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ON THE HAUSDORFF DIMENSION OF SIMPLY
NORMAL NUMBERS TO DIFFERENT BASES

ANTONIS BISBAS

ABSTRACT. Let a > 2 be an integer and n be the greatest integer such that a
is a n-th power of an integer. We prove that the Hausdorff dimension of the set
of numbers which are simply normal to base a, not simply normal to any base
a™/™ with m > n, not simply normal to any base a™/™ with m < n, m does
not divide n and normal to each algebraic base multiplicatively independent to
base a, is equal to 1. This extends a previous result of P. Hertling [9] who proved
that a set bigger than the above set has the cardinality of the continuum. For the
proof we use the results of [2] and [3] and some probability measures constructed
by an inhomogeneous Markov process.

Communicated by Yann Bugeaud

1. Introduction

Let r > 2 be an integer. A number x € [0,1] is called simply normal to the
base r if in the r-adic expansion of x, each r-adic digit occurs with the asymptotic
frequency 1/r. A number x € [0, 1] is called normal to algebraic base r > 1, if the
sequence "z, n € N, is uniformly distributed modulo 1. In the case where r
is an integer, there is an equivalent definition in terms of the frequencies of r-
adic digits of z, see [11]. We say that two numbers r, s > 1 are multiplicatively
independent (r ¢ s), if logs/logr is irrational. In [I3] Schmidt proved that
normality to integer base r > 1 implies normality to integer base s > 1 if r, s are
multiplicatively dependent integers, that is, if » and s are coprime powers of the
same rational integer. He also proved that if » > 1 and s > 1 are multiplicatively
independent integers, then there exist uncountably many real numbers which are
normal to base s but not even simply normal to base r, (see also Cassels [7]).
It is easy to see that simple normality to base r™ implies simple normality to
base r, see also [9].
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Let N, be the set of those x € [0,1] that are normal to base s for any alge-
braic number s > 1 with r ¢ s. It is clear that N, = N,n», n € N. Let S,. be
the set of real numbers which are simply normal to base » and S/ be its com-
plement to the set of real numbers. We denote by I,, the set of natural numbers
which are > 2, smaller than n and does not divide n.

Let a,b > 2 be two integers bases. The following theorem is proved in [9]:

THEOREM A. If there is no n € N such that a = b", then the cardinality of the
set of real numbers that are simply normal to base a but not to base b (that is
of the set S, N S}) is equal to the cardinality of continuum.

In this paper we extend Theorem A and simultaneously prove another proof
of the above result. We prove the following:

THEOREM 1. Let a > 2 be an integer. Let n be the greatest integer such that a
is a n-th power of an integer. The Hausdorff dimension of the set of numbers
which are simply normal to base a, not simply normal to any base a™/™ with
m > n, not simply normal to any base a™/™ with m € I,, and normal to each
algebraic base multiplicatively independent to base a, is equal to 1.

NotTE. I would like to thank Prof. Y. Bugeaud for all his fruitful comments
which improved the presentation of the paper and for pointing me that in his re-
cently published paper [6] he independently proved that the Hausdorff dimension
of the set of Theorem A is equal to 1.

Using the previous notation we have that our Theorem gives that the Hausdorff
dimension of the set Su N (Nm>nS) . ) N (Nimer, S, .m) N N is equal to 1.

am/mn
For the proof of Theorem 1 we construct Markov measures as in [2], [3] and [4].
We describe these measures. Let P(0) = (pgo)) with pgo) = %, 1=0,1,...,r—1,
be the vector of length r. We suppose that we have a Markov chain with state

space {0,1,...,7 — 1} given by the sequence of r x r transition matrices
P™ = (M), i,jef0,1,....r—1}, n=12,....
Let Enp(z) = [£, L), n=1,2,..., k=0,1,..., 7" — 1, be the interval

in the n-th generation of the r-adic partition of [0, 1] which contains x € [0, 1].
We write the r-adic expansion of x by

00

€

xr = El r—;, EjZEj(.%‘)E{O,l,...,T—l}.
]:
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We can define a probability measure p on [0, 1], by its values on E,, ,(z):

1(En (@) = p H P9 (1)

Some results concerning the Hausdorff dimension of the above measures are given
in [3] and for the study of their Fourier transforms in [4] as well. In [3] we proved
that the above measure is concentrated on a set with Hausdorff dimension equal
to

log (B, k()

- _ n) (n)
it = o~ W gy ZZC i = D logpl)), - e
(2)
where
n—1
C(i,n—1)=pPOr=VL, pOD =TI P and L;=(0,...,1,...,0)7,
(1 is in the position i), i = 0,...,7 — 1. Notice that we assume that 0° = 1.

We also use a law of large numbers based on a Davenport-Erdos and LeV-
eque Theorem [5] Lemma 1.8, (see also [3] p. 27, [8]) and we refer this for the
convenience of the reader.

PROPOSITION 1. Let pu be a measure on T = [0,1]. Let f;, j € N, be a bounded
sequence of measurable functions defined on [0,1]. If the series

2

N/ ( /f]> o

converges, then u—almost everywhere
1N
lim — P — ] =0.
N%szl(fj /Tfj> 0
j:

In order to apply the above Proposition we use the delta index §(P™) of the
matrix P

1 < n) _ (n
S (p(n)> =3 n}%x Z ‘pij) pgcj) )
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2. Proof of Theorem 1

Let r > 2, m > 2 and n be integers such that a =", m > n or m € I,,.

Proof We consider the numbers p; € (0,1),7 = 0,1,...,r — 1, such that
po < * and ZZ o pi = 1. We require the probabilities to be positive in order to
apply directly the results about the normality from [2], otherwise if we would
like to have a larger class of measures we can use [[2], p. 32]. We define the
transition matrices P = (p;;), 4,5 = 0,1,...,7 — 1, with p;; = Pi+jymod r and
Q= (¢j),i,7=0,1,...,r—1, with ¢;; = % We note that the symmetry of P is
crucial in order to check the mnormality from Proposition 1. Let
P = (pgj)), i,7 €{0,1,...,7r—1},v=1,2,..., be the sequence of symmetric
transition matrices such that

w _ ) @ for v#nk,
P= { P, for v=nk, (3)
where £k =1,2,.... We consider a measure as in (1). Let

0o (H)

£

%o

where E;K)(ib) € {0,...,7" — 1}, be the r"-adic expansion of =z € [0,1].

Given k € {0,...,r® — 1}, we can write k = > ¢;r" 1, ¢; € {0,1,...,7 — 1}.
i=1

Let 1, = {z €10,1] : (H)(ZE) =k}, and Xg, , , be the characteristic function
on the set F, ; ;. By the construction of the matrices P(*)| (see (3)) we have

w(j—1)
1 1 y i
(B k.j) = (?""’;) [ I # )] [Hpgi Dt } k>1 (4)

v=1

and for k = 1

(B j) = G%) {]Hl P(”)}Lcl = % (5)

v=1

I. Simply normal to base r". By (4) for Kk =n > 1 and by (3) we have

1 n(j—1) n—1 ‘ ' 1
i) = (o) | TT P9 e [ TToe0 | =
i=1
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because in the set {(j — 1)n+1,(j —1)n+2,...,(j — 1)n+ (n — 1)} there is

no multiple of n. In order to apply Proposition 1 with f; = Xg, , - we observe
that we have to estimate the differences
/(XE'rL,k,jXEn,k,L)dlu_ /XE",k,j dM/XEu,k,z d/h j< l.
We have
N A T 0-0
EnpiNE, =(=...,- PWIL, J—bnti
N( NN 7k77l) (T T) |: UH:]- :| n |: z:Hl pCr,Li+lc7,,j]
n(l—1) n—1
v l—1)n+1i
.Lch[ IT # )]Lcn[HpﬁnliLﬁni}
v=nj i=1
n(l—1)
_ 17 ) 1
= L3 { H P ]L e
v=nj
1 n(l—1)
_ T v
= S LG { II # )]Lcn
v=nj
and so
1 n(l—1) 1
_ T v
(kg N ki) — 1(En k) (B k1) = a1 (Lcl { H pt )} L, — ;>~
v=nj

n(l—1)
If j < 1 —1, then at least one matrix in the product [] PW is equal to
v=nj
@, (n > 1) and so the product is equal to (). Therefore the above difference is
equal to 0 and by Proposition 1 (we note that the terms with j =1 — 1 do not

affect the convergence) we take

. 1 1
ilinw N 231 X, (@)= o BT ae,
]:

so i - almost all the numbers in [0, 1] are simply normal to base r™, ju(S,») = 1.
In the case where k =n =1 we use (5). For j <[ we have

1 1 j—1 -1
KT} e
" " v=1 v=j

1 -1

il o Il ()

T'Lq[ AP ]Lcl
v=j

(B g N E k)
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and so

-1
1 1
Bk O Byed) = (B )pn(Bkg) - = ;(LZQ{IIP%LQ—;)

v=j

Lrr pie1j 1
= ;(LClP ]Lcl—;)

It is well known that if the transition matrix P is symmetric it is diagonalizable
with one eigenvalue the number 1 and the others with absolutely value less than
or equal to 1. From this observation we have that the matrix P*~1=7 tends to a
symmetric transition matrix as the difference [—j tends to infinity with geometric
order. By the construction of P we have that 6(P) < 1 and using the property
§(P'=1=7) < (6(P))'=177, see [10], we conclude that the matrix lim P!=1=J

l—j—o0
is stationary (delta index is equal to 0). Therefore l lim P77/ = Q with
—j—00
geometric order, since the limit is a stationary symmetric transition matrix. So
the difference

/(XEthXEhk’)du - /XEnkJ dM/XEhkz d:ua J#l

tends to 0 geometrically as j — [ — oo and so the requirements of Proposition 1
are satisfied and the result is complete.

II. No simply normality to base r.
(i) Suppose that n < m. We apply (4) for kK = m, and we take for simplicity
k = 0. Then by (3) we have

m—1
N G-vm+i| _ 1 ey 1 c(j)
1(Em,0,5) = ;[ Ul Poo = Tm,c(j)po = m (rpo)’,

where ¢(j) is the number of multiples of n in the set of numbers {(j — 1)m + 1,

i=1,...,m—1}. Since n < m, we have ¢(j) > 1 and ¢(j) depends on n and m.
We have
1 et ) T G tymet
Em o0 En - (=, PV L J—1)meti
1(Em.0,5 0.0) (- r){ Vl_[:l ] O{EPOO

m(l—1)

m—1
.Lg[ 11 P<">}L0[Hpé%_”m“]

v=mj i=1
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m(l—1)

1 |
= rm) C(J)LT{ I p(l’)]LO (r o))
v=mj
1 N2 m(l—1)
(e e[
v=mj

Since m > n, for [ — 1 > j there is at least one matrix equal to @ in the
m(l— 1 m(l—1)

product [] P™ and so H P®) = Q. Therefore u(E 'm0, N Emo1) =
v=mj v=mj

(B 0,i)1(Em.0,1), L —1 > j and by using Proposition 1 we have

1 1 ‘
im @ ) 0 e
Jim ¥ (ZXO (@) = = (rpo) ) 0, p—ae.

=1

Since ¢(j) > 1, by the assumption py < l , we take

({300 A]) <o

i.e. almost all the numbers are not s1mply normal to the base 7, so pu(Slm) = 1.

(ii) Suppose that m € I,,. For k = m > 1 and for k = 0, we take

L))
M(Em,(),j) rm— F(j)po

as in the previous case. We proceed as before and take
1 m(l—1)
,U(Em,O,j N Em,O,l) = (r—m(’/“po)c(])> ’/‘LT|: H P(V):|
v=mj

m(l—1)

[I P¥=Q, n>m, —1>j. Thus w(En 0,0 Emo1) = 1(Emo.)it(Emo,)
v=mj
and so by Proposition 1 we have

. 1
lim N Z(XOJ (z) — M(Em,o,j)) =0, pu—a.e.

j=1
Since n > m and m does not divide n, we observe that for some j, it is possi-
ble to have (1(Enm 0,;) = ==, (i.e., ¢(j) = 0), take for example j = 1. For some
other j, (for example we take j such thatn € {(j—1)m+1,...,(j—1)m+m—1}),
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we have

Po . 1
1(Em0,5) = e < e since pg < .

We observe that in the set {u(E0,), j = 1,2,..., N}, we have [WN}
terms with p(Ep,0;) = &= and for the remaining terms p(Ep, o) =
So by the above relation we take

1
) )= )=
u({e Nﬂ;Niimw 1) =0

proving that p - almost all the numbers are not simply normal to the base ™
Therefore p(S)m) =1 for m € I,,.
By [2] these Markov measures satisfy p(N,) = u(N,») = 1. So
M(Sa N (mm>n ;m,/n) n (mmel,LS(/lm/n) N Na) =

Finally we calculate the Hausdorff dimension of the above intersection of sets.
By (2) and (3) we obtain

rm:

. log p(En k() )
%ﬁfmg—:%ﬂmwi 2%“%%“
2%
1 A n-1. 1
— — l s — —l — - .C.
nlogr ;p] 08 Pj nlogr Ogr’ fi= 8.6
1 r—1 n—
~ T nlogr ijlogpj T prae
i=0

From this and a well known result, (see [I], Theorem 14.1) the Hausdorff dimen-
sion of our set is at least equal to

e

The probabilities pg, ..., p-_1 satisfy the hypothesm po < % This means that if
the numbers p; tend to % then the above number tends to 1 as we want. O

logpj>

As a consequence we give another proof of Theorem A.

Proof of Theorem A. In case where a, b are multiplicatively independent
the proof is given in [9] and emerges from [I3]. In the other and more interesting
case where a, b are multiplicatively dependent, we use Theorem 1 and the fact
that we can write a = r", b = r", with m > n, or with m € I,,. We observe that
our set is of positive Hausdorff dimension and so it is uncountable. O
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REMARK. In the case where a and b are multiplicatively independent then the
Hausdorff dimension of the set of numbers which are normal to base a and not
to base b is equal to 1. This is a partial result of a more general one which is

given in [12].
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