sool(z) = PAIORY s(x).

2.2. Composition of substitutions

Consider now that one wants to apply not only one but a finite set of sub-
stitutions on a (finite or infinite) pattern p. We first define how to compute
the composition of two or more substitutions. Let s, s’ be two substitutions.
We say that s’ is compatible with s if for any letter a, the pattern s(a) is
compatible with s’. If s’ is compatible with s, we can thus define the compo-
sition s’ o s such that the image of a letter a by s’ o s is the pattern s'(s(a)).
For a sequence of substitutions S.,,) = (Sky---,8n), one defines by induction

the substitution §[k;n]:

d §[n,n] = Sn;
° §[k;n] = 5, 0 §[k+1;n] if K < n and s is compatible with §[k+1;n](a)
for all a € A.

15
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Note that with this definition, substitutions are applied by decreasing index—
—substitution sg is actually the last to be applied in §[0m]. This reverse order
could seem a bit surprising at first sight, but doing this we ensure that the
sequence of finite patterns /S\[om](a) will converge for every letter a € A.

Let . be a finite set of (A, d)-multidimensional substitutions. We present
the two classical points of view to make . act on the set of configurations A2,
In the first one, the set .% acts on a configuration x via a sequence of substitutions
S = (8;)ien € N and at iteration ¢ the substitution s; is applied to every letter
in  (see Section [Z3)). In the second one, the set . acts on a configuration z
in a non uniform way, that is to say at each iteration the applied substitution
depends on the position in x (see Section 2.4]).

2.3. S-adic subshifts

Let . be a finite set of (A, d)-multidimensional substitutions and let S € /%
be a sequence of substitutions. We want to define how this sequence acts on a let-
ter a € A. The principle is that at in the i-th iteration, the substitution sq is
applied to the whole pattern s; o --- o0 s;(a). We define the following two S-adic
subshifts based on this action of S on letters of A

Ty = {xeAZd:VpEx, da e A, In € N, pl:g[om](a)}

Ty, = {xeAZd:VneN, HyEAZd,EiEZda §[0;n](y):ai(x)}.

The first subshift Tg will be called the sub-pattern S-adic subshift. The set Tg
corresponds to a symbolic dynamics approach, since it is defined in terms of al-
lowed patterns. The sequence of substitutions S produces patterns, that are the
/S\[om](a) for any letter a € A, and these patterns are seen as the allowed pat-
terns of the subshift T's — the fact that Tg is a subshift is obvious. The second
subshift Tg will be called the limit S-adic subshift, and this time the idea is to
consider only configurations x € A% for which it is possible to find a pre-image
of any order under the sequence of substitutions S. The study of Tg can be
justified under a dynamical point of view: it can be seen as the shift closure

of the limit set
~ 2

M Sioums (A7)

neN
Note that writing the set Tg as below gives a direct proof that it is a subshift—
—closed and shift-invariant.

These two subshifts Tg and Tg are actually almost the same. First notice

that the inclusion Tg C Tg always holds. Take some configuration x in Ts.

16



MULTIDIMENSIONAL EFFECTIVE S-ADIC SUBSHIFTS ARE SOFIC

Then by compactness, for every integer n € N, one can construct some configu-
ration y such that z = §[0;n] (y).

Moreover it can be proven, but we will not do it here since it is not the
goal of this article, that if the substitutions are all primitive — every letter will
eventually appear in the pattern created by iteration of any substitution on any
letter — the two subshifts are equal. If one substitution in ./ is not primitive,
one can easily construct example in which the reciprocal inclusion does not hold
(see Example ). And even in the general case, the two subshifts do not differ
that much: the set T4\ Tg is always countable — again we do not give the proof
here.

EXAMPLE 2. Let s be the first substitution of Example [[l Then if we choose
& ={s} and so S = s", the two S-adic subshifts defined above are in this case

Ty = {OZQ} and T§ = {Ozz}U{Ui(xO)viezz}?

where the configuration z, is such that z(; ;) = e if and only if (i,7) = (0,0).
Indeed, x4 is in the subshift T’S — Ie is a fixed-point of s — but not in the
subshift Tg, since the central pattern x_y,0)x[—1;0] appears neither in a Sjg,,,(e)

nor in a §[0m](o).
2.4. Non-deterministic substitutions

Let . be a finite set of d-dimensional substitutions on alphabet A, and
z € A be a configuration. In the previous section we have seen that one sub-
stitution s € .% can be applied on © — provided s is compatible with x — to get
a new configuration s(x) € A% With this formalism, the same substitution s is
applied to any letter a that appears in x, so that we could roughly speaking say
that the set of substitutions .% acts in a uniform way on configurations. But we
could also imagine that different substitutions are applied to letters, depending
on the position of the letters. In other words, some substitution s; € .#is applied
on the letter z;, which means that we do not apply one substitution on x, but
a configuration of substitutions living in .& z,

For a finite set U C Z%, we consider the pattern of substitutions s € .#Y.
We say that the pattern of substitutions s € .V is compatible with a pattern
p e AVif for all i = (iy,...,iq) € Uand j = (j1,...,jq4) € U such that i; = j
for one | € [1;d], one has k' (p;) = k;’ (p;). Compatibility thus means that
the pattern of substitutions s transforms p into a rigid partition of some finite
rectangular region of Z¢ with rectangles s;(p;) for i € U.

17
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If the pattern of substitutions s € .#Vx is compatible with a pattern p € AVx
that appears in a configuration z, it acts on p and we obtain the pattern s(p):

e whose support is
supp(s(p) = |J Uiy + 67 (0),
i€supp(p)
since each letter p; generates a patterns with support Uys, () shifted

by ¢@*)(i);

e and such that Vi € supp(p),Vj € supp(si(pi)),s(p)goiy)1j = Si(pi);

(see Figure B).
s(p)

0 :
0 i

FIGURE 3. A pattern of substitutions s compatible with a pattern p that
appears in position (0,0) in some configuration z. On the picture, coordi-
nates i and j are defined by ¢(*:*)((3:2)) = (4 ).

EXAMPLE 3. Let . = {sq, Sp, S¢, Sa} be a set of two-dimensional substitutions
on the alphabet A = {o, e} defined by the following rules

o o
Sq: O > Sp: O >
o o
o
o e
]
]
S¢: O +— @ O Sqg: O +— e e e
o
o — o —

18
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Then given the pattern p pictured below, the patterns of substitutions s and s’
are compatible with p and we can define the patterns s(p) and s’(p), while the
pattern of substitutions s” is not — on the bottom right s4(o) is of height 3
while s4(0) is of height 2.

p= ° s
s — Sa  Sa Sb  Sa s — Sc¢  Sd Sd Sc s — Sa  Sa Sb  Sa
Se  Se¢  Sq Sc Sa  Sp Sp  Saq Se  Se¢  Sq Sa
o o|lo o|lo o oo o
o o|le o|le o of|e o
s(p)= o o|lo o|e e e|o0 o ,
o e|lo e|le e e|e o
e o|e oe|l0 0o o0 e
o o|lo o o|o o oo o
e o|o o o|o o oo e
s/(p): O e|e e e|e e e |e o
o o|lo o o|o e oo o
e o|e o o|o0o e oo o

We define the set of .#-patterns by induction. An . pattern of level 0
is an element of A, and p is an .~pattern of level n 4+ 1 if there exists
an .#-pattern p’ € AY of level n and a pattern of substitutions s € .Y compati-
ble with p’ such that s(p’) = p. of course the support of each .#pattern is rectan-
gular. The .~patterns lead us to define T &, the sub-pattern subshift generated
by the set of substitutions .

Ty = {x e A% Vp C x, pis a sub-pattern of an ﬂpattern} .

Suppose that s € .& Z* is an infinite pattern of substitutions and = € A% s
a configuration. We denote by s(z) the configuration in AZ" obtained if one
applies s; on z; for every i € Z%. We thus define T’,, the limit subshift generated
by the set of substitutions . as follows

T, = {x e A% . ¥neN, Jy € AZd,EI(so,...,sn,l) € (de)n,
JiecZ spo---08, 1(y) = ai(x)}.

This subset of configurations is obviously shift-invariant, and writing it
as a limit set, as we did for T, provides a simple proof that it is also closed.
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Remark. A compactness argument leads to the subshift inclusion T.&» C T’,,,

one also has
Ts C Ty and T C T,

for any sequence S — it corresponds to the particular case, where patterns
of substitutions s; contain a single substitution s;.

2.5. Subshift generated by a set of S-adic sequences

Let 8 € .N be a subset of S-adic sequences. We are interested in the sets

Tg = UTS and T, = UT’S.
Ses Ses
These sets are shift-invariant. We can consider the product topology on .7,
for this topology .7 is compact. In the following proposition, we show that if
s C N is closed, then Tg and T are closed. In this case Tg and T are called
respectively the sub-pattern S-adic subshift and the limit S-adic subshift.

PROPOSITION 3. Let S C .Y be a closed set. Then Ts and TY are subshifts.

Proof. The proof is only realized for Tg, the same arguments hold for T7.

Let (z%);en be a sequence of element of Tg which converges toward z € AZd,
it is possible to assume that

xf*i,i]d = x[,iﬂ;]d for all 7€ N.

We want to show that # € Ts. By definition, for all i € N, 2° € Tg,, where
S;=sbsi--sl - €8,
By compactness of S, the sequence (S;);eny admits an adherence value
S = s0p81---Sn -+ € S. Leaving to take a subsequence, it is possible to assume
that R
sési e sﬁ = 5081+ 8; = Sjpg;) forall i€N.

Thus for i € N, every sub-pattern p C x[_; ja = xf . appears as sub-pattern

—i,i]

of /S\[O;i] (a) for a € A. We deduce that z € Tg C Ts. O

A set s C.7N is effectively closed if there is a sequence of words (wy,)nen on
the alphabet .# enumerated by a Turing machine such that S € S if and only if
/S\[07|wn|_1] = wy, for all n € N. This means that there exists an algorithm with the
following behavior: it loops forever on a sequence that belongs to the effectively
closed set, but ends in finite time on other sequences. This definition is standard
in recursive analysis [Wei00]. Note that an effectively closed set of sequences
of substitutions my contain some non computable sequences.

If s = {S} is a singleton, then S is effectively closed if and only if S is an
effective sequence.
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3. Realization by sofic subshifts

We prove that multidimensional S-adic subshifts given by an effective se-
quence of substitutions are sofic.

3.1. Mozes’ theorem and property A

In [Moz89] Mozes studied non deterministic multidimensional substitutions,
and proved that provided a non deterministic substitution satisfies a good prop-
erty — called property A, defined below — then the subshift generated is sofic.

All substitutions we consider here are deterministic since the substitutions
rules are given by a function. Nevertheless this formalism provides a way to
study non deterministic substitutions. Given s a non deterministic substitution,
if a letter a € A has two patterns p1, p2 as images, one replaces s by s; and so,
where s; has the same substitution rules as s without the rule a — ps, and so
has the same substitutions rules as s without the rule a — p;. By iterating this
process, we can transform a non deterministic substitution into a set finite .
of deterministic substitutions, so that the subshift called (£2,7Z2) by Mozes is
exactly the subshift T o .

We say that a set of substitutions . is of type A, or has property A, if it
satisfies the following condition. Let p = ugo---oug(a) be an pattern, where
pattern substitutions u; are chosen among ., and [ a 2 x - - - X 2 pattern that ap-
pears in p. Suppose there exists a sequence of patterns of substitutions sg, ..., s,
compatible with the 2 x --- x 2 pattern [ that produce a sequence of patterns
lo = 1,11 = so(lp),---,ln = sp(ln—1). Then it is possible to find a sequence
of patterns of substitutions s, ...,s) compatible with the pattern p such that
the blocks that derive from [ in po = p,p1 = s4(po),---,Pn = Si(Pn—1) are
exactly lo,l1,...,1, (see Figure ). It is possible that the composition of substi-
tution rules chosen for [ is not compatible with the pattern p, and in this case it
has to be possible to find another sequence of substitution rules compatible with
p and such that the the blocks that derive from [ are exactly the lo = [,11,...,1,.

Remark. This property A for sets of substitutions is actually not very restric-
tive. For instance any set of substitutions . such that for every substitution
s € 7, the support of s(a) is the same for any a € A, has the property A.
Moreover, if the set . is reduced to a single deterministic substitution s, then
& is of type A.

THEOREM 4 ([Moz89|). Let .7 be a set of non degenerate deterministic multi-
dimensional substitutions — all letters are mapped to a pattern of size at least 2
in all directions — that possesses property A. Then the subshift T s is a sofic.
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FIGURE 4. A set of substitutions . having property A.

In the sequel results are proven for the subshift T ¢ only, but remain the
same for the subshift T’, if we admit that Mozes’ result generalizes to T",,.
Proof of Theorem M can actually be adapted, without new ideas, to get almost
the same result for T, — the only difference is that the set of substitutions ./
is no longer required to have property A.

ADDENDUM (to Theorem H). Let .7 be a set of deterministic multidimensional
substitutions. Then the subshift T',, is sofic.

We give here some elements to adapt Mozes’ result. This sketch of a proof
is addressed to readers already familiar with Mozes’ proof, others may skip this
part.

Proof. We first give some ideas of the proof of Theorem [l Then we will explain
how it can be adapted to get a proof of its addendum.

Let . be a set of substitutions of type A. Mozes constructs a sofic subshift
31 such that T & is a factor of X. The subshift ¥ contains a grid that ensures
that a configuration z is in the sofic subshift ¥ if and only if one can find, for
any n € N, a sequence of infinite patterns of substitutions sg,...s,_1 € yZd,
a configuration y, and i € Z? such that spo---0s, 1(y,) = o'(x). In ¥ all
the y,, are coded in a hierarchical structure. Let @) be the set of 2 x -+ x 2
patterns that appear in an .#~pattern. There is an additional condition, that we
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call condition @: any 2 x - - - X 2 pattern that appears in any configuration y,, has
to be in @. So both type A condition and @ condition are made to ensure that
any pattern that appears in a configuration x also appears in an .“~pattern.
This construction works: given a configuration « € T & it is easy to construct
a configuration y € ¥ that encodes = and all its pre-images. Reciprocally given
a pattern p that appears in a configuration z € ¥, one can find a sequence of finite
patterns of substitutions (so,...,s,—_1) such that p appears in spo---o0s,_1(p’),
where p’ is either a letter or appears in a 2 X --- x 2 pattern. If p’ is a letter,
then p appears in an .-pattern. Otherwise, p’ appears in a 2 X - -+ x 2 pattern
that appears itself in an #~pattern — thanks to condition () — hence property
A ensures that p also appears in an .%-pattern, that is to say generated by one
letter a (see Figured]). So any pattern appearing in x appears in an .-pattern.
The difference between the subshifts T o and T",, is that we remove the condi-
tion that forces a pattern appearing in a configuration x to occur in an .¥’-pattern
— and of course we still require that = has a pre-image of any order by .. Hence
property A is no longer needed, and if we adapt Mozes’ construction by replacing
the set @ by the set of all the 2 x - - - x 2 patterns, then T",, is a factor of the sofic
subshift obtained. This proves the corollary.
O

3.2. Effective S-adic subshifts are sofic
Let S € .#N, of course one has Tg C T.», but there is no immediate reason for
Tg to be also sofic. Moreover there are only countably many sofic subshifts but as

stated in the Introduction there are uncountably many different non-conjugate
S-adic subshifts, thus there exist non-sofic S-adic subshifts.

THEOREM 5. Let . be a finite set of non degenerate multidimensional substi-
tutions and S C /N be effective closed. Then T4 is sofic. If % has property A,
then Tg is sofic.

Remark. We only present the proof that T is sofic. The proof is similar for T,
one just needs to replace T » by T’ in the proof.

Proof. We now assume that d = 2, the proof is similar for d > 3. Let .
be a finite set of non degenerate (A, 2)-substitutions, we define A’ = A x .72
To every s € . we associate a (A’,2)-substitution § with same support as
represented in Figure 5.

All these substitutions s form a set

S ={5:s€ 7).
Let S = (sz)leN € /N be an effective sequence, we can thus consider the effective
sequence S = (Si)ien € N, The aim of substitutions 3 is to keep a record
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of the sequence of substitutions that have previously been applied, to ensure
that the same substitution is used everywhere on a given level. An s-pattern can
be divided into nine zones (see Figure 5).

The border zones are used to transfer information containing both the last
substitution applied, but also the sequence of all substitutions previously applied.
Note that in this construction, it is crucial to consider only non degenerate
substitutions.

EXAMPLE 4. Let .¥ be the set of 2-dimensional substitutions on the alphabet
A = {0, e} defined in Example B In Figure 5, where S = (4, 5a, Sa, - - - ) applied
on the letter e, one can find on the second coordinate of the bottom line — or
the third coordinate of the rightmost column — of the patterns

s2(e) =3,(e), s1082(8) =73,05,(e), Sg051082(e)=2535,54(e), ...

the sequence of substitutions already applied appears.

One considers 7 : A2 — AZ" the letter-to-letter block map which keeps the
letter of A and my : AZ' — 2 (resp. Ty : A de) the letter-to-letter
block map which keeps the substitution sy € . (resp. sy € .) of an element
(a,sy,sm) e A.

CrAam 1:  Tg = (T;), where S={5:ses}
Proof: This is straightforward, since the alphabet A’ contains alphabet A, and
substitution s restricted to alphabet A is exactly substitution s. <& Claim 1

Consequently, it is sufficient to prove that Ty is sofic.

Craim 2:  The subshift ¥ = SAz, (o} (Wv(Tg)) is effective.

Proof: The class of effective subshifts is closed under factor, but also under
projective subaction. This follows from the fact that projective subactions are
special cases of factors of subactions. Indeed, Theorem 3.1 and Proposition 3.3
of [Hoc09] establish that symbolic factors and subactions preserve effectiveness.
Thus it is sufficient to prove that Ty is an effective subshift.

Let (wy,)nen be the effective sequence of word such that

s ="\ Uplw,], where [w,]={S €SN :Su -1 = wn}-
One has
Tszﬂ {x e AX . /S\[07|wn|_1](a) with a|! € A and /S\[07|wm|_1] F Wy, VM < n} .
neN

Thus Ty is defined as an intersection of subshift of finite type, where the
forbidden patterns are given recursively. One deduces that it is an effective
subshift. <& Clainm 2
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By Theorem [Il there exists a 2-dimensional subshift of finite type Ty, on an
alphabet B and a factor 7y : BZ" — 72" such that

Y =8SAzx0} (1= (Tx)).

Note that the fact that d > 2 is crucial here, since the previous statement is not
true for d = 1.

If we consider a configuration of the subshift T - defined in Section 2.4}
any substitution that appears in the set . may be chosen, provided it is still
compatible with the configuration. But on each level, different substitutions
may appear, which does not fit the definition of an S-adic subshift. To solve this
problem we synchronize substitutions so that the same substitution is everywhere
consistently used on a given level. To do that we need to ensure that for any
configuration z € T _; the same substitution appears in my(z) on each row
(resp. in g (x) on each column). This can be enforced by local rules, and we
thus define the subshift T 7 in the following way :

T, = {2e€T:V(,j) € Z* mu(a)uj =7 (®)q 41

and WV(ZE)(Z',]') = 7TV(.ZL')(H,1,]')} .
Obviously T C T  and local rules added in T 7 ensure that substitutions
applied on a glven level are synchronized. Moreover these local rules do not

1mpose more constraints on the substitutions: every sequence of substitutions
S € .#Y can be obtained. We deduce that

Tj,z': U TgCTg;

Finally we consider sesn

Trina1 = {(JU,S) € 'ngx Ts :V(i,j) € Z°, my () 5 = WE(S)(z‘,j)}‘

Thanks to Theorem @ we know that the subshift T 7 is sofic, hence so is

T 7 since it is built by putting in more local rules into sofic subshift. Hence

by construction, Tgiza; is a sofic subshift. Consider the letter-to-letter factor
2

mMap Trinat : Trinar — A% which keeps the letters of A’.

CLAIM 3: TFinal (TFinal) = Tg

Proof: Given a configuration z € Tj, it is easy to construct a corresponding
element in Tgipa1.
Reciprocally, suppose you are given a configuration xrina1 € Trina1. Replacing
substitutions in . by composition of two substitutions of .# if necessary, we
assume that for all s€.7 and all a€ A, k{* (a), k' (a) >2. Firstly the Ty part

of Tpina1 ensures that mrina1 (Trina1) is an element of one Tg for some S e.sN
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Secondly the condition that links the T 7 part with the Ty, part certifies that
S’ € s: all substitutions are periodically repeated, but substitution sq is the
only one which is repeated at least twice systematically — since kgs) , kés) > 2.
If we apply the same reasoning to a pre-image of Trina1 by sg, we can find s
and so on. At step n, the words sps; ... s, verifies [s9s1...8,] NS # 0 and we
can find a pre-image of each patterns of xgina1 by SoS1... Sn. <& Clainm 3

0

4. On the sequences of substitutions defining S-adic
subshifts that are effective

In Section B] we proved that effective S-adic subshifts are sofic. A natural
question would be to wonder what conditions are imposed on the set of S-adic
sequences of substitutions that defines an S-adic subshift known to be effective.
We present here a reciprocal statement to Theorem [l

THEOREM 6. Let . be a finite set of substitutions and let S C .#N be a closed
subset of S-adic sequences. If the S-adic subshift Tg is non-empty and effective
(and in particular if Ts is sofic) then S is effectively closed.

Proof. We describe an effective procedure that computes a sequence of words
(wn)nen on the alphabet . such that S € S if and only if Sjg |y, |—1] # wn
for all n € N. This procedure runs forever and produces successively some words
wy, € *. The procedure is divided into different steps. For every integer n,
the n'" step consists in rejecting some words w € .#* of length |w| = n such
that no sequence in S starts with w. The principle is to obtain the subshift Tg
by approaching it with a decreasing sequence of SFT that contains it.

For every integer n, the n'" step of the algorithm computes F the n first for-
bidden patterns produced by the Turing machine M which defines the effective
subshift in view to produce the set P of all patterns of size [—k", k"]¢, where
k is the maximal size of the pattern of the substitution, where no pattern of F
appears. Then for all w € ™ with m < n and a € A the algorithm check
whether @w(a) appears in the center of an element of P. If not, the word w is
returned by the procedure. Algorithm [I] describes this procedure.

Clearly if a word w is rejected by Algorithm [] then it is not in the begging
of an element S € S since no pattern of Tg contains the pattern

~

@(a) = S[O,|w|—1] (CL) for a€ A.
The next Claim prove the reciprocal.

CLAM 1:  Let w = $g...8y, € ™1 If Sy # w for S € Tg, then
Algorithm [ rejects w in finite time.
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Algorithm 1: Compute forbidden beginnings for sequences in S
n< 0, F <+ 0, N+ 1, P« 0

k<« max kl(s)(a);
s€S,a€A,1<I<d

while n > 0 do
F < n first forbidden patterns of Ts produced by M;
N« k™,
P < all patterns with support [~ N, N]¢ that do not contain any f € F;
for each sg...5pm € ™ withm+1<n do
for each a € A do
if Vp € P, sgo---0spy(a) does not appear in the center of p
then
L Reject the word s ... Sp;

n<<n+1;

Proof: Suppose that the Algorithm [[ldoes not reject w = sq . .. s,. Then for every
integer n, there exists a pattern p € P with support [—k", k"] and a letter a € A
such that the pattern sgo- - -osi(a) appears in the center of p. By a compactness
argument we get a configuration x € Tg such that © = sgo--- 0 s;(y) for some
other configuration y. Since S is effectively closed, it imposes the existence

of a sequence S in S such that Sy, = w which is a contradiction. <& claim 1
Claim [0 suffices to conclude the proof, thus Theorem [6] holds. O
REFERENCES

[AS13] AUBRUN, N.—SABLIK, M.: Simulation of effective subshifts by two-di-
mensional subshifts of finite type, Acta Appl. Math. 126 (2013), 35-63.

[DRS09] DURAND, B.—ROMASHCHENKO, A.—SHEN, A.: Fized point theorem
and aperiodic tilings, Bull. Eur. Assoc. Theor. Comput. Sci. EATCS 97
(2009), 126-136.

[DRS10] DURAND, B—ROMASHCHENKO, A.—SHEN, A.: : Effective closed sub-
shifts in 1D can be implemented in 2D, in: Fields of Logic and Computa-
tion, Lecture Notes in Comput. Sci. 6300, Springer-Verlag, Berlin, 2010,
pp. 208-226.

[Dur00] FABIEN DURAND, A.: Linearly recurrent subshifts have a finite number
of non-periodic subshift factors, Ergodic Theory Dynam. Systems 20 (2000),
1061-1078.

28



MULTIDIMENSIONAL EFFECTIVE S-ADIC SUBSHIFTS ARE SOFIC

[Fer96] FERENCZI, S.: Rank and symbolic complexity, Frgodic Theory Dynam.
Systems 16 (1906), 663-682.

[Hoc09] HOCHMAN, M.: On the dynamics and recursive Properties of multidimen-
stonal symbolic systems, Invent. Math. 176 (2009), 131-167.

[JKMO7] JOHNSON, A.—KASS, S.—MADDEN, K.: Projectionnal entropy in higher
dimensional shifts of finite type, Complex Systems 17 (2007), 243-257.

[LM95] LIND, D..—MARCUS, B.: An Introduction to Symbolic Dynamics and Cod-
ing, Cambridge University Press, Cambridge 1995.

[Moz89] MOZES, S.: Tilings, substitution systems and dynamical systems generated
by them, J. Anal. Math. 53 (1989), 139-186.

[Pan84] JEAN-JACQUES PANSIOT: Complexité des facteurs des mots infinis
engendrés par morphismes itérés, in: Automata, languages and program-
ming (Antwerp, 1984), Lecture Notes in Comput. Sci. 172, Springer-Verlag,
Berlin, 1984, pp. 380-389.

[PS] PAVLOV, R.—SCHRAUDNER, M.: Classification of sofic projective sub-
dynamics of multidimensional shifts of finite type, Trans. Amer. Math. Soc.
(to appear).

[Rob71] ROBINSON, R. M.: Undecidability and nonperiodicity for tilings of the plane,
Invent. Math. 12 (1971), 177-2009.

[Thu06] THUE, A.. Uber unendliche Zeichenreihen, in: Selected Mathematical
Papers, Universitetsforlaget, Oslo, 1906, pp. 139-158.

[Wei00] WEIHRAUCH, K.: Computable Analysis, in: Texts in Theoretical Computer
Science. An EATCS Series, Springer-Verlag, Berlin, 2000.

Received July 2, 2012 Nathalie Aubrun

Accepted March 11, 2013 ENS de LYON, CNRS, UCBL, INRIA
Université de Lyon
LIP UMR 5668
46 alle d’Italie, 69364 Lyon Cedex
FRANCE

E-mail: nathalie.aubrun@ens-lyon.fr

Mathieu Sablik

Aiz-Marseille Université, CNRS
Centrale Marseille, I2M UMR 7373
13458 Marseille, France

ENS de LYON, CNRS, UCBL, INRIA
Université de Lyon

LIP UMR 5668

46 alle d’Italie, 69364 Lyon Cedex
FRANCE

E-mail: sablik@latp.univ-mrs.fr

29



	Introduction
	1. Definition and classical properties
	1.1. Notion of subshift
	1.2. Factor and projective subaction

	2. Substitutive and S-adic subshifts
	2.1. Substitutions
	2.2. Composition of substitutions
	2.3. S-adic subshifts
	2.4. Non-deterministic substitutions
	2.5. Subshift generated by a set of S-adic sequences

	3. Realization by sofic subshifts
	3.1. Mozes' theorem and property A
	3.2. Effective S-adic subshifts are sofic

	4. On the sequences of substitutions defining S-adic subshifts that are effective
	REFERENCES

